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IIpo GiopTroroHajibHi CiTKHu JIiHiI Mapu IMOBEPXOHb

JI. JI. Be3kopoBaiina
(Opechkuii Hamionanbawii yHiBepcurer imeni 1. I. Meunukona)
E-masl: 1iliyabezk@gmail.com

Hexait q8i moBepxHi S 1 S* TpuBUMIpHOrO €BKJIIIOBOTO MIPOCTOPY 3aaHI BEKTOPHO - apaMeTPUIHUMUI
piBHstHHsIME. [IpuIrycTrMO, 1110 BCTAHOBJIEHO BiZIOOPasKeHHsI IIUX [MOBEPXOHD (3a JOIOMOIO0 PiBHSHD, IO
OJTHO3HAYHO BUPAYKAIOTh KPUBOJIHINHI KOODJAMHATHU OHIET IIOBEPXHI Ye€pe3 KOOPIMHATH IHINOI TOBEPXHI).
Bignecemo 11i IoBepxHi J10 CIIIBHUX KOOPIMHAT U, v. Tozi, 3a Teopemoro Ticco [1], icHye onna i smrme ojaa
cucTeMa JIHi, 10 € OPTOrOHAJBHOIO 1 Ha MOBepxHi S, 1 Ha moBepxHi S, sKa BU3HAYAETHCST PIBHIHHAM

FEdu+ Fdv  Fdu -+ Gdv
E'du+ F'dv F'du+ G'dv

ne E,F,GiFE' F' G- xoedinjienTn mepmux KBaJApaTudHuX pOpPM 3aJaHUX HOBEPXOHb.
Posropuemo piBusinas (1) mo Burusty

(EF' — E'F)du® + (EG' — E'G)dudv + (FG' — F'G)dv* = 0. (2)

Orxke, nudepennianbie piBHAHHSA (2) BU3HAYAE AIHCHY OPTOTOHAJIBHY PEryJIApHY CITKY JIHIN, CIIIbHY
JJIS IBOX PI3HUX MOBEPXOHb. Taki ciTku JiHiit B mamiit poboTi HA3UBAIOTHCA HiopmozorasvHumu. Jloci-
JIKYIOTBCSI BJIACTHBOCTI OIOPTOTOHAJIBHUX CITOK JJIs JIEAKUX Iap MMOBEPXOHb, BiTHECEHUX 0 CILIBHUX
KOOD/IMHAT.

Hacammnepen Bunukae HeOOXiAHICTH y SBHOMY BHPAasKeHHI CITKOBOI'O TEH30pa i OiOPTOrOHAJILHOL
citku. Mae micie

=0, (1)

Teopema 1. Cimkosuti men30p 6i0pMO2OHAALHOL CIMKU ATHIG OAA NAPU NOBEPTOHL MONCHA NOJGMU Y
8u2AA01

Jaﬁ = (cawaﬁé + cﬁfyaa(S) 9767
de Cary - QUCKPUMIHAHMHUL MEN30P NOSEPTHT S 3 KOMNOHEHMAMU

2
c11 = c22 =0, cl12 = —C21 = /9, 9 = 911922 — 912

Jtst Toro, 1m06 3100y T TeH30p GIOPTOrOoHAIBHOI CITKH, ITepeLyciM HeOOX1THO B rayCcoBUX IMO3HAYEHD

PeOMeTPUYHUX BeJIMYMH B PiBHAHHI (2) TepeiiTn 10 imgekcHux mosnadens u = z',v = 22, F = g1, F =
— ! __ ! __ !

912,G = g22, B' = a1, F' = a12,G" = ag.

BesnocepeHboIo mepeBipKoio MOYKHA IEPEKOHATHUCS, IO PiBHAHHA (2) HaOyBa€ iHBAPIaHTHOTO BUTJISIILY

Jaﬁd:vadx'g =0
abo, 110 Te K caMe,
6
(Caryags + Cay0as) 97 dx®dzP = 0.

Hoeeneno, mo OGiopToroHajbHA CITKa € CIUIBHOIO SK JJjis Hap MMapaJieIbHUX TOBEPXOHb, Tak 1 Jijis
cimeiicTBa mapaJeIbHUX MOBEPXOHb y 1ijomy. [Ipu mpoMy BOHA 36iraeThCs 3 CITKOIO JIHIN KPUBUHU.

3HalijleHO PIBHAHHS GIOPTOrOHAJBHOI CITKE JepOPMOBAHOI TOBEpXHiI S Ta 3/1eOPMOBAHOI TTOBEPXHI
S* 3a ymMoBH, IO IX paJiiyc-BeKTOPH HOB’s13aHi piBHicTIO (¢ — 0)

(2t 2% t) = F(at, 2?) + tU (a1, 22).

Bceranonieno, 1mo y Bunajaky apeajgbHOl HECKIHYEHHO MaJIOl JedopmMaliil 6iopToroHaibHa CiTKa MOBEPXOHD

S 1.5* 36iraeTbest 3 CiTKOIO TOJIOBHEX JIiHIN Hedopmarrii.
Ps BiacTuBocTeil 1€l ciTKu npu apeaJibHiil HecKiHueHHO MaJtiil Jedopmaril chopMmynboBaHo B [2].
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IIpo i3oronuicTs dpyHKIIN Jemu Mopca

Bougap O. II.
(KJIA HAY, Kponusauipkuii )
E-mail: bondarkla@ukr.net

B. B. Ilapxko [1| naB o3Hauennsi i3oronnux byHKIii Mopca, 3a J0IOMOrow0 SKUX BUBYAJIUCH BJIa-
CTUBOCTI MHOTOBHJIIB, Ha SIKUX OYyJIO 3aJ1aHO I (pyHKIII. 3 METOI PO3IMIUPEHHS] MOXKJINBOCTEH BUBYEHHS
3B’SI3KYy TOIIOJIOTI] MHOT'OBHM/IIB i3 33JaHMMM Ha HUX (QPYHKIiAMH OyJI0 y3araJbHEHO IOHATTS i30TOIHUX
dyuxkuiit Mopca, a came, BBejieHO o3HaueHHs i30oronHux ¢yHkii, [2|. Ile o3nauenHs, 30Kpema, J103BO-
1o obyayBaTy 1UIAX, [1], mo noeanye dyuknil memu Mopca, mokasasmmm iX 130TOHHICTb.
Teepmxenns 1. Hezati fy: R* — R — dudepenyitiosna dynxyia i xo = (x5, ..., z8) — nesupodsicena
KpumuuHa mowka uiei gyrxyii. Todi moorcrna exazamu KoopAuHaMHE NOJAGHHA 130MONTE

H: Uy x [0,k] = U, — [0,k], ke N,
oxony Uy mouxu xg wa deaxuti okia U nowamxy xoopdunam 0 npocmopy R™ ma i3omonii
h:Vy x[0,k] = Vi — [0, k], k e N,

oxony Vo mouku fo(xo) na oxin Vi nowamxy woopdunam 0 npocmopy R, maxi, wo dugepenuyiiiosri
81dobpastcern

H; CISOo(Uk), HoZ’idUk,

hr C ISOS_(V]C), ho = idvk,

i dna eciz mowox y = (y', ..., y") € Uk, s axux y'(zo) = 0,i =1,...,n, dynxuyis
A A
fo=—") = =+ T ()
byde nokarvHo i3omontor Pymnryii fo:
fr=hio foo H ',
mMobMO MOHCHA B8KA3AMU MAKT AOKAAbHE 130MONHE NEPEMBOPEHHA cucmem Koopduram, wo Gyrkuia fo

byde nokarvHo Judepenuyitiosno isomonmna GyHryii fi.

IcHyBaHHS JTOKAJIBLHOI CHCTEMU KOOPIUHAT (yl, ...,y"), B gKiil cClIpaBeJINBa TOTOXKHICTb

1 ny __ 1 n
fo(l’ yeres L )_fO(xO)—i_fk'(y yees Y ))
e nemor0 Mopca. KoopanaaTHe mogaHHs HEOOXiTHUX 130TOMiN TOJsira€ y IMOOYyIOBaHI# IOCiIOBHOCTI
eJIEeMEeHTapHUX 130TOomii

H : Uiy x[0,1] = U; x[0,1], i=1,... k, U CUj_1,i=2,...,k
H! C Isoy(Uy), H} = idy, ,, nns seix t € [0, 1],
i eTemMmeHTapHUX i30TOMIH
R :Viig x [0,1] = Vix [0,1], i=1,...,k, Vi C Vi, i=2,...,k,
hy C Isof (Vi),  hi=idy,_,, nna seix t € [0, 1],

JJIs SIKUX KIiHIEBE BioOpaskeHHs MOITepeTHbOI eJIeMEHTAPHOI 130TOIIT € TOYaTKOBUM — TOTOXKHUM — BiI-
obpazkKeHHAM HACTYIIHOI, 8 KOMIIO3UIIi1l BIITIOBIIHUX €/IeMeHTAPHUX 130TOMiH € moTpioHuMHE i30TOMmi My Hy,

ihyg.
JIITEPATYPA
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Indinitesumanpui gedpopmariii KpyroBoro nmiiHapa 3i
CTaIiOHAPHOIO PiMaHOBOIO 3B’A3HICTIO

Bammanosa H.B.
(Oecbka HaIlOHAJIBHA aKaJeMis xapuoBux TexHoJorii, Omeca, Ykpaina)
FE-mail: vasha_nina@mail.ru

Iloraneunko I.B.
(Onecbkuit Hamjonanbumit yaiBepcurer im.I.I. Meunukosa, Oeca, Ykpaina)
E-mail: igopotapenko@yandex.ru

Y TemepimHiil Yac HEPIAKO MOYXKHA CIIOCTEPITaTH 3aCTOCYBaHH: KPYTOBOrO IWJIHIApPA 9K B TEXHII],
Tak 1 B MeaunumHi. Came BiJ TeXHIYHOrO cTaHy MaricTpajbHux Tpy6 (MaooTh (GopMy HUIIHIpPA) B MEPIILY
9epry 3ajeXUTh cTabijibHE TPAHCIOPTYBaHHs ra3dy, HadTu Ta pizHux HadTonpomykTiB. OcobsmBo 1e
CTOCYETHCA THX JIJISHOK, JIe TPpyou 1epopMyIoThCs i IeAKIM 30BHINTHIM HABAHTAXKEHHSIM.

Binomo [1], mo Tedis KpoBi y BEJMKUX KPOBOHOCHHUX CYJIMHAX XaPAKTEPU3YETHCH BIHOCHO CIIA0KUM
BILJIUBOM PEOJIOTIYHUX BJIACTUBOCTEN PAa30M i3 CHJIbHUM BIIJIMBOM MEXAHIYHUX XaPAKTEPUCTUK CYIHUHOL
CTIHKHU, B AKOCT] KO PO3TJIAMAIOTH TIlIEPIPYKHY i30TPOIHY TPYOKY, AKa B IMOYATKOBUM MOMEHT YacCy
Ma€ MUIHIAPUIHY POPMY, & MOTIM 1eOPMYETHCI 3 TaCOM.

VY pobori 2] 3amaua npo icHyBanHs iHdIiHITE3NMAIBHOT nedopMariii IEBHOTO KJacy MOBEPXOHb 06epTa-
HHA 3 (PIKCOBAHOIO PIMaHOBOIO 3B SI3HICTIO 3BEIEHA JI0 JOCIIXKEHH 1 PO3B’A3yBaHHs 1n(EPEHIaILHOTO
PIBHSHHS APyroro MOPAIKY B 9aCTHHHUX ITOXiTHUX BiTHOCHO HEBimoMoOl QpyHKIIT <p(m1, 332) KJacy C? (B
JiHIAX KPUBUHM):

0? 0? 0

(83:;’;2 + bao (ﬁxr;? + aa—fl +bp =F,

ze bij(i = 1,2) - koedimientn apyroi kagparuauol dopmu noBepxHi, a, b, F' - Bimomi dbyskmil.
Posrasgunemo veckingenno masti gedopMaliii KpyroBoro muIiHApa 3 CTalliOHAPHOIO PIMAHOBOIO 3B I3HICTIO.
Hexait xpyrosuit nuaiHap 3aaHuil piBHAHHAM

b11

7 ={Rcosv, Rsinv, u},

ne R - pazaiyc ocHOBY ITMTIHIpPA.
Cuizt Bii3HAYMTH, 10 TMIIH/D HE HAJEXKUTH JIO KJIACY [IOBEPXOHb, 110 posrigiasucs B [2]. Toxi 3ua-
iinena dyHKIiig @(u,v) y BUIAAKY IMIIHAPA Oy1e MaTH IIpeICTaBIeHHSI:

p(u,v) = p(v)u +a.
Tyr u =z, v = 22, w(v) - nesika JOBIIbHA (DYHKILiS KIacy C?, o - noBisbHA CTATA.

TadiniTezaumaabay medOpMAIlif0 TOBEPXHI 31 CTAIIOHAPHOK PIMAHOBOKIO 3B’SI3HICTIO OyIeMO HA3UBATH
TPUBIAJILHOIO, SIKIIO 11 BEKTOP 3MIillleHHA Oy/1e OJHOYACHO 1 BEKTOPOM 3MIIEHHS JIJI HECKIHYEHHO MaJIoro
SrUHAHHSI.

CupagejjinBa HaACTYITHA

1

Teopema 1. Kpyzosuii yurindp donycrae HempueiasvHi iHPIHIMesumasvhi dehopmanii 31 cmayionap-
HOM PIMAHOBOI 38 A3HICMIO.

JIITEPATYPA

[1] K. Kapo, T. Ilexu, P. IlIporep, Y. Cux Mexanuka kpooobGparenust. - M:Mup - 1981-372 c.
[2] I B. Iloranenko. XapakTepuctudte piBHsiHHs B Teopil indiniTesnmanbuux gedopmaliiit mosepxonb obepranHs 6e3 oMOii-
4yHuX To40K.-Proceedings International Geometry Center.-2013-6(4)-c.66-72



Kpurepiii po3meninenus y npocropi Ilemi-Binepa

Hinbuuii Bosogumup MukoJsaiioBud
(JAITY im. I. ®panka, M. Iporobud, Ykpaina)
E-mail: dilnyi@ukr.net

T'yx Xpuctuna OJieriBHa
(JAITY im. I. ®panka, M. Iporobud, Ykpaina)
E-mail: xrustia.gyk@yandex.ua

300parkeHHsT MATEMATHIHUX O0’€KTIB Yy BUIVISA CyMHU YU JOOYTKY O0’€KTIB 3 MPOCTIIIUMU BJIACTUBO-
CTSIMU € OJIHMM 3 OCHOBHUX CIIOCOOIB JOCJIPKEHHS y MaTeMaTHUIll. TaKuMU JTOCIIiIZKEeHHIMA 3afiMasIics
P. C. FOamyxameros, 10. 1. Jlrobapcbkuit, 1. E. Ymxkukos, T. 1. [Nimak Ta ogux 3 criBaBTOPIB.

IIpoctip Ileni-Binepa WZ, o > 0, me npocrip nijmx ¢GyHKIi f eKCHOHeHIiaIbHOro THIy < o, M0 Ha-
nexatsb 10 LP(R). IIpoctip W§ mozke 6yt BusHauenuii i six mpoctip mimx dbyHKIIi, 110 32/ 10BOJbHAIOTH
YMOBY

1/p

+oo
sup / \(frew)]pe*pw‘smw‘dr < 4-o00.
p€(0;2m) 0

B. B. Bunnunpkuii Ta itoro yusi posrisiganu 3aaady [1] npo posiersienns ¢yukuiit 3 mpocropy Ilesi-
Binepa W} ma cymy aBox dbyHKITI, KOXKHA 3 SKUX XapaKTEPU3YEThCs THM, IO i1 MOIYIb € «BETMKIM»
BizmmoBiTHO v BepxwHiit Ta HuzKHIHA niBmwtonuui. T. . Timak Ta oqun 3i cniBaBTOPIB PO3TJIAIAIN HACTYIIHY
3ajady B [2].

Bagaua posmensents. Ju daa xosicnoi dynxuii f € WL mootcaueuti poskaad f = X+, de Pymwyii

X i p € ananimuunumu 6 Co = {z : Rez > 0}, a maxooc x € E'[C(0;3)], p € EYC(—3;0)]?

Tyr EP[C(a; 8)],0 < 8 — a < 27,1 < p < 400, — npocrip anagituaaux GyHKIii f B
Clo;B) ={z:a<argz <},

JJIA AKX

a<p<f

+o00
sup /|f(rei‘p)|dr < 4o00.
0

Teopema Ilemi-Biuepa. IIpocmip Wg 30i2aemues 3 npocmopom Gynkyit [, wo 306pasrcaromsbes
1 g
F2) = / olit)eidt, o € L*(—iosio)
V2
7T—O’

B [2] 3anpornonoBano 1mykaTi po3s’s30K 3asadi posieruienHs y ¢popmi
x(2) = x1(2) +ixa(—iz), (1)

e
0

1 / 1\ itz 1 1\ itz
x1(z) = m/gp(zt)et dt, x2(z) = i o(it)e"*dt.
0 —o

Mu noBoIMMO HACTYITHE TBEPJI2KEHHS.

Teopema 1. Hezati f € W', Oynwuia x, eusnanena pienicmio (1), e poss’askom 3adawi poswenaernms
modi 1 MiAbKYU To0di, KOAU BUKOHYEMBCA YMOBE

oo [%?

D e s

7
m— %
m=1 k#%ﬂ 2



+oo _ikmt

dep(t)= > cpe o

k=—o00

Hacnigok 2. Hezati f € W) icp = 0 daa ecix k > 0, de woedivienmu (cx) eusnaueni ax suwe. Todi
X € po36°aszkom 3a0a4i PO3WENACHHA.

JIITEPATYPA
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I'eomeTpuvHi BJIaCTUBOCTI y3arajlbHEHO OMYKJINX MHOXKWH

0. B. 3Bemiacekuii
(Imcruryr maremarunku HAH Vkpainu, Kuis)
E-mail: zel@imath.kiev.ua

Osnauenns 1. Ckaxkemo, mo MuokuHa E C R™ m-maniBomyksia mono Toukn x € R™\ E, akuio 3ua-
neTbes m-BuMipHa HamiBmomuaa P, takamo x € Pi PN E = @.
Ckazkemo, 1m0 MHOkMHA F C R™ m-HamiBomyKJa, SIKIIO BOHA 1M-HAIIBOIYKJA IIOA0 KOXKHOI TOYKH

x € R"\E.

Oznauvenns 2. Ckaxemo, mo Binkputa mHOXkuHA G C R™ cabko m-omykJa, sSKIo BOHA 1M-OIyKJIa
BIJTHOCHO KOXKHOI TOUKM & € OG, sKa HAJIEXKUTD 10 MeXKi MHOKUHU G.

JIema 3. Koowcha caabro (n — 1)-onykaa sidkpuma muoorcuna E 6 eskaidosomy npocmopi R™, aka ne €
(n — 1)-onyx.aoto — nese’azna.

Teopema 4. Koowcha caabko (n — 1)-onykaa sidkpuma muoorcuna E 6 eskaidosomy npocmopi R™, axa
ne € (n — 1)-onyk.a010 ckaAadaemovea ne MeHwe HidHC 3 MPLOT KOMNOHEH.

OznauenHsa 5. Ckaxkemo, mo Binkpura MHOXKHHa G C R™ cmabko m-HaIiBOIyKJa, AKIIO BOHA 171~
HAIBOILYKJIa BiIHOCHO KOXKHOI TOUKHU = € JG, sIKa HAJEXKUTh 10 MeXKi MHOKUHE (.

JIema 6. Koowcra caabko 1-nanieonyxaa sidkpuma mmoscuna na esxkaidosit naowuni R?, axa ne e 1-
HANIBONYKA0M0 — HE38 A3HA.

Teopema 7. Kooicha caabko 1-nanieonykaia sidxpuma MHrodcuna ma eskaidositi naowuni R?, aka ne e
1-nanieonyka010 CKAGIAEMBCA HE MEHWE HINC 3 MPLOT KOMNOHEHI.

JIITEPATYPA

[1] ¥O. B. Beunincekuit. Bapiaiii g0 3aa4i npo tiab. 36iprux npays Inemumymy mamemamuru HAHY, 14,
Ne 1.:163 — 170, 2017.



Bukopucranasa nemndepa macMBHOTO THUITY JJid cTabigizalliss Mmajamx
KOJINBAHb MasTHUKA 3MiHHOI JOB>KWHU

Kawmunina Onena BosoagumupiBuaa
(douHY imeni Bacuns Cryca, m.Binnurg, Ykpaina)
E-mail: 0l.kamynina@donnu.edu.ua

IlysupboB Bosonumup €BrenoBu4
(JouHY imeni Bacuis Cryca, m.Binauns, Ykpaina)
E-mail: v.puzyryov@donnu.edu.ua

Bukopucranns nemiidepis macuBaoro tuiy [1| mmpoko 3acTOCOBYETHCS B CydacHil TexHill, AK s
BiJTHOCHO IIPOCTUX CHUCTEM (/1Ba - TPH CTYIEHsI CBOOO/M), TaK 1 TOCUTH CKJIAAHUX (MiABiCHI MOCTH, BHCO-
THI CHOPY/IM, KOCMIYHI CyImyTHUKY 1 opbiTasbHi cranmil Tomo). lo mepesar aemmdepiB macuBHOTO TUILY
MOKHa, BiTHECTH 1X BiTHOCHY IIPOCTOTY, HAAIHHICTD 1 HU3bKi €HEPreTUYIHI BUTPATU. 1 UIIOBUM IIPHUKJIATIOM
Jiemiepa IMaCMBHOIO THILY € nuHaMivnuii abcopbep (dynamical absorber [2]|) abo aunamivuuii morimHaY
KOJINBaHb. BiH € IpueIHAHOI0 MACOIO, KA 3a3BUYail MOJIEIOETHCA K MaTepiaJbHa TOYKA 1 XapaKTepu-
3y€ThCsI MACOI0, YKOPCTKICTIO 1 KoedirieHToM B’I3KOTO TepTsi. AGcopbep MoxKe OYyTU BUKOPUCTAHUN JIJIsT
3aCIOKOEHHS BiJIbHUX KOJIMBAHDb MEXAHITHOI CHCTEMM, & TAKOXK BiOpaIliil, BUKJIMKAHUX €10 30BHIIMTHBOL
MEPIOJIUIHO] CUJIN.

