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Îöiíêà ìîäóëÿ íåïåðåðâíîñòi
ìåæîâèõ çíà÷åíü êâàòåðíiîííîãî
iíòåãðàëà òèïó Êîøi

We proved an upper estimate for the modulus of continuity of boundary
values of a quaternionic Cauchy-type integral.

Äîâåäåíî âåðõíþ îöiíêó ìîäóëÿ íåïåðåðâíîñòi ìåæîâèõ çíà÷åíü êâà-
òåðíiîííîãî iíòåãðàëà òèïó Êîøi.

1 Âñòóï
À. Çèãìóíä [1] âïåðøå äîâiâ îöiíêó ìîäóëÿ íåïåðåðâíîñòi òðèãîíîìå-
òðè÷íî ñïðÿæåíî¨ ôóíêöi¨ íà ïðÿìié, ùî ðiâíîñèëüíà îöiíöi ìîäóëÿ íå-
ïåðåðâíîñòi ñèíãóëÿðíîãî iíòåãðàëà Êîøi íà êîëi. Ç öi¹¨ îöiíêè, çîêðå-
ìà, âèïëèâà¹ òåîðåìà Ïëåìåëÿ-Ïðèâàëîâà ïðî iíâàðiàíòíiñòü êëàñiâ
Ãüîëüäåðà âiäíîñíî ñèíãóëÿðíîãî iíòåãðàëà Êîøi. Îöiíêà À. Çèãìóíäà
óçàãàëüíþâàëàñü íà áiëüø øèðîêi êëàñè êðèâèõ ó ðîáîòàõ Ë. Ã. Ìà-
ãíàðàäçå [2, 3], À. À. Áàáà¹âà òà Â. Â. Ñàëàåâà [4, 5, 6], Ï. Ì. Òàìðàçîâà
[7, 8], Î. Ô. Ãåðóñà [9, 10, 11], Ò. Ñ. Ñàëiìîâà [12], �. Ì. Äèíüêiíà
[13]. Çîêðåìà, ç'ÿñóâàëîñü, ùî íàéáiëüø øèðîêèì êëàñîì êðèâèõ (äèâ.
[6, 9]), äëÿ ÿêèõ âîíà ìà¹ òàêèé æå âèãëÿä, ÿê i íà êîëi, ¹ êëàñ ðåãó-
ëÿðíèõ êðèâèõ (ó ÿêèõ ìiðà ÷àñòèíè êðèâî¨, ùî ïîòðàïëÿ¹ â êðóã, íå
ïåðåâèùó¹ ñòàëî¨, ïîìíîæåíî¨ íà ðàäióñ êðóãà). Íà áiëüø çàãàëüíèõ
êðèâèõ (äèâ. [6, 9, 10, 12, 13, 11]) ìàæîðàíòà ïîãiðøó¹òüñÿ i ïî÷èíà¹
çàëåæàòè ùå i âiä êðèâî¨.

Â ðîáîòi [14] ðîçãëÿíóòî óçàãàëüíåííÿ iíòåãðàëà òèïó Êîøi â òå-
îði¨ òàê çâàíèõ α-ãiïåðãîëîìîðôíèõ ôóíêöié, ÿêi äiþòü ç ïðîñòîðó
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R2, íàäiëåíîãî ïåâíîþ ñòðóêòóðîþ êâàòåðíiîííîãî ìíîæåííÿ, ó àëãå-
áðó êîìïëåêñíèõ êâàòåðíiîíiâ. Äîâåäåíî ôîðìóëè äëÿ ìåæîâèõ çíà-
÷åíü iíòåãðàëà íà çàìêíåíèõ êóñêîâî-ëÿïóíîâñüêèõ êðèâèõ òà òåîðåìó
Ïëåìåëÿ-Ïðèâàëîâà ïðî iíâàðiàíòíiñòü êëàñiâ Ãüîëüäåðà äëÿ âiäïîâiä-
íîãî ñèíãóëÿðíîãî iíòåãðàëà, ÷åðåç ÿêèé âèðàæàþòüñÿ ìåæîâi çíà÷å-
ííÿ. Â ðîáîòi [15] äîâåäåíi àíàëîãi÷íi ôîðìóëè íà çàìêíåíèõ æîðäà-
íîâèõ ñïðÿìëþâàíèõ êðèâèõ. Â ðîáîòi [16] îòðèìàíî îöiíêó ìîäóëÿ
íåïåðåðâíîñòi âiäïîâiäíîãî ñèíãóëÿðíîãî iíòåãðàëà. Â öié ðîáîòi îòðè-
ìàíî îöiíêó ìîäóëÿ íåïåðåðâíîñòi ìåæîâèõ çíà÷åíü êâàòåðíiîííîãî
óçàãàëüíåííÿ iíòåãðàëà òèïó Êîøi â òåîði¨ α-ãiïåðãîëîìîðôíèõ ôóí-
êöié.

