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On the set of zeros of bicomplex polynomials
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In this article we study the roots or zeros of polynomials with bicomplex coefficients. Bicomplex
algebra is a two-dimensional Clifford algebra over C with commutative multiplication, and is a
generalization of complex numbers. We present a technique for computing zeros of bicomplex
polynomials, and illustrate our main results with some examples.
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1. Introduction

Let B be the bicomplex algebra, i.e., B= {ay+ ia; + jay + eas | a; € R}, where 2=
=—-e>=—1, and ij=ji=e, ie = ¢i = —j, je = ¢j = —i. Bicomplex numbers seem
to be introduced by Segre [1] for the first time in 1892, and they are also called
tetranumbers [2], or quadriplex numbers in [3]. Many of their properties and
relationships with hypercomplex functions have been recently studied in [4].

Many properties of roots of quaternionic polynomials have been presented in [5],
however it is well-known that quaternionic algebra is not commutative, which makes
their application more difficult to a variety of important problems. In spite of knowing
that bicomplex algebra is commutative, the problem of finding the roots of bicomplex
polynomials has not yet been approached in the literature. In this article, by using
four lemmas we reduce the calculation of zeros of bicomplex polynomials to the
calculation of zeros of complex polynomials. We present four detailed examples of
second-, third-, and fourth-order equations to illustrate our main results.

*Corresponding author. Email: rmrodrig@itesm.mx

Complex Variables and Elliptic Equations
ISSN 1747-6933 print/ISSN 1747-6941 online © 2006 Taylor & Francis
http://www.tandf.co.uk/journals
DOI: 10.1080/17476930600757139



726 A. A. Pogorui and R. M. Rodriguez-Dagnino
2. Some basic lemmas

Lemma 2.1 The algebra B has exactly two non-trivial idempotents e, = (1 + e)/2
and e_ = (1 — e)/2. These idempotents possess the following properties:

(i) ex +e =1

(i) ere_ =0.
Proof Suppose ey =(1+e)/2, e-=(1—¢)/2, then & =(1+2+e*)/4=
(1+e)/2=ec,. Similarly, 2 =(1 —2¢+¢*)/4=(1 —¢)/2=ec_, ie., e, and e_ are

idempotents of B. It is easy to see that there are no other idempotents.
The equalities e, + e = 1 and e, e = 0 are obvious. |

Now, consider the principal ideals /(e.) and I(e_) that are generated by e, and e_,
ie., I(e;) = {aey|a € B} and I(e_) = {ae_|a € B}.

LemmA 2.2 For all a € I(ey) and for all b € I(e_) we have ab=0.
Proof The result follows directly by using e, e = 0 and the commutativity of 5. W
LemMA 2.3 The algebra B can be decomposed in the direct sum: I(es) & I(e-).

Proof We have b=>b(e; + e_)=be, +be_ for all be B, hence B=I(e;) + I(e_).
We shall show that I(e;)N I(e_) = {0}. Suppose u € I(e;) N I(e—). Then there exists
a € I(ex) and b € I(e_) such that u = ae; = be_. It remains to verify that this equality
is possible only if a = b = 0.

Suppose a = ay + ia; + jay +eas and b = by + iby + jby + eb; are arbitrary
bicomplex numbers. Substituting these numbers into ae, = be_, we obtain

ap + az + i(a) — az) + j(az — ar) + e(ap + as)
= by — by + i(by + b2) + j(b1 + b2) + e(b3 — by).

Equating the coefficients of the same imaginary units we conclude that a =5 =0. W

LeEmMA 2.4 Assume that p € I(ey) (resp. p € I(e_)), then there exists a number c that
can be represented as ¢ = ¢y + icy; ¢y, ¢; € R such that p = ce (resp. p=ce_).

Proof Suppose p € I(e;), then there exists an a = ay + ia; + jas + eas such that
p=aey, ie., p=/(ao+ia+ja+eaz)e; = (1/2)ap + a3 +i(ay — @) + jlaz — ar) +
e(ap + a3)) = (ap + a3 + i(a; — az))e,.. This proof is similar for p € I(e_). |

Remark 1 1In the rest of the article we shall consider bicomplex numbers ¢ = ¢y + icy;
¢, ¢1 € R as complex numbers.

3. Main result

Let p,(w) = a,w" + a,_ W' 4+ .-+ ayw + ay be a polynomial in B. Our purpose is to
investigate the structure of the set of zeros of the equation

pn(w) =0. (1
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We have from Lemma 2.3 that w=w; + w_, a; =daj + a;, where wy, af € I(ey)
and w_, a; € I(e_).
It follows from Lemmas 2.2 and 2.3 that equation (1) can be reduced to the system:

+ 11 + n—1 + +
apwh +a; Wi+ +atwy+agy =0,

— 1 — n—1 — — (2)
a,wt +a, W+ +aywo +a; =0.
Suppose S| (resp. S;) is the set of zeros of the first (resp. the second) equation
of the system (2). Then, the set of zeros S of equation (1) can be represented as
S=8188.
Let us consider the following cases:

(i) There exists i, j > 1 such that aj” # 0 and a; # 0. Denote by a and a; non-zero
coefficients which have maximal index k>1 and ¢>1 respectively. By using
Lemma 2.4, system (2) can be reduced to the form:

(ekzf + 12V + -+ iz + o) e =0,

3

(cezt + ez iz 4 ) e- =0, @)

where pi(@) =k + 12N+ ez 4 ¢ and pe(2) = cpzt+
co—1271 4. 4 1z + ¢ are polynomials with complex coefficients.