B poboti posriigryTo 3aa4y n1po nacuBHy CTabiIi3aIio MaJInX KOJUBAHb MAATHUKA 3MIHHOI JTOBXKUHH,
JKWH € Macoro, IO IiABIeHo Ha mpykuHi. B gkocTi y3arajiibHeHNX KOOPAWHAT B3ATO KyT MiXK BicCiO
MagTHUKA 1 HAIPAMKOM CHJIM Ts2KiHHA Ta 0e3p0O3MipHI BEIUYMHU, IO XaPAKTEPU3YIOTh, BiAIIOBIIHO,
Bizcrani Bix Mydru 110 Hepyxomol Touku i abcopbepa Bix mydru: n = |00 |/l, u = |0103]/I.

Puc. 0.1. Ocnosra MexaHiYHA cUCTEMA

3 TeopeTHYHOI TOYKH 30py, 3a/a4a He € TPUBIaJbHOIO, TOMY IO AUCHIIAIisl eHepril B CUCTeMi He €
IIOBHOIO, TOMY HE MOXKHA 3acTocyBaTu Kjaacudui Teopemu Kemnbpina-Ueraesa. Binpmr Toro, similine Ha-
OJIMKEeHHST PIBHSHD 30yPEHOTO PyXY € HEATpaJbHUM, TOOTO Ma€ Miclle KPpUTUIHUIA BUMTAI0K CYTO YSIBHUX
kopeniB. Tomy ms po3p’s3anus 3ajadi OyB BUKOpUCTaHUN mpsiMuii MeTomn, JIsmyHoBa, a came — Imifxis
O. 4. Casuenka [3] 3 mogudikariiero, 3anpornonosaniii y pobori [4]. Byia posrisinyra cucrema

dx d

4 2
dr _ (s) € _ 0
g Aa:—kgfsC x, o B§+]Z;$JD x, (1)

T = (ZEl, :UZ)T = (303 _@//W)Ta 6 = (gla 527 537 54)T = (777 77,7 u, ul)Tv
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(7). e

w

ne B, DU — KBaJIpaTHI MaTpUIll Bianosiaux nopsakis. Oyukiio Jlamynosa s cucremu (1) obpano y
BUTJISTI

V(57,8 = a2z + V.2 (€ + V(27,6 + V(2. 2).

Tyr z = 1 + izy, o, B — geski koucranru, VU (j = 2,3,4) — dopma mOPHIKY j, IPHIOMY V*(Q)

€ nmomaTHo BusHaveHO. Koedimientun dopmn V) voxkna obpaTn TaKUM YUHOM, 100 ITOBHA IOXIiITHA
dbyuxiil V 3a gacom B cuiny cucremu (1) masa Burisy

% = BVO(€) + G222 + VD (2, 7,6) + ...

ne V'@ — pix’emno Busnadena xsagparmana (opma, a G — KOHCTAHTA, KA 3aJI€KUTh BiJ MapaMerpis
cucremu (To6TO KoedilieHTiB NpaBux YacTul piBHgAHb (1)). BeranosiieHo, 1110 1151 KOHCTAHTA € Bijl'€MHOIO
JJTs BCIX TMPUITyCTUMUX 3HAYEHDb IMapaMeTPiB.

Takum YuHOM, AKINO 0OpPATH KOHCTAHTH (v, 5 JOJATHUME, TO IPH JIOCTATHHO MajioMmy [ GyHKIisa V i
11 moximHa 3aI0BOJIBHAIOTH BCIM yMOBaM TeopeMu JIAmyHoBa IPO ACUMIITOTUYHY CTIMKICTH, OT2KE CTaH
piBHOBarum MasgTHUKA CTA€ aCUMITOTUYIHO cTifikum. [leit pe3ynpTaT € cipaBeyinBuM JJist TOBIILHUX MPU-
IIyCTUMUX 3HAYEHDb MAPAMETPIB MOC/IiMKYBAHOI MEXAHIUHOI CUCTEMU, 30KPeMa, Jad OyIb-aKUX CIIiBBiI-
HOIIIEHb Mi»K YaCTOTAMU MMO30BXKHUX 1 MOMEPEYHNX KOJUBaHb MasTHUKaA. OCTaHHINl (aKT € BayKJIMBUM,
TOMY IO JIJId MadTHUKA 0e3 abcopbepa MOXKJJINBE BUHUKHEHHS BEPTUKAJLHUX KOJMBAHD, BHACIIOK T0-
ro MOXKe BiZI0yBaTHCs «PO3roiijlyBaHHS» CUCTEMU (BUHUKAE MAPAMETPUIHUN PEe30HAHC). TaKUM YUHOM,
BUKOPUCTAHHS JTUHAMITHOTO abcopbepa yHEMOXKJINBIIIOE BUHUKHEHHST BEPTUKAJIHHAX HE3ATYXAI0UNX KO-
JINBAHDb 1 yCYBa€ 3arpo3y HEOOMEKEHOTr0 3POCTAHHS aMILIITYIn 30yPEeHOro pyXy.

JIITEPATYPA

[1] Johnson C.D. Design of Passive Damping Systems // Journal of Vibration and Acoustics. — 117(B). — 1995. — Pp. 171-175.

[2] Encyclopedia of Vibrations, Ed. S. Braun, D. Evins, S.S. Rao, Academic Press, 2001.

[3] CaBuenko A1, Urnarses A.O. Hexomopoie 3a0a4u yemotuusocmu Heasmonomnsie dunamuveckux cucmem. — Kues: Hayk.
nayMka, 1989. — 208 c.

[4] Iyssipes B.E., Casuenko H.B. Acumnomuueckas ycmoiuusocms nosodcenus pagHoBecus 0801HO20 MAAMHKUKG ¢ NPUCOe-
Junennoli maccott // Mexanuka TBepioro reia. Boir. 44. 2014. C.75-86.
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KyToBa xapakTepucTuKa y METPUYHOMY HPOCTOPi

Kysbmuu Bagepiit IBanosuya
(XepcoHcbKuit nepkaBHuii yHiBepcurer, M. XepcoH, YKpaiHa)
E-mail: kuzmich@ksu.ks.ua

Y pobori B. @. Karana [1, pozain XIX| merajbHO BUBYAETHCS HOHATTS “IPSIMOJIHIAHOI po3MileHo-
cri”, abo “npsiModtiniitnoro 06pasy” TOYOK JIOBIJIBHOIO METPUYIHOIO IPOCTOPY |2, ¢. 527]. YV npooBKeHHs
WX JIOCTiIZKEHb MPOIMOHYETHCSI BBECTU MOHATTA “TIJIOCKOI PO3MIIMIEHOCTI” MHOXKUHUA TOYOK METPUIHOTO
IIPOCTOpPY, dK aHaJjora Iiommun y reomerpil EBkiina. ¥V axciomarurni /. Tinsbepra Tpu pisni Toukum
BU3HAYAIOTH €auHy monwHy [3 c. 3|. dus Toro mob yHuKHYTH HEOOXiJIHOCTI BBEJECHHS akKCiOM y Me-
TPUYHOMY IIPOCTOPi, 3a O3HAKY ILIOCKOI PO3MIIIEHOCTI YOTUPHOX PI3HUX TOYOK IIPOCTOPY MOXKHA BU-
OparTu yMOBY PIBHOCTI HOJIFO 00’eMy TeTpaeipa, BEpIIUHAMM SKOro € I To4Yku. llpm mpomy JroriaHO
Bukopucratu Bimomy dopmysny HOmuriyca o6’emy rerpaeipa 3a I0BXKUHOIO ycix foro pebep [4, c. 99,
100]. Oxnak, BukopucTanHs i€l hOpMy/M MOBsA3aHe 31 3HAYHUMU AHAJITUIHUME II€PETBOPEHHIAMU. Y
pob6ori [5] orpumano anasor dopmynu FOuriyca, y sikoMy jjis 3HAXOJKEHHsI 00’€MYy TeTpae/ipa BUKO-
PHUCTOBYIOTbCS KYTH IIPU OAHIH i3 floro BeprwH. I3 11b0ro anasora MOKHa OTPUMATHU JOCTATHLO ITPOCTY
AHAJITUYHY YMOBY IIJIOCKOI PO3MIMIEHOCTI TOUOK. ¥ pa3i moTpebu mepeBipuTu iCHyBaHHS TeTpaeipa i3
3a/IAHUMHU JTOBKUHAME Pebep, MO2KHA BUKOPUCTATHU CIEIIAJIBHUN KAJIBKYJISITOD, PO3MIIIEHIH 32 apecoro
http://ksuonline.ksu.ks.ua/mod/resource/view.php?id=2645

st peastizalfili BKa3aHOTO BUIIE IIiIXOMLY MOTPIOHO BBECTH MOHATTS KyTa Y JOBIIHLHOMY METPUIHOMY
ITPOCTOPI, AK YHOPSJIKOBAHOI TPIMKU €JIEMEHTIB ITHOT'O TPOCTOPY.

Osnauenns 1. Hexaii a, b i ¢ - noBuibHI TOYKM Merpudnoro npocropy (X, p). YuopsikoBany Tpiiiky
(a,b,c) nux TOYOK OymeMO HA3MBATH KyTOM 3 BEDIIMHOIO y To4Mi b, i mo3nauaru: Z(a,b, c). Ilapu Togok
(a,b) i (b,c), npu 1poMy, GyJIeMO HAZUBATUA CTOPOHAMU KYTA.

VY 9KOCTI 9MCI0BOI XapaKTepUCTUKHU KyTa MOXKHA BUOpATH 3HAYEHHH Oro KocuHyca y reomerpii Es-
kiiga, gk e npornonysas O. 1. Asekcanapos [6, c. 36].

Osnauenns 2. Hexaii a, b i ¢ - 10BiIbHI ToOuku MeTpuaHOro pocTopy (X, p). XapakTepucTukom KyTa
Z(a,b,c), ab0 KyTOBOK XapaKTePUCTUKOW, OyieMo HasuaTh Jificae qucsio ¢(a,b, c), 1Mo 3HAXOUTHCS
3a HopMyJI0I0:

p2 (a,b) + pQ(b, c) — pQ(av c) (1)
2p(a,b)p(b, c) '

Merpuanmuii mpoctip (X, p), y AKOMY BBEIEHO TOHATTS KyTa 3a O3HAYCHHAM 1, 1 fl0ro XapakTepucTuKy
3a dopmyomo (1), 6ymemo nozuadaru I1.

I3 osHauenns 2 jierko orpuMaTH O3HAYEHHS MPAMOJIHIHHOI PO3MIIIIEHOCTI TPHOX TOYOK IpocTopy I1.

Byzaemo kasaru, mo Touku a, b, ¢ upocropy II npsimosiniiiHo posmimmeni, skmo ¢(a,b,c¢) = £1. Ilpu
v(a,b,c) =1 gyt Z(a,b, c) 6yaemo HazuBaTh HYJIBOBUM, a 1pu ¢ (a, b, c) = —1 - posropuyTum. ko x
BUKOHY€TbCs piBHICTH ©(a,b,c) = 0, o KyT Z(a,b, ¢) IPUPOIHO HAZBATH IIPSIMUM.

st posroprayToro KyTa Z(a,b,c) MOKHA BBECTH IOHATTS CYMI>KHUX KYyTiB.

¢(a,b,c) =

Osnauenns 3. Hexait Touku a, b, c mpocropy [l upsimosiniiino po3wmimieni, npuaomy, Kyt Z(a,b,c) €
PO3TOPHYTHM, a TOYKa d [IHOrO MPOCTOPY TaKa, 10 BUKOHYETHCH PiBHICTH ¢(a,b,d) = —p(c,b,d). Toxi
kytu Z(a,b,d) i Z(c,b,d) 6yaemMo HA3UBATH CyMiKHUMU.

BukopucroByoun 3rajany suiie hopMyity, OTpuMany y pobori [5], MoXKHA JaTH HACTYIIHE O3HAYEHHS
ILJIOCKOI PO3MIIIEHOCTI YOTUPHOX TOYOK ITpocTopy I1.

Ozuauenns 4. Bynemo kazaru, mo To4uku a, b, ¢, d npoctopy Il mI0CKO PO3MIilleHi, KO BUKOHYEThCS
piBHICTH
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1 v(a,b,¢) (a,b,d)
W(av b7 C) 1 (P(Ca b: d) =0. (2)
p(a,b,d) ¢(c,b,d) 1

J1st TOBLIBHOT MHOXKMHA TOYOK METPUYHOTO IIPOCTOPY MPUPOIHO JATU HACTYITHE O3HAYUEHH 11 IIJTOCKOL
PO3MIIIEHOCTI.

Osznavenns 5. Bynemo kazaru, mo MuokuHa A TOUoK npocTopy Il TI0CKO PO3MIleHa, AKINO Oy ib-AKi
YOTUPH 11 TOYKH IIJIOCKO PO3MIIIIEHI.

I3 o3nauenna 4 MoxKHa OTPUMATH HACTYIHUN KPUTEPIiHl MJIOCKOT PO3MIIIEHOCTI TOYOK.

Teopema 6. Jlas mozo wob mouku a,b, c,d npocmopy I 6yasu naocko poamiueni, Heobxiono i docma-
MHDLO, U0 BUKOHYBAAACH PIBHICTL

p(a.b.¢) = p(a.b,d)o(c,b,d) + /(1 — ¢ (a,b.d)(1 — & (c,b,d). (3)

Y reomerpii Epkitiza piBaicTsb (3) Mae mpocre reoMeTpuuHe TIyMadeHHs: OJIHA i3 BEpIIMHA TeTpae-
Jpa 3HAXOJIUTHCA Y IUIOIIUHI OCHOBH, IO YTBOPEHA TPHOMA IHIMUMU HOr0 BepITUHAMU. ¥ IIHOMY JIETKO
BIIEBHUTUCH HOMITHBIIH, IO PiBHICTH (3) € aHAIOroM (GOpMYJI KOCHHYCa CyMU a0 PI3HUII JBYX KYTiB.

I3 osHayennHs 4 oTpUMy€eThCS HACTYIIHA TEOPEMa, 33 JOIMOMOIOIO SIKOI 3pyvHO OymyBaTu y mpocropi 11
IJIOCKO PO3MIIEeH] MHOXKWHU TOYOK.

Teopema 7. Hexatl mouxku a,b,c npocmopy II npamonrinitino poamiweni, npuvwomy, xym Z(a,b,c) e
DO32OPHYMUM.

Zlas moeo, wob mouku a,b,c,d uvo2o npocmopy ObYAU MAOCKO PO3MIUWEHT, HEODTION0 i dOCTAMHBO,
wo6 kymu Z(a,b,d) i Z(c,b,d) bysu cymiscnumu.

I3 o3navenns 4 oTpUMYETHCA TAKOXK HACTYIIHA TEOPEMa, 33 JOIMOMOTOI0 KOl MOXKHA y JOBLILHOMY
METPUIHOMY TPOCTOPI BCTAHOBUTHU CHCTEMY KOOPJIMHAT IO BiIHOIIEHHIO JO TPHOX (PIKCOBAHUX TOUOK
IBOT'O IIPOCTOPY.

Teopema 8. Hexat y mempuurnomy npocmopi IT xym Z(a,b,c) e npamum. aa mozo wob mouku
a,b,c,d 6yau MAOCKO POBMIULEHT Y UBOMY NPOCTOPI, HEOOXIOHO | JoCmamHbo, 0O BUKOHYBAAACH Pi6-
niemo ©*(a,b,d) + ©*(c,b,d) = 1.

Takwnit miaxin gomyckae OKpeMi eJIeMeHTH HEeeBKJIiI0BO1 reoMeTpil y mpocTopi 1, 1m0 miaTBepaKy€eThCst
KOHKPETHUMU TTPUKJIAIAMMU.

VYV nomaabimoMy pobOTy CJIiL TPOIOBXKUTH Y HAIIPSAMI BUBUEHHS BJIACTUBOCTI ITapaJjeIbHOr0 PO3MIIIEH-
HAd MHOXKUH TOYO0OK ﬂOBiHbHOI‘O METPUYIHOT'O ITPOCTOPY, Ta BCTaAHOBJICHHA CHiBBi,ZLHOHleHb MizK IIOHATTAMN
MEPIEHIUKYIISAPHOCTI 1 TapaJebHOCTI MHOXKWH TOYOK ITPOCTOPY, AHAJOTIYHAX KJIACHYHUAM CIIiBBiTHOIIIE-
HHAM.

JIITEPATYPA

[1] B. ®. Karaun. Ocnosarusn eeomempuu. 9acmo 2. M.-JL.: Tocrexusnar, 1956.

[2] B. ®@. Karan. Ouepku no zeomempuu. NU3narenscrso Mockosckoro yuusepcurera, 1963.

[3] Hasug Tmns6epr. Ochosanus zeomempuu. Ilerporpam: Cesarenn, 1923.

[4] 4. II. Ionapuu. daemenmaprasn zeomempusn. Jacmo 2. Mocksa: MITHMO, 2006.

[5] B. I. Kysbmuy, FO. B. Kyspmuu. Anasorun dopmymu HOnriyca o6’emy rerpaenpa. Bichuk Yepkacvkoeo ynisepcumemy.
Cepis: Iledazoziuni nayxu, 36(249):55-64, 2012.

[6] A. I. Anekcannpos. Buympennas zeomempus svinykanx noseprrocmed. M.-J1.: Tocrexuzmar, 1948.
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Bukopucranas MeToay MpPOEKTiB B AUCTAHIIIMHOMY HaBYaHHI HA
3aHATTAX 3 BUIIOI MaTeMaTUKN

Hy>xxna H.B.
(OHAXT, Ogmeca, Ykpaina)
E-mail: 1adab.00@ukr.net

B pmanwit wac B 3arajbHOOCBITHI# crcTeMi AUCTAHIIMHOINO HABYAHHA AKTUBHO 3aCTOCOBYETHCS METOJL
npoexTiB [2].

MeTo IpOeKTiB BUHUK B JABaISATI poku MuHysaoro croiTrss B CIITA B CiibCBKOrOCIIOMAPCHKUX IITKO-
JTax i 6yB mi3HiIIe mepeHeceHo B 3araabHOOCBITHIO cHCTeMy. V0T0o 3aCHOBHIKAMI BBAKAIOTHCS AMEPHKAH-
coki Bueni JIxkon /Ipioi Ta fioro yuens i kosiera Binbam Kinnarpik, gki nporonysasu OyryBaT HaBYaHHS
qepes3 NMPaKTUYIHY Jis/IbHICTD YIHSA, CIHPAIOYNCH HA MPAKTUIHY 3aTPEeOyBAHICTh OTPUMAHNX HUM 3HAHD
y HOMAJIBIIIOMY >KHTTI.

B nanwmit yac MeTo/; IPOEKTIB BU3HAYAETHCH SK CYKYIHICTh HaBYaJbHO-III3HABAJIBHUX IPUIOMIB, SKi
JIO3BOJISIIOTH BUDIMIATU Oy/b-gKy IPOOJEMy B pe3yJIbTaTi CaMOCTIHHUX Jili y4HIB 3 000B’A3KOBOIO IIpe-
3EHTAIIEI0 IUX pe3ysbraris [1].

IlepeBaryn MeTomy IPOEKTIB:

® DO3BUTOK ITi3HABAJBbHUX, TBOPUYMUX IHTEPECIB CTY/IEHTIB;

® IIiIBUIILYE SIKICTHh OCBITHBOI'O TIPOIIECY;

® DO3BUBAE HABUYKU CAMOOCBITH 1 KOHTPOJIIO;

® J103BOJIf€ IHAUBI/Iyasi3yBaTl OCBITHIN IIPOIIEC;

® MOJIEJIIOETHCA PeabHa TEeXHOJIOTIYHII JAHITIOXKOK: 3aBIAHHSI — PE3yJIbTaT, 10 TPU3BOIUTD JI0 Til-
BUITNIEHHS IHTEPECY YYHIB JI0 HABYAJIBLHOTO IIPOIIECY.

Henomniku Metoy mpoekTis:

® Cy0 €KTHBHICTDH OIIHIOBAHHSI POOOT;

® BeJIUKUil 06car poboTH I BUKJIAAAYA 1 CTYIEHTA.

JIITEPATYPA

[1] A. B. Xyropckoii. Judaxmuueckas sepucmura. Teopus u mexnosozus kpeamusnozo obyywenua. M.: Uza-so MI'Y, (2003),
416 c.

[2] Hoswie nedazozuveckue u uHGOPMALUOHHDIE METHOAO2YU 6 cucmeme 06pa3osarus. YaebHOe TocoOUe JIst CTYJEHTOB BY30B
W CHCTENMBI TIOBBINICHAS KBATH(DUKAINY TIeIaroruIecKnx kaapos nof. pea. E. C. Tomar, (2001), ¢.66.
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A-nedopmariii Ta cepeaHiii reoe3NYHNl CKPYT MiHIiMaJIbHUX
IMOBEPXOHb

ITonoycosa T.IO.
(Onechka nepkaBHa akajeMist OyaiBHUITBA Ta apxiTekTypu, Ozeca, YkpaiHa)
E-mail: tatyana_top@mail.ru

Bammanosa H.B.
(Ozecbka HaIlOHAJIBHA aKaeMisd xapuoBux TexHoJsorii, Omeca, Ykpaina)
FE-mail: vasha_nina@mail.ru

Hexaii y E3-mipocTopi 3a1ana pery/sapHa nosepxus S kiacy C3 sxa romeoMopdHa 01HO3B a3Hiil 06,12~
cti G wromuan 2'0x? i 3amana pisasmaam 7 = 7(zt, 22), me (2, 22) € G.
Y pobori [1] moBeseHo,mo Ha Oyib-siKiil peryssdpHiil moBepxHi y JOBLIbHIH To4Ii icHye cepeiHiil reo-
JE3UYHUN CKPYT, AKUNA Ma€ IIPEJICTABICHHA
p11922 — 2p12912 + p22911
2
911922 — 912
1€ gaB, Pas, (@, B = 1,2)-koedirienTu nepmroi ta geTBepTol KBaApaTndHux ¢opm S BimoBinHO.
Bynemo mocaimkysatu A-nedopmartii minimansaol nosepxui (2H = 0, H-cepejasi KpuBuHA) 31 cra-
I[IOHAPHUM CEPEJIHIM INeOJIe3UIHUM CKPYTOM.

