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Abstract. The aim of this work is to prove some basic properties of coquater-
nions and to find the zeros of polynomials involving coquaternionic elements.
We also provide some expansions of hyperholomorphic function on coquater-
nion algebra by using Fueter polynomials.

Mathematics Subject Classification (2000). Primary 37F10; Secondary 32A10.

Keywords. Coquaternion algebra, zeros of quaternionic polynomials, hyper-
holomorphic function, Fueter polynomials.

1. Introduction to Coquaternions

Let C be the complex field, and let AH = {ag+aii+ase+asf} be the coquaternion
algebra over the real field R, where ag, a1, ag, a3 € R, i2 = —1, 2 = f2 =1,
ie=—ei=f, fi=—if =e,and ef = —fe = —i.

Coquaternions were initially introduced by James Cockle [1] and they are
also called para-quaternions [2] or anti-quaternions [3].

The conjugate of w = ag+aii+ase+asf is defined as w = ag—a1i—ase—asf.
Thus ww = Ww = a2 +a? — a3 —a3. The module |w| of w is defined as v/ww. When
ww < 0 then the value of the module is a complex number from the upper half of
the complex plane [3]. Coquaternions are also named split-quaternions because of
the special signature of the quadratic form defined by their modules.

The coquaternion algebra is an associative and noncommutative 4-dimen-
sional Clifford algebra [1, 3].
w+w
_ 2
and Vec(w) = v 5 v the scalar and vector part of w respectively. The following

Similarly to the quaternions notation we will denote by Sc(w) =
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properties can be checked by routine calculations: For any v, w € AH we have that
v+ w = v4+w and wv = vw. From these properties, it follows that vwvw = vww v,
hence [vw|? = |[v|?|w]?.

Now, let ¢1, c2 be complex numbers and w be a coquaternion. It is easy to
see that any coquaternion w can be represented in the form c¢; + cse. Indeed,
ag + a1t + aze + azf = (ap + a1i) + (a2 + asi)e.

2. On the Set of Zeros of Coquaternion Polynomials

Let us denote as Z(AH) the set of zero divisors of algebra AH. The following
lemma can be easily proved

Lemma 2.1. w € Z(AH) iff |w| = 0.

Let us introduce an equivalence relation ~ over AH as follows: For any two
coquaternions w and w’, w ~ w’ if there exists x € AH \ Z(AH) such that w’ =
2~ 1wz. The congruence class of w, denoted by [w], is the set {v € AH : v ~ w}.

Lemma 2.2. For any w € AH, [w] is the set [w] = {v € AH : Sc(v) = Sc(w) and
[0 = |w[?}.

Proof. Suppose that w = ag+a1i+ase+asf and v = byg+b1i+bee+ b3 f belong to
the congruence class [w]. Then, there exists x = zo+z1i+x2e+23f € AH\ Z(AH)
such that

wr = Tv. (2.1)

Comparing coefficients of 4, e and f in Eq. (2.1), we get

(ao — bo)CL‘o + (bl - al)xl + (ag - bg)CL‘Q + (a3 - b3).%‘3 =0
(a1 —b1)zo + (ap — bo)z1 + (az + bz)xe — (a2 +b2)xs =0 (2.2)
(ag — bg)CL‘o + (a3 + bg)xl + (ao - bo)CL‘Q - (a1 + bl)CL‘g =0 )
(ag — bg)zg — (az + ba)z1 + (a1 + b1)x2 + (ag — bo)xz =0
The system of equations (2.2) has a nontrivial solution iff
ao—bo b1—a1 CLQ—bQ ag—bg
al—bl ao—bo a3+b3 —ag—bg _
det as — b2 as + b3 apg — bo —a] — bl =0 (23)
a3 —bz —az—by ay+by ap—bo
Eq. (2.3) is fulfilled iff ag = by and a? — a3 — a3 = b3 — b3 — b3. O
Let us consider the following polynomial of coquaternionic variable w:
Pn(w) = apw™ + ap_ 1wt + -+ ag, (2.4)

where a; € AH for k=1,2,...,n.
Since w is a zero of the quadratic equation with real coefficients

w2—pw+q:0,
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where p = 2Sc(w) = w+ W, ¢ = |w|? = ww, we have w? = pw — q. Hence,
w3 = pw? — qw = (p? — ¢)w — pq. Continuing with the same procedure we get
w" = Fy(w)w + G (w),
where F,, (w) and G,, (w) are real-valued functions defined by the recurrent formulae
Fri(w) = pFp(w)w + Gp(w) = pFy(w) — ¢Fp_1(w)
and
Gnt1(w) = —qFy(w),

with F(w) = 1, Fa(w) = w +w, G1(w) = 0 and Ga(w) = —|w|?.

Therefore, the polynomial (2.4) can be represented in the following form

pn(w) = F(w)w + G(w), (2.5)
where F(w) = Z anFp(w) and G(w) = ZanGn(w).

Lemma 2.3. For any equivalent coquaternions wg ~ wi, where wg, w1 € AH, we
have
(wo

F(wo) = F(wy),
G(UI() .

= G(wn)
Proof. The functions F, (w) and G,,(w) depend on Se(w) and the norm of w. Then,

it follows from Lemma 2.2 that F,,(wg) = F,(w1) and Gp(wg) = G, (w1) for any
n > 1. From these results, it follows that F'(wg) = F(w1) and G(wp) = G(wy). O

)
)

w1
w1

Theorem 2.4. Assume that wy € AH, and Vec(wy) is not a zero divisor. If wy ~ wo
and wg, wy are different zeroes of polynomial (2.4), then any coquaternion w € [wyg)
is a zero of (2.4). So, we might say that the congruence class of w is a zero of
polynomial (2.4).

