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SKCTPEMAJIbBHAA 3AJAYA OJId OTKPBITBIX MHOKECTB
B CJIVUAE BECKOHEYHO VIAJIEHON TOYKU

ITonydenbl TOUYHBIE OIIEHKN NIPOM3BEIEHNIT BHYTPEHHUX PaJINyCOB [IJIsl OTKPBITOIO MHOXKecTBa. B wact-
HOCTH, pellleHa KCTPeMaJIbHas 33Jad4a JJIf IPOU3BOJBLHOIO KOHEYHOI'O YHCJIA CBOOOIHBIX IIOJIIOCOB
CHCTEMBI TOYEK HA JIydaX U (PUKCUPOBAHHOMN OECKOHEYHO y/IAJEHHOM TOUYKOIA.

Kamouesvie caosa: swympennutl paduyc obaacmu, keadpamuyHul duddepenyuan, KycowHo-pasde-
aaulee npeobpadosarue, GyHKYUA I'puna, AYHE6AA CUCMEME MOYUEK, A02GPUPMUNECKALA EMKOCTD,
8APUAYUOHHAA HOPMYAQ.

1. BBenenue.

B reomerpudeckoil Teopun GpyHKIUI KOMILIEKCHOTO IIEPEMEHHOIO SKCTPEMAJIbHbBIE
33729 O MPOU3BEIECHNNM BHYTPEHHHUX PAINYyCOB ODJACTENl IIPEICTAB/ISIOT W3BECTHOE
KJIACCUYIECKOE HallpaBjieHne. BO3HMKHOBEHHE 5TOr0 HAIIPABJICHUsI CBSI3BIBAETCS C U3-
BecTHOI paboroiil akagemuka M. A. JlaBpenTnesa [1], r/1e Gblia BliepBble IOCTABJIEHA U
peleHa 3a/1a49a O IPOU3BeIeHNH KOH(MOPMHBIX PaJlyCoOB IBYX B3aMMHO HE IIepeceKa-
IOIUXCSI OJTHOCBS3HBIX objiacTeil. B mociemyroriem sta 3aa4a 060011a1ach 1 yCuInBa-
Jach B paboTax MHOI'HX aBTOpOB (cM. Hamp. [2-6]).

2. Ompenesienus u 0003HAYEHUS.

[Tycrs N, R — MHOXKeCTBa HATYPaAJIbHBIX U BEMIECTBEHHBIX YHCEN, COOTBETCTBEHHO,
C — mrockoersb Komiuiekenbix auces, C = C|J{oo} — eé onnoroueunas kommnaxTudu-
Kanyust 1 RT = (0, 00).

Cpasy oTMeTHuM, 9TO B JaHHOH paboTe aKTUBHO MCIOJIL3YeTCsl IIOHATHE KBapaTHI-
Horo juddepenimaia, ¢ KOTOPbIM MOXKHO O3HAKOMUTHCSI B MOHOIpaduu [7].

[ycts (B, a) obosHavaer BHyTpennuil paauyc obaactu B C C oTHOCHTEILHO TOU-
ki a € B [8 - 10|, gp(w, a) — o6obiennas dbyuxus ['puna.

Paccmorpum cucremy todex A, := {ar}t,_;, ax € C\ {0U oo}, k = I,n, rakyo,

9TO 9
argay = —W(k: —1). (1)
n

Ob6oznaunm
2T 2 -
Pk:{we(cz(k—l)<argw<;k}, kzl,n

IIycts D, D C C — npousBojbHOE OTKPHLITOE MHOXKECTBO U w = a € D, Torma
D(a) obosnauaer cBs3HyI0 KOMIOHeHTY D, comepaaiyio a. Jljist mpon3BosbHOM crcTe-
mbl Touek A, = {ax}, ynosiaersopsiomieit (1), u orkpsrToro muoxecrsa D, A, C D
obosnaunmM Dy (ap) cBsasHyio KoMmmoHeHTy MHOKecTBa D(ap) () Py (Ay), comepxxariyio