MaremaTnuHo0 MOJEIUIIO TIi€T 3aa4i € audepeHitiajgbie PIBHAHHS JPYTOro MOPSIKY 3 YaCTHHHUMUI
TTOXiIHIMU BiZHOCHO HeBimomol memymboBoi dynkmii u(zt, 22) € C? :

0 0
paﬁdk M + [(paﬁdg> - psﬁdg ?k:| OB _ 0.

2H =

)

B oxadzk Oz

Tyt dg = gﬂSdSk , d**-enementu MaTpuiii, obeprenoi 1o ||bsj||, I'.-cumBosim Xpucrodens apyroro pouy,
= gFsgitey, co - MUCKpUMIHAHTHIIT TEH30D, bi; - KoedinienTn npyroi KBaapaTudHoi dhopmnu S.

CupaejjinBa HaCTYyITHA

Teopema. MiniMajbHa IOBEPXHS IOIyCKae HeTpuBiaabHi A-medpopMallii, 110 He 3MIHIOIOTH cepegHiil
reozesnuanmit ckpyT. Tenzopu mecdopmarii 3aexKaTh Bi oaHiel HoBiILHOT HemyTboBoT dymKil p(x!, 22)
kiaacy C2.

Hacaimok 1. Ilpu merpusianbhiit A-gedopmaril 3i cralioHapHUM CepeHiM Me0Ie3UIHUM CKPYTOM
30epiratoThCs JTOBXKUHU JIiHIM Me0Ie3MIHOTO CKPYTY.

Hacnimok 2. Ilpu nerpusiaibuiii A-gedopmariil MiniMaabHoT oBepxHi, 1110 36epirae cepeuiii reoie-
3WYHUN CKPYT, € CTAIIOHAPHUMHU JOBXKWUHUA aCUMITOTHIHAX JIIHIH.

Hacaimok 3. Herpusiaibaa A-medopmariis MiHiMaIbHOT TOBEPXHI 31 CTalllOHAPDHUM CEPEIHIM CKPY-
TOM Oye HOPMAJIBHOK A-medopMariero.

Coi BigzunaunTn, mo KoxkKHa A-nedopMaliis MiHIMAILHOL IOBEPXHI, [0 He 3MIHIOE CepeIHiil reojie3u-
9HUN CKPYT, ONKUCYy€e O€3MOMEHTHUIM HAIIPYKEHUM CTAH PiBHOBAru OOOJIOHKM 3 IIOBEPHEBUM HABAHTAXKEH-
HAM 8

X = paﬁ #fg.

OTpumani pe3ysibTaTu MPOITIOCTPOBaHI HA KOHKPETHUX ITPUKJIAIAX.

JIITEPATYPA

[1] T. }O. Bammanosa., JI. JI. Beskoposaitna. LGT-cimka noseprni ma ii eaacmusocmi. Bicunk KwuiBcbkoro marm.yu-Ty
im. T.IlleByenka, cepia ¢diz.-mar. Hayku, sum.2: 7-11, 2010.

[2] H. C. KouutsikoB. u 1p. YpasHerus 6 4acmmuuz npoussoonur mamemamuseckol gusuru. — M., «Bbicuas mkomay, 1970,
712 c.
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ITonapui moroku Mopca-Cwmeiijia Ha HEOPI€EHTOBAHUX IMOBEPXHIX
MAaJIOTO POy

C. JI. Hapyk
(KHY imeni Tapaca lesuenka, Kuis, Ykpaina)
E-mail: tsaruksvitlana33@gmail.com

O. O. Ilpurisak
(KHY imeni Tapaca Ilesuenka, Kuis, Ykpaina)
E-mail: prishlyak@yahoo.com

HocnimzkenHo Torooriyuux Biacrusocreir nois Mopca-CwMmeiiia npsicBsdeHo 6araro pobirT, ojiHa 3
axux [1]. B po6ori 2] koxknomy rpaaienrao-nonibromy BekroproMmy moso Mopca-Cwmeitna nocrasiena y
BIiJIITOBIJTHICTH XOPA0Ba JIiarpaMa i JOBEJIEHO, 110 TOJId TOIIOJIOTIYHO eKBIBAJIEHTHI TO/I 1 TITBKYU TOJ1, KOJIX
Tx xopaoBi miarpamu izomopdwui. [Ipu 3mini opienTarii Bcix TpaekTopiit, TO6TO Tpy 3MiHiI MOJI HA TPO-
TUJIE’KHE, OTPUMAEMO IHIITY XOPAOBY Jiarpamy. Taki moJs OyayTh TpaekTopHO-ekBiBajsenTHUME. Harmoro
METOIO € JIOCJIINTH, KOJIU Hei3oMOpdHI XOP/I0Bi JAiarpaMu BiIOBIIa0Th TPAEKTOPHO-EKBiBAJIEHTHUM I10-
gaMm. Mu naemo BiAnoBib Ha 1e tuTanud. g 1boro BUKOPUCTOBYEMO XOPJIOBI JdiarpaMu, 1o 3a/1eKaTh
BiJl HAIPSIMKY PyXy 32 TPAEKTOpisMH. JHAWUEHO BCI MApW TaKUX JiarpaMm, IO BiJIOBITAIOTH MOJIAM 3
MIPOTUJIEZKHOIO OPIEHTAITIEIO JIJIA MTOJIIB HA MOBEPXHIX POJIy He OLIbIe YOTUPHOX, a came 42 mapu.

3okpeMa, Ha TIOBEPXHIX

nepIoro pojay — 1 mapa,
JpyTroro pojy — 2 mapu,
TPETHOTO POy — D Tap,
YeTBEPTOro poay — 34 mapu.

JIITEPATYPA

[1] J. Palis. On Morse-Smale dynamical systems. Topology, 1996.

[2] O. KaunyGosebkuit. Knacudikanis sekroprux mosis Mopca-Cwmeiina Ha noBuMmipHnx MuHOroBumax. Bichuk Kuiscvkozo
Hautonasvrozo ynisepcumemy im. Tapaca Illesuenka. Mamemamura, mexarira., 2005.

[3] I.M.Ivanyuk, A.O.Prishlyak. Deformation of vector fields on non-orientable surfaces. Bull. Taras Shevchenko Nat. Univ. Kiev,
Ser.Phis-Math., N2, 2015, 5p.
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JlepeBa i po3dMuTi MEeTpUYHiI IIpoOCTOPU

Onekcanap CaBueHKO
(XepcoHcbkuit epkaBHuii arpapuuii yuisepcurer, Bysmig Crpitencbka, 23, Xepcon, Ykpaina, 73000)
FE-mail: savchenko1960@rambler.ru

Haranaemo, mo T-nopma — e dbyukuis 1': [0,1] x [0,1] — [0, 1], axa mMae Taki BIacTHBOCTI:
(1) Komyrarusuicrs: T'(a,b) = T'(b, a);
(2) Monoronsicte: T'(a,b) < T'(c,d), axmo a < cib < d;
(3) Acomiarusnicrs: T'(a,T'(b,c)) = T(T'(a,b),c);
(4) Yucmo 1 nie ax omuuuns: T'(a, 1) = a.
BazBuuaii, T-HOpMa HO3HAYAETHCS depe3 *
Tpiiika (X, M, %) Ha3UBAE€THCA POSMUTHM METPHYHUM IIPOCTOPOM [1], sikio X — joBlibHA MHOXKMHA,
* — HemepepBHa t-Hopma i M — posmura MuOKEHA Ha X2 X (0,00), MO 3a7I0BOJIBHSE TAKI YMOBH IS
BCiX z,y,2 € X i s, t>0:

(i) M(z,y,t) >
(i) M(z,y,t) = 1 AKINO 1 TUIBKKA AKIIO T = ¥,
(i) M(z,y,t) = M(y,x,1),

(iv) M(z,y,t)* M(y,z,s) < M(x,z,t+s),

(v) dyukuia M (z,y,—): (0,00) — [0, 1] HenepepsHa.

Metrpuanuit npocrip X HasuBaeTbca R-mepeBoM, SIKINO I KOXKHUX &,y € X BCl TOMOJIOTIYHI BKJIa-
nennst o: [0,1] — X raxi, mo 0(0) = z, 0(1) = y, Mmatorb oxuH i Toit Ke 06pa3 (reomesiiinuit Biapi3oK,
o 3’€Hy€E T Ta Y).

MeToro mOMOBiZI € pO3MUTa METPHU3AIlisl HESIKMX IIPOCTOPIB HMOBIpHICHUX Ta iIeMIOTEHTHUX Mip Ha,
kopeHeBux R-nmepesax. Bona TicHO moB’s3aHa 3 PO3MHUTOIO yIBTPAMETPU3AINEI0 TAKUX IIPOCTOPIB (IUB.

2, 3]).
JIITEPATYPA

[1] A. George and P. Veeramani. On some results of analysis for fuzzy metric spaces, Fuzzy Sets and Systems, 90 : 365-368,
1997.

[2] O. CaBuenko. @yHkropu i po3Muri ynbrpamerpuxu, Bichuk Jo6i6cok020 yHisepcumemy, cepis METAGHIKO-MAMEMAMUYHA,
72 : 255-262, (2010).

[3] A. Savchenko, M. Zarichnyi. Fuzzy ultrametrics on the set of probability measures, Topology, 48(2-4) : 130-136, (2009).
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IIpo cnemianbHy reoMeTpito JOTUYHOIO po3HIapyBaHHsI piMaHOBa
IIPOCTOPY

CuniokoBa Osiena MukoJsiaiBHa
(A3 «ITHITY imeni K./. Ymmucbkoroy, Ogeca, Ykpalna)
E-mail: olachepok@ukr.net

Hocnimkenns y Mexkax inBapianTHoOI Teopil Hab/MKeHDb y piMAaHOBi#t reomeTpil Ta pi3uux i1 y3arajabHe-
HHSIX 38 JIOIIOMOIOO OIlepalliii IIOBHOIO JIidTy i CHHEKTHYIHOTO MPOJIOBXKeHHs [2| 1o3Bosnim nobyyBaTu
Ha joruaHoMy posuiapysanni T'(V'™) pimanoBa npocropy V™, n € N, Kisbka Di3HUX METPHK i KiJbKa
pisnux 06’ekTiB adinnoro 38’a3ky [1]. V neprry depry mosa iije npo MeTpuku

ds = gap(x)da® Dy”;
dsy = Gap(x;y)dz* Dy”,
ds3 = gag(x)DyaDyﬁ
dsi = Gap(w; y) Dy Dy,
1€ go3(T) — KOMIIOHEHTH METPHYHOIO TEH30PY 6a30BOr0O piMaHoBa mpocropy V™,
B
1
3
Dy® = dy* + ng(:c)yﬁdaﬂ,
Dy® = dy™ + T4, (x;y)y da”,
gv(:r) — KoMIIOHeHTH apiHHOro 3B’ga3Ky 6a30BOr0 piManosa mpoctopy V",

~ 1
F%ﬁ/(x,y) = g'\/(x) - gR((lﬂ'y)o(‘T)yU7

R3., (), Riapj(r) — xomnonentu Tensopa Pimana i Tensopa kpusunu 6a30B0ro piMmanosa mpocropy V"
BiZOBiTHO.

Koxna 3 takux merpuk nopojkye Ha 1'(V'™) cnenianbHy reoMeTpito, MPUPOTHAM, ajie PI3HUM, THHOM
[IOB’si3aHy 3 IHBApIaHTHOIO Teopiero HabJMXKeHb 6a30BOro piMaHoBa mpocropy V™.

Jloriurum HACTYIHUM eTamoM MOAIOHUX JTOCTiKeHb € mobymoBa Ha T'(V™) reomerpii, y OCHOBY KOl
MTOKJIAIEHO METPHUKY, IO € IIEBHOIO JIHINHOI0 KOMOIHAINIEIO BUINEBKA3AHUX METPUK 1| METPUKHU IIPOCTOPY
v,

Hocnimzkeni meBni reomeTpudHi BIacTUBOCTI moTudHOro posmapysanusa 1'(V™) 3 meTpukoro
ds? = gap(x)dz®dz? — Gop(a; y)Dy® Dy”.

BokpeMa, pO3IJISIHYTI IUTAHHS 1IPO Te, y sSKuX Bumajakax mnpocropu 1 (V™) nonyckaroTh HeTpUBIAJbHI
(BimMminai Bij adinaux) reoje3nyHi BijoOpaykeHHs y BUIAJIKY, KOJU 0a30Buil mpoctip V™ € mpocropom
IIOCTIHOI KPUBUHMU.

G058 (T;Y) = Gap () + 5 Riapiyy”,

JIITEPATYPA

[1] H. C. Cunrokos., E. H. Cuntokosa., 0. A. Mosuyan Hekoropble akTyajbHbIE ACIEKTHl DA3BUTUS TEOPHHU TeOJE3MIECKHUX
0TOGpazKeHWit PUMAHOBBIX MPOCTPAHCTB U eé obormenuit M36.6ys06. Mamemamuxa, 3(382) : 76-80, 1994.

[2] A. II. upokos. Crpykrypsl Ha muddepeHnupyeMbx MHOroo6pasuax. Mmozu nayrku u mexnuku. BUHUTH. Anzebpa.
Tonosaozusn. Ieomempus. M., : 127-188, 1969.
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CrpyKTypa i MiHiMaJIbHI CUCTEeMU TBipHUX CUJIOBCBKUX 2-MiATPYII
3HAKO3MIHHOI TpyNH i IX BJIaCTUBOCTI

CkyparoBcekuii P. B.
(Ykpanna, Kues)
E-mail: ruslcomp@mail.ru

Mu HoCTiIzKyeEMO CHCTEMU TBIpHUX CUJIOBCBKUX 2-miarpym Syls A, 1 Syle S, 3Hako3MiuHOl rpynu A, i
CUMETPUIHOI I'pynu S, BiIIOBIIHO.

Hexait X = {0,1} ta X — ckinuenne Gimapue k-pisrese gepeso (k € N). Ilosraummo #0ro Kopinb
g HysipoBuit pisens X . ITomiTumo KoxkHy Bepruny 3 X K] crvBostom 0 um 1 3amesmHo BiJI HAABHOCTI BEp-
IIUHHOI TIepecTaHOBKY B Hift. OTpuMaHe TAKUM YMHOM BEPIIMHHO-PO3MIYEHE PEeryJ/isipHe KOPEHEBE JIEPEBO
e asromopdizmonm 3 Aut X¥. T'pyma Syly Ay isomopdma migrpymi rpymn Aut X [1,2]. Asromopdism 3
Aut X ¥ mamesxurs Syly Ay [1,2], Tomi i e Tozi, Komu Ha mepemocTanubomy, To6To (k — 1)-omy pismi,
KiibkicTh MiToK 1 — napra [2]. [losnauaruMeMo MUKIIYHY MyJIbTUILIKATABHY TPYIy mopsiaky 2 gk Ch.

Teopema 1. dxwo G), — makcumarvna 2-nidepyna epynu Aut X ¥ wo die naprumu nepecmanosxamu
k—1 _

na (k — 1)-omy pieni, mo G~ 1 Co x (C2)2 " =1 4 izomopgdna Syla Ag.
i=1

Teopema 2. Minimanrvha cucmema meipnur epynu Aok ckaadaemoves 3 k esemenmis.

Hexait n =20 42k 1+ 4 9km e 0<kog<ki <...<kpnim>D0.
m
Teopema 3. fdrxwo m > 0, mo doginvra Minimarvora cucmema meiprur das Syla A, mae D ki — 1
i=0
MEIPHUL.
IIpukian 4. Cucrema TBipHEUX Jyis Syla Agg 3 8 enementis: (25,27)(26, 28), (23, 24)(25, 26),
(17,21)(18, 22)(19, 23)(20, 24), (17, 19)(18, 20), (15, 16)(17, 18),
(1,9)(2, 10)(3, 11)(4, 12)(5, 13)(6, 14)(7, 15)(8, 16), (1, 5)(2,6)(3, ) (4, 8), (1, 3)(2, ).

m
Teopema 5. fxwo n = 4+ 2, | € N, mo wminimarona cucmema meiprux epynu SylaA, mae > k;

i=1
eneMerMmis.

Hapememo npukiaj, axuil miaTBEepIKy€E Pe3yaAbTaT OCTAHHBOI TEOPEMU.

IIpukian 6. Cucrema tBipHuX 1yt Syla A1, SylaArs =~ SylaSia >~ SylaSa2 X SylaSys: (11,12) (13,14)
(9,11) (10,12), (7,8)(9,10), (1,5)(2,6) (3,7) (4,8), (1,3)(2.4).

BayBaxkeHns 7. Mae wmicre isomopdizm miarpyn SyloAgr+s ~ SylaAykio =~ SyloSip+1 ~ SylaSa.

Axmo n =2k + 1, 1o Sylo Ay, >~ Syls A1 1 SylaSy, ~ SylaSy_1.

Tiazonanvroto cucmemoro meiprnux Sq mis Aut X H ~ § ylaSor HA3BEMO TaKy CUCTEMY, Jie i-Uil TBIpHU

rpymu SylaSyr Mae HeTpUBiaIbHI BEPIINHHI IIEPECTAHOBKHY JIMIIE HA (-MY PiBHI, IPHYOMY KiJIbKICTh TAKUX

BEPINUHHUX IIEPECTAHOBOK — Hemapua. lloTyKHicTh KOXKHOI cucremu TBipHUX Sy piBHA k 1 JOpiBHIOE

. . . 2k _f_1 .. .
BaranpHa KiTbKicTh Sg s SylaSor mopiBHIOE 2 . Bevoro MiniMaabHUX cUCTEM TBIpHUX JJIst
Syla(Sqr) € (2F —1)(2F —2)(2F —22) . ... (2F - 2]“*1)2’“(2“’“*1). Jiiicro KiibKicTh 6a3ucis myis akTop
rpymnu Gk/G% ~ (Cy)* pisma nopsaxy GL(k,Fy) to6ro (2F — 1)(2F — 2)...(2% — 28-1). Baysaxumo, o

Gi cruiBnagae 3 miarpynoo ®Ppartiai (Gy). OCKiIbKH y KOXKHOI CHCTEMHU TBIPDHUX TDYyNH (Cg)ke piBHO

k
k(2 —k—1) — (%) poobpagis, e % - KUIBKICTH TTPO0Opa3iB OJHOTO eJIeMEHTA 3 (Cg)k, TOMY BCBOT'O

cucreM TBipHEX € (2F — 1)(2F — 2)(2F — 22)...(2F — 2k—1)2k(2k—k—1).
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BaraspHa KiJbKiCTh MiHIMaJbHUX cucTeM TBipHuUX gt Sylo Ao He MeHIIa Hix 2216_1_"“_2(2’“_2)2 +
(2k—2)2((2k—2 _ 1))2'

Ile mosBosisie MOOyIyBaTH KPHUIITOCUCTEMY, sIKa peasisye OouHwmii mudp, e PayHIOBUM KJIIOUEM €
HoMep ayihaBiTy B IKOMY MU ITOJAEMO ITiICTAHOBKY, IO BiamoBimae trexkcry. Hexait n,, = oko 4ok 4 4
2km ne ko < ki < ... < k.

Binomo, mo SylaSy, =~ SylaSor, X SylaSor, X SylaSory, X ... X SylaSokm, .

Teopema 8. Ilenmpanizamop 2-nidepynu SylaSyk;, 1 < m 6 cunoscoriti 2-nidepyni SylaSy, i3omopdriut
nidepyni Cs, (SylaSyr;) =~ Syl?sﬂ/syb%ki .

JIITEPATYPA

[1] P. B. Ckyparosckuit. Munumasvhvie cucmemovt 06pasyiouus OAf BEHEHNHOUUKAUNCCKUT 2PYNN, 2PYNN a8momophusmos
epagpos Puba u dyndamenmanvnux epynn opbum mnexomopuix dynkyut Mopca, 11 Jlernsas mkona Aazebpa, Tononozis,
Amnanis, c. 121-123, 2016.

[2] Skuratovskii R.V.Corepresentation of a Sylow p-subgroup of a group S,. Cybernetics and systems analysis, : volume 1,
pp. 27-41. 2009.

[3] Y.A. Drozd, R.V. Skuratovskii. Generators and and relations for wreath products. Ukr. Math. J., vol. 60., No. 7, pp.
1168-1171. 2008.

[4] R.V. Skuratovskii Structure and minimal generating sets of Sylow 2-subgroups of alternating groups. Source:
https://arxiv.org/pdf/1702.05784.pdf, 2017.
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BiacTuBocTi cripsizkeHnX (QPYyHKIIiN y rinmepKoMIIJIEKCHOMY ITPOCTOPI

Mapia Credanuayk
(Imcruryr maremaruku HAH Vkpainu, M. Kuis)
E-mail: stefanmv430@gmail . com

Bynemo posrigaatu n-sumipauii rinepkomiiekcuuii npoctip H®, n = 1,2, ..., 1110 € npgMuM 100y TKOM
n xormiit Tija keareprionis H (H! := H).

Oznauennsa 1. Oyukiisg f: H" — H zHasuBaerThesa 6a2amodnauHo, ko obpasoM Touku z € H" e
muoxuna f(x) € H.

Ob6nactb Bu3HadeHHA TAKOl DYHKINT Oy/1eMO ITO3HAYATH Yepe3
Ei :={rxcH": icnyey € H, y = f(x)}.

Osnavenns 2. Bararosmauna dynkunis f: Ey — H nasupaeTnhes Ainitino onyx.ao10, K10 I TOBIIBHOL
mapu TouoK (xq,yo) € H* ™\ I'(f) icuye adinna dynkmia [, Taxa, mo yo = I(zo) i [(x) () f(z) = 0 nna
Beix x € H", ne uepes I'(f) nosnaveno rpadik dynkuii f.

OszuauenHsa 3. JliHitiHo yenymor QYHKINE HA3UBAETHbCs Taka OaratosHadHa (QYHKINA f, [y KOl
dbyuxiia ¢ = H\ f— niniito onyxkia.

