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EQUICONTINUITY OF MEAN QUASICONFORMAL MAPPINGS
V. 1. Ryazanov and E. A. Sevost'yanov UDC 517.5

Abstract: We establish the equicontinuity and normality of the families R® of ring Q(x)-homeo-
morphisms with integral-type restrictions [ ®(Q(z))dm(z) < oo on a domain D C R™ with n > 2. The
resulting conditions on ® are not only sufficient but also necessary for the equicontinuity and normality
of these families of mappings. We give some applications of these results to the Sobolev classes I/Vli:
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1. Introduction

Throughout this article m stands for the Lebesgue measure in R™ with n > 2.
In the theory of mappings known as quasiconformal in the mean, conditions of the form

/@(Q(m))dm(:ﬁ) < o0 (1.1)
D
are the standard for various characteristics @ of mappings (see [1-15] for instance). The study of classes
with integral restrictions of this form is related to recent developments in the theory of degenerate
Beltrami equations (see the monographs [16,17] for instance, as well the surveys [18,19]) and mappings
with finite distortion (see Chapter VI of [20] and Section 8.4 of [17]).

This article is a natural continuation of [21]. Here we study some questions related to the equicon-
tinuity and normality of the ring Q(z)-homeomorphisms satisfying (1.1) and give some applications to
Sobolev classes, which include in particular the quasiconformal mappings whose geometric definition rests
on the concept of modulus as well.

Recall that the modulus of a family of curves I is defined as

M) = inf /p"(ac) dm(x)

pceadm T’
D

where Borel functions p : R™ — [0, co] are admissible for T" in D, which we express as p € adm I', provided
that

/p(m) |de| >1 Vyel.

v

One of the several equivalent geometric definitions of a K-quasiconformal mapping f with K € [1,00)
on a domain D in R™ with n > 2 reduces to the inequality

M(T) < K M(T) (1.2)

for an arbitrary family I" of curves « in D (see [22, Chapter II, Definition 13.1 and Theorem 34.3]). In
other words, (1.2) means that the distortion of the outer measure M over the space of all curves in D is
bounded under quasiconformal mappings.

Similarly, given a domain D in R™ with n > 2 and a Lebesgue measurable function @ : D — [1, o],
refer to a homeomorphism f : D — R™, with R* = R" U {0}, as a Q(x)-homeomorphism whenever

M(fT) < / Q) - " () dm(a) (13)
D
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for every family I' of curves v in D and every p € admI' (see [23,24] for instance as well as [17,
Section 4.1]).

In the case Q(z) < K almost everywhere we again arrive at (1.2). In the general case the latter
means that we can estimate the modulus of the family fI' by the modulus of I' with some weight
Qx): M(fI') < Mg(T') (see [25] for instance). The monograph of Miklyukov [26] discusses other
classes of the mappings satisfying similar inequalities in terms of capacities. Originally an inequality of
type (1.3) was established by Lehto and Virtanen for the quasiconformal mappings on the plane [27,
Chapter V, Section 6.3, p. 221] and by Strugov for the spatial mappings quasiconformal in the mean [12].
In [28] an inequality of the form (1.3) is established for quasiconformal spatial mappings with Q(z) equal
to Ki(x, f).

Recall that the inner dilatation of a mapping f : D — R™ n > 2, at a point x € D where f is
differentiable is

| (z, f)

K@D =y

if J(z, f) #0, Ki(z, f) =1if f/(x) =0, and K;(z, f) = co at the remaining points, where J(z, f) is the
Jacobian of f at z, and
|f'(@)hl

inf
heﬁg\{o} |h

1(f'(z)) =

The following concept generalizes and localizes the concept of a ()-homeomorphism. It is motivated
by the ring definition of quasiconformal mappings in the sense of Gehring (see [29] for instance), intro-
duced originally by Ryazanov, Srebro, and Yakubov on the plane, and later extended by Ryazanov and
Sevost’yanov to the spatial case (see [21; 17, Chapters VII and XI] for instance). Given E,F C R,
denote by I'(E, F, D) the family of all curves v : [a,b] — R connecting F and F in D; thus, y(a) € E,
~v(b) € F, and v(t) € D for t € (a,b).