TOUKY Gp, p =k, k+ 1,k =1,n, apy1 = ay.
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Byznem rosoputh, uro orkpeiroe MHOXkectBo D, {oo} U A,, C D yjoBiersopsier
YCJIOBHUIO HEHAJIETAHUST OTHOCUTETHLHO CHCTEMBI TOYEK A, €CJIU BBIMTOJHIETCS YCIOBUE

[Dk(ak) ka(akJrl)} U [Dk(oo) ﬂDk(ak)} U [Dk(oo) ﬂDk(akH)] =2, (2

mo BceM yriaMm Py, k= 1,n.
Boitee moapobHO ¢ BBEIEHHBIMU BBIIIE MOHITHSIMU MOXKHO O3HAKOMUTLCS B pabore

[5].
Ha cucreme Touek A, onpegennm yHKIMOHAT
n n 17% " 1+2
() — Ak
n'" (An) = X |ak|

rae x () =3 (t+t71), v >0.

B pa6ore, 1151 1pou3BobHON cucremsl Touek A, = {ag}p_;, n > 2, yaoBieTBopsi-
tomeii (1), sioboro orkpeiToro MuoxkectBa D, 0o, ar € D, k = 1,n, yaoBjierBopsitorie-
r0 yCJIOBUIO HeHasieranusi (2), paccMarpuBaeTcsl 3aja4a 110 OLPEIEIeHNI0 MAKCUMYyMa

dyHKIMOHAIA
n
) T (.00,

k=1

roe v > 0.

3. PesysibraThl U J0Ka3aTeIbCTBA.

Teopema. [Tycmo n > 2,n € N, v € R, v < n? Ilyemv maxorce A, = {ag}?_, -
npouseosvnas cucmema movex suda (1), 1V (A,) =1, u D — npoussoavroe omxpoi-
MO20 MHOIHCECTNBO, MAKOE, 4IMO

oo,ar € D, k=1,n,

ydosaemeoparousee ycaosuro nenanezanus (2). Toeda cnpasedauco nepasercmeo
n n
H (D,ag) <717 (Bé?,oo) H r (B,E:O),a,(co)) .
k=1 k=1

0
Paserncmeo docmuezaemces 6 cayuae, xo2da al(C ) B( ) Béo), k =1,n, — coomsemcmeen-
HO, MOAIOCHL U KPY208vLE 00AACTIU Kzeadpamu%Hoeo dugﬁgﬁepeHuua/La

n2 —
Q(w)dw® = —w"™ jwﬁl_l)l”d : (3)

HpI/I v = TL2 OTMETUM CJIeACTBUE TE€OPEMDI.
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Cnencrsue. ITycmo n > 2,n € N. Ilycmo maxoce A, = {ap}}_, — npoussorvras
cucmema movex suda (1), 0 (A,) = 1, u D — npoussoavroe omEpbIMO020 MHONCE-
CMe0, maxoe, 4mo

o0o,ar € D, k=1,n,

ydosaemeopsrowsee ycaosuro wernanezarus (2). Toeda cnpasedaiuso nepasercmeo

(D, 50) f[ (D, ap) < (B(gg>,oo> ﬂ r (B;CO),QECO)) :

k=1 k=1

0 0 0 —
Pasencmeo docmuzaemces 6 cayuae, kozda aé ), B,i ), Béo), k =1,n, — coomsemcmeen-
HO, MOAIOCHL U KPY208vle 0baacmu keadpamuywrozo duddepenyuana

w2n72

Q(w)dw? = —m dw?.

Zloxasamesvcmso meopemu. Tak Kak, MHOXKeCTBO [) yIOBJETBOPSIET YCJ/IOBHUIO
HeHaJIeraHust, TO B cOOTBeTCTBUU ¢ paboramu [5, 6, 9 — 12|, orkpeiToe MHOXKecTBO D
obsasiaer o6obienHoit dyukiwmeii 'puna gp(z,a), Va € D.