OsznaueHHsa 4. BazamosHnaunoro aginnoro Gyrryicro Ha3UBAEThC MYHKINS, JIHIAHO OmyKJa i JiHIKHO
YrHyTa OJHOYACHO, JJIs $KOl 3HaiijieTbcs npunaiiMui omaa Touka x € H", B 4kiii KOoKHA 3 MHOXKUH

f(z)NH, (f(z) \ H) e Henopoxuboio.

OsnavyeHHda 5. OyHKINEW, cnpastcenoro 3 [, HABUBAETHCS (PYHKILiS, IO 33/ a€ThCS PiBHICTIO
Fy) =B\ (@, y) = f(2)). (1)
T
Buaiinemo dyHKIi0, cupsikeny 10 Qyukmii f*(x).

I @) = ()" @) =B\ [ J(z,9) - £ ()

Ipuknag 6. Cupsikenoio 3 G6araroznaunoro adinnoo dyukmieo f(z) = (x,y0) + f(©), ne f(O)—
MHOXKWHA, € (PYHKITisS

Fy) =B\ Ja,y) — (2,90) — £(©)) = B\ [ J (2,5 —y0) — f(©)) =

H\ (= f(©)), saxmo y = yo,
00, SKIIO Y 7 Yo

Teopema 7. s xoorcroi gynxuii f: H" — H cnpasedause sxarouernnsa f C f**.

Osnauenns 8. Bararosnauna ¢yukiia f: H" — H nasuBaerbes sidxpumoro (6i0nosidho, 3amrneroro
wu KomMnaxmHor), Koau 11 rpadik € BiAKpuTow (BiAMOBIIHO, 3AaMKHEHOIO YU KOMIAKTHOI) MHOXKUHOO
B H" 1,

Teopema 9. Qynruyia, cnpasicena 0o sidkpumoi Pynryil, byde 3aMKHERONW MA ATHITHO ONYKAOK).

Osnavyennda 10. Jlimiiino omykaa GyHKINS HABUBAETHCA 8AGCHON, SKIO X049a O /I OHOTO I BUKOHY-
erbesa crisBinuomenns: f(x)(H # 0 i nus Beix x mae micne mepisricrs: H \ f(x) # 0.

Teopema 11. Hexati f— eaacha ainitino onykaa gynxuyis. Todi f* — esacna dynxuyis.

Hactynna Teopema € rimepkomiuiekcHunM anajiorom Teopemu Penxessa-Mopo.
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Teopema 12. Hexati 6azamosnauwna dynwyisa f: H* — H maxa, wo H\ f(z) # 0 das secix x € H".
Todi f** = f modi i miavku modi, xKoau f € AiHilHO onyKA0M0.

Osnauenns 13. ®Oyukiis [ HasuBaeTbes odnopionoto, skimo f(Ax) = Af(x) ana Beix ckaspis
AeH\O.

Oznauenns 14. Oyukiis

WE(Z/) =H° \ U <.Z', y>
eE
Ha3UBAETHCS 0NOPHOoI0 Pynruyiero muaoxkxuan £ C H™.

Teopema 15. Hexai f: H" \ © — H e gaachoro ainitinoro onykaoto odnopionoto gynruyicio i f(0) =
HC\ 0. Todi f e onoproto dynkuyicto dearor MHOHCUNHU.

Hacuainok 16. Hxwo odnopiona ainitino onykaa gynkyis f: H*\ © — H e sidminnoro 6id aginnoi, mo
[ () = 0(y|Ep).
Teopema 17. dxwo f: H"\ © — H — odnopidna ainitino onykaa dyrkyis, eiominna 6id aginnoi, mo

f@) =8\ |J (@).

yEEf*

Oznauenns 18. Hexait f,: H" — H, o € A, € bararoznauanmu ysKIisMu. OyHKITIO
(U fa) (@) = U fa(z)
(0% (e
Ha3BEMO 00 €0HaHMHAM PYHKYIT fo, @

((fa) (@) =) fal2)

— IX NepemuHoM.
Jist cupsizkeHux PyHKITNH Ma€ Micite TeopemMa, JIBOICTOCTI.

Teopema 19. Hezxat f,: H" — H, a € A, € 6azamosnaunumu Gynkyiamu. Todi suxonyemvea pighicms
*
<U f a> = ﬂ f ;'
e (e

JIITEPATYPA

[1] M. B. Credanuayk, M. B. Tkauayk. Jliniitno omyksi Ta cupszkeni GpyHKI{T B rilepKOMILIEKCHOMY IpocTopi. 36. npaysb In-my
mamemamury HAH Yrpainu, 12(3) : 225-235, 2015.
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IIpo cumerpuuyni *-nmoJjsiinomMun Ha mpoctopi C"

Crpytuacbkuit Muxaiisio MuxaiisioBuya
(ITlpukapnarcekuit Hariona bHuil yaisepcurer imeni Bacuna Credanunka)
E-mail: strutinskiil991@gmail.com

OcHOBHa TeopeMa PO CUMETPUYHI MOJIHOMH Bif CKiHYEHHOI KiJIBKOCTI 3MIHHMX CTBEPIXKYE, IO KO-
JKEeH TaKWil TOJIHOM MOXKHA IOJATH y BUTJIAM ajredpaldnol KoMOinarlii eJleMeHTapHUX CAMETPUIHUX

nosinoMiB. [Ipupomaum y3araJbHEHHSIM TOJIHOMIB Bi/l KOMILIEKCHUX 3MIHHUX € *-TI0/TIHOMH.

Binobpaxennsa P : C" — C suriamy
k1 kn=l1 Eln

N N
P((z1,...,2n)) = Z Z T T PR -2 A N Mol

k1,....kn=011,...,ln=0

ne N € Nyag, . koir,..1, €C, HA3UBAIOTH *—=IOTIHOMOM.
x-ITonminoM P Ha3WBalOTh CUMETPUYIHUM, SIKITO
P((Zl, ve ,Zn)) = P((Za(l), e ,Zg(n)))

JUIs BCIX 21, ..., 2 € C 1 jyig BCix nepectanoBok o Ha MHOXKuHI {1,...,n}
Y nonoBini Oyme PO3IJIAHYTO MUTAHHS OIUCY CIIEKTPa ajaredbpu BCiX CUMETPUYHUX *-IIOJIHOMIB Ha

mpocropi C™.
JIITEPATYPA

[1] Vasylyshyn for(p, ¢)-polynomials on a complex normed space/T.V.Vasylyshyn,

A.V.Zagorodnyuk//Methods of Functional Analysis and Topology. —2011.—V.17, Nel. —P.75-83.

T. V.Polarization formula
[2] Zagorodnyuk A.V., Kravtsiv V. V.Symmetric polinomials on the product of Banach spaces A.V.Zagorodnyuk, Kravtsiv V

V. //Carpathian Mathematical Publications.—2010. —V.2, Nel.—P. 59-71.
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IIpo HeckinuenHo Majsry KOHQOPMHY gedopMaliiro MiHIMaJIbHUX
MMOBEPXOHb 3i cTaI[iOHADHUM BiAXWJI€EHHAM BiJ JOTUYHOI IJIOIIIWHU

IOuaisa ®enuenko
(Oecbka HaIlOHAJIBHA aKaJeMis xapuoBux TexHoJorii, Omeca, Ykpaina)
E-mail: fedchenko_julia®@ukr.net

Jocuti Ky 0ThCst HECKIHIeHHO MaJjii KOHMOPMHI JlepopMallil TOBEPXOHb 3i CTAIIOHAPHUM BiJIXUJIEHHSIM
BiJI JIOTMYHOI wWIomuHu y Oyab-sakomy Hanpsimi [1], [2]. Jusa rakux gedopmartiii moBepxoHb 3HAlIEHO B

o (¢]
SIBHOMY BHTIJISI] IPEJICTABIICHHS TeH30pHuX 1oy T =75 ne T® — noxinsoi BekTOpa 3MiIeHHs

o
Ui = cia (TO"B — 9000‘/8) T3+ CiaTM.
Tyr ¢ — dyHKIis KOHPOPMHOCTI, Cio — AUCKPUMIHAHTHUI Ten3op, P = ¢ ghi Cij-

Teopema 1. Jlas moeo, wob noseprms S (K # 0) xaacy C3 donyckana neckiruenio many xongdopmmy
decpopmanito 31 CMAUIOHAPHUM GIOTUAEHHAM 610 JOMUUHOT NAOUUHY Y OYDb-AKOMY HATPAMT, HEOOXTIOHO
i docmammbo, U006 Ha NOBEPTHL iCHY8ast GYHKULL T, p, AKL 300080ADHAIOMb PIBHANHA

Vi (tad™) = V;(0acPdf) + b5t + @bajc™® = 0.
Todi men3opri noas %O‘B , T noxionoi eexmopa amiwenns U; maroms 6ueasd
7 = t¢°P T = t,d** — gpacaﬁd%.

Teopema 2. xwo noseprna S (K # 0) xaacy C3 donyckae HempueiasvHy HECKIHUEHHO May KOH-
Ppopmy dedhopmanito 35 CMAUTOHAPHUM BIOTUAECHHAM 610 JOMUYHOT NAOWUHY 8 OYDb-AKOMY HANPAMT, O
maka noseprHa € Minimaivioro H = 0.

Teopema 3. dxwo mirimarvna noseprra S (H = 0, K # 0) xaacy C® donyckae meckinuernno many
KoHPOpMY OehopMmanito 31 CMAUTOHAPHUM BI0TUAEHHAM 610 QOMUUHOT NAOUUHU 8 6Y0b-AKOMY HATPAMI,
modi deopmosaHa NOBEPTHA MAKONHC € MIHIMAALHOINO.

Teopema 4. xwo mirimarvna noseprra S (H = 0, K # 0) xaacy C® donycrae meckinuernno many
KoHpopmy dehopmayiro 3i CMAUIOHAPHUM GIOTUAEHHAM 610 JOMUYHOT NAOWUHY 8 6YDb-AKOMY HATPAMI
npu AKIU 30epieaemvbca 2ayco8a KPUSUHG NOBEPTHI, MO UA dehopmayia € 32UHAHHAM.

B gaxocti mpukaamy, 10CiI2KEeHO MiHIMAJIBHY TOBEPXHIO 00€PTaHHS — KATEHOI/I.

Teopema 5. Kamenoid donyckae HempusiasvHy HECKIHYEHHO Maay Konpopmhy dedopmanito 31 cma-
YLOHAPHUM BI0TUAEHHAM 610 JOMUYHOT NAOUUHY 8 OYIb-AKOMY HATPAMS.

Ha ocmoBi Teopemu 3 maemo, mo npu gaHiit gedopmariil cepens KpuBruHa 1eOPMOBAHOTO KATEHOIIA
TaKOXK JIOPiBHIOE HYJIEBI.
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IloBepxHa obepTanHs Ta 11 KBasziapeajabHa gedopmallid 3
obOMe>KeHHSAM

FOaia Xomug
(Oecokuit Hamjonaspauit yHiBepcurer iMeni 1. 1. Meunukosa)
E-mail: khomych.yuliia@gmail.com

ITpoioBAKYEMO PO3IVIANATH KBa3iapea bHy HeCKiHUeHHO Maiy gedopMaiiiio mosepxui S € C? 3 mosem
sumimmenns U :
7™zt 2% t) = F(at, 2?) + tU (2!, 2?),
NP dKiil BiAXUJIEHHA Bif TOTUYHOI ILTOIIMHU 30epiraeTbes y Oyib-skomy nampsmi. Hexait wacTummi
noxigai U; mpencrasieni y Burism JiiHiiiHOT KOMOGIHANIT GA3MCHUX BEKTOPIB T, W Uepe3 CHMETPUUHE
tensopue nosie T € C2, kourpasapianTauii Bekrop T € C? i dbynkmuio p € C? :

U, = (cmT“B — uéf) T8 + cio TN

Bizgowmo [1], mo raka gedopmariist 07jHO3B I3HOI TIOBEPXHI HEHYJILOBOI I'ayCOBOI KPUBUHHU iCHY€E TOJ 1 Jiuiie
tomi, komm TP Ta |1 MOXKHa TOTATH y SBHOMY BUIVISII

1 . . 1 .
af _ _ = (o iB B jic — —pagiB
a TeH3op 1'“ € po3B’sI3KOM CHUCTEMU PiBHSIHD
o a 1B, . By .. —
T,az’ + T,jd,a bﬂz +T bﬂz2H =0. (1)
QyHKINA [ BUPAXKAE 3aKOH 3MiHIOBaHHs eJIeMeHTa IO IOBepxHi 1pu 11 MaJiit gedopmanii, ¢;; — auc-
KPUMIHAHTHUI TEH30D, 6;- — cumBoin Kponekepa, b;; — xoedinienTu npyroi ksagparudnoi ¢opmu mo-
BepxHi, d” — Tenszop, obeprennit 10 Tenzopa b;;, H — cepe/iHsa KpuBUHA.
Hazami npoBoauMo 1ociiizKeHHs: cucreMu piBHsAHb (1) 1y1si moBepxHi 06epTaHHs HEHYJIbOBOI TayCOBOI
KPUBUHUI
7zt 2?) = {z' cosz?, z'sina®, f(z')}.
3HaieH0 pPO3B 30K IIi€l CUCTEMU JBOX PIBHAHDL 3 ABOMa, HEBIIOMUMU (PYHKIISIMI

f (aclf/’—flff/3)2+x1f’2f"(f’+f/3+x1f”) dxl
T =0, T?=¢ T JT A1) @ 7= 7= §73) , (2)

IIpu upomy Tenszop gedopmartii T Ta dbyHKis 11 HAGYBAIOTH BATIISILY:

12 14 1 ¢r ¢l 1f//_f/_f/3 2+ 1f/2f// f/+f/3+ 1f//
L R A I mlf’<1+)f'2:>c(m1f"—(f'—f'3) S (3)

)

Tll — T22 — 0’ Tl2 — e
24/1 + f/Q(f/ + f/3 _ xlf”)
1 1ot opr 13 15 1212 g1 @l = =324 g2 (Bl
x (2:6 f 2f f + f + x f f )ef :1:1f/(1+f’2)(zlf”—f’—f’3) d‘rl . (4)
2f’(a:1f” _ f/ _ f/3)

Teopema 1. [logeprhsa 0bepmarHs HEHYABOBOT 2GYCOB0T KPUBUHU JONYCKAE KBA3IAPEANOHY HECKIHYEHHO
Many dehopmayito, npu Al 11 6i0xuseHHA 610 domudHOT NAoWURY 36epizaembea i 6Y0b-AKOMY HANPAMI.
Tenzopri noas TP, T ma dynuruia p maroms euzand (3), (2) ma (4) eidnosiono.

M:

Mt mpukIay pO3IVISHYTO KBa3iapeasbHy medopMariiio 3 3aJaHuM OOMEXKEHHAM MOBEPXHI eJiinTu-

1 2 1 2

N . I . .
YHOTO Tapabosoina: 7(z ,562) = {a:1 cosx”, T sinx”, %}, i uaiimeno y ssaomy Burssmi U.

Teopema 2. Ilosepxria eainmuyurozo napabosoida donyckae K6a31apearbhy HeCKIHYEHHO MaAYy Jehopma-
U0, NP AKX 610TUAEHHA 610 JOMUYHOT NAOWUHY 3GAUWAEMDBCS CMAYUIOHAPHUM Y 0Y0b-AKOMY HATPAMT
3 Noaem 3MIULEHHA

—ccosx? —csinz? ¢

(et a?) = {— 0, 220 L@ +4lnat — 1)} +C,

de ¢ — dosiavna cmana, ¢ # 0, a C — cmaauti sexkmop. Ipu 4bomy 3aK0OH 3MIHIOBAHHA EAEMEHMNG NAOULE

noGepITHi Mae 6uAA0 L = —5.
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IndiniTe3anManbHI KOHFrapMOHIYHI IepeTBOPEHHS PiMaHOBUX
IMIPOCTOPiB HEHYJIBOBOI CKAJIIPHOI KPUBUHU

O. €. Yenypna
(Orecokuit HaIiOHAJIBHIIT eKOHOMIYHMIT yHiBepcuTeT, By IIpeobpaxkencoka, 6. 8, M.Ogeca, 65082,
Yxpaina)
E-mail: chepurna67@gmail.com
€. KynenioBa
(Ozechkuii HaIIOHAJILHWIT €KOHOMIUHMIE yHiBepcuTeT, By IIpeobpazkencrka, 6. 8, m.Oxeca, 65082,
Yxpaina)
E-maul:

Konrapmoniuni Bino6pazkentsi Oy Buepine posrisiyTi y [1]. Kopucryrouncs tum, 1o y [2] noBeseno,
IO Bi/IOOpasKeHHA € KOHIapMOHIYHMM TOJ 1 TIIbKM TOJi, Koy 30epiraeTbesd J00yTOK Rg;;, BUSHAUUMO
K KOHTapMOHIYHI Taki KOH(MOPMHI IEPETBOPEHHS, /s SKAX

Le(Rgij) = 0. (1)

Hexait, (M,g) € pimanoBuM MHOTOBHIOM. Y BHUNaJKY, Koau Vr € M™ Bukonyerbca R # 0, cucrema
PIBHSIHB JIJIsi BEKTOpa &, IO TOPOJKYE MEPETBOPEHHS, MaTUMe HACTYITHUN BUTJIS].

1) &5 = &ijs
2) &5+ & = —(£2Va(In|RY)) gij; (2)
3) &ijk = EaRy — 5 (Vi(EOValin|R])) gij + Vi (£2Va(ln|R])) gix — Vi(€*Va(In|R])) gjk)-

JoBeneHi Taki Teopemu.

Teopema 1. fxwo na pimarosomy muozosudi (M™,) konmpasapinmue anasimuyne eexmopre noae &
nopoorHcye THPeHIME3UMALLHT KOH2ADMONIYHT TEPETNGOPEHHA, O MEH30D

1 1 1
Qlje = Rl — 8} (5 Vi VulInl R]) + 1910l B) V(| R = 519l B]) g
1 1 1
+0}L (5 ViV(InlRl) + Vil R); (inlR) = 519 nl ) 2gi)
1 1 1
(5 V"V (n|Rl) + 1" (I RDV, (in| B]) = 19 (| R 26} g

HGVVRnIR) + (V" @l R)V4(inl R]) — IV (0l B} g3
€ THBAPIAHMHUM 6I0HOCHO UUX NEPEMBOPEHD:
LeQfy = 0. (4)
Iopsix 3 Tenzopom (3) iHBapiaHTHUM €, TAKOXK, TEH30D KOHIApMOHIYHOI KpuBuHU (1uB. [2]).

Teopema 2. Jlas mozo w06 mrozosud (M™,g) donyckas Haa6HicMb 2PYNU KOH2APMOHINHUL NEPEMBO-

peHb, Heobxiono ma docmammuwvo, wob cucmema ymos inmezposnocmi (4) ma ix npodosotcenn, by
n(n+1)

cymicnoro. Todi, mrozosud (M™,g) donyckae nassnicmo r-napamempusnoi epynu, r = —5— —k, den

ma k € 6i0n06i0H0 PO3MIPHICTIIIO MHO2068UJY, TG PAHZOM CUCTNEMU YMOS THIMEZPOSGHOCME Ma X NPodos-

otceny. Y eunadky, AKWO YM0o8a THMEZPOSHOCTE 34006IALHACTIOCA MOMOHCHO, PO36 °A30% cucmemu (2)

. n(n+1) .
3aneotcamume 610 r = —5 napamempies.
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KoudopmMmHo-roiomopdHO-IPOEKTUBHI IT€epEeTBOPEHHS JIOKAJILHO
KOH(MOPMHO-KEJIEPOBUX MHOTOBU/IIB

€. B. Yepesko
(Omecbkuit HarionaIbHUIT eKOHOMIUHUIT yHiBepcuTer, yi.llpeobpaxkenceka, 6. 8, Mm.Omeca, 65082,
Yxpaina)
E-mail: cherevko@usa.com

B. €. BepezoBchkuii
(YMmanbchKuil HAIlOHAIBHII yHIBEpCUTET cafiBHANTBA, yi.lucturyrepka, 6. 1, Mm.YManb, Yepkacbka
06u1., 20305, Ykpaina)
FE-mail: berez.volod@rambler.ru

Y pobori |2], posBuBatoun iznei crarti 2| 6yno BBemeHO KOHMOPMHO-TOJOMOPMHO-IPOEKTUBHI TIepe-
tBopenHnsi. Cucrema piBHsHb, gki Ha JIKK-muorosuai (M™, J, g) BusHadaoTh KOHMDOPMHO-TOJIOMOP(OHO-
MIPOEKTUBHI iH}IHITE3nMAIbHI TTEPETBOPEHHS 13 30eperKeHHsIM KOMILJIEKCHOI CTPYKTYPH Ma€ BUTJISIIL:

1) &j=¢&y,
2) P;Z = Pi,
1

3)  Gigr =&l + 5 ((wafa)kgij + (Woaga)d-gik - (waﬁa),igjk —wiLegjr + Wa('gfgia)gjk)

+ pigik + prgis — P Iri — prJi i, (1)

1 1 1
4)  pij= iwtptgij T 5P~ §ijz'+

1 (n—2)

wiw;  |[wlPgij\  Aswgij
N (R»- _ o Wiy iy _ ]),
e\t 5 (Wi + =5 7 ) 2

5) LeJ) =&Vl — JPVLE + TLVE* = 0.
Hamu noBejnieni Taki TeopeMu

Teopema 1. fdxwo na JIKK-mnozosudi (M™, g, J) konmpasapinmue anasimuwne eexmophe noae &
noPoodAHcYe IHPEHIMEZUMANLHT KOHPOPMHO-20A0MOPPHHO-NPOEKTNUBHT NEPEMBOPEHHA, Mo 06’ ckm,

1 1
h h h
M =T+ 3990 = 105

€ THBAPIAHMHUM 6I0HOCHO UUT NEPEMBOPEHD!

LI = 0.