2 Êâàòåðíiîíè. Êâàòåðíiîííèé iíòåãðàë òè-
ïó Êîøi

Ïîçíà÷èìî ÷åðåç H = H(R) òà H(C) âiäïîâiäíî àëãåáðè äiéñíèõ òà
êîìïëåêñíèõ êâàòåðíiîíiâ, òîáòî òàêèõ, ùî ïîäàþòüñÿ ó âèãëÿäi a =∑3

k=0 akik, äå {ak}3k=0 ⊂ R äëÿ äiéñíèõ êâàòåðíiîíiâ i {ak}3k=0 ⊂ C
� äëÿ êîìïëåêñíèõ; i0 = 1, à i1, i2, i3 � óÿâíi îäèíèöi ç ïðàâèëîì
ìíîæåííÿ: i1

2 = i2
2 = i3

2 = i1i2i3 = −1; êîìïëåêñíó óÿâíó îäèíèöþ
ïîçíà÷àòèìåìî ÷åðåç i. H ¹ íåêîìóòàòèâíîþ àñîöiàòèâíîþ àëãåáðîþ
íàä ïîëåì äiéñíèõ ÷èñåë, ÿêà íå ìà¹ äiëüíèêiâ íóëÿ. H(C) ¹ íåêîìóòà-
òèâíîþ àñîöiàòèâíîþ àëãåáðîþ íàä ïîëåì êîìïëåêñíèõ ÷èñåë, ÿêà ìà¹
äiëüíèêè íóëÿ. Ïiä ìîäóëåì êîìïëåêñíîãî êâàòåðíiîíà ðîçóìiòèìåìî
éîãî åâêëiäîâó íîðìó |a| = ‖a‖R8 .

Íåõàé α ∈ C, z := xi1 + yi2, ζ := ξi1 + ηi2 � äiéñíi êâàòåðíiîíè, ÿêi
ìiñòÿòüñÿ â åâêëiäîâîìó ïðîñòîði R2, íàäiëåíîìó äîäàòêîâîþ ñòðóêòó-
ðîþ êâàòåðíiîííîãî ìíîæåííÿ, H

(p)
n � ôóíêöi¨ Ãàíêåëÿ ðîäó p ∈ {1; 2}

i ïîðÿäêó n ∈ {0; 1; 2} (äèâ. [17]). Ïîçíà÷èìî:

Eα(z) :=





(−1)p i

4
H

(p)
0 (α|z|) ïðè α 6= 0,

1
2π

ln |z| ïðè α = 0,

äå

p =

{
1 ïðè Im(α) > 0 àáî α > 0,

2 ïðè Im(α) < 0 àáî α < 0.

Âiäîìî (äèâ., íàïð., [18]), ùî ôóíêöiÿ Eα ¹ ôóíäàìåíòàëüíèì ðîç-
âÿçêîì îïåðàòîðà Ãåëüìãîëüöà ∆α2 := ∆R2 + Mα2 , äå ∆R2 = ∂2

1 + ∂2
2 ,
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∂k = ∂
∂xk

, Ma � îïåðàòîð ìíîæåííÿ íà a ∈ C.
Êâàòåðíiîííèì ÿäðîì Êîøi Kα íàçèâà¹òüñÿ ôóíäàìåíòàëüíèé

ðîçâ'ÿçîê îïåðàòîðà α∂ := ∂1 ◦ M i1 + ∂2 ◦ M i2 + Mα ïîäiáíî äî òî-
ãî, ÿê êëàñè÷íå ÿäðî Êîøi ¹ ôóíäàìåíòàëüíèì ðîçâ'ÿçêîì îïåðàòîðà
Êîøi-Ðiìàíà ∂ := ∂

∂x + i ∂
∂y . Çàâäÿêè ôàêòîðèçàöi¨ îïåðàòîðà Ãåëüì-

ãîëüöà (äèâ. [19], [15])
∆α2 = −α∂ ◦−α∂

ìà¹ìî
Kα(z) = −−α∂[Eα](z),

çâiäêè îòðèìó¹ìî

Kα(z) =





(−1)p iα

4

(
H

(p)
1 (α|z|) z

|z| + H
(p)
0 (α|z|)

)
ïðè α 6= 0,

1
2πz

ïðè α = 0.