Hastee Gyiem mosib3oBaThes pesyabratamu pabor [5, 6, 9 — 12] u npoBouTh peod-
paszoBanus nogobuble padote [5]. s gocrarouno masbix ¢ € RT obpasyem MHoxkecTBa

Ey = C\D; Ar={weC: |w >t},

Er(t)={weC: |w—ax| <t}, k=1,n.
Paccmorpum koreHcaTop
C(t,D,An) = {Eo, E1(t),..., Eq(t), Ay, },

¢ npeanucanabivu 3Hadenusamu 0,1,1,...,1, /4. EmMxocTbio konencaropa C (t,D, Ay)
~——

n pas
Ha3biBaeTcst Besmunna (cM. |8, 10])

capC(t,D, A,) = inf// [(GL)* + (G;)Q] dxdy,

/i€ HUXKHsAS TPaHb OEPETCS 10 MHOXKECTBY BCEX BEIIECTBEHHBIX, HEIPEPLIBHBIX W JIUII-

munesbix B C dyukmuit G = G(z) Takux, yro G = 0 B OKpecTHOCTH MHOXKecTBa Fy),

G’i =7 G’ (): 1, k = 1,n. Monyns kongencaropa |C(t, D, A,)| onpenensiercs
Ay Er(t

BBIPAYKEHIEM
C(t, D, An)| = [cap C(t, D, A,)] "
U3 reopemsr 1 [11] u anamorngno pabore [5] onpejiesinM aCUMITOTHKY MOJLYJIsl KOH-

nencaropa C(t, D, Ay,)

1 1
21 n+rvy

1
|C(t,D, Ay)| = ‘logz—kM(D,An)%—o(l), t— 0, (4)
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rue
M(D, Ay) = - . 1 log (D )+§n:1 (D, ap)+
: =—.-——— - |ylogr(D,c ogr(D,a

+Y gplap,ar) + > 2y7gn(c0,ar) | - (5)
k=1

k#p

Paccmorpum pazzaensionee npeobpazosanue koujgercaropa C(t, D, A, ) oTHOCHTEb-
o n o o n
HO cemeiicTBa yrios { Py(Ay)},_; u cemeiicrBa dynkmuit {2z (w)}}_,, rae

n
2

zp(w) = —iw2, k=1,n,
PaccMOTpPHM KOHJICHCATOPHI TIPH JIOCTATOYHO MaJjbiX ¢ € R
Cilt, D, An) = (B(”, B, BS A1),

rue

kE=1,n, E,+1(t)= FE(t), {A}Y ={w e C: —w € A}.

Kazxomy kongencaropy Ci(t, D, A,) conocrasum Kitace Vi, — Beex BeIECTBEHHBIX,
HerpepbBHBIX U JjmmimuieBbix B C dyakmmit G = G(z) rakux, ¥to G = 0 B oKpecT-
HOCTH MHOXKECTBA Eék), G o= Va2 G‘E(’“): 1,k =1,n, p = 1,2. IIpu passensio-

t D

meM npeobpasosanuu Kougercaropy C(t, D, Ay,) coorBercrByer HAGOP KOHIEHCATOPOB
{Ck(t, D, Ayp)}}_,, mpudem B cuiy pabor [6, 9 — 12| cipaBeimmBo HEpaBEHCTBO

1 n
capC(t,D, Ay) > B anp Ck(t,D, Ay). (6)
k=1

OTKy,ZLa HEIIOCPEJACTBEHHO II0JIyYa€M COOTHOIIECHUE

n -1
IC(t,D, A,)| <2 (Z |Ck(t,D,An)\_1> : (7)

=1

U3 onpegenennst pyuknuii z;(w), moaydaem

n n_q
Zek \W) — Zp(Qm )| ~ = |Gm W — Qm| , w Am,,
|2k (w) = 2k (am)| ~ 5 lam|2 | —
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k=1,2,...n, m=~kk+1; (8)
|zk(w)|:|w\%, w— 0, w— oo.