((r;fs )80 (T2, + i) + (T3, — gwt)JfJ]h + (13, — gwt)J;J;z)

Teopema 2. Tensop

Pl = Rl — 6 (2wij + wiw; — [[wl*gi5) + 67 (2wik + wiwk — [|wl[*gix) —

- %( "t %whwk)gij + %(wh’j + %whwj)gik—

ok - S5 5 - S5

b Gt = ) (R = O D 2 el Baogy
— 2

— (Tt = T (R~ ("22)(wt,k 2 ”“”2 giky _ AQ;’Q““)),

€ THBAPIAHMHUM BIOHOCHO THHEHIMEZUMANOHUT KOHPOPMHO-20A0MOPPHO-NPOEKTNMUSHUL NEPEMEOPEHD
ho_
(LePij = 0).
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Teopema 3. /[laa mozo wob JIKK-mnozosud (M™,J,g) donyckas naasnicmv epynu konGopmHo-2040-
MOPPHO-NPOEKMUBHULT NEPEMBOPEHD, HEOOTIOHO Ma JOCMAMHBO, U0 CUCTNEMA YMOE THIME2POSHOCTN]

Sﬁpi}gl'k =0,

1
ptf)itjk = mggpijk,
ma ix npodosocenn, byaa cymicnoro. Todi, JIKK-mnozoeud (M™,J,g) donyckae naasmicmov r-napame-
mpunnoi epynu, r = 2(m-+1)2—1—k, dem ma k € 6i0n06idHo KOMNAEKCHOI0 POZMIPHICMIO MHO206UdY, Tha
DAH20M CUCTMEMU YMOSE THMEZPOSHOCTNE Ma, iT NPodosacensb. Y 8unadry, AKULO YMOBU Ul THMEZPOBHOCT
3a006iMHAOMNBCA MOMOICHO, P036°Azok cucmemu (1) saresrcamume 6id r = 2(m+1)? — 1 napamempis.
Tenszop Pjj; BusHaueno ¢hopmyJion

(n— 2)( o wiwy HWHQ%) B Azwgz‘j)_
Z7]

Piji = Vi (Rij -

2 2 22 2
-V, (Ra - (”; ) (s + wz‘;k B ||w||2 ity _ A2¢;gik)
+ %(5fwk + Sjwg — wtgz'k> (Rtj - (7122)(%,]‘ + wt;j — |WH229U) _ A2¢2«)9w‘)_
= 2 (e 0y — ) (R = O g 2 ey By

Teopema 4. Ha xomnaxmmomy JIKK-mmozoeudi { My, J,g} sexmopre noae £, wo 2enepye nempusiaivhi
KOHPOPMHO-20A0MOPPHHO-NPOEKMUBHE NEPEMBOPEHHA, € KOHMPAEAPIGHIMHUM MATIAHCE GHAATMULHUM.
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Field equations from geometric Killing spinors

Ozgiir Acik
(Ankara University Department of Physics, Ankara, Turkey)
E-mail: ozacik@science.ankara.edu.tr

Spinors, with different and more general properties from vectors or tensors, represent fermionic fields
or particles on their own. Because one can square them to construct differential forms they also have the
power to represent bosonic objects in contrary to tensor fields. Spacetime spinor fields are characterized
by the differential equations that they satisfy which are based on the spinor connection that is used for
illustrating the dynamics of fermionic fields and the motion of fermionic particles in these fields apriori.
Killing fermions are defined as the spinors satisfying the geometric Killing spinor equation

Vxth = AX .9

and from our point of view are thought as physical more than geometrical. In a recent work [1] we
worked out some properties of bilinears generated by twistors and Killing spinors. The Killing spinor
case, accompanied by a data set, was more sophisticated and rich. All possible outcomes obtainable
from the Killing spinor bilinears were determined by the restrictive reality conditions imposed on them
for physical reasons. We then uncovered the primitive set of generating equations and they were seen to
be

Vx, (W), =2Xeq A (Y1) p—1
Vx, (W), = 2Xix, (Y)p, 41,

giving rise to the principal set
d(ﬂ)@)p =0, dT(Qﬁa)p =-2\n—-p+ 1)(@0@)1071;

d(W)p. = 2X(pe + 1) (Y0)p. 11, d' (), = 0.

Here p, means that it has a different parity than p, i.e. p, + p is always odd and 0 < p,p. < n,
n is the dimension of spacetime. In this talk [2] we will show that these equations can be used to
generate interestingly the Klein-Gordon, Maxwell-like, Proca, Duffin-Kemmer-Petiau, Kéhler and Rarita-
Schwinger equations in curved spacetimes in a systematic manner. The Rarita-Schwinger case is based
on the tool of tensor spinors over spacetime, that are higher dimensional half-spin representations of the
Clifford group. When obtaining the correspondent field equations we also obtained a constraint that has
to be satisfied which is directly related to the 3 — 1 rule that appears in supersymmetric theories.
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Boundary behavior of ring ()-homeomorphisms on Finsler manifolds

Elena Afanas’eva
(Institute of Applied Mathematics and Mechanics, 1 Dobrovol’skogo St., Slavyansk 84100, Ukraine)
E-mail: es.afanasjeva@yandex.ru

By a Finsler manifold (M"™, ®), n > 2, we mean a smooth manifold of class C*° with defined Finsler
structure ®(z, £), where ®(z,€) : TM™ — R™ is a function satisfying the following conditions:
1) ® € C°(TM" \ {0});
2) for all @ > 0 hold ®(z,af) = a®(z,§) and P(z,£) > 0 for £ # 0;
)

252
= %88‘2752@ is positive defined at every point of TM™ \ {0},

3) the n x n Hessian matrix g;;(x,
cf. [1].
By the geodesic distance dg(x,y) we mean the infimum of lengths of piecewise-smooth curves joining x
and y in (M", ®), n > 2.
Later we consider the Finsler structure of a type <I>(ac €)= ( (ac €) + O(x, —5)) thereby obtaining a

Finsler manifold (M", ®) with symmetrized (reversible) function ®. Clearly, if ® is reversible, then the
induced distance function dg is reversible, i.e., dz(z,y) = dg(y, x), for all pairs of points z,y € M", see
[2]. It is also known that the reversible Finsler metric coincides with the Riemannian one, see, e.g., [3].

Definition 1. The modulus of the family I' is defined by

M(T) = in / () do (),
D

where the infimum is taken over all nonnegative Borel functions p such that the condition

/p@(m,daz) = /pds;l; >1

v v
holds for any curve v € I'. The functions p, satisfying this condition, are called admissible for T', cf. [1].
Definition 2. Let D and D’ be domains on the Finsler manifolds (M™, ®) and (M, ®,), n > 2, re-

spectively, and let @ : M"™ — (0, oo)7be a measurable function. A homeomorphism f : D — D’ is ring
Q-homeomorphism at a point rg € D, if

M(AU©)CoiD)) < [ Q) (dglera0) dog(a) &
AND
holds for any geodesic ring A = A(xg,¢,£0), 0 < € < g9 < 00, any two continua (compact connected

sets) C' C B(zo, )N D and Cy C D\ B(xg,g0) and each Borel function 7 : (¢,g9) — [0, 00|, such that
€0 R

J n(r)dr > 1. We say that f is a ring Q-homeomorphism in D, if (1) holds for all points zy € D.

15

Definition 3. We say that the boundary D is strongly accessible at a point xog € 0D, if for any
neighborhood U of xg, there are a compactum E C D, a neighborhood V' C U of xg and a number ¢ > 0,
such that M (A(E, F; D)) > § for any continuum F in D, intersecting U and 9OV.

Theorem 4. Let D and D’ be domains in (M", 5) and (M7, 5*), n > 2, respectively. Assume that D
is locally connected at a point xo € 0D, D' is compact and the boundary of D’ is strongly accessible. If
a measurable function @ : M™ — (0,00) satisfies

A (] o .

D(zo,¢,60)
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where D(xo,e,60) = {x € D : e < dg(x,x0) < €0} for eo < d(wo) = supdgz(x,x0), then any ring
€D

Q-homeomorphism f: D — D' can be continuously extended to x¢ on (MY, 6*)

Corollary 5. The assertion of Theorem 4 is true if the singular integral

[ G ®)

I‘l‘o

converges in a neighborhood of the point xq in the sense of principal value.
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Normal numbers with respect to the Cantor series expansions and
possible applications in algebraic geometry

Dylan Airey
(Department of Mathematics, University of Texas at Austin, 2515 Speedway, Austin, TX 78712-1202,
USA)

E-mail: dylan.airey@utexas.edu

Bill Mance
(Institute of Mathematics of Polish Academy of Science, Sniadeckich 8, 00-656 Warsaw, Poland)
E-mail: Bill.A.Mance@gmail.com

We will discuss basic properties of normal numbers for the Cantor series expansions and a recent
result of D. Airey and B. Mance. Using ideas introduced in this paper, it may be possible to show that
information about algebraic varieties is encoded in the structure of sets of normal numbers. We will
outline this idea and the barriers one may encounter in finishing it.
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Killing vector fields and geometry of submersions

Annaev Nuriddin Uzoq o’g’li
(Architecture and Construction Institute, Tashkent,Uzbekistan)
E-mail: nuriddin.annayev.91@mail.ru

Let M be a smooth Riemannian manifold of dimension n with the Riemannian metric g, V — the
Levi-Civita connection, (-, ) - inner product defined by the Riemannian metric g.

We denote by V(M) the set of all smooth vector fields defined on M, through a [X, Y] Lie bracket of
vector fields X,Y € V(M). The set V(M) is a Lie algebra with Lie bracket.

Throughout the paper, the smoothness means smoothness of a class C'.

Definition 1. Differentiable mapping © : M — B of a maximal rank, where B is smooth manifold of
dimension m, (n > m), is called submersion.

By the theorem on the rank of a differentiable function for each point p € B the full inverse image
77 1(p) is a submanifold of M dimension k = n —m. Thus submersion 7 : M — B generates a foliation F
on M of dimension k£ = n—m, whose leaves are connected components of submanifolds L, = 7 p),p €
B.

To the study of the geometry of submersions were devoted numerous papers (|1]-[5]), in particular in
paper [3| derived the fundamental equations of submersion.

Let F' be a foliation of dimension k, where 0 < k£ < n. We denote by L, leaf of foliation F, passing
through a point ¢ € M, where 7m(q) = p, by T,F tangent space of leaf L, at the point ¢ € L,, by H(q)
orthogonal complement of subspace T, F. As result arise subbundle’s TF = {T,F'}, TH = {H(q)} of the
tangent bundle T'M and we have an orthogonal decomposition TM = TF &T H. Thus every vector field
X is decomposable as: X = XV + X" where X" € TF, X" €e TH. If X" =0 (respectively XV = 0),
then the field X is called as vertical (respectively horizontal) vector field.

The submersion 7 : M — B is said to be Riemannian if differential dm preserves lengths of horizontal
vectors. It is known that Riemannian submersions generate Riemannian foliation [5].

We remark that foliation F' is called Riemannian if every geodesic, orthogonal at some point to leaves,
remains orthogonal to leaves at all points.

The curve is called as horizontal if it’s tangential vector is horizontal.

Let v : [a,b] — B is smooth curve in B, and «(a) = p. Horizontal curve 7 : [a,b] — M, 7(a) € 7~ 1(p)
is called as horizontal lift of a curve v : [a,b] — B, if 7(3(t)) = ~(t) for all t € [a, b].

The map S : V(F) x H(F') = V(F), defined by the formula S(X,U) = VU, is called second basic
tensor, where V4 U is vertical component of vector field VxU, V(F), H(F) set of vertical and horizontal
vector fields respectively.

At the fixed field of normal U € HF, map S(X,U) generates tensor field Sy of type (1,1):

S(X,U) = SyX = VLU.
The tensor field Sy defines the bilinear form [ :
I(X.Y) = (SyX.Y).

The form Iy (X,Y) is called second basic form with respect to a normal vector field U.

The tensor field Sy is linear map and consequently it is defined by the matrix S(X,U) = AX.

Horizontal vector field U is called basic if vector field [Y,U] is also vertical for each vector field
Y € V(F). Eigenvalues of matrix A is called the principal curvature of foliation F', when vector field U
is basic. If the principal curvatures are locally constant along leaf, then foliation F' is called isoparametric.

Let’s consider some set D C V(M), which contains finite or infinite number of smooth vector fields.
For a point x € M through t — X(x) we will denote the integral curve of a vector field X passing
through a point z at t = 0. Map t — X'(x) is defined in some domain I(x) C R, which generally
depends on field X and point z.
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Recall that the vector field X on M is called the Killing vector field, if the group of local transfor-
mations x — X'(x) consists of isometries [2]. Geometry of Killing vector fields is subject of numerous
studies in connection its importance in geometry and other areas of mathematics [1], [2].

We will denote through A(D) the smallest Lie subalgebra of algebra K (M), containing the set
D. Since the algebra K (M) finite dimensional, there exist vector fields X, Xo,..., X,,, that vectors
X1(z), Xao(x), ..., X;n(x) forms basis for the subspace A, (D) for each x € M, where

A,(D) = {X(2): X € A(D)}.

Results of [2] allows constructing various submersions 7 : R"™ — L(zp) using the vector fields
X1, X2, ..., X, by the formula

T(t1, b,y bm) = X (XL (X1 (20) .. )).

m—1

Let’s consider the Killing vector fields

0 0 0 0 0
Yi=—, Yo=—, Y3=—23— 7, Y4=
! 6.%'1 ’ 2 8$2 ’ 3 e 81’1 o 81‘3 ’ 4 (9.@4
on R*. It is easy to check that the basis of subalgebra A(D) consists of following vector fields
0 0 0 0 0 0
Xi=—, Xo=———, Xg=—a3— —, Xu=—, X5=——
! 83:1 ’ 2 6$3 ’ 3 3 8561 + 1 61’3 ’ 4 a:L'Q ’ > 6$4

and consequently the orbit L(p) for each point p € R* coincides with space R*.
We will define following submersion 7 : R> — R* with formula

m(ty, ta, t3, ta, t5) = X2 (X (X5 (X2 (X1(0))))),
where O—origin of coordinates in R*.

Theorem 2. There exists a Riemannian metric § on R* that:
1) Map 7 : R® — R* is Riemannian submersion;
2) Submersion 7 : R> — R* generates on R is isoparametric foliation;
3) (R*, §) is manifold of nonnegative curvature.
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In [2] Xue-Mei Li studied stability of stochastic differential equations and the interplay between the
moment stability of a SDE and the topology of the underlying manifold. In particular, she gave sufficient
condition on SDE on a manifold M under which the fundamental group my M = 0. We prove that in fact
under essentially weaker conditions the manifold M is contractible, that is all homotopy groups mi M,
k > 1, vanish.

Let M be a smooth connected manifold (i.e. locally Euclidean Hausdorff topological space with
countable base) of dimension m possibly non-compact and having a boundary and 7 = (Q, F,P) be a
probability space, so 2 is a set, F is a o-algebra of subsets of 2, and P is a probability measure on F.
Let also {F:}+>0 for some a > 0 be a family of o-algebras in F with the following properties:

e each F; contains all null sets of F;
o F, C F; for s < t;
o {Fi}i>0 is right continuous in the sense that F5 = Ns<¢ Fy for all s > 0.
A map £ : M x[0,+00) x Q — M will be called a stochastic deformation whenever there exists N € F
of measure 0 such that for each w € Q\ N:
(a) themap & ¢ : Q@ = M, &4 (w) = &(x,t,w), is Fi/B(M)-measurable;
(b) the map &, : M x [0,4+00) = M, &(x,t) = £(z,t,w), is continuous;
(c) &(z,0,w) =z for all z € M.

If in addition to (a) and (b) the map ¢ satisfies “semi-group property”:
(d) €u(éu(z,s),t) =Eu(z,s+1t) for all s,t >0,

then £ is called an autonomous stochastic flow.

Given a stochastic deformation { one can define the following o-additive probability measures i ¢,
(x,t) € M x [0,4+00) on M by

pat(A) :=P{w e Q:{(x,t,w) € A}.

Theorem 1. Suppose p is a complete Riemannian metric on M and & : M x [0,400) X Q — M is a
stochastic deformation having the following properties:
(i) the map &t M — M, & o(x) = £(z,t,w), is C for all t € [0,40) and w € Q\ N;
(ii) for each compact subset L of the tangent bundle TM we have that
—+o00

/ sup E || T,6 0 (0)]dt < oo,
(z,v)€L: zeM, veT, M

where Ef = fQ fdP is a mean value, and the norm is taken with respect to p;
(iii) there exists a point z € M, a compact subset K C M, ¢ > 0 and N > 0 such that p,(K) > ¢
for allt > N.

Then M 1is contractible.
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For arbitrary map f: A — A and finite subset F' of A [2]:
. n—1
ento(f, F) = Tim BLYFENU U (F)

n— o0 n

exists and we call entges(f) := sup{entse(f, F) : D is a finite subset of A}, the set-theoretical entropy of
f:A— A

Moreover, if f : A — A is surjective and finite fiber (i.e., f~!(z) is finite for all € A), then for finite
subset F' of A [5]:

HFU Y F) U D)

enteser(f, F) == nh_)rglo -

exists and we call enteser(f) := sup{enteset(f, F)) : D is a finite subset of A}, the contravariant set-
theoretical entropy of f: A — A.
Let’s recall two well-known maps, one-sided shift {1,...,k}N — {1,..., k}N and two-sided shift {1,...,k}% — {1,..

(Tn)neN—>(Tn+1)neN (Zn)nez(Tnt1)ne
So for nonempty set I', arbitrary set X with at least two elements and self-map ¢ : ' — I' one may
consider generalized shift o, : X I xt . It’s evident that if X has topological (resp. group,

(xa)aeFH(nga(a))aeF
linear vector space) structure, then X' has topological (resp. group, linear vector space) structure too.
Suppose X is a finite discrete space with at least two elements, I' is an infinite set and ¢ : I' = I is
an arbitrary map also equip X' with product (pointwise convergence) topology, then o, : X I xr
is topological chaotic (positive topological entropy) if and only if ¢ : I' — I" has positive set-theoretical
entropy [2].
Moreover if X is a non-trivial finite abelian group and ¢ : I' — I' is finite fiber, then algebraic entropy

of o, [ @ x: @ X — € X interacts with contravariant set-theoretical entropy of ¢ : I' — I' [1, 3].
a€l acl ael
In this talk we take a short tour on some obtained results on generalized shifts including: Devaney

chaotic, Li-Yorke chaotic, e-chaotic, P-chaotic,.... generalized shifts including the list of published papers
on the subject. Our final attention will be on generalized shifts set-theoretical entropies [4], with more
details and results.
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By a transformation group (X, G, 7) or simply (X,G) we mean a topological space X and discrete
topological group G with identity e such that 7 : (X )>< G is continuous and xe = z, x(st) = (zs)t for all
x,g)—xg

e X,s teq) 2.
Now suppose Z is a topological space with b € Z, and topology {U C Z : b ¢ UV (Z \ U is finite)}
(resp. with topology {U C Z : b ¢ UV (Z\ U is countable)}), then we say Z is a Fort space (rep.
Fortissmio space) with particular point b ([1, Counterexamples 24 and 25|). Suppose Y = Z, X Z,
(where Z; = {0,1,2,...}), consider topology T on Y consisting of subsets U of Y such that:

e (0,0) ¢ U,

e there exists N > 1 such that for all k > N, {n € Z; : (k,n) ¢ U} is finite,
we call (Y, 7) Arens—Fort topological space [1, Counterexample 26].
Dynamical properties of Fort transformation groups has been studied in several texts, like [3]. In this text
we make a comprative study on dynamical properties of Fort, Fortissmio and Arens-Fort transformation
groups.
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Construction and topological properties of the closed extension
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Let (X, 7) be a topological space and let X* be a superset of X. Then the family
Tr={VcCcX"|VcX\XorV=(X"\X)uU, Uer}

is a topology for X*  which is called the closed extension topology of X to X*. Indeed, if all of the sets
Uy € 7", a € T, lies in X*\ X, then their union is also contained in X*\ X. Otherwise, this union has the
form (X*\X)UU for some U € 7. If the index set T is finite and at least one of U, lies in X*\ X, then

the intersection ﬂT U, is also contained in X*\ X. Otherwise, this intersection has the form (X*\X)UU
[e%S]

for some U € 7.
Thus the open sets of X* are all subsets of X*\ X and all unions (X*\X)UU where U is open in X.
Respectively, closed sets in X* are all supersets of X and all closed sets in X.

Example 1. Let X be a topological space and let A be a proper subset of X. Then A-excluded topology
for X is the closed extension topology of the indiscrete space A to X.

Proposition 2. The closed extension topology T of a topological space (X,T) to X* is supremum of
topology 0 = {@} U{(X*\X)UV, V € 1} and X-excluded topology for X*.

A map f: X — Y of topological spaces (X,7) and (Y,0) is called inducing, if the topology 7 is
induced by o and f.

Theorem 3. Let (X, 7) be a topological space, let X* be a superset of the set X and let 7* be the closed

extension topology of X to X*. Then the natural embedding X > x+>x € X* is closed inducing map.
In particular, (X, T) is closed subspace of (X*,7*).

Unlike extension topology [2] closed extension topology (like open extension topology [3]) is not tran-

sitive. Hence the natural embedding X 3 z+» 2z € X* is not quotient, i. e. the closed extension topology
is not quotient topology with respect to 7 and 1.

Example 4. Consider nested sets X = {a}, X* = {a,b}, X** = {a,b, c}. Then for the discrete topology
7 for X we have (7%)* = {@, X** {c},{b,c}} # 7 = {@, X** {b},{c},{b,c}}.

Let us describe a base of the least cardinality of the closed extension topology and local one with
respect to it.

Proposition 5. A base of the least cardinality of the closed extension topology of a space X to X* has
the form p* = {{z},(X*\X)UU | z € X*\X,U € B} where (5 is a base of the least cardinality of the
space X.

Proposition 6. Let 7 be the closed extension topology of a space X to X*. Then a local base of the
least cardinality at any point x € X* has the form {{z}} for x € X*\X, and {(X*\X)UU | U € 5;}
where B is a local base of the least cardinality at point x in X, for x € X.

The following Proposition gives an explicit description of the interior, the closure, the sets of isolated
and limit points of an arbitrary set of a topological space with the closed extension topology, and
necessary and sufficient conditions for density and nowhere density of a given set.