Ôóíêöi¨ Ãàíêåëÿ H
(p)
0 (t), H

(p)
1 (t) ðîçêëàäàþòüñÿ â ðÿäè (äèâ. [17]):

H
(p)
0 (t) =

(
1− (−1)p 2i

π
(ln

t

2
+ C)

) ∞∑

k=0

(−1)kt2k

22k(k!)2
+

+
2i

π

∞∑

k=1

(−1)k+pt2k

22k(k!)2

k∑
m=1

1
m

,

(1)

H
(p)
1 (t) =

(
1− (−1)p 2i

π
(ln

t

2
+ C)

) ∞∑

k=0

(−1)kt2k+1

22k+1k!(k + 1)!
+

+ (−1)p

(
2i

πt
+

it

2π

)
+

i

π

∞∑

k=1

(−1)k+pt2k+1

22k+1k!(k + 1)!

(
k+1∑
m=1

1
m

+
k∑

m=1

1
m

)
,

(2)

äå C � ñòàëà Åéëåðà.
Äëÿ çàìêíåíî¨ æîðäàíîâî¨ ñïðÿìëþâàíî¨ êðèâî¨ Γ ⊂ R2 i íåïåðåðâ-

íî¨ ôóíêöi¨ f : Γ → H(C) êâàòåðíiîííèé iíòåãðàë òèïó Êîøi âèçíà÷à-
¹òüñÿ ôîðìóëîþ (äèâ. [15])

Φα[f ](z) :=
∫

Γ

Kα(ζ − z) σ f(ζ), z ∈ R2 \ Γ,

äå σ := dηi1 − dξi2.



100 Î. Ô. Ãåðóñ

3 Ìåæîâi çíà÷åííÿ êâàòåðíiîííîãî iíòåãðà-
ëà òèïó Êîøi

Íåõàé Ω+ � îáìåæåíà îáëàñòü ç ìåæåþ Γ, Ω− := C\(Ω+∪Γ). Ïîçíà÷è-
ìî ÷åðåç Φ+

α [f ], Φ−α [f ] çâóæåííÿ iíòåãðàëà Φα[f ] âiäïîâiäíî íà îáëàñòi
Ω+, Ω−.

Òåîðåìà 1 ([15]). Íåõàé Γ � çàìêíåíà æîðäàíîâà ñïðÿìëþâàíà
êðèâà, f : Γ → H(C) � íåïåðåðâíà ôóíêöiÿ i íåõàé iíòåãðàë

Ψα[f ](t) := lim
δ→0

∫

Γ\Γt,δ

|Kα(ζ − t)| |σ| |f(ζ)− f(t)|, t ∈ Γ,

äå Γt,δ := {ζ ∈ Γ : |ζ − t| 6 δ}, iñíó¹ ðiâíîìiðíî âiäíîñíî t ∈ Γ. Òîäi
iñíó¹ iíòåãðàë

Fα[f ](t) := lim
δ→0

∫

Γ\Γt,δ

Kα(ζ − t)σ (f(ζ)− f(t)), t ∈ Γ;

êðiì òîãî, ôóíêöi¨ Φ±α [f ] íåïåðåðâíî ïðîäîâæóþòüñÿ âiäïîâiäíî íà
çàìèêàííÿ Ω+, Ω− i ñïðàâåäëèâi íàñòóïíi ôîðìóëè:

Φ+
α [f ](t) = (Iα(t) + 1)f(t) + Fα[f ](t), t ∈ Γ, (3)

Φ−α [f ](t) = Iα(t)f(t) + Fα[f ](t), t ∈ Γ, (4)
äå

Iα(t) := −α

∫∫

Ω+

Kα(ζ − t)dξdη.