Given g € D and a Lebesgue measurable function @ : D — [0, 00|, refer to a homeomorphism
f: D — R" as a ring Q-homeomorphism at o € D whenever f satisfies

M(f(T(S1, 52, R / Q@) (& — wol) dim(z) (1.4)

for every ring R = R(r1,72,20) = {x € R" : 11 < |x —zo| < 72}, S; = S(xo,7i) = {x € R : |z —xo| = 13},
where 0 < 71 < rg < 1o := dist(xg, dD), and every measurable function 7 : (r1,r2) — [0, c0] with

T2

/77(1") dr > 1.

T1

Furthermore, f is called a ring Q-homeomorphism in D if f is a ring Q-homeomorphlsm at every point
zo € D. Observe that, in particular, the homeomorphisms f : D — R” of class W, ’" for K;(z, f) € Li,,
are ring Q-homeomorphisms as well as Q-homeomorphisms with Q(z) := Ki(z, f) (see Theorems 8.1
and 8.6 in [17] for instance, as well as Theorem 6.10 and Corollary 4.9 in [30]).

The concept of a ring (-homeomorphism extends naturally to the case rg = co. Namely, for co €
D C R"™ a homeomorphism f : D — R” is called a ring Q-homeomorphism at co whenever the mapping
f= f(ﬁ) is a ring @’-homeomorphism at zero for Q'(z) = Q(#) In other words, f : R® — R7 is
a ring Q-homeomorphism at oo if and only if

M(F(T(S(R), S / Q) (ly)) dm(y)

for every ring R = R(R1,R2,0) = {y € R : Ry < |y| < Re} in D with 0 < R; < Rg < oo and
S(R;) = {z € R": |z| = R;}, and every measurable function n : (R, R2) — [0, oo] with f r)dr > 1.
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2. Preliminaries

Consider two metric spaces (X, d) and (X’,d’) with distances d and d’. A family § of continuous
mappings f : X — X' is called normal if from every sequence f,, € § we can select a subsequence f,,
converging locally uniformly in X to a continuous mapping f : X — X’. This concept is rather close to
the following: A family § of mappings f : X — X’ is called equicontinuous at xo € X whenever given
e > 0 there is § > 0 such that d'(f(z), f(z¢)) < € for all z with d(x,z9) < d and all f € §. Refer to § as
equicontinuous whenever § is equicontinuous at every point of X.

The following version of the Arzela—Ascoli theorem is useful below (see Section 20.4 in [22] for
instance).

Proposition 2.1. Given a separable metric space (X, d) and a compact metric space (X', d’), some
family § of mappings f : X — X' is normal if and only if § is equicontinuous.

In particular, Proposition 2.1 holds in the case X = R" with the usual distance and X’ is the
one-point compactification R” = R™ U {oo} with the spherical metric.

Recall that the spherical (chordal) metric h(z,y) equals |w(z) — w(y)|, where 7 is the stereographic
projection of R™ onto the sphere S"(%enﬂ, %) in R™*1; explicitly,

1 =y
\/ 1+ |z \/1+\a:y \/1+!y\
Refer as the spherical diameter of a set E in R” to

h(E) = sup h(z1,x2).

T1,72€F

h(z,00) =

, TFOOFY.

Denote by R a(D) the class of all ring @-homeomorphisms f in a domain D C R™ with n > 2
satisfying h(R"\f(D)) > A > 0. The following estimate for the distortion of spherical distances under
ring @-homeomorphisms appears in [21] (also see [17, Theorem 7.3]).

Proposition 2.2. Given A > 0 and a measurable function @ : D — [0, o], we have

(zo)

(079} dr

h(f(z), f(z0)) < AeXP{ - / 1} (2.1)
|z—x0| Tq3?071 (T)

for all f € R a(D) and x € B(xg,e(xo)) with e(zo) < dist(xzg,0D), where oy, > 0 depends only on n

and g, (r) is the mean integral value of ()(z) on the sphere |z — xo| = r.

The inverse function @' is well defined for every nondecreasing function @ : [0, co] — [0, co]:

() = <I>(igf%t. (2.2)

As usual, inf in (2.2) is equal to oo if the set of ¢ € [0, 00] with ®(¢) > 7 is empty. Observe that ! is
also nondecreasing.
REMARK 2.1. It is obvious from the definition that
dH®(t)) <t Vtel0,o00)], (2.3)
with equality holding except on the intervals where ®(t) is constant.