Proposition 7. Let 7" be the closed extension topology of a space X to X* and let A C X*. Then:
1) the interior of A in X* is equal to Intx« A = (X*\X) UIntx (AN X), where Intx(ANX) is the
interior of the intersection ANX in X, when A D X*\X, and Intx- A = A\ X otherwise;
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2) the closure of A in X* has the form Ax+ = Ax, where Ax is the closure of A in X, when A C X,
and Ax- = AUX otherwise;

3) the set of isolated points of A in X* is calculated by formula 1x+(A) = I1x(A), where Ix(A) is the
set of isolated points of A in X, when A C X, and Ix+(A) = A\X otherwise;

4) the set of limit points of A in X* is equal to A'y, where A’y is the set of limit points of A in X,
when A C X, and A'y. = X otherwise;

5)if X*\X # @, then A is dense in X* if and only if A D X*\X; otherwise A is dense in X* if and
only if A is dense in X.

6) A is nowhere dense in X* if and only if A C X.

Now we proceed with the study of topological properties of the closed extension topology.

Theorem 8. Let 7* be the closed extension topology of a space X to X* and X* # X. Then X* is path
connected and thus connected.

Corollary 9. FEvery topological space can be embedded as closed subspace in a path connected (and thus
connected) topological space.

The next fact follows directly from propositions 5 and 6.

Theorem 10. Let 7* be the closed extension topology of a space X to X*. The topological space X* is
first countable if and only if the space X is first countable. The space X* is second countable if and only
if the space X is second countable and the complement X*\ X is at most countable.

Theorem 11. Let 7" be the closed extension topology of a space X to X*. The topological space X* is
Lindelof (compact) if and only if the space X is Lindeldf (compact).

Theorem 12. Let 7 be the closed extension topology of a space X to X* and X* # X. The topological
space X* is separable if and only if the complement X*\X is at most countable. The set X*\X is at
most countable dense set in X* of the least cardinality.

Theorem 13. Let 7 be the closed extension topology of a space X to X* and X* # X. The topological
space X* is Ty if and only if the space X is Ty. The space X* is Ty if and only if every two nonempty
closed sets in X intersect (a stronger condition than Ty separation axiom). The space X* is not T; for
1=1,2,3. In particular, X* is not regular, normal and metrizable.
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1. INTRODUCTION AND PRELIMINARIES

For a long time, statistical and regression models were the most common analytical methods which, due to
linearly dealing with the modelling phenomena, could not tract over-the-time changes with acceptable accuracy.
However, recently, fuzzy and neural systems showed their ability to model nonlinear and complex phenomena,
being successfully applied in various fields, including urbanism ([3, 1, 2]).

It is noteworthy that the geometry exhibited by the models based on fuzzy inference systems (FI.S) proved to
be an important tool for both model design and tuning, and for further prediction purposes. In such systems, the
dependence of outputs on the input readings - regarded as parameters - naturally provide non-smooth Monge-type
hypersurfaces.

In this work, by using F'1.5, we consider a model which uses least amount of metric information to predict the
urbanism index of a city area. For such a system, we describe the factors which provide changes of the 2-parameter
slices of the FIS hypersurface, viewed as Monge chart surfaces, and tools to measure the changes. We note that
these slices are rich in information and might strongly differ, depending on various factors, e.g., used membership
functions M F', Inference Rules, and defuzzification methods. As well, we analyze the relevance of the inferred
variations of the the slice surfaces, and illustrate the theory by the metric-oriented urbanism index model, based
on the recent statistics of the Bucharest city area.

We shall further consider a FIS of Mamdani type [5] (firstly introduced in [7]), which has the input linguistic
variables V = {v1,...,v,} (n > 1) and one output variable w, having the corresponding input domains D =
{D1,...,D,} C P(R) and respectively D, C R. For such FIS, both V U {w} with their M F, and the inference
rules (IR), provide for each reading set (¢1,...,t,) € D1 X...x Dy, after the defuzzification of the aggregate output
set (AS), the value f(t1,...,t,) € D,. Theimage ¥ = f(D; x...x D,;) C R""! then represents an n—dimensional
parametrized CY—hypersurface of Monge type, which exhibits a prominent non-smooth character. We further
exemplify the role played by the geometry of ¥, by considering the surface slices 3;; = 2l t=cx, e\ {i,j} for 1 <
1<j<n.

2. F1S5 URBANISM-INDEX MODEL. SLICE SURFACE GEOMETRY VS. TUNING AND PROGNOSIS

To exemplify the tuning and prognostic role of slice-surfaces, we design a simplified model which mainly uses
metric-type input linguistic variables built on the statistical official data of the Bucharest city area, inspired by
a similar model (Boston, [2]). In this model, we fix n = 5, and the five input variables (whose domains are
determined by the 1993-2015 time range data):

1) wvi: City area (in hectares)'; Dy = [15200, 24000];
2) wa: City green area (in hectares); D2 = [4100,4900];
) ws: City streets length (in kilometers)?; Ds = [1800, 3500];
) v4: Modernized streets length (in kilometers); D4 = [800, 2600];
) wvs: City population (in units); Ds = [2100000, 2250000] N N;
(6) w: Urbanism index coefficient (UI) - output linguistic variable (LV); D, = [0, 1].

The associated membership functions (which cover the attributes very low, low, medium, high, very high) have
the support determined by the time-scale measurements within the corresponding range, and are of type trapezoid-
triangles-trapezoid or Gaussian. The inference rules are estimated based on existing models from literature (e.g.,
[2, 3, 1, 6]), the considered FIS is of Mamdani type, and the defuzzification is of type COG and MOM.

(
(
3
(4
(5

!Correspondence with non-SI units: 1 ha=2.471 acres.
2Correspondence with non-SI units: 1 km=0.621 miles=3281 feet.
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By using Matlab programming and its Fuzzy Logic Toolbox facilities, one can observe and use the geometric
relevance of the accurate numerically sampled slice-surfaces ¥;;, for investigating the influence of a pair of the i, j
LV on the UI, under constant readings of the remaining 3 ones. This proves to be useful in such FIS-tuning
situations, when both the pair (4, j) and the complimentary readings for k € 1,5\{i,5} are fixed, as follows:

e the change of the supports of the M F's of the two linguistic variables - when their impact on the U[ is
reconsidered, without changing the M F shape;

e the change of the shapes of the membership functions of the two linguistic variables - when their shape
and smoothness changes;

e the change of the inference rules which affect the two LV - when their role in producing the U is either
modified as adjoint inputs/output, or changed as weight;

e the change of the defuzzification method - when changing the dependence of UT in terms of the maximal
range of the aggregate M F' subset, vs. considering the whole aggregate M F';

e the extension of input domains D - in predictions - when the two parameters predict a variation of the
urbanism index (UT), whose variation can be experimentally estimated.

In each case, the newly obtained surface E;j allows the user to anticipate the change of the urbanism index. The
change may be evaluated by considering the distance d(Egj, Y;j) between the two surfaces, which allows to indicate
the type of tuning of the FIS, in order to finally produce a closer UI to its expected real estimate, and which
ultimately empowers the F1.S to become a valid tool for better customize the UI prognosis.

We illustrate the five situations in which the geometry of the area-population / UT slice surface changes due to
the structural change of the two inputs, allowing a proper tuning of the F'IS.

Our further research intends to develop and compare the F IS relative to other Romanian cities. The further
goal aims to provide a tool FIS that would enable users to upload their input data, customize the rules and
produce maps for a set of specific general objectives. We note that the integrated, multidisciplinary nature of this
project maximizes opportunities to advance understanding of coupled natural and human systems in the urban
context.

Acknowledgement. The present work was funded by University Politehnica of Bucharest, by FEzcellence
Research Grants (UPB - GEX, ID: UPB-FEzxcelentd-2016), Applied Mathematics in Urbanism, # 25/26.09.2016.
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Let LP; be a category of pairs of locally compacted paracompact spaces and their proper mappings,
and (X, A) € LP,. Locally finite open covering o, = {Ut(ar)]t eT (a’“)} of a space X is called a regular

covering, if the closures of its elements are compact in X. Let denote induced by a covering «, a regular
covering in the subspace A as a,. Let denote as Cov" (X, A) = {(ar,ar) |ay € Cov™ (X)} the set of all
regular coverings of the pair (X, A), and as (N,,, N5;) a pair of nerves of the pair coverings (a, o).

Each inscription (o, o) = <a;, &Z) defines

;.
Qo

7o (Nay Naz) = (Naps Nz ) (1)
the pairwise adjacent simplicial mappings. Let H™ (N, , Ngz; G) and HY (Na,, Ng-; H) n-dimensional
homology and cohomology groups of all arbitrary (possible) cycles and finite cocycles of pairs of com-
plexes (N, , Ng:) with coefficients from groups G and H respectively. Then these groups and the

homomorphisms 707, and 707", induced by the mappings (1), are constitute the direct and inverse
spectra respectively homological and cohomological groups and homomorphisms:

{H};‘f (Na,, N5; G) ,Trg;’:*|a7~, al € Cov” (X)}
and
{H;f (N, Na: H) , 7% |ay, o, € Cov” (X)} .

Let denote their limiting groups as H™ (X, A; G) and H} (X, A; H) and name them as n- dimensional
spectral homological and cohomological Chogoshvili groups of second family of the pair (X, A) € LP;
over the groups of coefficients G and H, based on infinite chains and finite cochains, respectively.

It has been proved that H™ is a semi-exact homology theory, while H;E satisfies all the Eilenberg-
Steenrod axioms for cohomology theory. If (X, A) € LP,, the group G is compact and G|H, then the
above constructed homology and cohomology groups are dual, i.e. H™ (X, A;G) ]H;} (X,A;H),n e Z.
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On almost contact metric hypersurfaces in special Hermitian
manifolds

M. B. Banaru, G. A. Banaru
(Smolensk State University, Przhevalski str., 4, Smolensk, 214000, Russian Federation)
E-mail: mihail.banaru@yahoo.com

1. The well-known classification of the almost Hermitian structures on first order differential-geometrical
invariants can be rightfully attributed to the most significant results obtained by the outstanding Amer-
ican mathematician Alfred Gray and his Spanish colleague Luis M. Hervella. According to this clas-
sification, all the almost Hermitian structures are divided into 16 classes. Analytical criteria for each
concrete structure to belong to one or another class have been obtained [1].

The class of special Hermitian manifolds (or Ws-manifolds, using Gray-Hervella notation) has been
studied not so detailed as other so-called “small” Gray-Hervella classes of almost Hermitian manifolds.
Some dozens of significant works are devoted to the nearly Kéhlerian, almost K&hlerian and locally
conformal Ké&hlerian manifolds, but much less of articles are written about special Hermitian manifolds.

We remark also that the present work is a continuation of researches of the authors in the area of
Hermitian manifolds, mainly six-dimensional (see, for example, [2], [3], [4], [5], [6] and others).

2. As it is known, an almost Hermitian manifold is a 2n-dimensional manifold M?" with a Riemannian
metric g = (-,-) and an almost complex structure J. Moreover, the following condition must hold

(JX, JY)=(X,Y), X,Y eR?™),

where R(M?") is the module of smooth vector fields on M?" [7].

We recall that the fundamental (or Kéahlerian) form of an almost Hermitian manifold is determined

by the relation

F(X,Y)=(X, JY), X,YeRrM™).
where XY, Z € R(M?"). A special Hermitian structure in addition must satisfy the condition § F = 0,
where § is the codifferentiation operator [7].

3. The main results are the following:

1) The Cartan structural equations of the general type almost contact metric structure on an oriented
hypersurface in a special Hermitian manifold are obtained;

2) The Cartan structural equations of some important kinds of almost contact metric structures
(cosymplectic, Sasaki, Kenmotsu etc.) on an oriented hypersurface in a special Hermitian manifold are
selected;

3) A characterization in terms of the type number of some important kinds of almost contact metric
structures (cosymplectic, Sasaki, Kenmotsu etc.) on hypersurfaces in special Hermitian manifolds is
obtained;

4) A criterion of the minimality of such hypersurfaces in the terms of their type number is established.

These results are detailed for six-dimensional planar submanifolds [4], [5] of Cayley algebra that carry
special Hermitian structures.
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On a semitopological a-bicyclic semigroup

Serhii Bardyla
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We prove that a-bicyclic monoid B, is algebraically isomorphic to a semigroup of all order isomor-
phisms between the principal upper sets of the ordinal w® and prove that B, is isomorphic to the Brook
extension of the semigroup B,. We prove that for every ordinal « for every (a,b) € B, if either a or b
is a non-limit ordinal then (a,b) is an isolated point in the semitopological B,. We show that for every
ordinal a < w + 1 every locally compact semigroup topology on B, is discrete. However, we construct
an example of a non-discrete locally compact topology 7. on B,41 such that (Byt1,7) is a topological
inverse semigroup. Also, for every positive integer n we describe all locally compact topologies on the
semitopological B,,. In particular we show that there exist exactly n distinct locally compact topologies
on the semitopological n-bicyclic monoid B,
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Some applications of the discriminant and resonance sets of a real
polynomial

Alexander Batkhin
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Let f,(z) be a monic polynomial of degree n with real coefficients f,(z) = 2" +a1z" ' +---+a,. The
n-dimensional space II = R of its coefficients P = (a1, ...a,) is called the coefficient space of f,(x). A
pair of roots t;, t;, 1,5 =1,...,n, i # j, of fp(x) is called p : g-commensurable if t; : t; = p : q.

Definition 1. Resonance set Ry.4(fn), p € Z\{0}, ¢ € N of fy(x) is called the set of all points of the
coefficient space II at which f,(x) has at least a pair of p : g-commensurable roots, i.e.

Rpq(fn)={Pell:Fi,j=1,....n,t;: t; =p:q}. (1)

The special case of Rp.q(fn) at the p = ¢ = 1 is so called discriminant set D(f,,), playing an important
role in solution of many problems.

The polynomial f,(x) has a pair of p : g-commensurable roots iff the pair of polynomials f,(pz) and
fn(gz) has at least one common root, or in terms of resultant Res;(fn(pz), fn(qz)) = 0. In the case when
p = ¢ both polynomials f,,(pz) and f,(gz) have exactly n common roots. In case a,, = 0 one of the root is
equal to zero, therefore resultant can be written in the form Res,(fn(px), fn(qz)) = an(p—q)"GDpq(fn),
where GD,.q(fn) is so called generalized discriminant of the polynomial f,(z) introduced in [1].
Definition 2. The chain Chl(fg (t;) of p : g-commensurable roots of length k (shortly chain of roots) is
called the finite part of geometric progression with common ratio p/q and scale factor ¢;, each member
of which is a root of polynomial f,(z). The value ¢; is called the generating root.

The detail structure of the resonance set (1) can be described with the help of so called i-th generalized
subdiscriminants GD}(Q]( fn), which are nontrivial factors of i-th subresultants of pair of polynomials
fn(px) and fp(gx). Such subresultants can be computed as i-th inners of Sylvester matrix constructed
from the coefficients of mentioned above polynomials. For more details see [2].

Theorem 3. Polynomial f,(x) has exactly n — d different chains of roots Chgz](tj), j=1,....n—d
iff in the sequence {GDI(,Q](fn),i =0,...,n— 1} of i-th generalized subdiscriminants of fn(x) the first
nonzero subdiscriminant is d-th generalized subdiscriminant GD](O‘Q( fn)-

Consider a partition A = [1™2"2 .. " .. ] of n € N. Partition functions p(n) and p;(n) return the
number of all partitions and the number of all partitions of the length [ of n € N respectively. The value
1 in the partition A defines the length of chain Chz(f%(ti) for a corresponding generating root ¢;, the value
n; defines the number of different generating roots, which give the chains of root of the length i. Any
partition A of number n defines a certain structure of p : g-commensurable roots of this polynomial and
it corresponds to some algebraic variety Vli, i =1,...,p(n) of dimension [ in the coefficient space II.
The number of such varieties of dimension [ is equal to p;(n) and total number of all varieties consisting
the resonance set Rp.q(fn) is equal to p(n) — 1.

Parametrization of variety V; can be expressed in ¢g-binomial (Gaussian) coefficients:

k gt — 1

a; = (_1)i [ﬂ p%i(i—l)q%i@n—i(i—kl))ﬁi’ i=1,...,n, where [Z] _ pr
q

g  i=1
Computation of parametric representation of any variety V;, 2 < 1 < n — 1, from the resonance set
Rp:q(frn) is based on the following

Theorem 4 ([3]|). Let Vi, dimV, =1 < n — 1, be a variety on which polynomial f,(x) has l different
chains of p : q-commensurable roots and the chain generated by the root t1 has length m > 1. Let denote
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by ri(t1,t2,...,t;) parametrization of variety V;. Therefore the following formula
p (tigr —p™ )
ty (p™ — q™)

gives parametrization of the part of variety Vi11, on which there exists Chz(,?;*l)(tl), simple root t;y1 and
other chains of roots are the same as on the initial variety V.

rl—i—l(tla---atl;tl—i-l):rl(tla'--;tl)+ [I‘l(tl,...,tl)—I'l((q/p)tl,...,tl)] (2)

From the geometrical point of view Theorem 4 means that a part of variety Vi is formed as a
ruled [ 4+ 1-dimensional surface by the secant lines, which cross its directrix V; at two points defined by
such values of parameters 1 and t? that t1 : 2 = ¢ : p. At p/q — 1 mentioned above ruled surface
becomes a tangent ruled surface which parametrization is r;1q = r;+m ™1 (t;;1 —t1)0r/0t1. If f,,(z) has
on the variety V41 a pair of complex-conjugate roots it is necessary to make continuation of obtained
parametrization (2). Finally, it is possible to pass from variety with two chains of roots of length & to
a variety with a chain of roots of length 2k. Thus, combining the mentioned above procedure one can
state the following

Theorem 5 ([3]). Resonance set Ry.q(fn) of a real polynomial fn(x) for a certain value of commensu-
rability coefficient p : q allows polynomial parametrization of each variety V; C Rpq(fn), l=1,...,n—1.

The software library for computation of the resonance set Rp.(fn) was implemented for CAS Maple.
The above results were effectively used in solving the following problems.

(1) The resonance set Ry.4(f3) of a cubic was completely described and an outline of investigation of
formal stability of a stationary point of a multiparameter Hamiltonian system with three degrees
of freedom was proposed [4].

(2) The discriminant set of a real cubic polynomial was used in computation of global parametrization
of one real variety {2 that plays an important role in the investigation of the normalized Ricci
flow on generalized Wallach spaces related to invariant Einstein metrics [5].

(3) Parametric representation of the discriminant set D(fy) of a quartic allows to find the set of
stability of the linearized multiparameter Hamiltonian system with 4 degrees of freedom [6].

This talk is devoted to the description of the resonance R,.4(f4) and discriminant D(f4) sets of a real
quartic f4(z) and their application to the problem (3) in nonlinear case.
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A system & = {F, : a € A} of closed subsets of a space X is called linked if any two elements from
¢ intersect. Any linked system can be complemented to a maximal linked system (MLS), but this
complement is, as a rule, not unique [1].

Proposition 1. [1]. A linked system & of a space X is a MLS iff it possesses the following completeness
property: if a closed set A C X intersects with any element form £, then A € &.

Denote by AX the set of all MLS of the space X. For an open set U C X, set
O(U)={¢£ € AX : thereis an F € { such that F C U}.

The family of subsets in the form of O(U) covers the set AX (O (X) = AX), that’s why it forms an
open subbase of the topology on AX. The set AX equipped with this topology is called the superextension
of X.

A.V. Ivanov defined the space NX of complete linked systems (CLS) of a space X in a following way:

Definition 2. A linked system M of closed subsets of a compact X is called a complete linked system
(a CLS) if for any closed set of X, the condition

e any neighborhood OF of the set F' consists of a set & € M
implies F' € M, [2].
A set NX of all complete linked systems of a compact X is called the space NX of CLS of X. This
space is equipped with the topology, the open basis of which is formed by sets in the form of
E=0(U,Usy,...,Up)(Vi,Va,..., V)
={M € NX :for any i = 1,2,...,n there exists F; € M such that F; C U,
and for any j =1,2,...,s, FNV; # @ for any F € M},

where Uy, Us, ..., Uy, Vi, Va,..., Vs are nonempty open in X sets [2].

Definition 3. Let X be a compact space, ¢ be a cardinal function and 7 be an arbitrary cardinal
number. We call an N - kernel of a topological space X the space

NPX ={M e NX:3F e M : o(F) < T1}.

Theorem 4. Let X be a normal topological space and hp(X) < 7. Then the following assertions are
equivalent:

1) t(AAX)) < Ny;

2) t\(X x X)) < Rp ;
3) X is metrizable;

4) AX is metrizable;
5) NY X is metrizable.
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Finiteness of pretangent spaces at infinity
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Let (X, d) be an unbounded metric space, p be a point of X and 7 = (r,,),en be a scaling sequence of
positive real numbers tending to infinity. Denote by X o 7 the set of all sequences & = (z,)neny C X for

each of which li_}rn d(x,,p) = co and there is a limit di(Z) = li_)m 7d(i2’p ).
Define the equivalence relation = on X co,F as
d(Zn; Yn
(F=§) o <lim M:o).
n—00 Tn

Let ﬂffoﬂ: be the set of equivalence classes generated by = on X 0,7~ We shall say that points o, 3 € Qfof
are mutually stable if for & € a and § € B there is a finite limit

pla, B) := lim d(x:’yn)- (1)

Let us consider the weighted graph (Gx 7, p) with the set of vertices V(Gx ) = Qg(of, the edge set
E(Gx ) such that

({u,v} € E(Gx 7)) < (vand v are mutually stable and u # v) ,
and the weight p: F(Gx ;) — R" defined by formula (1).

Definition 1. The pretangent spaces (to (X, d) at infinity w.r.t. 7) are the maximal cliques of (Gx 7, p)
with metrics defined by (1).