Â ðîáîòi [16] äîâåäåíî âåðõíþ îöiíêó ìîäóëÿ íåïåðåðâíîñòi ñèíãó-
ëÿðíîãî iíòåãðàëà Fα[f ] â òåðìiíàõ ìîäóëÿ íåïåðåðâíîñòi ïiäiíòåãðàëü-
íî¨ ôóíêöi¨ f òà ìåòðè÷íî¨ õàðàêòåðèñòèêè êðèâî¨. Ìåòîþ öi¹¨ ðîáîòè
¹ îòðèìàííÿ ïîäiáíèõ îöiíîê äëÿ ìåæîâèõ çíà÷åíü Φ+

α [f ], Φ−α [f ]. ßê
âèäíî ç ôîðìóë (3), (4), ãîëîâíó òðóäíiñòü òóò ñêëàäà¹ îöiíêà ìîäóëÿ
íåïåðåðâíîñòi iíòåãðàëà Iα.

Íåõàé δ > 0,

ωΓ(f, δ) := sup
|z1−z2|6δ

{z1;z2}⊂Γ

|f(z1)− f(z2)|
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� ìîäóëü íåïåðåðâíîñòi ôóíêöi¨ f íà Γ,

ΩΓ(f, a, b) :=





sup
a6t6b

ωΓ(f, t)
t

ïðè 0 < a 6 b,

ΩΓ(f, b, b) ïðè 0 < b < a,

Γz,δ := {ζ∈Γ : |ζ−z| 6 δ}, θz(δ) := mes Γz,δ � êðèâîëiíiéíà ìiðà Ëåáåãà
ìíîæèíè Γz,δ (äèâ. [6]),

Θ(z, δ) :=
δ2

θz(4δ)− θz(δ)
.

Íàäàëi ïîçíà÷àòèìåìî ÷åðåç c (·), c (·, ·), c (·, ·, ·) äîäàòíi ñòàëi (ìî-
æëèâî ðiçíi), ÿêi çàëåæàòü ëèøå âiä àðãóìåíòiâ ó äóæêàõ. Ñèìâîëîì
c áåç àðãóìåíòiâ ïîçíà÷àòèìåìî àáñîëþòíi ñòàëi.

Òåîðåìà 2. Íåõàé ôóíêöiÿ f : Γ → H(C) çàäîâîëüíÿ¹ óìîâè

sup
z∈Γ

d∫

0

ΩΓ(f, Θ(z, x), x) dx < +∞,

sup
z∈Γ

d∫

0

| ln x|ωΓ(f, x) dθz(x) < +∞.

Òîäi ôóíêöi¨ Φ±α [f ] íåïåðåðâíî ïðîäîâæóþòüñÿ âiäïîâiäíî íà çàìèêà-
ííÿ Ω+, Ω− i äëÿ δ ∈

(
0,min

{
1
3e−

1
3 ; d

3

}]
ñïðàâåäëèâi îöiíêè

ωΓ(Φ±α [f ], δ) 6c sup
z∈Γ

2d∫

0

ΩΓ(f, Θ(z, x), x)
dx

1 +
x

δ

+

+c(α) sup
z∈Γ

d∫

0

| ln x|ωΓ(f, x)

1 +
ωΓ(f, x)
ωΓ(f, 4δ)

dθz(x)+

+c(α) δ


sup

z∈Γ

d∫

3δ

ωΓ(f, x)
x

dθz(x) + ln
d

3δ


 ,

(5)

äå d � äiàìåòð êðèâî¨ Γ.
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Äîâåäåííÿ. Îöiíèìî ωΓ(Iα, δ). Äëÿ öüîãî, âèêîðèñòîâóþ÷è ðîç-
êëàäàííÿ â ðÿäè ôóíêöié Ãàíêåëÿ (1), (2), ðîçãëÿíåìî ïîäàííÿ

Iα(t) =
5∑

q=1

I(q)
α (t),

äå

I(1)
α (t) :=

∫∫

Ω+

∞∑

k=0

ak,p
(−1)k+1α2k+2

22k+2(k!)2
|ζ − t|2kdξ dη,

ak,p :=





(−1)pi + 2
π

(
C + ln α

2

)
ïðè k = 0,

(−1)pi + 2
π

(
C + ln α

2 +
k∑

m=1

1
m

)
ïðè k > 0,

I(2)
α (t) :=

∫∫

Ω+

∞∑

k=0

bk,p
(−1)k+1α2k+3

22k+3k!(k + 1)!
|ζ − t|2k(ζ − t)dξ dη,

bk,p :=





(−1)pi + 2
π

(
C − 1

2 + ln α
2

)
ïðè k = 0,

(−1)pi + 2
π

(
C − 1

2(k+1) −
k∑

m=1

1
m + ln α

2

)
ïðè k > 0,

I(3)
α (t) :=

1
π

∫∫

Ω+

ln |ζ − t|
∞∑

k=0

(−1)k+1 α2k+2|ζ − t|2k

22k+1(k!)2
dξ dη,

I(4)
α (t) :=

1
π

∫∫

Ω+

ln |ζ − t|
∞∑

k=0

(−1)k+1 α2k+3|ζ − t|2k(ζ − t)
22k+2k!(k + 1)!