Since for every positive p the mapping ¢ — t? is an orientation-preserving homeomorphism of [0, o0]
onto itself, we can recast Theorem 2.1 of [31] into the following form, more convenient for subsequent
applications. Here, in (2.5) and (2.6), we extend the definitions of the integrals oo as ®,(t) = oo,
respectively Hp(t) = oo for all ¢t > T € [0,00). The integral in (2.6) is understood in the sense of
Lebesgue—Stieltjes; while the integrals in (2.5) and (2.7)—(2.10), in the usual sense of Lebesgue.
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Proposition 2.3. Given a nondecreasing function @ : [0, co] — [0, 00|, put

Hy(t) = log @p(t), @p(t) = 2(t"), p € (0,00). (2.4)
Then -
/H;,(t)cit =00 (2.5)
s
yields

and (2.6) is equivalent to
o0
dt
/Hp(t)tQ . (2.7)
1)
for some § > 0. Equality (2.7) is equivalent to each of the equalities:

A
/Hp (1) dt = (2.8)
0

for some 6 > 0,

— =00 (2.9)
/ Hyp 1(77)
for some §, > H(+0),
/ T (2.10)
70, (1)

*

for some §, > ®(40).

Moreover, (2.5) is equivalent to (2.6), and consequently (2.5)—(2.10) are equivalent to each other under
the additional assumption that ® is absolutely continuous. In particular, all conditions (2.5)-(2.10) are
equivalent to each other when ® is a nondecreasing convex function.

It is easy to see that conditions (2.5)—(2.10) are weaker for large p (see (2.7) for instance). We
should give one more explanation. We presume that the right-hand sides of (2.5)-(2.10) are +oo. For
®,(t) = 0 for t € [0,ts], while Hy(t) = —oo for t € [0,t], and we put H,(t) := 0 for ¢t € [0,t.].
Observe that (2.6) and (2.7) exclude the case that ¢, belongs to the interval of integration in the relations
mentioned above. Otherwise, the left-hand sides of (2.6) and (2.7) are simultaneously either equal to —oco
or undefined. Consequently, we may assume in (2.5)—(2.8) that § > ¢, and accordingly A < 1/ty, where
to 1= supg,(y)—o ¢, and tg = 0 if ©,(0) > 0.

3. The Main Lemma and Its Corollaries
Recall that a function ® : [0, 00] — [0, 00] is called conver whenever
q)()\tl + (1 — )\)tQ) < )\‘I’(tl) + (1 — /\)(I)(tg)

for all ¢1, to € [0,00] and A € [0, 1].
Henceforth R"(¢), with € € (0, 1), stands for the spherical ring

R*'e)={zeR":e < |z| < 1} (3.1)

in R"™ with n > 2. The following statement generalizes and strengthens Lemma 3.1 of [31].
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Lemma 3.1. Take a measurable function ) : B" — [0,00] and a nondecreasing convex function
® : [0,00] — (0,00]. Suppose that the mean integral value M(e) of ® o @ on the ring R"(¢) is finite.
Then

1 M)

d 1 d
/ ir_ 1 / T e (0,00), £ € (0,1), (3.2)
TG RN TR

where q(r) is the mean integral value of Q(x) on the sphere |x| = r.
REMARK 3.1. Observe that for every p € (0,00) the relation in (3.2) is equivalent to

1 Nif)
/ ar 2% / ﬂ)‘ﬁm, B, (t) i= B(t). (3.3)
Lorgr(r) Mg T

PROOF OF LEMMA 3.1. Put ¢, = supg (5)—r, t and 79 = ®(0) > 0. Letting Hy(t) := log p(t), we
see that Hp_l(n) = @;1(6”) and @;1(7) = Hp_l(log 7) (see Lemma 2.1 in [31]). Consequently,

1 1
gb (r) = H; ! (log hﬁz)) e (nlog ~+log h(r)) Vr € R., (3.4)

1

where h(r) := r"®(q(r)) = r"®,(¢7 (r)) and R, = {r € (¢,1) : q%(r) > t,}. Then

q%(e_s) = Hp_l(ns +logh(e™®)) VselS, (3.5)

1
where S, = {s € (0,log 1) : g7 (e7%) > t,}.
Since @ is convex, the Jensen inequality yields

log 1 1 J 1
e %)ds = I g r)rtdr
0/ )d /hUr E/<b<q<>> a
< / <7[ @(Q(m))dd) g < WZ"IM(s) _ %M(z—:), (3.6)
c S

where we use the mean value of ® o @ on the sphere S(r) = {z € R" : |z| = r} with respect to the area
measure. As usual, 2, and w,_1 here are the volume of the unit ball and the area of the unit sphere
in R™. Arguing by contradiction, we can easily see that