Ananornuno (4) u (5), ucnosnb3ysi cooTHolIeHus (8), clpaBeINBbl ACUMIITOTHIE-
ckue npejcrapienns (em. [11])

1 1 1
|Cx(t, D, Ap)| = o m . ]og; + Mi(D, A,) + o(1), t— 0, 9)
re
My(D, A,) =
1 (1) 2) (2
1 1 4 (0) 7"<Dk » A )'7"<Dk » O )
= o g | v logr (Dk ,O) +log —————"— yr ,  (10)
2 (2+3))2 | n Slag|2™" - Glaks]?

zi(ag) =: a,(:), zip(ag+1) =: a](f), any1 = a1, k=1,n,
rie D,(COO), Dlis) — 0O'be/IMHEHNE CBA3HBIX KOMIIOHEHTBI MHOXKECTB 2k (D N ?k), cosiepKa-
X TOYKH 00, a,(;), COOTBETCTBEHHO, C UX CUMMETPUYHBIM OTPakKeHHEM OTHOCUTEJIHLHO
MHIMOIT ocn, k= 1,n, s = 1,2.
Boruucsium acumnroruky npapoii yacru Hepasenctsa (7). st sroro corsacuo (9)
sanumeM (mpu t — 0)

ICk(t,D, A)| 7t =

2
=2or (24 )-

1
i MDA o )| =
n log 7 log 7 log 3

:27r(2+2%)_ 2r (2+ %) 2_Mk(D’An)+O< 1 )

log % log %

-1

Orcrona ciiestyer, 9To

> |Ck(t, D, Ay)| 7! =
k=1

= — My (D, Ay,) +
10g% 10g% Z # ) +o

2
2
27 (2n + 27) 2”<2+%) u ( 1 )
k=1
Torna

n -1
(Z rck<t,D,An>|1> =

k=1

-1
log 1 A (n +7) < 1
— 1 Mi(D, A, — ) =
A (n + ) ( n2log 1 Z il ) +o log 1

t k=1
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L el Zn:M(DA)+ (1) (11)
e og — e o .

47 (n + ) &% n? &~ R

U3 coornomenwuit (4), (7), (11) BbITekaer, 9TO

1 1 1 1 1 2
- log - + M(D, A 1)< o————log -+ 5> M(D,A 1).
o7 nin 087 TMD A +oll) < gy Ogt+”2k—1 DA ot
OT0 o3HaYaeT, 4TO
2 n
M(DaAn)gﬁE My (D, Ap). (12)
k=1

C yuerom (5), (10) u3 (12) momyaaem

1 1 ‘

Sl | (D . D <

21 (n+7)? % !T - IHT( ’ak)]

. 1 (1 (2 (2
1 1 477 (oo) T(Dk),ak )T‘(Dk),ak >
< 77210g H?"‘nz (Dk 7OO> : n n_1 n 21
A (n+7) Pt glar|2™" - glagia ]2
Orcrona ciremyer
r7(D, ) - H r(D,a) <
k=1

[ ) )
S\n/) g Jag]2 7 Jagga 27!

_ 2y 2~

n n\1 n2 n n\ p2
2\" +— (|ak|2+|ak+1|2> '(|ak|2'|ak+1|2)
-(2) |
k=1

n
(laxlak1])

ak\x

N

g[8 (o) 5 )

- W @2 (L0]].@\ 2
o = a7 ([al] af?))

n n 1
2>n ﬁ 1+2 lag|2 + |apq1]2
= —_ . ’ak’ +’ﬂ . H
<n k=1

n
o1\ (lakllarsa])®

bl

_2

[NIES

[0 (o) o ()

k=1 ‘al(:) _ ag)’z_ig ) ()a,ﬁ“] ‘al(f) )n2
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D=

1) (@ 2) (2 el
2\" n—2 (v - T(Dl(c)7ak)>'r(Dl(g ,aé))-T’nQ (DI(COO)7OO>

=\n) 2 A 5 5

S\ )