Let {z1,22,..., 2z} be the set of zeros of pi(z) =0 and {z},z5,...,z}} be the
set of zeros of p,(z) =0 (recall that these zeros are complex numbers).
Then S| ={zieq4,....zke}, S ={zje_,...,zje_}, where the set of zeros
S=88S, of equation (1) consists of k x £ elements z,, = zeq + zie_;
s=1,2,...,kand r=1,2, ...¢.

Example 1 Let us consider the following equation
2+ (=l —it+j—ex+(1+i—j—e)=0. 4)
This equation can be reduced to

2 i ; _
{(x (i+ Dx+i)ey, =0, )

(x> +1)e_ =0.

Thus, it can be easily verified that

l+e i—j
81={21= > 22=—J}

and
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So, the four roots of equation (4) are given by

I+i+j+e
XIZZI+ZT=7]+ ,
2
Xo=2zp+ 2 =1,
R (6)
N I—j+e
X3=zZ1+ =———F—,
2
X4:Zz+23:—j.
Example 2 Now, let us consider the simple equation
xX—1=0. (7)
This equation can be reduced to
(x*=1ey =0,
{ .o ®)
(x> =1De_=0.
Thus, it can be easily verified that
S, = _]+€ __l+£'_£'_l __l_£'+£'_l
1—21—2,22— 4 4l 4] 46‘, z3 = 1 41 4] 4e
and
L l—e 1 V3. V31 I B VA I
52‘{2'— 2 0 T Tyttt 23__4_41_4]+4e}.

So, the nine roots of (7) are given by

x;=z1+z] =1,

xzzzl—kzj:%—l—?i—?j—i—Ze,
x3=21+z’3‘=%—?i+\/7§j+%€,
x4=zz+z’f:%+§i—\/7§j—%e,
"5”2“3:—%*?"’ ©)
x6=22+2§=—%—?]',
x7223+z’1‘:%—?i+\/7§j—%e,
x8=Z3+Z}‘=—%+?ﬂ

)@:a—}—z}‘:—%—?i.




(ii)

(iif)

(iv)
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It is easily verified that all roots x;, i=1,2,...,9 lic on the unit sphere
with center in 0.

We should notice that equation (7) has a non-unique factorization. For
instance, x> — 1 = (x — I)(x — x35)(x — X9) = (x — 1)(x — xg)(x — Xg) = - - -.
All coefficients of the first equation of system (2) are equal to zero, i.e., a = 0;
i=0,1,...,n, but not all coefficients of the second equation of system (2) are
equal to zero, otherwise all coefficients of polynomial p,(w) are zero.
So, &) =I(e;) and let the set of zeros of the second equation be S, =
{zfe_,...,zje_}. Therefore, S = {a,|a, = zfe_ + b; be lley); t=1,2,...,¢}.
All coefficients of the second equation of system (2) are equal to zero, i.c.,
a; =0; i=0,1,...,n, nonetheless not all coefficients of the first equation of
system (2) are equal to zero. So, S, = I(e_) and let the set of zeros of the first
equation be S| = {zjeq,...,zre}. Hence, S ={ay|a; = zsex + b; b € I(e);
s=1,2,...,k}.

Example 3 Let us consider the fourth-order equation
(14+e)x* —16e—16=0. (10)

This equation can be reduced to

{(x4—16)e+:0, (1n
Oe_ =0.
Thus, it can be easily verified that
Si={zni=l4e, n=-l—e z3=i—j, z4=—i+j}
and S; = I(e_). So, the four roots of (10) are given by
Xx1=14e+z
= —1 —_ + .
N (12)
X3=1—j]+2z,
X4 = _Z+J+ Z,

where z € I(e_).

The polynomial in equation (1) is of the form afw" +ai wi'+. .+

afwy +ag =0, where ay =af + a; and a; ;éQ or a;w" + a;_lvv’:‘ 4+t
ayw— +ap =0, and af # 0. In these cases equation (1) has no solution.

Example 4 Consider the equation
(1+e)x*+2=0. (13)
This equation can be reduced to

{(x2+ e, =0,

e —0. (14)

which have no roots.
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4. Conclusions

Bicomplex algebra has been the object of much research of mathematicians and physi-
cists in recent years. This interest is driven by possible applications of this algebra in
physics and mathematics [3]. However, in most of these works the focus is on under-
standing the main properties of holomorphic functions defined on the space of bicom-
plex algebra, e.g., the bicomplex generalization of Cauchy’s theorem and related
integral formulae, and so on [1-4]. In this article, we have presented a method to
find the roots or zeros of bicomplex polynomial equations, which may arise in problems
of finding ecigenvalues of operators over bicomplex algebra, roots of bicomoplex
functions, and many others. Our analysis has revealed the interesting fact of a
non-unique factorization of bicomplex polynomials.

We hope that our results will be useful for further investigations regarding these
interesting numbers.
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