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Oninka MOIyJisd HEIepPepPBHOCTI
MEXKOBUX 3HAUYEeHb KBATEPHIOHHOTO
iaTerpaJjia tTuiry Kormi

We proved an upper estimate for the modulus of continuity of boundary
values of a quaternionic Cauchy-type integral.

JloBe1eHO BEPXHIO OIIHKY MOJIYJ/Isi HEIIEPEPBHOCTI MEKOBUX 3HAYEHb KBa-
TepHIOHHOTO iHTerpasa tummy Korri.

1 Bcryn

A. Burmyns [1] Boepine JOBIB OIIHKY MOIYJISl HEIIEPEPBHOCTI TPUTOHOME-
TPUIHO COPAXKEHO] (PYHKIIIT HA TPsIMiA, IO PIBHOCHIBLHA OIIHII MOIYJIS He-
mepepBHOCT] cuHTYAgpHOTO inTerpana Korri na xoui. 3 1i€l ominku, 30Kpe-
Ma, BuinBae teopema ILmemesns-IIpuBamoBa mpo iHBapiaHTHICTDL KjaciB
I'vonbaepa BigHOCHO cuHTYIsIpHOTO iHTerpana Komi. Ominka A. Surmysia
y3araJbHIOBAJIACH HA, OLIBIT MUPOKI Kaacu KpuBux y poborax JI. I. Ma-
raapasze [2, 3], A. A. Babaesa ta B. B. Canaesa [4, 5, 6], IT. M. Tampazosa
[7, 8], O. ®. Tepyca [9, 10, 11], T. C. Canimosa [12], €. M. Huubkina
[13]. Bokpema, 3’dcyBaJsioch, WO HARGLIBII HIMPOKUM KJIACOM KPUBHX (IUB.
[6, 9]), mist AKWX BOHA Mae TAKMil yKe BUIJISI, 5K 1 HA KOJI, € KJIAC Pery-
AgapHuX KpuBuX (Y SKUX Mipa 4aCTUHU KPUBOL, [0 MOTPAILIsE B KPYT, He
[EePEBUIILY€E CTAJIOl, IOMHOKEHO! Ha pajiyc Kpyra). Ha Glibin 3arajbHux
kpusux (aus. [6, 9, 10, 12, 13, 11]) maxkopaHTa HOripIIyETHCH 1 IOYUHAE
3aJ1ezKaTH IIe 1 Bij KpUBOI.

B pobori [14] posrisinyro y3arajabHeHss inrerpasia tuiy Kowi B re-
opil Tak 3BAHWX Q-TIIEPTOJOMOPGHUX (DYHKINH, sKi II0Th 3 TPOCTOPY
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R?2, Ha/IiIeHOro IeBHOI0 CTPYKTYPOIO KBATEPHIOHHOIO MHOMKEHHSI, y ajre-
Opy KoMmILTeKCHHX KBarepHioHi. JloBemeno opmyn /st MEKOBUX 3HA-
YeHb iHTerpaJsa Ha 3aMKHEHUX KYCKOBO-JIAMTYHOBCHKUX KPUBUX Ta TEOPEMY
IInemens-IlpuBasoBa npo inBapianTHiCTb KJaciB ['boabaepa s BiAnosi -
HOTO CHHIYJISPHOTO iHTerpana, depe3 dKuil BUParKalThCsA MEXXOBi 3HAUe-
uusi. B pobori [15] noBeneni ananoriuni hopmyinn Ha 3aMKHEHUX 2KODZA-
HOBHX CUDPAMJIIOBAHUX KpuBux. B pobori [16] orpumano OuiHKy MOMysisi
HETIEPEPBHOCTI BiIMOBIIHOTO CHHTYIAPHOrO iHnTerpaja. B 1iit pobori orpu-
MaHO OIHKY MOJYJIsI HEMEePEepBHOCTI MEXKOBWX 3HAYEHL KBATEPHIOHHOTO
y3araJabHeHHa iHTerpana tumy Komri B Teopii a-rimeprosoMopdHuX QpyH-
KIILit.