Proof. By using Eq. (2.5) and Lemma 2.4, we have
pr(wy) = F(wo)wy + G(wp) =0,

pn(wl) = F(U}0>’w1 + G(U)Q) =0.
Hence,
F(wg)(wo — wl) =0. (26)

Since Vec(wyp) is not a zero divisor then the coquaternion wo —wy cannot be
a zero divisor. Indeed, let wg = ag+ a1t + aze + asf and wy = ag + b1t + bee + b3 f.
Since wy ~ w; we have a? — a3 — a3 = b? — b3 — b3 # 0, i.e., points A(ay,az,as)
and B(by, bs, b3) lie on a hyperboloid. Suppose that wy — wy is a zero divisor, then
it follows from Lemma 2.2 that the point C(a; — b1, as — b, az — bs) lies on the
asymptotic cone 27 — 23 — 22 = 0 of the hyperboloid, but this is impossible. In
this case, it follows from Eq. (2.6) that F'(wg) = 0. Therefore, G(wp) = 0 and any

w € [wo] is a zero of polynomial (2.4). O
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A set of polynomial zeros [wp] will be called a hyperboloidal zero.
It is easy to see that the polynomial p,(w) = w"a, + w" ta,_1 + -+ + ag
can be investigated much in a similar manner.

Theorem 2.5. Suppose coefficients ri, k = 0,1,...,n of a polynomial over AH
pr(w) = rpw™ + Tpo1W" ' + -« 4+ 1o are real numbers then all non-real zeros of
the polynomial p,(w) are hyperboloidal.

Proof. Suppose wy is a zero of p,(w), then it is easily verified that for any x €
AH\ Z(AH):

ru(x ™ woz)" + roy (T wez) " 4 - 4y (@ woz) + o = 0.

Since a complex number a + bi belongs to [w], where w = a4+ a1i 4+ ase + asf with

a? — a3 — a3 = b?, and the theorem is proved. t

The set of zeros of quaternionic polynomials was studied in [4].

3. Hyperholomorphic Functions on Coquaternion Algebra

Let us consider the following Cauchy-Fueter type of operator for coquaternions

0 .0 0 0
D_a—il’()+za—$1+ea—$2+fa—$3

Similarly to Fueter ideas [5], we determine a hyperholomorphic function on AH as
follows:

A function ¢ : R* — AH is called left-hyperholomorphic or left-monogenic
if it satisfies the equation Dg = 0. A right-hyperholomorphic function g is the
solution of the equation gD = 0. As in the case of quaternion algebra the set of
hyperholomorphic functions on the coquaternion algebra does not contain polyno-
mials. To overcome these difficulties we consider the so-called Fueter polynomials

qi(x) =21 —ixo, <(x) =29 —exo, <3(x)=1x35— fao.
It is easy to show that Fueter polynomials are both right and left hyperholomor-
phic.

Lemma 3.1. Suppose g is a left-hyperholomorphic function then for any real t we
have s
dg 9g
—(tx) = —(tx). 3.1
i) = 3 (o) (1) (3.1)

k=1
Proof. Since g is left-hyperholomorphic we have
0 .0 0 0
o~ o T o
By plugging this expression into

d—g(t:lc) = ix 99 (tx)
dt o P k@xk ’
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the proof of the lemma is achieved. [l
Now, it follows from Eq. (3.1) that

1 89
— (tx) dt. 3.2
[ 28 (i (52)

Let us assume that g(z) = uo(z) + u1 ()i + uz(z)e + U3( )f, where ug(x) €
1o
C. Thus, it is easy to verify that the function m(z) := . 29 (tx)dt is left-
o Oxk

hyperholomorphic as well. Thus, by applying Eq. (3.2) to m(z), we obtain

3 3 1 1 2
d%g
)+ E Sk(x axk )+ E E (s1(z)sk()) | /0 D100 (stx) dtds,

where s,t € R.
By iterating this procedure, we can expand the function g(z) in terms of
products of Fueter polynomials

3 3
g(a) = g(0)+ Y ck(x)aa—i 0+ > al@slw) g (0) +

o"g
3D SIS SR )55 (@) 61 (@) e (0) -
J1 J2 In

Jj1=1j2=1 Jn=1

Denote by S the set

S=<zeAH: |z| lim }/ sup
n—oo J1s--odn

Hence, it is easy to show that for € S the series in Eq. (3.3) is convergent.
As a consequence of this fact we have that if a polynomial is left-hyperholomorphic
then it has to be of the following form

n
- Z Z Z Z le §J2 Sk (x) Qg .. jk

k=1 \j1=1j2=1 Jr=1

8$j1 8$]2 T axjn

oy (0)’§c<%}.

In the particular case when a;, j,. ;. = ax for all ji, jo,..., jr € {1,2,3} we
have

zn: z) + sa(x) + s3(x ))k ay.

k=1

Remark 3.2. An expansion of hyperholomorphic quaternion functions in Fueter
polynomials has been reported in [6].
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4. Conclusions

The mapping w’ = z~'wz in coquaternionic algebra represents a hyperbolic rota-

tion and has a tight relationship to the Lorentz group used in relativity theory. So,
coquaternions are interesting not only from the mathematical point of view but
also from their applications in modern physics [7]. In spite of their importance,
the problem of finding the roots of coquaternionic polynomials and the notion of
hyperholomorphic function and its properties have not been reported in the lit-
erature. So far, in most of the papers dealing with coquaternions the authors are
limited to mention just a few of their basic properties and the possible application
of this algebra to geometry and physics. In this paper, we investigated the set
of zeros of one-sided polynomials, and by following the ideas of Fueter, we have
introduced the notion of hyperholomorphic function or monogenic function and
we provide an expansion of such functions in series of Fueter polynomials.
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