Recall that a clique in a graph G is a set A C V(G) such that every two distinct points of A are
adjacent. A mazimal clique in G is a clique C such that the inclusion

V(C) C V(A)

implies the equality V(C') = V(A) for every clique A in G.
We study the conditions under which pretangent spaces are finite.
For natural n > 2 define the function F;, : X™ — R by the rule

min d(zg,p) [ d(ze,z)

1<k<n 1<k<I<n if
n(n—1) 1 (mlv 71'77,) 7& (pa "'ap)a
——a—+1

E(z1,...,x,) == ( max d(zk,p))

1<k<n

0 if (z1,...,2n) = (p,..., p)-

Theorem 2. Let (X,d) be an unbounded metric space, p € X and let n > 2. Then the inequality
X . .
‘Qfof’ < n holds for every pretangent space Qfoi C Q7 if and only if

lim  Fy(zy,...,2,) = 0.

L1y, Ty —>00

Note that for every unbounded metric space (X, d) there is a pretangent space Qg(oﬂz consisting at least
two points.
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Let (ng)ken C N be an infinite and strictly increasing sequence. Denote by 7 the subsequence (7, )ken
of the scaling sequence 7 = (1, )nen and, for every Z = (z5)neny € Xooy, Write &’ := (zp, Jken. It is clear

that dy (') = CZ;(:JE) for every & € Xoo,,:. Moreover, if § € X'oo,;: and there is lim d(m:ifm, then

n—oo

k—o0 Tny, n—o00 Tn

Consequently, the map 7’ : Qégi — Qégi' with 7'(a) = {(@n, )ken : (Tn)nen € a} is an embedding of
(Gx i, p) in (Gxz,p), i.e. if v and u are adjacent in Gx 7, then 7'(v) and 7’(u) are adjacent in Gx
and p({u,v}) = p({7'(u), 7’ (v)}). Hence, 7'(C) is a clique in Gx i if C' is a clique in Gx 7.

Definition 3. A pretangent space QX . is tangent if /(2

00,7
infinite, strictly increasing sequence (ny)ren C N.

X

Oof) is a maximal clique in Gx # for every

X _are finite. Let us consider

Theorem 2 gives us a condition under which all pretangent spaces QOOJ

now the problem of existence of finite tangent space.

Definition 4. Let E C R™. The porosity of E at infinity is the quantity

l(co, h, E
p(E,00) := limsup l(oo. h, B)
h—o00 h
where (00, h, E) is the length of the longest interval in the set [0, k] \ E. The set E is strongly porous at
infinity if p(E, 00) = 1.

The standard definition of the porosity at a point can be found in [3].
Let (X, d) be a metric space and let p € X. Write S,(X) := {d(z,p) : . € X}.

Theorem 5. Let (X,d) be an unbounded metric space, p € X. The following statements are equivalent:
(i) The set S,(X) is strongly porous at infinity;

(ii) There is a single-point, tangent space Qg(of;

X .
00,7’

(iv) There is a compact tangent space Qg(of;

(iii) There is a finite tangent space €

(v) There is a bounded, separable tangent space Qfoj.

Some results similar to Theorem 2 and Theorem 5 can be found in [1] and [2] respectively.
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A new method in geometry from a germinal approach to power
sums
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An original criterion for approaching the Fermat equation was devised during a 2005 summer course-
work at the Saint-Petersburg State University and stored among the unpublished files by the Italian
Society of Authors and Editors for a long time [1]. It consisted of counting the possible pairs (a;b) in
the hypothetical equation a? + 0P = P at integer variables a, b, ¢, p, with a < b and p prime, in order to
find decreasing values with the growth of p. The subsequent concept of progressive restriction for the
number of addends in a p-power sum is now proposed in the field of geometric analysis.

REREFENCES

[1] Enzo Bonacci. A Note on Fermat Equation’s Fascination. International Journal of Mathematical Sciences and Applications,
6(4) : 139-146, 2016.



53
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Let N, R be a sets of natural and real numbers, respectively, C be the complex plane, C = C|J{oc}
be a one point compactification. Let B be a domain in C, a € B be a point in B and r(B,a) be a
inner radius of the domain B C C with respect to the point a € B. Inner radius is a generalization of
conformal radius for multiply connected domains.

Consider an extremal problem which was formulated in 1994 in the paper of Dubinin in the journal
“Success of mathematical sciences” in the list of unsolved problems (see, for example, [1]).

Problem 1. Consider the product

n
In(v) =7 (Bo,0) [ [ 7 (Br, ax),
k=1
where By, B1,...,Bp,(n > 2) are pairwise disjoint domains in C, ag = 0, |axg| = 1, k = 1,n and

0 < v < n. Show that it attains its mazimum at a configuration of domains By and points ai possessing
rotational n-symmetry.

This problem has a solution only if v < n as soon as v =n+¢, € > 0, the Problem 1 has no solution.
Currently it is not solved in general only special results are known.

Let

Ip(y) = r7 (Do, 0 H (Dy, dk) , (1)

where dj, and Dy, k = 0, n, are, respectively, poles and Clrcular domains of the quadratic differential

n2 y)w
G(w)de__(w ( )_1—)’_’Yd 2

Denote

(é)n <%> : (1_\\?)2\5
n nt L 5
() e

Theorem 1. [1| Let n € N, n > 6 be a fizred natural number and v, v = 1 be a real number. Then for
any configuration of domains By, and points ay (k = 0,n) satisfying a condition of Problem 1 and also
provided that cg > f’ the following sharp estimate holds

n

T“/(BO, ao) ]}:[1 T(Bk, ak)
00) < @n(7),

where I(y) and Q. (7y) are defined by the relations (1) and (2). If¥) be a root of the equation Q(7y) = 1
then for an arbitrary ~, such that 1 < v, < 2 the following inequality holds

In ()
IO('Yn)

Note that using Theorem 1 we can solve the Problem 1 for n > 6, v = 72, and indicate its solution
for an arbitrary 7, such that 1 <, < 2.

< 1
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We describe some extremal and structural properties of finite ultrametric spaces which have the strictly
n-ary representing trees and the representing trees with injective internal labeling.
Recall some definitions. The spectrum of an ultrametric space (X, d) is the set

Sp(X) ={d(z,y): z,y € X}.

For a graph G = (V, E), the sets V = V(G) and E = E(G) are called the set of vertices (or nodes) and
the set of edges, respectively. Let (X, d) be an ultrametric space with |X| > 2 and the spectrum Sp(X)
and let r € Sp(X) be nonzero. Define by G, x a graph for which V(G, x) = X and

({u,v} € E(G, x)) © (d(u,v) =7).

Denote by G’ the subgraph of the graph G obtained from G by deleting of isolated vertices. With every
finite ultrametric space (X, d) we can associate a labeled rooted tree T, see [1]. By Bx we denote the
set of all balls of the space X.

Theorem 1. Let (X,d) be a finite nonempty ultrametric space. The following conditions are equivalent.

(i) The diameters of different nonsingular balls are different.

(ii) The internal labeling of Tx is injective.
(iti) G} x is a complete multipartite graph for every r € Sp(X) \ {0}.
(iv) The equality |Bx| = |X|+ |Sp(X)| —1 holds.

Let (X,d) be an ultrametric space. Recall that balls By, ..., By in (X, d) are equidistant if there is
r > 0 such that d(x;,x;) = r holds whenever z; € B; and z; € Bj and 1 <i < j < k.

Theorem 2. Let (X, d) be a finite nonempty ultrametric space and let n > 2 be integer. The following
conditions are equivalent.

(i) Tx is strictly n-ary.
(ii) For every nonzero r € Sp(X) the graph G.. y is the union of p complete n-partite graphs, where
p is a number of all internal nodes of Tx labeled by r.
(iii) For every nonsingular ball B € By there are the equidistant balls By, ..., B, € Bx such that
n
B = |J Bj and diam B; < diam B for every j € {1,...,n}.

j=1
(iv) The equality (n — 1)|By| + 1 = n|Y| holds for every ballY € Bx.

Let T be a rooted tree and let v be a node of T. Denote by 67 (v) the out-degree of v, i.e., §+(v) is
the number of children of v, and write

AT(T) = 5t (v),
(T) g (v)
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i.e., AT(T) is the maximum out-degree of V(T'). It is clear that v € V(T') is a leaf of T' if and only if
5% (v) = 0. Moreover, T is strictly n-ary if and only if the equality

§T(w)=n
holds for every internal node v of T'. Let us denote by I(7") the set of all internal nodes of 7T'.

Lemma 3. The inequality
V(T)| < AT(D)I(T)| + 1

holds for every rooted tree T. If |V (T')| > 2, then this inequality becomes the equality if and only if T is
strictly n-ary with n = AT(T).
Corollary 4. The inequality
AT (Ty)|X| -1

A+ (Tx) -1
holds for every finite nonempty ultrametric space (X, d). This inequality becomes an equality if and only
if Tx 1is a strictly n-ary rooted tree with n = AT (Tx).

Bx| >

Proposition 5. Let (X,d) be a finite ultrametric space with | X| > 2. Then the inequality
20(Tx)|X| — AT (Tx) — |X

At (Tx)—1
holds. This inequality becomes an equality if and only if Tx is a strictly n-ary rooted tree withn = A*(Tx)
and with the injective internal labeling.

Corollary 6. Let (X,d) be a finite ultrametric space with |X| > 2 and let n = AT (Tx). The following
conditions are equivalent.

2[Bx| > [Sp(X)| +

(i) Tx is a strictly n-ary tree with injective internal labeling.
(1) G%X is complete n-partite graph for every r € Sp(X).
(iii) The equality
207 (Tx)| X[ — AT (Tx) — |X]|
A+ (Tx) -1

2|Bx| = |Sp(X)| +
holds.
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In an n-dimensional spin manifold M, there are two first-order differential operators that can be
defined on spinor fields which are written in terms of the Levi-Civita connection V. The first one is the
Dirac operator

D =e*"Vx,

where {X,} is the frame basis, {e} is the coframe basis dual to it and . denotes the Clifford product.
The second one is the twistor or Penrose operator defined as

1 ~
Py =Vx -~ —X.p

with respect ot any vector field X and its metric dual X.
The spinor fields which are in the kernels of the Dirac operator and twistor operator are called harmonic
spinors and twistor spinors, respectively. They satisfy the following massless Dirac and twistor equations

Dy = 0
Vxy = %)N(-p¢

respectively, where 1 is a spinor field.

Symmetry operators are defined as the operators that take solutions of an equation and give another
solution and they can be constructed for harmonic spinors and twistor spinors from conformal Killing-
Yano (CKY) forms which are antisymmetric generalizations of conformal Killing vector fields to higher
degree differential forms [1, 2|. A p-form w is a CKY p-form if it satisfies the equation

1 ~
ivdw— ——— X A6
I w

Vxw =
p

where ix is the contraction operator with respect to the vector field X, d is the exterior derivative and

¢ is the co-derivative operators. The symmetry operators of harmonic spinors are written in terms of a
CKY p-form as

. p . n—p
L, =1ixew.Vx, + 2(p+1)dw 2(n—p—|—1)5w

and the symmetry operators of twistor spinors are

p p p
L,=—(—1)P=w.p+ dw + dw
© ( )n p 2(p+1) 2ln—p+1)
Transformation operators that transform twistor spinors to harmonic spinors are also constructed as
—1)P —1)P
Lo=aD+ (=1)Pn do — (=1)’n oo

n—2p+1) n—2p-—1)

where in this case « is a potential p-form that satisfies a generalized equation which reduces to Laplace
equation for p = 0.

These constructions are generalized to Spin® manifolds in which gauged harmonic spinors and gauged
twistor spinors are defined in terms of the gauged covariant derivative v x = Vx +ixA and the gauged
Dirac operator ) = ) + A where A is the gauge connection 1-form. Algebraic conditions to obtain
solutions of the Seiberg-Witten equations from gauged harmonic spinors are determined [3, 4].
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Let X be a Banach space, and B(X) and S(X) be the unit ball and unit sphere of X. In this
talk, we study the further properties of some known geometric parameters that related to convexity
of B(X), and curves on S(X). The relationships of values of these parameters with normal structure,
uniformly non-square are obtained. Some existing results about fixed points of non-expansive mapping
are improved.
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Let k be a field of characteristic p > 0 and let X be a nonsingular projective variety defined over k.
In most cases k = [F;, q = p*® for some positive integer s.

An Artin-Schreier covering of X is a finite morphism 7 : ¥ — X from a normal variety Y onto X
such that the field extension k(Y)/k(X) is an Artin-Schreier extension. This extension is defined by the
Artin-Schreier equation y? —y = f and f € k(X).

d

Example 1. The equation in affine form y? —y = cx + ¢,

of the projective line.

¢,d € [y, defines an Artin-Schreier covering

Example 2. The equation in affine form y? —y = 2" + a1 + - + ap_12 + an, a; € [F,, defines an
Artin-Schreier curve and the respective covering of the projective line.

Proposition 3. See [1, 5]|. Let X be reduced absolutely irreducible nonsingular projective algebraic curve
of genus g defined over a finite field F,. Let Fq be an algebraic closure of Fy. We may regard X as an
algebraic curve over ﬁq. In this case on can attach to X the Jacobean J(X) of X. Formal completion
of the variety defines the commutative formal group F of dimension g.

Proposition 4. Under the conditions of the Proposition 3 there is an algebraic construction of the
continuation of the Artin-Schreier covering w:Y — X to the map © : J(Y) — J(X).

Let [ be a prime such that [ # p. Let T;(A) be the Tate module of the abelian variety A. In the case
of the Jacobean J(X) the Tate module is a free module of the rank 2g over [-adic numbers.

Example 5. For any two abelian varieties A; and As the canonical homomorphism
hl : Hom(Al, AQ) — HOTTLZZ (Tl(Al), TI(AQ))
is an [-adic representation.

As the formal completion of an abelian variety defines a commutative formal group law (formal
group) [2] F', present here some our results about homomorphisms of the groups over local and finite
fields.

Let O be the complete discrete valuation ring of characteristic 0 with maximal ideal M = 7O so the
residue field k = O/ M has characteristic p > 0. Let dimensions of formal groups F' and G over O equal
respectively n and m. Let My, (O) be the ring of n x m matrices over O.

Proposition 6. Lubin homomorphism ¢ : Homo(F,G) — My (O) is the injection.
Let Isor(F,G) be the set of isogenies from F' to G over a commutative ring R.
Lemma 7. If heights of group laws F' and G are different then the set Isoi(F,G) is empty.
Let F* be the reduction of ' by mod M.
Proposition 8. The mapping * : Isoo(F,G) — Isox(F*,G*) is the injection if [p|* is the isogeny.

Definition 9. Let
cz-&-% )

p—1
Tp(e,d) = Z 2l
z=1

1<c,d<p—1; r,c,d € F),

be a Kloosterman sum.



61
Proposition 10. The Kloosterman sum T),(c,d) is defined by the Artin-Schreier covering
d
yP—y=cx+ —, c,d € Fy,.
x

By A. Weil estimate T)(c,d) = 2 /pcosb,(c,d).
There are possible two distributions of angles ,(c, d) on semiinterval [0, ) :

a) p is fized and ¢ and d varies over F}; what is the distribution of angles Op(c,d) as p — oo;

b) ¢ and d are fived and p varies over all primes not dividing ¢ and d.

For the case a) N. Katz [3] and A. Adolphson [4] for few others sums proved that 0 are distributed on
[0, ) with the Sato-Tate density 2 sin®¢.

Conjecture 11. In the case b) when p varies over all primes then angles 6,(1,1) are distributed on the
interval [0, ) with the Sato-Tate density %sinzt.
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In 1999, Russian researcher Molodtsov proposed the new concept of a soft set which can be considered
as a new mathematical approach for vagueness. Topological stuructures of soft set have been studied by
some authors in recent years. M.Shabir and M.Naz presented soft topological spaces and studied some
important properties of them. Later many researcher studied some of basic concepts and properties
of soft topological spaces. S.A.El-Sheikh and A.M. Abd El-latif introduced the concept of supra soft
topological spaces. Supra soft topological spaces are generalization of soft topological spaces.

In this paper, we define separability axioms in supra soft topological spaces by using the soft point
given in [4] and investigate some of their characterizations.
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In the report we investigate the Lax-Sato compatible systems of vector field equations, the related
Lie algebraic structures and integrability properties of a very interesting class of nonlinear dynamical
systems called the heavenly equations, which were initiated by Plebaniski and later analyzed in a series
of articles [1, 2, 3]. Based on the Adler-Kostant-Symes-algebraic and related R-structure schemes [4],
applied to the holomorphic loop Lie algebra G := ﬁf (T™) of vector fields on torus T", n € Z, there are
studied orbits of the corresponding coadjoint actions on G*, deeply related with the classical Lie-Poisson
type structures on them. Constructing two commuting to each other flows on the coadjoint space G*,
generated by a chosen seed element [ € G* and some Casimir invariants, we demonstrate successively
that their compatibility condition coincides exactly with the corresponding heavenly equation under
consideration.

As a by-product of the construction, devised in the paper [5], we state that all the heavenly equations
allow such an origin and can be equivalently represented as a Lax type compatibility condition for
specially built loop vector fields on the torus T™. We analyze the structure of the infinite hierarchy
of conservations laws, related with the heavenly equations, and demonstrate their analytical structure
connected with the Casimir invariants, generated by the Lie-Poisson structure on G*. Moreover, we
extend the initial Lie-algebraic structure on the case when the basic Lie algebra G := dif f(T") is
replaced by the adjacent holomorphic Lie algebra G := dif fro1(C x T") C dif f(C x T™) of vector fields
on CxT". For all cases there are presented typical examples of the heavenly equations and demonstrated
in details their integrability within the scheme devised in the paper. The latter also makes it possible to
derive from the natural point of view the well known Lax-Sato representation for an infinite hierarchy of
the heavenly type equations, related with the canonical Lie-Poisson structure on the adjoint space G*.
We discuss briefly the Lagrangian representation of these equations, following from their Hamiltonicity
with respect to both deeply related commuting to each other evolution flows, the related bi-Hamiltonian
structure as well as the Backlund transformations. It should be noted that there are only few examples
of multi-dimensional integrable systems, whose mathematical structure was explained and in detail.

The heavenly type equations make up an important class of such integrable systems since some of
them are obtained by a reduction of the Einstein equations with Euclidean (and neutral) signature for
(anti-) self-dual gravity which includes the theory of gravitational instantons (see, for example, [6]). This
and other cases of important applications of multi-dimensional integrable equations strongly motivated
us to study a such class of equations and the related mathematical structures. As a very interesting
aspect of our approach to describing integrability of the heavenly type dynamical systems is its Lagrange-
d’Alambert type mechanical interpretation.

The main motivating idea which featured our report was based both on the article by P. Kulish [7],
devoted to studying the super-conformal Korteweg-de-Vries equation as an integrable Hamiltonian flow
on the adjoint space to the holomorphic loop Lie algebra of super-conformal vector fields on the circle
S!, and the article by V. Mikhalev [8], devoted to studying Hamiltonian structures on the adjoint space
to the holomorphic loop Lie algebra of smooth vector fields on the circle S'. In this connection the
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holomorphic loop Lie algebra of super-conformal vector fields on the circle SHV, N e N, is used for
constructing the integrable superanalogs of integrable heavenly type dynamical systems in the report.

Additionally we were strongly influenced both by the paper of M. Pavlov and L. Bogdanov [2] and by
the paper of E. Ferapontov and J. Moss [9], in which they devised new effective differential-geometric
and analytical methods for studying an integrable degenerate multi-dimensional dispersionless heavenly
type equations, and whose mathematical meaning is still far from being properly appreciated.

Concerning the papers developing other Lie-algebraic approaches to constructing integrable heavenly
type equations we mention papers by V. Ovsienko and C. Roger [10], B. Szablikowski and A. Sergyeyev
[11] and by B. Kruglikov and O. Morozov [12].
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Let Z[[z]] be a ring of formal power series with integer coefficients. On Z we consider the polyadic
topology (see [1], Ch.III, section 3.5 and [2]) and on Z[[x]] we consider the topology of coefficientwise
convergence (see [3], Ch.1, section 0.4).

Let b € Z and f(z) € Z][z]]. A question on solutions of the following implicit linear nonhomogeneous
differential equation by’ + f(z) = y in the ring Z[[x]] is studied. The next main results are obtained.

1. The equation ¢/ +1+x+22+... = y has no a solution as a power series with integer coefficients.

2. By the concept of the polyadic sum of integers (see [1], Ch.III, section 3.5), a necessary and
sufficient condition for the existence of a solution of the differential equation by'(z)+ f(z) = y(x)
as a power series with integer coefficients was found.

3. If the equation by'(z) + f(z) = y(z) has a solution y(z) from Z][[z]] then

y(x) = f(2) +bf'(x) + b2 f"(x) + ...,

and this series converges in the topology of coefficient-wise convergence.
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Let M be a compact smooth connected oriented surface with the boundary M, f : M — R be a
smooth function, which has one critical point on each critical level (simple function), CP(f) (NDCP(f))
be the set of (non-degenerated) critical points of the function f. We consider the class (M) of functions
f such that the following conditions hold:

o if the critical point pg of f belongs to the boundary OM, then pg is non-degenerated critical point
of f;
e if the critical point py of f is internal (py € OM), then it is non-degenerated critical point of f

and f|anr;
e each critical point pg of f|gys is also critical point of f.

In other words, Q(M) ={f: M — R|CP(f) = NDCP(f) = CP(f|lons) = NDCP(flonm)}-

If po € CP(flon), then po € NDCP(f|aon) and po € NDCP(f).

Let f € Q(M). The components of level lines of function f is called by layer. These layers are
homeomorphic to the line segment or to the circle for the regular levels. Then the surface M is divided
to the union of the layers which leads to the foliation with the singularities. We call the layer by the layer
of the first (the second) type if it corresponds to the component of level line which is homeomorphic to
the line segment (circle). Let us consider the equivalence relation on M, such that points are equivalent
if and only if they belong to one and the same layer. Finally, the consideration of the quotient topology
in the space of these layers advances to some graph I'y with black (for the layers of the first type) and
red (for the layers of the second type) edges.

Definition 1. A vertex of the graph I'y of the function f with the valency 3 (4), incident to three black
edges, is called by the Y—vertex (X—vertez).

We fix the cyclic order of the edges in the Y and X-vertices of the graph I'y accordingly to the
orientation of the surface M.

Definition 2. An equipped Kronrod—Reeb graph of the function f of the class Q(M) is defined to be the
graph I'y with the following elements:

e black and red edges;
e fixed cycle order in the edges, which are incident to Y and X—vertices;
e fixed orientation of the edges (upward).