2 KBgarepnionu. KBarepHionnwuii iHTerpaJ Tu-
my Kormri

IMosaaanmo gepes H = H(R) ta H(C) siznosigpo amrebpu mificHUX Ta,
KOMTIJIEKCHUX KBATEPHIOHIB, TOOTO TAKUX, IO MOJATHCA Y BUTTSL @ =
Zli:o arik, ne {ar}i_o C R ana aificamx xearepuionis i {ax}i_, C C
— JIIsi KOMILIEKCHUX; t9 = 1, a %1,%92,%3 — YSBHI OOWHUIN 3 MPABUJIOM
MHOXKEHH: i12 = i22 = i32 = 21%2%3 = —1; KOMILIEKCHY YSBHY OJIWHHIIIO
mo3nadaruMeMo vepes i. H e HeKOMyTaTmBHOIO aCOIATHBHOIO aarebporo
HaJI, [TOJIEM JIACHUX vucen, aka He Mae ainbHukis nynad. H(C) e nekomyTa-
TUBHO aCOIIATHBHOIO AJITeOPOI0 HAJ, MTOJIEM KOMITJIEKCHUX YHCENT, TKA MAg
mapHUKY Hyag. ix MomyneM KOMIJIEKCHOTO KBATEPHIOHA PO3YMITHMEMO
fioro eskmimoBy HOpMY |a| = ||a||gs.

Hexait a € C, z := x11 + yis, ( := £11 + Nty — niiicHi KBaTepHiOHH, sKi
MiCTSTBCH B eBKJIimoBOMY mpoctopi R?, HaAiI€eHOMY IOJATKOBOIO CTPYKTY-
POIO KBATEPHIOHHOTO MHOYKEHHS, H,(Lp) — dyukuii Fankens pony p € {1;2}
i mopainky n € {0;1;2} (ams. [17]). Iosnaaumo:

i r(p)
(=1)P-Hg" (alz]) mpm a#0,
S(X(Z) = 1 4

—1 =0
5 n|z| mpu o = 0,

ae
1 mpu Im(a) >0 abo o > 0,

2 mpum Im(a) <0 abo «a < 0.

Binomo (aus., nanp., [18]), wo dyukuis &, € dynsamenragbuuM po3-
Bs13KOM omeparopa Lempymronbia Age = Agz + M| e Age = 92 + 92,
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Ok = %, M?* — oneparop muOoxkeHHd Ha, a € C.

Ksarepuionnum sapom Komi K, HasuBaeTbcs (yHIAMEHTAILHULN
PO3B’H30K oneparopa o0 = 0y o M* + 0y o M* + M nozi6ro 10 TO-
ro, K KJaCHIHE smpo Ko € dpyHIaMeHTATLHIM PO3B’A3KOM OIEPATOPa,
Komi-Pivana 0 := 81, +1 53 BaBagku daxropusarii omeparopa [enbm-
rosbna (mus. [19], [15])

Ay =—p00_4,0

MaeMO

3BIIKH OTPUMY€EMO

1e
(17 (Pl )+ B @D ) w20,
1
21z

K.(2) =

mpu « = 0.

@ynknii Tankens H(gp )(t), H 1(p ) (t) posknanarwoThest B paam (mus. [17]):

™

9 " [e%e] (_1)k’t2k’
HP (1) = (1 — (1P (in S + C)) Z R
2 o] k+pt2k k 1
+ P 22k Z m’
k=1 m=1

) 2t O (_q\kg2k+1
H{ )(t) — (1 — (—1) ;(1115 + C)) z_: 22](€+1]3:!(k+1)!+

2 it 1)k+pg2htt (] b
+(_1)p< > 222k+1k| k+1)! Z_: +Z m

m=1

(2)

ne C — crana Eiimepa.

J1s 3aMKHEHOT sKOpAaHoBol crapamiosaHol kpusol I' C R? i memepeps-
moi ynkmil f: ' — H(C) ksarepuionnuii inrerpan tuny Komi BusHaga-
erbest hopmymoro (aus. [15])

2) =/FKa(C—z)0f(C), DeR\T,

ne o :=dni; — d€is.