7= [ds< 2, (3.7)

T

where T = {s € (0,log 1) : h(e™*) > M(e)}. At the next step we verify that

q%(e_s) < Hp_l(ns +logM(e)) Vse (0,log(1/e))\ Tx, (3.8)

where T, := T N Si. Observe that

O (0 I [ I R S I
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By (3.5), we have (3.8) for s € S, \ T since H, ! is a nondecreasing function. Observe also that
(3.9)

ensM(é“) > (I)(O) =70 VsE (O7log(1/6))7

as well as
e < (13;1(6”3M(5)) = Hil(ns +logM(e)) Vs e (0,log(1/e)). (3.10)
Consequently, (3.8) also holds for s € (0,log 1)\ S,.
Since H,,; ! is nondecreasing, (3.7) and (3 8) yield
log 1
ds ds
T 2 T s = A)
p e—$ D (ns + A)
€ 0 (0,log 2)\ T
% gé nlog +A
/ / (3.11)
H,  (ns+ A) (ns+ A) H,
|T] 1 1+A
where A = log M(g). Observe that 1 + A =logeM(e). Therefore,
1 log 22
d 1 d
/ — > H_I"( 1 (3.12)
rqr (T) log eM (¢) p 1

log 7 we obtain (3.3), and so (3.2) as well. [
[0,00] — (0, 00| and a Lebesgue measur-

and upon changing the variable to n
Corollary 3.1. Take a nondecreasing convex function ® :
[0,00]. Put Q«(x) =1 for Q(z) < 1 and Q.«(x) = Q(z) for Q(xz) > 1. Assume
i € (0,1), is finite. Then

able function @ : B™ — |0,
that the mean value M, () of the function ® o Q. on the ring R"(¢), €

1 M (c)
/ ‘ir > 1 / diTl VA€ (0,1), p e (0,00), (3.13)
rgbr) L e

where q(r) is the mean integral value of Q(x) on the sphere |x| =r
Indeed, denote by ¢.(r) the mean integral value of Q.(x) on the sphere |x| = r. Then q(r) < g.(r)
A 1
Therefore q%(r) < gf (r) < ¢f(r) for all X € (0,1), and

and in addition g.(r) > 1 for all » € (0,1)

Lemma 3.1 applied to Q.(z) yields (3.13)
Theorem 3.1. Take a measurable function @ : B" — [0, co] with
/ B(Q(x))dm(z) < oo, (3.14)
B

[0, 0] is a nondecreasing convex function satisfying

where @ : [0, 00| —
[
/Tl =00, pE (Oa OO), (315)
T[@=H(r)])r
529



for some 6g > 19 := ®(0). Then

=

1
/ T, (3.16)
rqv(r)

0
where q(r) is the mean integral value of Q(z) on the sphere |x| = r.

ProoF. If ®(0) # 0 then Theorem 3.1 is a direct corollary of Lemma 3.1. In the case ®(0) = 0
fix some § € (0,dp) and put ®.(t) = ®(¢) if &(¢t) > 0 and P, (¢t) = 0 if ®(¢) < 4. Then (3.14) implies
that [;, ®.(Q(x))dm(z) < oo since |®,(t) — ®(t)| < 0§, while the measure of B™ is finite. In addition,
®,.(1) = @7 1(7) for 7 > §, and then (3.15) yields

Therefore, (3.16) holds by Lemma 3.1. O
REMARK 3.2. Since [@fl(r)]% =

/dT =00 Vde|0,00). (3.17)

On the other hand, the relation of the form (3.17), fulfilled for some ¢ € [0, 00), in general fails to imply
(3.15). Indeed, (3.15) obviously implies (3.17) for § € [0, ), while for ¢ € (dp, 00) we have

)

dr 1 )

0< < log — < 3.18

_5/ ()~ & (00) h0 1
0

since @, l'is a nondecreasing function, and o, 1(69) > 0. In addition, by the definition of the inverse
function, ®,1(7) = 0 for all T € [0,79] with 70 = ®,(0). Consequently, (3.17) for § € [0,79) in general
fails to imply (3.15). If 79 > 0 then

70

d
/I — oo V4 e 0,7). (3.19)
70, (7)
0
But (3.19) carries no information exactly about the function @(x), and so (3.16) cannot follow from

(3.17) for 0 < ®(0).
By analogy to Corollary 3.2 of [31] we have

Corollary 3.2. If ® : [0,00] — [0, 00] is a nondecreasing convex function, while () satisfies (3.14),
then each of the conditions (2.5)—(2.10) for p € (0,00) implies (3.16).