(13)
D yHKIIMOHAT
r (B, a1) - r*?(By, az) - 7% (B3, a3)

la; — ag|Mtez—as . |qy — ag|M—e2tas gy — az|-artoztas’

ap € B, C C, BN By, k # p, oy, € RT, k,p = 1,2,3, nuHBapuaHTHLI OTHOCHTEIEHO
JIPOOHO-JTHHEHHBIX aBTOMOPdU3MOB KoMILtekcHoit mrockoctn C ([5]).
[TpunuMasi BO BHUMAaHUE TI0C/Ie/IHEee yTBEPKIeHne u3 coorHolnenus (13), mveem:

77 (Boo, 00) H (B, ag) < <2>n 7 (Ay) x

n
k=1

X ﬁ (r% (G,Ef’o),oo) o (Gl(:),_i) . (Gl(cz_)pi))é <
k=

1
2\" ) 49 . 2 2
< (2] 0 (A0 - (17 (Do, 00) -7 (D1, =0) 7 (Dai)) (14)
n
rie Dy, D1, Dy — KpyroBble 06/1aCTH KBaJIpaTUIHOro audepeHnaia
2 2
ot —y(1+2%)

[Tponenas B kBagpaTuaHoMm uddepennuane (15) 3amMeHy MepeMeHHOH € MOMOIIbIO
dopmyIbI
z(w) = —iw?,

MBI IIOJIYIUM KBaJpaTH4Hblil quddepentmar (3).
Ucnomnb3yst coororenue (14) OKOHYATEIBHO MOy YaeM

77 (Boso, 00) ﬁ r(Bg,ar) <r7 (ng), oo) ﬁ r (B,go),aéo)> ,

k=1 k=1

riae Touku {ap} u obsactu By, B, SIBISIFOTCS IIOJIOCAMH ¥ KPYTOBBIMHE 00JIACTSIMI
kBagparnaHoro auddepennuana (3). Teopema mokazana. [

B zaksouennn xo4y BeIpasuTh Oarogapuocth A. K. Baxtuny 3a moctaHOBKY 3a-
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1. Jlaspenmves M.A. K teopun koudopmubix orobpaxkenuii // Tp. @us.-mar. un-ra AH CCCP. —
1934. — 5. — C. 159- 245.

108



SKCTpeMaJIbHaH 3aa4a JJjis1 OTKPbIThIX MHO2?KECTB B CJjly4dae 6ECKOHEYHO y,Z[aJIeHHOﬁ TOYKH

2. Toaysun I.M. I'eomerpudeckast Teopust pyHKIHH KOMILIEKCHOTO niepementoro. — M.: Hayka, 1966.
- 628 c.

3. Baxmumna I'.I1. Bapuanumonuble MeTOIbI U KBaJApaTUdHble audpepeHnuabl B 3a/1a9aX O HeHaJle-
raorux obsiactax: Asroped. auc. ... Kanj. dus.-mar. Hayk. — Kues, 1975. — 11 c.

4. Kysvmuna I'.B. Bagaan 06 KCTpeMaabHOM pa3bueHnn puMaHoBoil cdepsl // 3am. HaydH. CeMuH.
JIOMU. — 2001. — 276. — C. 253-275.

5. Baxmun A.K., Baxmuna I'Il., 3eauncrut FO.B. Tononoro-anrebpanyeckue CTPYKTYPbI U TeO-
MeTpHUYeCKHe MeTObl B KoMIuleKcHOM aHasuse // Iparni in-ty mar-xknm HAH Vkp. — 2008. — T.
73. - 308 c.

6. Aybunun B.H. Meton cuMMerpu3anuy B reoMeTpudeckoil reopun dyukimit: luc. ... 1-pa dus.-
MaT. HayK. — BiaguBocrok, 1988. — 193 c.