100 0. @. T'epyc
3 MexkoBi 3HaYeHHd KBAaT€PHIOHHOTO iHTeTrpa-
aa tuny Kormri

Hexaiit Q7 — obmexxena obmnacts 3 mexkero I, Q7 1= C\ (QTUT). ITosnaun-
mo vepes OF[f], @ [f] sByxenus inrerpana @, [f] Bianosigno na obmacri
ot Q.

Teopema 1 ([15]). Hezali I' — samxnena sicopdanosa cnpamaiosana
xpuea, [ : T — H(C) — nenepepsna dynxyis i nexad inmezpan

Va[f](t) := lim / |Ka(C=Ollol|f(Q) = f@),  tel,

M\T¢,s

de Tys :={C €T :|¢—tl <0}, icuye pienomipro sidnocrno t € T'. Todi
ICHYE IHMeE2PAN

Folf)(t) := lim Koa(C=t)a (f(O) = f(t),  teT;

6—0
I\Il¢,5

kpim mozo, dynxuii D [f] nenepepsro npodossicyromuvea sidnosiono na
samuranns QF, Q7 i enpasedausi nacmynni gopmyau:

Lf1(1) = (La(t) + D (1) + Falf(t), teT, 3)

O, (A1) = Lo () f () + FulfI(t), teT, (4)
de
I, (t) == —« // K, (¢ —t)d¢dn.
ot

B poGori [16] moBemeHo BEPXHIO OIHKY MOJYJsT HEMEPEPBHOCTI CHHTY-
sgpHoro inrerpana Fy, [f] B repminax Mozy/ia HenepepBHOCTI miiHTErpasibh-
HOI (pyHKIIT f Ta MeTpudHO! XapaKTepucTuku Kpusoi. Meroro 1miel poboTu
€ OTPUMaHHs MOMIGHUX OMIHOK s Mezxkoux suadenn PL[f], @, [f]. Ax
BuzHO 3 opmya (3), (4), rONOBHY TPYAHICTD TYT CKJIAJAE OLIHKA MOJYJlsd
HerepepBHOCTI inTerpasna I,.

Hexaii 0 > 0,

wr(f,6) == sup  |f(z1) = f(22)]
|z1—22|<8

{z1;22} CT
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— MoayJb HenepepBHocTi dyskuil f Ha [,
w t
sup F(fa )

QF(fa a, b) = oSSt

Qr(f,b,b) mpu 0 < b < a,

mpu 0 < a < b,

I.s:={Cel':|(—2| <0}, 0,() := mesT', 5 — kpusouiniiina mipa JleGera
muoxuun I, 5 (mue. [6]),

52

O w06

Hamani nosmagarumemo wepes ¢ (), ¢ (-, -),c (-, +,-) momarui crami (Mo-
JKJIMBO Di3Hi), Kl 3aJ€KaTh JHIile Bl apryMentiB y ayKkax. CumBosom
c 6e3 apryMeHTiB MO3HAYATHMEMO aOCOIOTHI CTaJIi.

Teopema 2. Hezai gynwuia [ : T — H(C) sadososvhse ymosu

sup/Qp(f,Q(z,x),x) dr < +00,
zel
0

sup/|lnx|wp(f, x)db,(z) < +oo.

Todi dynwuii ®E[f] nenepepemo npodoewcymmbc.ﬂ 610N06I0HO NG 3AMUKA-

wua QF, Q= i daa d € (O,min {%e 3; %H CNPasedaUs OuiHKU
wr(®E([f],6) <c sup/Qp f,0(z,x) ) x$+
zel
(5
|1n‘r|w1—‘(f7 )
+c(a) su 7(192 )+
( )26?0 1 wF(fwT) ( ) (5)
(.UI‘(f,45)
d
(UI‘(f,x) d
S hod/) In —
+e(a)d 2161113/ » df.(x) + 3 |
35

de d — diamemp xpueoi L.
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Josedenna. Ouinumo wr(l,,0). JIada mboro, BAKOPHCTOBYIOUH PO3-
kaasanns B psauu dyukuiit lankens (1), (2), posrisineMo nojants