If, in addition, ®(1) < oo or q(r) > 1 on a subset of the interval (0,1) of positive measure, each of
the conditions (2.5)—(2.10) for p € (0,00) implies that

1
d
/ T WAe(0,1), (3.20)
a rqr(r)
as well as .
d
/ — =00 Ya>1, e (0,q] (3.21)
o g7 (r)
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4. Sufficient Conditions for Equicontinuity

Henceforth D is a fixed domain in the compactification R” = R"U{oo} with n > 2. Given a function
® : [0,00] — [0,00] and two numbers M > 0 and A > 0, denote by ER}ICI’ A the family of all ring

Q(z)-homeomorphisms in D with h(R™\ f(D)) > A and

[ o) T < u (4.1)
D

Sometimes we may use the notation ER%’ A (D) indicating the domain D explicitly.

Theorem 4.1. Take a nondecreasing convex function ® : [0, co] — [0, 00]. If

[t = (12)
o1 ()

do

for some §y > 19 := ®(0) then the class 9‘{%7 A Is equicontinuous, and consequently it constitutes a normal
family of mappings for all M € (0,00) and A € (0,1).
REMARK 4.1. The condition
[ #Q@)dm(@) < (43)
D
implies (4.1). Consequently, (4.1) is more general than (4.3), while the corresponding class of ring Q-

homeomorphisms satisfying (4.3) amounts to a subclass of the family iﬁﬂ A- On the other hand, if D is
bounded then (4.1) implies that

/ B(Q(x)) dm(z) < M., (4.4)

D
where M, = M - (1 + 62)” and 8, = sup,cp |z|.

PRrROOF OF THEOREM 4.1. By Proposition 2.1, it suffices to verify that the family 9%51\’4, A 1s equicon-
tinuous at every point zg € D. If x¢ # oo then Proposition 2.2 yields

n—1
|z—zo] TGz

o
e dr
h(f(z), f(x0)) < Kn €xp { - / 1} (4.5)
()
for all x € B(zo, p) and every positive p = p(zg) < dist(zg, dD), where ¢z, (r) stands for the mean value
of Q(z) on the sphere |z — xy| = r, and the constant «a,, depends only on n. Insert y = (z — x¢)/p into
the integral on the right-hand side of (4.5), then use Lemma 3.1 to estimate it as

dr

1
|z—zo| 7‘(13?071 (7”) €

—
.
<
T‘H 2
[u =
—~
=
v

S|
il
N
AN

ISH
R
Pt
1

where € = |z — 29|/p, q(r) = gz, (pr), and

M(e) = f B(QEN () = g [ #(QE)dm(:)
R R
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where R ={z € R" : |z — 20| < |z — 20| < p} is the ring centered at z¢, and €, is the volume of the unit
ball B" in R™. Since

2| < |z = o + |2o| < p(20) + |20l

we deduce that

/Bn(l‘O) dm(z)
M(e) < Qn(l—E”)R/(I)(Q(z))(l-i-Mz)”’

where
Bn(xo) = (1 + (p(zo) + |xo])*)™/p" (o).

Consequently, for ¢ < 1/4/2, and in particular for ¢ < 1/2, we have

2Bn(m0)

P(0) < M(e) < q M.
Therefore, for all x satisfying |z — xo| < p(z0)/2,
2(0)p™ (xq)
1 |z—zq|™ g
(679 T
W@ fa) < Frexpd 1 [ T (4.6)
" o 1]
)\nﬂn(xo)M

where the constant A, = 2e/,, depends only on n. Consequently, the family ER%L A IS equicontinuous
at zg. Finally, the case xy = 0o reduces to the case o = 0 by inversion in the sphere |z| = 1. O

Corollary 4.1. Each of conditions (2.5)-(2.10) for p € (0,n — 1] implies the equicontinuity and
normality of the class 9‘{%’47A for all M € (0,00) and A € (0,1).
Given a function ® : [0,00] — [0,00] and numbers M > 0, A > 0, denote by S%’A the family of

all homeomorphisms f of the domain D of the Sobolev class I/Vlig possessing a locally integrable inner
dilatation Kj(z, f) as well as satisfying h(R™ \ f(D)) > A and (4.1) with Q(z) := K;(z, f). Observe
that if ® is a convex function which is nondecreasing and nonconstant on [0, co) then (4.1) automatically
implies that K(z, f) € Li.. Observe also that Sjﬁ’ A C 9%%/[’ A (see Theorem 6.10 and Corollary 4.9
in [30] for instance). Therefore, this yields a corollary of Theorem 4.1.