dξ dη,

I(5)
α (t) := − α

2π

∫∫

Ω+

1
ζ − t

dξ dη.
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Íåõàé {t1; t2} ⊂ Γ, h := |t1 − t2| 6 δ. Òîäi

∣∣∣I(1)
α (t1)− I(1)

α (t2)
∣∣∣ 6

∣∣∣∣∣∣∣∣

∫∫

Ω+
t1,3h

∞∑

k=0

ak,p
α2k+2

22k+2(k!)2
|ζ − t1|2kdξ dη

∣∣∣∣∣∣∣∣
+

+

∣∣∣∣∣∣∣∣

∫∫

Ω+
t1,3h

∞∑

k=0

ak,p
α2k+2

22k+2(k!)2
|ζ − t2|2kdξ dη

∣∣∣∣∣∣∣∣
+

+

∣∣∣∣∣∣∣∣

∫∫

Ω+\Ω+
t1,3h

∞∑

k=1

ak,p
α2k+2

22k+2(k!)2
(|ζ − t1|2k − |ζ − t2|2k

)
dξ dη

∣∣∣∣∣∣∣∣
=:

=: M1 + M2 + M3.

M1 6
∞∑

k=0

|ak,p| |α|2k+2

22k+2(k!)2

∫∫

Ω+
t1,3h

|ζ − t1|2kdξ dη 6

6 π

∞∑

k=0

|ak,p| |α|2k+232k+2

22k+2(k!)2(k + 1)
h2k+2 6 c(α)δ2.

Àíàëîãi÷íî îöiíþ¹òüñÿ M2.
Äëÿ ζ ∈ Ω+ \Ω+

t1,3h âèêîíó¹òüñÿ íåðiâíiñòü |ζ − t2| 6 4
3 |ζ − t1|. Òîìó

M3 6
∞∑

k=1

|ak,p| |α|2k+2

22k+2(k!)2
×

×
∫∫

Ω+\Ω+
t1,3h

||ζ − t1| − |ζ − t2||
2k−1∑
m=0

|ζ − t1|2k−1−m|ζ − t2|mdξ dη 6

6 h

∞∑

k=1

|ak,p|2
2k−2 |α|2k+2

32k+1(k!)2

∫∫

Ω+\Ω+
t1,3h

|ζ − t1|2k−1dξ dη 6

6 h

∞∑

k=1

|ak,p|2
2k−2 |α|2k+2

32k+1(k!)2
2π

2k + 1
d2k+1 6 c(α, d)δ.
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Òàêèì ÷èíîì,

ωΓ

(
I(1)
α , δ

)
6 c(α, d)δ. (6)

∣∣∣I(2)
α (t1)− I(2)

α (t2)
∣∣∣ 6

∣∣∣∣∣∣∣∣

∫∫

Ω+
t1,3h

∞∑

k=0

bk,pα
2k+3

22k+3k!(k + 1)!
|ζ − t1|2k(ζ − t1)dξ dη

∣∣∣∣∣∣∣∣
+

+

∣∣∣∣∣∣∣∣

∫∫

Ω+
t1,3h

∞∑

k=0

bk,pα
2k+3

22k+3k!(k + 1)!
|ζ − t2|2k(ζ − t2)dξ dη

∣∣∣∣∣∣∣∣
+

+

∣∣∣∣∣∣∣∣

∫∫

Ω+\Ω+
t1,3h

∞∑

k=1

bk,pα
2k+3

22k+3k!(k + 1)!
×

× (|ζ − t1|2k(ζ − t1)− |ζ − t2|2k(ζ − t2)
)
dξ dη

∣∣∣∣∣∣
=: M4 + M5 + M6.

M4 6
∞∑

k=0

|bk,p| |α|2k+3

22k+3k!(k + 1)!

∫∫

Ω+
t1,3h

|ζ − t1|2k+1dξ dη 6

6 2π

∞∑

k=0

|bk,p| |α|2k+3(3h)2k+3

22k+3(k!)(k + 1)!(2k + 3)
6 c(α)δ3.