5
t)=> 1)

zie
1)k g2k
1) 2k
10 //Zak,p CREsTe ¢ — t|?*d¢ dn,
(-1)Pi+2(C+ng) npu k=0,
= k
Ak.,p (—1)Pi + % <C +In % + 21 72) mpu k>0,
Y1243
2) e ok
I( //Zbkp22k+3k|(k+1) |C*t| (C*t)dﬁdn,
(—1)Pi+2(C-5+In%) mpu k=0,
b}g,p = k

(—l)pi+i<c—z<zf+1)—z_:1%+ln3> npu k >0,

k+2|< t|2k

oY
131 // In|¢ — ¢ Z 1)k G dé dn,

2k+3<—t2k C_t
I(4 //1n|C_t|Z k+1a 22kL—2k'(k—|—(l)' >d5d777

IO)(¢) // Tdedn.
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Hexait {t1;ta} C T, h:=|t1 — t2| < 0. Toni

o2k+2
‘I(l —1( t2 < //Zakp22k+2(k|) ¢ — t1|?Rde dn| +

tl 3h

2kt+2 ok
+ //Zakp22k+2(k|)2|< ta|*d€ dn| +

tl 3h

2k +2
+ // Zakp22k+2 P S (I¢ =t = |¢ = t2f?*) d€ dn| =
Q+\Qt1 3h
=: My + M; + Ms.
o0 |a[2R+2 o
Z|akp|22k+2 /{;' / ‘C7t1| d§ dn <
k=0

of

t1,3h
|2k+232k+2
WZ |ak7;ﬂl22k+2 k') (k + 1)

h2k+2 < C(O[)62.

Amnanoriuno oninrersca Ms.
Jdna ¢ e Qt \Qtt,:%h BHKOHY€eTbCs HepiBHicTs [¢ — to| < 3|¢ — t1]. Tomy

il |a‘2k+2

M; < Ok.p| o575 X

P p 22k+2(k!)2

2k—1
< [ le-ul-ic-sl D -t~ ol dgan <
anef
22k 2‘C¥|2k+2
thakpl S2FFL(41)? // 1€ — 1 P dg dy <
o\

tq,3h
22k 2 ‘Oé|2k+2 27'['

2k+1
hZ|ak,p| P2 2k 10 < c(a, d)6.
k=1
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Takum arHOM,

wr (Ic(yl),(S) < (o, d)0. (6)

bk7 a
’Ié‘Q)(t ) - 1(2) t2 S //Z 22k+31])gl k+ ) |< t1|**(¢ — t1)d€ dn| +

tl 3h
bk7poz2k+3 ok
+ //222k+3k1 (k+1)! |C—t2| (C —t2)d€dn| +
tl 3h
0 bk o2k+3
</ 2 g
Q+\leyshy’C

x (|¢ = ta?P(¢ = t1) — [ — t2|**(C — t2)) dé dn| = My + Ms5 + M.

e ‘2k+3 o1
M, <;}Ibkm|2%+gk, Frm [ 16 nPagdn <

t1 3h
|a|21€+3 (3h)2k+3

< 2 Z ool T g Dk £ 3) e(a)8”.

Amnajoriuno ouinmoernca Ms.

bk, |04|2k+3 2k 2k
ZQQHSk,kH 1 — 02 — ¢ — t2] ¢ — ta]dE dn+

// Z ‘bk,P| |O‘|2k+3 |< t |2k|t ¢ |d§dn =: M- + M
— 22k+3k| k‘—i—l) 2 2 1 : 7 8-

Q+ \Q+ ah
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Amnagoriuno oniani M3 orpumyemo M7 < ¢(a, d)d, a Takok

92k— 3‘a|2k+3 ok
h2|bkp|32kk,k+1 [ 1c-nftacan <

OO g,

22k 3 ‘a|2k+3

T ok+2
<hkz|bk’p|32kk'(k+1)' k+1d < ¢(a, d)o.
1

Tomy Mg < (e, d)d i, oTxe,

wr (12,68 < el ). 7
3 3 2k+2 ok
’I(Mgl ]<>t2 < //2:2%+1 pypl¢ — P = tld dn +
tl 3h
1 0 2k+2 o
T //ZWK—MI "In |¢ — tod€ dn| +
@ 22k +1(E1)2
or k=0
t1,3h
1 e o2k+2
T // > PRI ¢
anef ,,

x (|¢—taP*In[¢ —t1| = [€ — tao|* In | — ta]) d€ dn| =t My + Myo + M.