7. Jlocenkunc Jowc.A. Opaonuctabie byHKIMM U KOHPOPMHBIE 0TOOpazkenus. — M: M31-Bo nHOCTD.
aut., 1962. — 256 c.

8. Xetiman B.K. Muorommcrubie dynkiuu. — M.: U3n-Bo wrocTp. uT., 1960. — 180 c.

9. Jlyburun B.H. Pasnensitoree npeobpazoBanme obaacTeil n 3a7a49u 06 SKCTPEMAILHOM pa3bueHnn
// Ban. may4. cem. Jlenunurp. ora-aus Mar. na-ra AH CCCP. — 1988. — 168. — C. 48-66.

10. /Jly6unun B.H. EMKOCTH KOH/IEHCATOPOB B T€OMETPUYIECKOM Teopun (PyHKInii: Y 9ebH. mocodme. —
Baagusocrok: Nznanune lambreBocTounoro yu-ta, 2003. — 116 c.

11. Adybunun B.H. Acumnrornka MO/ BBIPAXKIAIONIETrOCst KOHAEHCATOPA M HEKOTOPBIE €€ IpUMe-
HeHus // 3am. Hayd. cem. JIOMU. — 1997. — 237. — C. 56-73.

12. Jyb6unun B.H. Meroy cumMeTpu3alii B TeOMETPUYIECKON Teopun PYHKIMI KOMIIJIEKCHOTO TIepe-
MenHoro // Ycmexu mat. Hayk. — 1994. — 49, Ne 1 (295). — C. 3-76.

13. Baxmin O.K. HepiBHocTi Jyis BHYTpPIIIHIX pajiyciB HerepeTuHHUX 06JiacTeil Ta BIKPUTUX MHO-

xkuH //VYKp. mat. xxypH. — 2009. — 61, Ne 5. — C. 596-610.

14. Emenvanos E.I. K 3amade o MakcuMyMe IIPOU3BEJEHNs CTeleHeil KOH(MOPMHBIX PaJIMyCOB HEHa~
srerafomux obsmacreit // 3an. mayan. cemun. [IOMU. — 2002. — 286. — C. 103-114.

15. Bazmuwn A.K., Tapeonckuti A.JI. O6061menHbIe (N, d)-TIydeBble CHCTEMBI TOYEK U HEPABEHCTBA JIsI
HeHaJleraromux obyracreit 1 oTKpbIThIX MHOXKecTB // YM2K. — 2011. — 63, Ne 7. — C. 867-879.

A. Targonskii, I. Targonskaya

Extremal problem for open sets in case the point at infinity.

Sharp estimates of product of inner radii for open set are obtained. In particular, we solve an extremal
problem in the case of arbitrary finite number of free poles on the system points on the rays and the

point at infinity the fixed.

Keywords: inner radius of domain, quadratic differential, piecewise-separating transformation, Green

function, radial systems of points, logarithmic capacity, variational formula.

A. JI. Taproucskwuii, I. I. Taproucska
ExcrpemasibHa 3a/1ava /Jis BIAKPUTUX MHOXKWH y BUMAAKY HECKiHYEHHO

BiggasieHol TOYKMU.

Orpumani TOYHI OIHKY JOOYTKY BHYTPINIHIX pajiyciB /iJist BIAKPUTOI MHOKUHU. 30KpeMa, Po3B’sa3ana
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EKCTpeMaJibHa 3aJava JJIs1 ILOBi.HbHOI‘O CKIHYEHOIr'0 YHCJIa BIIBHUX ITOJIFOCIB CUCTEMU TOYOK Ha pome-

HAX Ta PIKCOBAHOT HECKIHYEHHO BiJIIaJIEHOI TOYKH.
Karowost caosa: swympiwnit padiyc obaacmi, keadpamuunuti ougeperyian, Kycko8o-nodiaitoue ne-

pemeoperna, Pyrkyia I'pina, npomenesa cCucmema mouor, A02aPUPBMINHA EMHICMDB, 8apiayitHa Pop-

MYAQ.
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