Àíàëîãi÷íî îöiíþ¹òüñÿ M5.

M6 6
∫∫

Ω+\Ω+
t1,3h

∞∑

k=1

|bk,p| |α|2k+3

22k+3k!(k + 1)!

∣∣|ζ − t1|2k − |ζ − t2|2k
∣∣ |ζ − t1|dξ dη+

+
∫∫

Ω+\Ω+
t1,3h

∞∑

k=1

|bk,p| |α|2k+3

22k+3k!(k + 1)!
|ζ − t2|2k|t2 − t1|dξ dη =: M7 + M8.
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Àíàëîãi÷íî îöiíöi M3 îòðèìó¹ìî M7 6 c(α, d)δ, à òàêîæ

M8 6h

∞∑

k=1

|bk,p|2
2k−3 |α|2k+3

32kk!(k + 1)!

∫∫

Ω+\Ω+
t1,3h

|ζ − t1|2kdξ dη 6

6h

∞∑

k=1

|bk,p|2
2k−3 |α|2k+3

32kk!(k + 1)!
π

k + 1
d2k+2 6 c(α, d)δ.

Òîìó M6 6 c(α, d)δ i, îòæå,

ωΓ

(
I(2)
α , δ

)
6 c(α, d)δ. (7)

∣∣∣I(3)
α (t1)− I(3)

α (t2)
∣∣∣ 6 1

π

∣∣∣∣∣∣∣∣

∫∫

Ω+
t1,3h

∞∑

k=0

α2k+2

22k+1(k!)2
|ζ − t1|2k ln |ζ − t1|dξ dη

∣∣∣∣∣∣∣∣
+

+
1
π

∣∣∣∣∣∣∣∣

∫∫

Ω+
t1,3h

∞∑

k=0

α2k+2

22k+1(k!)2
|ζ − t2|2k ln |ζ − t2|dξ dη

∣∣∣∣∣∣∣∣
+

+
1
π

∣∣∣∣∣∣∣∣

∫∫

Ω+\Ω+
t1,3h

∞∑

k=1

α2k+2

22k+1(k!)2
×

× (|ζ − t1|2k ln |ζ − t1| − |ζ − t2|2k ln |ζ − t2|
)
dξ dη

∣∣∣∣∣∣
=: M9 + M10 + M11.

Ïðè δ < 1
3e−

1
3 ìà¹ìî

M9 6 1
π

∞∑

k=0

|α|2k+2

22k+1(k!)2

∫∫

Ω+
t1,3h

|ζ − t1|2k| ln |ζ − t1||dξ dη 6

6
∞∑

k=0

|α|2k+232k+2

22k(k!)2(k + 1)
h2k+2 ln

1
3h

6 c(α)δ2 ln
1
3δ

6 c(α)δ.
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Àíàëîãi÷íî îöiíþ¹òüñÿ M10.

M11 6
∞∑

k=1

|α|2k+2

22k+1(k!)2

∫∫

Ω+\Ω+
t1,3h

| ln |ζ − t1|| ||ζ − t1| − |ζ − t2|| ×

×
2k−1∑
m=0

|ζ − t1|2k−1−m|ζ − t2|mdξ dη+

+
∞∑

k=1

|α|2k+2

22k+1(k!)2

∫∫

Ω+\Ω+
t1,3h

|ζ − t2|2k |ln |ζ − t1| − ln |ζ − t2|| dξ dη 6

6 h

∞∑

k=1

22k−1 |α|2k+2

32k−1(k!)2

∫∫

Ω+\Ω+
t1,3h

|ζ − t1|2k−1| ln |ζ − t1||dξ dη+

+ h

∞∑

k=1

|α|2k+222k−2

32k−1(k!)2

∫∫

Ω+\Ω+
t1,3h

|ζ − t1|2k−1dξ dη 6

6 h

∞∑

k=1

22k |α|2k+2

32k−1(k!)2
π

2k + 1

(
1

2k + 1
+ d2k+1(ln d + 1)

)
6 c(α, d)δ.