1

1 -
IIpm 6 < 5e¢7 3 maemo

1 e |2k+2 ok
My < - 2% o //|< B2 In|¢ — tldé dy <
tl 3h
2k+292k+2 1
o8 a1y L ()82 n L < e(a)s.

= — 22k (k!)2(k + 1) 3h 36
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Ananoriuno oninroernbca M.

2k+2
My < Z e | VS SRR SN P

an\e/ g,
2k—1

x Z ¢ = |71 TC — b dE dnt

2k+2
+ Z g ] 1l i n] =~ bl dedy <

an\e;/ g,

22k 1 |a|2k+2

<hZW // €=t~ |¢ — ta]|d€ dn+

k=1 oot
| |2k+222k 2 ok_1
+hz 3261 (kI)2 // € =] dg dn <
onef o,

22k |a\2k+2

4l 1 2k+1
hz32k 1(k|)22k+1<2k+1+d (Ind+1) ) < c(ev, d)d.

Orxe,
r (I((f),(;) < c(a, d)d. (8)

Mipkytoun gK i mpu OIHIOBAHHI MOYJIB HEIEPEPBHOCTI iHTErpaJiis
(2) 7(3) 1,—1
I, I, npu § < 5€73 oTpUMy€eMO

wr (Ig4>, 5) < e(a, d)6. 9)
2
I (1)~ 19 (1) < // e + // e+
tl 35 t1 35

ta — 11 )
i // mdﬁdn = M12+M13+M14.

1
Mo < ———dé dn < 6796,
- // ¢ — 1] < dn
Q

4
t1,38
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1
Mis < ———d& dn < 8md.
13 Jr/ |<. 7t2| 6 n

Q] 35

1
Mia < [tz — i // e —m XS

Q+\Qt+b35
3 1 d
< Sty —t ——dtdn < 3mln —.
plt2 —tl // c g e dn < 3moln 35
an\ef, 55
Towmy
3. d
wr(I,6) < ad(7+ = In—). (10)

2 3

Bpaxosytouu pisrocri (3), (4), 3 ouinok (6), (7), (8), (9), (10) ta oninku
(7) poGoru [16] mpocTumu MipkyBaHHAMHN BuILnBae HepisaicTs (5). Teo-
pema JoBeAeHA.

OsuaveHHs. Jamrnena K#coplanosa cnpammosana kpusa I nasueae-
mocs pezysaphoro abo K -pezyaspnoro, axwo icnye marxa dodamua cmana
K, wo dan eciz z € T i sciz 6 > 0 suxonyemves ymosa 0,(6) < K0.

Hacuinok 1. Hexati I — K -peeyaapna xpusa i dynwuyia f: T — H(C)

300060AbHAE YMOBY
d
/(.UF(f,I) dr < 0o
- .
0

Todi ynwuii ®Z[f] nenepepsro npodosocyromves 6idnosiono Ha 3amura-

wna QF, Q= i daa d € (O,min {%e‘é; gH CNPABedAUBT OUIHKU

2d

d
wr(PE[f],0) < e(K., d, a)/Lf’?dx+c(a)6ln—. (11)

T (1 + 7> 30

0 1)
JloBeieHHS € MOCTIBHEM IOBTOPEHHIM JOBEJEHHS HACTiaKa 1 podoru
[16].
Ilosuraummo

H,T):={f:T —=H(C) : wr(f,d) =0(8"),6 — 0}.
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3 monepesHbOro HACLAKA O9€BUIHIM YMHOM BHUILIMBAE HACTYIIHE TBEP-
JDKEHHs1, Binome sk Teopema tuny [Lnemens-IIpusanosa (y BumaaKy, Ko
I' — KyCKOBO-JIAYHOBCHKA KpHBa, MuB. [14]).

Hacaimok 2. Hexati ' — K-peeyaspua xpusa, 0 < pu < 14 f €
H,(T). Todi ¢ynruii ®[f] nenepepeno npodosscyromves 6idnosiono na

samuxanna QF, Qi 9E[f] € H,(T).
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