Corollary 4.2. Each of the conditions (2.5)—(2.10) for p € (0,n — 1] implies the equicontinuity and
normality of the family SﬁI,A for all M € (0,00) and A € (0,1).

REMARK 4.2. For p = n — 1 the conditions of type (2.5)—(2.10) are the weakest of those asserting
the equicontinuity and normality of the classes Sjﬁ’ A and 9‘{}{\’4’ A (see Theorem 5.1 below). The most
interesting of these conditions is (2.7), which we can rearrange as

o0

/logq) = 00, (4.7)

d

where %—i—% = 1; thus, n’ = 2 for n = 2, n/ is strictly increasing with respect ton, andn’ =n/(n—1) — 1
as n — 0o. Observe also that we can rearrange (4.2), as well as (5.1) below, as

T

/_df(T) =00, Bp_i(t) =B, (4.8)
5 1
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5. Necessary Conditions for Equicontinuity

Theorem 5.1. Assume that the classes of mappings Sjﬁ’ A C 9{%4’ A are equicontinuous (normal) for
a nondecreasing convex function ® : [0, 00] — [0, 00| and all M € (0,00) and A € (0,1). Then

7 dr
/7—[@1(7)]nl1 = 0 (5.1)

for all §, € (70,00), where 19 := ®(0).

It is clear that ®(¢) in Theorem 5.1 cannot be constant since otherwise no restrictions on Kj in
the theorem arise, with the exception of the condition ®(¢) = oo when the class Sj?}[’ A is empty. More-
over, by the convexity criterion (see [32, 1.4.3, Proposition 5] for instance), the slope [®(¢) — ®(0)]/t is
a nondecreasing function. Therefore, the proof of Theorem 5.1 reduces to the following claim.

Lemma 5.1. Take a nondecreasing function @ : [0, co] — [0, oo] satisfying
B(t) > C -t Vte [T, o0 (5.2)

for some C > 0 and T € (0,00). If the classes Sﬁ’A C %%’A are equicontinuous (normal) for all
M € (0,00) and A € (0,1) then (5.1) holds for all 0, € (19, 00), where 7y := ®(+0).

REMARK 5.1. It is well known that the critical exponent n — 1 plays a key role in many problems
about spatial mappings. Rearrange (5.2) as

B, 1(t)>C-t Vte[l,od), (5.3)

where ®,_1(t) = ®(t"!), C > 0, and T € (0,00), which emphasizes once more the importance of the
function ®,,_1 in this context. In fact, in Theorem 5.1 it suffices to impose a weaker convexity condition
on ®,,_1 instead of ®.

PROOF OF LEMMA 5.1. Assume that (5.1) fails:

7 dr
O/T‘I’nil(T) < (5.4)

for some o € (79, 0), where ®,,_1(t) := ®(¢t"~!). Then also

T od
/17_ < oo Vb€ (r9,00) (5.5)
'S T(I)n—l(T)

since ®~1(7) > 0 for all 7 > 79, and the function ®~!(7) is nondecreasing. Observe that by (5.2)
. 1(t)>Ct Vt>T (5.6)

for some C' > 0 and T" € (1,00). Moreover, applying the linear transformation a® + (3, where a = 1/C
and § =T (see (2.7) for instance), we may assume that

B, 1(t) >t Ve lo,o00). (5.7)

Certainly, we can also assume that ®(t) =t for all ¢ € [0, 1) since the values of ® on the half-open interval
[0,1) carry no information about K(z, f) > 1 in (4.1). It is clear that (5.5) implies that ®(¢) < oo for
all t < oo (see (2.7), as well as (2.10)).
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Observe now that ¥(t) := t®,_1(¢) is a strictly increasing function, ¥(1) = ®(1), and ¥(t) — oo as
t — 00. Therefore, the functional equation