Îòæå,
ωΓ

(
I(3)
α , δ

)
6 c(α, d)δ. (8)

Ìiðêóþ÷è ÿê i ïðè îöiíþâàííi ìîäóëiâ íåïåðåðâíîñòi iíòåãðàëiâ
I
(2)
α , I

(3)
α , ïðè δ < 1

3e−
1
3 îòðèìó¹ìî

ωΓ

(
I(4)
α , δ

)
6 c(α, d)δ. (9)

2π

α

∣∣∣I(5)
α (t1)− I(5)

α (t2)
∣∣∣ 6

∣∣∣∣∣∣∣∣

∫∫

Ω+
t1,3δ

1
ζ − t1

dξ dη

∣∣∣∣∣∣∣∣
+

∣∣∣∣∣∣∣∣

∫∫

Ω+
t1,3δ

1
ζ − t2

dξ dη

∣∣∣∣∣∣∣∣
+

+

∣∣∣∣∣∣∣∣

∫∫

Ω+\Ω+
t1,3δ

t2 − t1
(ζ − t1)(ζ − t2)

dξ dη

∣∣∣∣∣∣∣∣
=: M12 + M13 + M14.

M12 6
∫∫

Ω+
t1,3δ

1
|ζ − t1|dξ dη 6 6πδ,
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M13 6
∫∫

Ω+
t1,3δ

1
|ζ − t2|dξ dη 6 8πδ.

M14 6 |t2 − t1|
∫∫

Ω+\Ω+
t1,3δ

1
|ζ − t1||ζ − t2|dξ dη 6

6 3
2
|t2 − t1|

∫∫

Ω+\Ω+
t1,3δ

1
|ζ − t1|2 dξ dη 6 3πδ ln

d

3δ
.

Òîìó
ωΓ(I(5)

α , δ) 6 αδ(7 +
3
2

ln
d

3δ
). (10)

Âðàõîâóþ÷è ðiâíîñòi (3), (4), ç îöiíîê (6), (7), (8), (9), (10) òà îöiíêè
(7) ðîáîòè [16] ïðîñòèìè ìiðêóâàííÿìè âèïëèâà¹ íåðiâíiñòü (5). Òåî-
ðåìà äîâåäåíà.

Îçíà÷åííÿ. Çàìêíåíà æîðäàíîâà ñïðÿìëþâàíà êðèâà Γ íàçèâà¹-
òüñÿ ðåãóëÿðíîþ àáî K-ðåãóëÿðíîþ, ÿêùî iñíó¹ òàêà äîäàòíà ñòàëà
K, ùî äëÿ âñiõ z ∈ Γ i âñiõ δ > 0 âèêîíó¹òüñÿ óìîâà θz(δ) 6 Kδ.

Íàñëiäîê 1. Íåõàé Γ � K-ðåãóëÿðíà êðèâà i ôóíêöiÿ f : Γ → H(C)
çàäîâîëüíÿ¹ óìîâó

d∫

0

ωΓ(f, x)
x

dx < ∞.

Òîäi ôóíêöi¨ Φ±α [f ] íåïåðåðâíî ïðîäîâæóþòüñÿ âiäïîâiäíî íà çàìèêà-
ííÿ Ω+, Ω− i äëÿ δ ∈

(
0,min

{
1
3e−

1
3 ; d

3

}]
ñïðàâåäëèâi îöiíêè

ωΓ(Φ±α [f ], δ) 6 c(K, d, α)

2d∫

0

ωΓ(f, x)

x
(
1 +

x

δ

)dx + c(α)δ ln
d

3δ
. (11)

Äîâåäåííÿ ¹ äîñëiâíèì ïîâòîðåííÿì äîâåäåííÿ íàñëiäêà 1 ðîáîòè
[16].

Ïîçíà÷èìî

Hµ(Γ) := {f : Γ → H(C) : ωΓ(f, δ) = O(δµ), δ → 0}.
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Ç ïîïåðåäíüîãî íàñëiäêà î÷åâèäíèì ÷èíîì âèïëèâà¹ íàñòóïíå òâåð-
äæåííÿ, âiäîìå ÿê òåîðåìà òèïó Ïëåìåëÿ-Ïðèâàëîâà (ó âèïàäêó, êîëè
Γ � êóñêîâî-ëÿïóíîâñüêà êðèâà, äèâ. [14]).

Íàñëiäîê 2. Íåõàé Γ � K-ðåãóëÿðíà êðèâà, 0 < µ < 1 i f ∈
Hµ(Γ). Òîäi ôóíêöi¨ Φ±α [f ] íåïåðåðâíî ïðîäîâæóþòüñÿ âiäïîâiäíî íà
çàìèêàííÿ Ω+, Ω− i Φ±α [f ] ∈ Hµ(Γ).
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