(K (r)) = (;)2 vre (0,1, (5.8)

where v = ®'/2(1) > 1, is solvable for K(1) = 1 and a strictly increasing continuous function K ()
satisfying K (r) < oo for r € (0,1] and K(r) — oo as r — 0. The logarithm of (5.8) yields

log K (r) + log ®,_1 (K (r)) = 2log ~,
T

and by (5.7) we deduce that

log K (r) < log
thus,
K(r) <~/r. (5.9)
Then (5.8) yields ®,,_1(K(r)) > v/r, and (2.3) yields
K(r) = @2, (v/r). (5.10)

It suffices to consider the case D = B™. Define the mappings
x x

f(@) = —p(z)),  fm(2) = —pm(z]), m=12,...,

] |z

on the punctured unit ball B™ \ {0}, where

1 1
p(t) = exp{I(0) = I(t)}, pm(t) = exp{I(0) = In(t)}, I(t) = / fgr)’ I’”(t)_/ rKi(r)’

and

From (5.10) we obtain

H0) - Itt) = / rlc(h(nr) - / r‘IfC_fT(Z) B / T<I>_d17— (1) vee 1]
0

0

8

A

where 7/t > v > 1> ®(0) = 0. Therefore, (5.5) yields

1
1(0) — I(t) < I(0) = / r;(“("r) <00 Vte (0,1]. (5.11)
0

In addition, f,,, f € C1(B™\ {0}) since K,,(r) and K(r) are continuous and, therefore, locally quasicon-
formal in B™\ {0}. Moreover, f,, is K,,-quasiconformal in B", where K,, = K(1/m). Now the tangential
and radial dilatations of f on the sphere |z| = p with p € (0, 1) are easy to calculate:

ex [ ex [
@) o{] ot KON o[ )
PO =T T YOS T S T k)
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and we see that d.(z) > 0,(z) since K(r) > 1. Consequently, the spherical symmetry yields

n=l(g). 6, (x
Kot )= 0 5

at all points z € B™ \ {0} (see [33, Section 1.2.1] for instance). Observe that

= K" (|z])

1
fm(x) = f(x) for all z such that — < |z| <1, m=1,2,.... (5.12)
m

Therefore, we similarly calculate Ki(z, frm) = Ki(z, f) = K" (|z]) for + < |z| < 1 and Kj(z, fm) =
K" 1( ) for 0 < |z| < .. Thus, f,, is quasiconformal in B", and so f,, € VV1 ™. By (5.8) we have

loc -

/ (K1 (x, fm)) dim(z) < / By (K (J2])) dm(z)

B B

1 1
V(K d
= wWp_1 / M crtdr < ’Yan—l/ r < M :=~*w, 11(0) < oo.
0 0

rK(r) rK(r)

Observe that f,, maps the unit ball B” onto the ball of radius R = e/(0) < oo centered at the origin.
Therefore, f,, € Sj%, A for some A > 0, where M is indicated above.
On the other hand, it is easy to see that

lim | f(z)| = lim p(t) = € = 1; (5.13)

z—0 t—0

thus, f maps the punctured ball B\ {0} onto the ring 1 < |y| < R = e!(?). Then by (5.12) and (5.13) we
deduce that |fm(z)| = |f(x)| > 1 for all  such that |z| > 1/m, m = 1,2,..., thus, the family {f,}5°_;
is not equicontinuous at zero.

The resulting contradiction refutes the assumption in (5.4). O

REMARK 5.2. Theorem 5.1 shows that condition (4.2) of Theorem 4.1 is not only sufficient, but also
necessary for the equicontinuity (normality) of the classes of mappings with integral restrictions of the

form (4.1) or (4.4) for nondecreasing convex functions ®. By Proposition 2.3, this also applies to each of
conditions (2.5)—(2.10) with p =n — 1.

Finally, note that already in [11] it was established that the requirement that & is nondecreasing
and convex is necessary for the compactness (completeness) of the classes of mappings with integral-type
restrictions (4.3).

Corollary 5.1. If the classes Sﬂ A C ER}I\Z’ A are equicontinuous (normal) for all M € (0,00), A €
(0,1), and a nondecreasing convex function ® then

o0

/log O(t =00 (5.14)

)

for all § > to, where to := supg(y)—o t, to = 0 if #(0) > 0, and L+l=1 e, n=n/(n-1).

By Remark 4.2 and Proposition 2.3, (5.14) is also a sufficient condition for the equicontinuity (nor-
mality) of the classes Sﬁ[,A and %%,A for all M € (0,00) and A € (0,1).
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