Remind that two given smooth functions f € Q(M) and g € Q(N) are said to be fiber equipped
equivalent if there exists a homeomorphism A : M — N, which maps the components of the level sets of
f onto the components of the level sets of g and preserve the growing directions of functions.

Definition 3. Equipped Kronrod-Reeb graphs I'y and I'y of the functions f, g € (M) are said to be
equivalent with the isomorphism ¢ : I'y = I'y (I'y ~, I'g) if ¢ satisfies the following conditions:

e preserve the coloration of the edges;

e cither preserve the cyclic order in all Y and X—vertices or simultaneously changes the order in all
Y and X—vertices;

e preserve the orientation of the edges.
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Theorem 4. Let M, N be smooth compact surfaces (with the boundaries), f € QM), g € QN). Then
f and g are fiber equipped equivalent if and only if their equipped Kronrod—Reeb graphs I'y and I'y are
equivalent.

Definition 5. A simple deformation of a function f; € Q(M) into the function fo € Q(M) is defined
to be a continuous function Fy(z) := F(xz,t) : M — R, such that: Fy(z) = fi(x),x € M and Fi(z) =
fo(z),z € M. If there exists the one—point subset I = {to} C (0, 1), such that Fy € Q(M), ¢t € [0, 1]\{t0}
and Fy, & (M), then we say that the deformation F; has the simple catastrophe in the point t.

In the case I'; is a planar graph its correct to consider the function ¢, which puts into the correspon-
dence to each vertex v; the set of all incident to it edges e}, (for the black edges) [? (for the red ones)
and two comparison relations: v < ve (e1 < ez) if v1 (e1) is under the vy (e2) and e; - eg if e; is left of
the edge es. Then the function ¢, relations <, - and the designation, which the edge is the common to
the vertices v; and vy, clearly define the graph I';.

Definition 6. A simple deformation of Kronrod—Reeb graph is defined to be one of the following oper-
ations or converse to it (let v1,v2 be adjacent vertices, v < v9):

(1) contraction of the vertex ve and the edge 172, if p(v1) = {e]* < I7* =17}, (UQ) = {l”z}
contraction of the edge e;* = = es! and incident to it vertices V1,02 1 p(v1) = e Lgedl =¢

2 f the edge ¢ = €' and incid if Vo et

es'}, o(v2) = {e” };

(3) contraction of the edge I}* = I3 and incident to it vertices vy, v if p(ve) = {I]?}, p(v1) = {IJ* <
=1 1

(4) symmetry of the edge e3' if p(vi1) = {e]* < et = e Feg'}, o(v ) = {e]? < €y - e3’}, ie
the 1som0rphlsm J, such that ¢(6(vy)) = { v eg(vl) - eg(vl) = ”)} 0(8(ve)) = {66(U2

(UZ) Fe ”2)}

(5) symmetry of the edge I3' if p(v1) = {IJ* < 5" =112 F I5'}, p(ve) = {I}? < 157 F 152}, ie the
isomorphism 4, such that o(8(v1)) = {12 < 50 - 500 = 502 o (5(0y)) = {15“’2 152
lg(w)}

(6) when p(v1) = {e]' < e5' = e]? Fe5'}, p(v2) = {e]? < e5? F €52}, the raising the vertex vy on

the edge e3?, ie the isomorphism 7, such that n(v2) < n(vi) and ¢(n(ve)) = {e"(v2 ’27(”2) =

eg(”) _ 6711(711)}, o(n(v1)) = {e! n(vi) 677(7)1) eg(vl)};

(7) when ¢(vy) = {e]* < IJ* = 17?}, go(vg) = {l}* < 15 F [5?}, the isomorphism p, such that
(02) < lor) and () = {47 < 09 1 gl = "), elulon) = {ef ™) < 1),

(8) when p(vy) = {IJ* < 138 =112 F I5'}, ¢(v2) = {l? < €]?}, the isomorphism v, such that
V(1) < v(on) and p(vlon)) = (£ < %) = ), o) = (el < 5O )

Theorem 7. There exists the simple deformation of codimension 1 between the functions f,g € Q(M)
if and only if exists the simple deformation between their Kronrod—-Reeb graph I'y and I'y.
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Let a transformation group G be given. and the algebra of G—invariant polynomials for m vec-
tor variables (), 2@ . (™ in 3-dimensional Euclidean space R® over the field R is denoted by

G . .. . . .
R [x(l),a:(g), ...,x(m)] . Then equivalence conditions of given m— vector variables in terms of the el-

ements of the generator system of the field of G—invariant rational functions R (x(l),x(Q), e x(m))G. All
of them in this Study in 3-dimensional Euclidean space R? the similarity transformations’ group S(3)
and its main subgroup LS(3) is considered as transformation group G.

Later integral B-spline curves and surfaces considered as very measurable examples are given.Because
this curves and surfaces have a very important property which is invariance under affine transformations.
So the similarity invariants of integral B- Splines are examined.
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We define pentagram maps on polygons in any dimension, which extend R.Schwartz’s definition of the
2D pentagram map. Many of those maps turn out to be discrete integrable dynamical systems, while the
corresponding continuous limits of such maps coincide with equations of the KdV hierarchy, generalizing
the Boussinesq equation in 2D. We discuss their geometry, Lax forms, and interrelations between recent
pentagram generalizations. This is a joint work with Fedor Soloviev.
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The extremal problem for the area of an image of a disc
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Let I' be a family of curves 7 in the complex plane C. A Borel function ¢ : C — [0, 00] is called
admissible for I', abbr. ¢ € adm T, if

/Q(z) | > 1

gt
for all v € I'. The p—modulus of I" is the quantity defined by
M,(T) = inf /Qp(z) dedy, p>1.
o€adm I’
C

Let E, F and G be arbitrary sets in C. Denote by A(E, F,G) a family of all continuous curves
v : [a,b] = C joining E and F in G, i.e. v(a) € E, y(b) € F and (t) € G for a < t < b. Given a domain
D c C and 2y € D, denote by A(zg,71,72) = {2 € C:r1 < |z — 20| < r2} < dpy, where dy = dist(zg, D).

Now let @ : D — [0, 00| be a (Lebesgue) measurable function. A homeomorphism f : D — C is called
a ring Q-homeomorphism with respect to p-modulus at zg € D, if

My(A(fS1, 52, D)) < / Q=) 1P (|= — z0]) dw dy
A

for every ring A = A(zp,71,72), 0 < r; < r2 < do, and every measurable function n : (r1,r2) — [0, o0
T2
such that [n(r)dr>1.

T1
Let B={z€C: |2 <1} and Q : B — [0, 0] be a (Lebesgue) measurable function. For p > 2 denote
by H a set of all ring Q-homepmorphisms f : B — C with respect to p-modulus at the origin satisfying

1 —a
o) = 5 [ QI <t a0 € 0.00), a € 0,09),
St

for almost all t € (0,1). Here S; = {z € C : |z| = t}. Let S, (f) = |fB;| be an area functional over the
class H where B, = {z € C: |z| < r}. The following statement provides an extremal bound for the
functional S,.(f).

Theorem 1. For all r € [0, 1]

)
. p— 2 p—2 2% 2(a+p—2)
min S = _— Py p-2 |
fer () =m <a+p—2> o




71
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We study equivalence classes of rational functions on Riemann’s sphere C with respect to Mobius
transformations (cf. [1]). The Lie group SLs (C) acts on C and the corresponding representations of Lie
algebra sly (C) is given by the vector fields

o 0 Lo
0z 0z’ 0z"
Denote by J* the manifold of k-jets of analytical functions on C, and let (z,u,u1,...,u;) be the natural
(local) coordinates on J*.

Then a rational function I on the manifold J* we call a projective invariant of order < k, if X %) (I)=0,

for all vector fields X € sly (C). Here we denoted by X ) the k-th prolongations of the vector field X.

sly (C) = (

Theorem 1. The field of rational differential invariants of order < k is generated by invariants

3
Jo = u, J3 = uf?’u;g — §u%uf4,
and invariant derivatives
Ji=V(J3), ..., Jn=VFE3(Js),

_ . —1d
where V. = uy .

This field sepdzmtes reqular SLo (C) orbit.

For given rational function f = f(z) we denote J3(f) the value of the projective invariant J3 on f.
The transcendent degree of the field of rational functions on the Riemann sphere equals one, and
therefore between functions f and Js(f) there is an algebraic relation

R(f,J5(f)) = 0. (1)

The polynomial Ry, which satisfies (1) and having the smallest degree, we call generating polynomial
for f.

Theorem 2. (1) The projective class of a rational function f(z) is defined by the generating polynomial
Ry (f, J3(f))-

(2) Two rational functions f(z), g(z) are projectively equivalent if and only if the function g(z) is a
solution of the following ordinary differential equation:

Ry <u,u1_3u;), — gu%uf4) =0. (2)

Remark that this differential equation is so-called automorphic equation in the sense that the M&bius
group PSLy(C) acts in a transitive way on the solution space of differential equation (2).
In particular, all solutions of differential equation (2) are rational functions.

Example 3. (1) Solutions of the following differential equation
(D + 4au)2(2u1U3 — 3U%) +12d%u} =0

are rational functions that are projectively equivalent to polynomials of the second degree
f(2) = az® + bz + c with given discriminant D and leading coefficient a.
Remark that % is a projective invariant.
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(2) Solutions of differential equation
(u? — 4)(2uyus — 3ud) + 12uf = 0
are rational functions which are projectively invariant to the Jukowski function f(z) = z 4 271
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For every vertex map o : V(X) — V(X) on a finite tree X one can construct its Markov graph I'(X, o)
which is a digraph that encodes o-covering relation between edges in X. By definition, I'(X, o) has a
vertex set equals the edge set E(X) of X and for every edge uv € E(X) its out-neighbourhood in I'(X, o)
equals the edge set E([o(u),o(v)]x) of a unique shortest o(u) — o(v) path in X.

Let 7 : E(X) — V(X) be an orientation of a tree X. For each non-constant map o : V(X) —
V(X) the orientation 7 defines a map s, : A(I'(X,0)) — {1,—1} in such a way that s (e1,e2) = 1, if
pre,(o(1(e1))) = 7(e2) and s;(e1,e2) = —1, otherwise. The pair I'"(X,0) = (I'(X, 0), s;) is the signed
Markov graph of 0. Denote by Mp-(x ) the adjacency matrix of I'"(X, ). If o is a constant map, then
by definition Mp-(x ) is a null matrix. It is well-known (see [1, 2]) that for any fixed orientation 7 of X
the correspondence o — Mp+(x ,) establishes a homomorphism from the full transformation semigroup
T, to the matrix semigroup Mat,_1(Z). Note that this correspondence is “almost” injective in the sense
that Mpr(x 5,) = Mrr(x,q,) if and only if 01 = 03 or 01 and o3 are both constant maps.

Theorem 1. [3] For any orientation T and a map o the trace of My-(x o) equals |fiz o| =1, where fiz o
1s the set of o-fized points.

A map o is called T-positive provided s, = 1. Similarly, one can define T-negative maps. By definition
constant maps are T-positive and T-negative for all orientations 7.

Proposition 2. A map o is T-positive for all T if and only if o is a projection on some connected set
of vertices. Similarly, o is T-positive for all T if and only if o is constant.

For a map o an edge uv € E(X) is called o-positive (o-negative) if pr y,,(o(u)) = w and pr 4, (o(v)) =v
(pruww(o(u)) = v and pry,(o(v)) = u). Denote by p(X, o) and n(X, o) the number of o-positive and
o-negative edges in X, respectively.

Proposition 3. If a map o is T-positive (T-negative) for some T, then n(X,0) =0 (p(X,0) =0).

A map o is called metric if dx(o(u),o(v)) < dx(u,v) for all pairs of vertices u,v € V(X). It is easy
to see that o is metric if and only if [o(u),o(v)]x C o([u,v]x) for all u,v € V(X). A map o is called
linear provided o([u,v]x) C [o(u),o(v)]x for all u,v € V(X).

Proposition 4. Let o be a metric or a linear map. Thenn(X,o) < 1. Moreover, the equalityn(X,o) =1
implies p(X,0) = 0.

Theorem 5. Let o be a metric or a linear map. If n(X, o) = 0, then there exists an orientation T such
that o is T-positive. Similarly, if n(X,0) = 1 (and thus p(X,0) = 0), then there is T such that o is
T-negative.
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Let H(C) be the quaternion algebra over the field of complex numbers C, whose basis consists of the
unit 1 of the algebra and of the elements I, J, K satisfying the multiplication rules:

I’=J=K?=—-1,
lJ=—-JI=K, JK=-KJ=I1, KlI=-1IK=J.
In the algebra H(C) there exists another basis {e1, e2, 3, e4} such that multiplication table in a new
basis can be represented as

el
e1|ler] O €3 0
€9 0 €9 0 €4
esll 0 |es| O |ey
€4 €q 0 €9 0

The unit of the algebra can be decomposed as 1 = e + es.
Let us consider the vectors
i1 =-e1+ ey, 1o =ajel+ ases, 1i3=Dbie;+ baes, (1)
where ag, b € C, k = 1,2, which are linearly independent over the field of real numbers R. It means
that the equality i1 + aois + asiz = 0 for aq, as, a3 € R holds if and only if a; = as = a3 = 0.
In the algebra H(C) we consider the linear span
Es:={( = i1 + yia + zi3 : x,y,z € R}

generated by the vectors i1, 49,3 over the field R.
In the paper [1] we introduced a new class of quaternionic mappings, so-called, G-monogenic mappings.

A continuous mapping ® : Qr — H(C) (or P : Qe — H((C)) is right-G-monogenic (or left-G-
monogenic) in a domain )¢ C E3, if ® (or CTD) is differentiable in the sense of the Gateaux at every point
of Q¢, i. e. for every ¢ € € there exists an element ®'(¢) € H(C) (or @’(C) € H(C)) such that

lim (cp(( +eh) — ¢(<)>€—1 = hd'(C) VheE;

e—0+0

<or lim (é(g +¢ch) — 6(@) el =d'()h Vhe E3>.
We introduce linear functionals f; : H(C) — C and fs : H(C) — C by setting

fi(er) = fi(es) = 1, fi(e2) = fi(es) =0,

fa(e2) = fales) = 1, fa(e1) = fa(es) = 0.
Denote by fi(E3) = {fx(¢) : ¢ € Es} for k =1, 2.
Note that the points (z,y, z) € R? corresponding to the non-invertible elements ( = xiy +yis+2i3 € F3
lie on the straight lines

L': x4+ yReaj + zReb; = 0, ylmay + 2Imb; =0,
L?: x + yReas + zReby = 0, ylmasg + 2zIm by =0

in the three-dimensional space R3.
Denote by
Dy = fl(QC) C (C, Dy = fz(QC) c C.
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In the following theorems we established constructive description of all G-monogenic mappings using
four analytic functions of the complex variable.

Theorem 1. Let a domain Q be convex in the direction of the straight lines L' and L? and let fi(E3) =
f2(E3) = C. Then every right-G-monogenic mapping ® : Q¢ — H(C) has the form

©(¢) = Fi(&1)er + Fa(&2)ea + F3(81)es + Fu(&2)ea,

where F and F3 are functions of the variable £ = x + ya1 + zby analytic in the domain D1, and F;
and Fy are functions of the variable & := x + yag + zby analytic in the domain Ds.

Theorem 2. Let a domain Q be convex in the direction of the straight lines L' and L? and let fi(E3) =
f2(Es3) = C. Then every left-G-monogenic mapping ® : Q¢ — H(C) has the form
O(C) = Fi(&1)er + Fa(&)er + F3(&)es + Fa(€r)es,
where ﬁl and ﬁ4 are functions of the variable & := x + yay + zby analytic in the domain D1, and ﬁg
and F3 are functions of the variable & := x + yas + zby analytic in the domain Dsy.
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Denote H = {z € C | Imz > 0}, C* = C — {0}. The left action

SL(2,R) x (H x C) — H x C*, *y(z,X):(az—H) X)

cz+d cz+d

where v = (¢ %), induces the right action of SL(2,R) on the algebra of holomorphic functions Hol(H x

C*). The restriction of this action to the subspace X*Hol(H), k € Z, equips Hol(H) with the right
action [, of SL(2,R). These actions are important in the definition of modular (automorphic) forms [4].
The Rankin—Cohen brackets on this subalgebra were defined in [1] as follows. Let k,l € Z, n € N = Z>o,
f+g € Hol(H). Then

r,s=>0

n s k+n—1 l+n—-1 r) (s
[ka,Xlg]TIEC :Xk+l+2 Z (_1) < n >< n >f( )g()

S T
r+s=n

where f(") = 97 f. Cohen proved in [1, Theorem 7.1] that the operation [ , ]%¢ on Hol(H)[ X', X]

is SL(2,R)-equivariant. A deformation of an associative C-algebra (A,m : A® A — A) is a C-bilinear
map p: A x A— A[[R]], pla,b) => 72y A"ty (a, b) such that

po(a,b) = m(a®b) = ab, w(l,a) =a= pu(a,l)

and the C[[h]]-bilinear map f : A[[h]] x A[[h]] — A[[A]], which extends p by C[A]-bilinearity and h-adic
continuity, is associative. Let a C DerA be an abelian C-subalgebra of the Lie C-algebra of derivations
of A. View an element P = Zizl & ®n; € a®c a as a C-linear operator A®? — A®2. It is well-known
that

axpb=pup(a,b) =mexp(hP).( Z—
n!

is a deformation of A. An example is provided by the Moyal deformation of A = Hol(C?), C?> = {(¢,p)},
P=M=0,®0; —0; ®0y. The point of this note is to show that the Rankin—Cohen brackets give a
deformation, related to the Moyal deformation. This is already proven by V. Ovsienko [3] using different
formulas and in a different way.

Consider the embedding

¥=(HxC*=CxC* 5 CxCXC?)

where ¥(z, X) = (X1, X71) = (¢,p). Vector field 9, (resp. 9,) on C? is lifted along ¥ to vector
field ¢ = —X20x — 2X0, (resp. n = X9,) on H x C*. Thus, M = 9, ® §, — 9, ® 0, is lifted to
P=RC=£(£®n1n—n®¢ and £ and n commute. Hence,
o0 hn
Fxpe G =mexp(hRC).(F@G) = —m(RC)"(F ® G)
n=0 "

is a deformation of Hol(H x C*).

Theorem 1. Let k,l € Z, n € N. Assume that k > 0 orl > 0 or k,l <0, n < max{l —k,1 -1} or
k,1<0,n>1—k—1. Then for all f,g € Hol(H) and F = X*f,G = X'g we have

(n))"tm(RC)".(F ® G) = [F, G]EC.
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Proof. The embedding ¥ : HxC* < C? is SL(2, R)-equivariant, where the left action on C? = {(q,p)}
is the standard action of matrices on vectors. The mapping

M =38, ®d; — 8, @ d, € Endc(Hol(C?) @ Hol(C?))

commutes with the action of SL(2,R), or, equivalently, of the Lie algebra sl(2,R). Hence, the Moyal
deformation is SL(2,R)-equivariant. This implies and can be checked directly that

RC =¢®n—n®¢& € Ende(Hol(H x C*) @ Hol(H x C*))
commutes with the action of s{(2,R) and SL(2,R). Thus,
*re  Hol(H x C*) @ Hol(H x C*) — Hol(H x C*)[[A]]

is a homomorphism of SL(2, R)-modules. Accordingly to El Gradechi [2, Proposition 3.11] if the hypothe-
ses on (k,l,n) hold, then there is only 1-dimensional vector space of SL(2,R)-equivariant bidifferential
operators
(Hol(H), [k) ® (Hol(H), [1) — (Hol(H), [k+i+2n)-

Both maps f ® g — (n))"'m(RC)".(X*f @ X'g) and f ® g — [XFf, X'g]EC belong to this space,
therefore, they are proportional. One checks that the proportionality constant is 1. In fact, evaluate
both operators on the following f®g. f k=1l=n=0take f=g=1. fk>00r k<0, k<10,
n<l—ktake f=1,g=2" Ifl>00rl<0,I<k<0,n<l—Itake f=2" g=1. Ifk1<0and
n > 1—k —1[ choose r,s € N, such that r+s=n, r+k > 0and s+ > 0, and take f(z) = 2" and
g(z) = z° (use coordinates (g,p) to make the computations easier). O

Corollary 2. The Rankin—Cohen deformation xpc restricted to A%?, A = Hol(H)[X] coincides with the
map A® A — All]], X f @ X'g = 300 WX f, X gl

Proof. For all (k,I,n) € N3 the statement follows from Theorem 1 except for (k,I,n) = (0,0,1). In
the latter case [f, g]1 = 0=m(RC)(f ® g) for all f, g € Hol(H). O
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Let A = {0, 1} be a number system alphabet, ¢ = (qo,q1) be an ordered set of positive numbers, such
that ¢qg +g1 =1, L= A x A x ... be a sequence space, and

o~ (@0 g1\ _ ([ a l-a
Q=llaall = ("0 )= (,, 1)

be a double stochastic matrix (a matrix having nonnegative elements and such that the sum of elements
in each row and each column equals 1), where 0 < a < 1.
Define an interval system of the first rank being a partition of [0;1]:

[0;1] = Ag U A1, where Ag = [0540); A1 = [go;1]
An interval system of the rank n (n > 2) is defined by the follows conditions:

1. Aclcg...cm = Aclcg...cmO U AC1C2...cm1§
2. mlnAchQ.ncm(HD = SupAcl(;Q...cmi; L= {07 1};

3 |Acl.4.cmij‘ —
. 7|Ac1,..8m| qijs

o
4. for any sequence (¢,,) € L the intersection [ Ac¢ies.cn = T = Acycy..crn... 18 a point of [0;1].
m=1

A symbolic representation A, ¢, c,,... of a number x € [0; 1] is called its Markov representation.
Theorem 1. The set
C={x: 2=~27A,cs cn., Con—102k € {00,11} Vk € N} s

the set of Lebesgue measure zero. Its Hausdorff-Besikovitch dimension is a unique solution of the following
equation
a“(a®+ (1 —a)*) = 1.

Theorem 2. The set
D={x: z=A¢cy.crn..» Ck+Chy1+ 2 #1VkeN} s

the set of Lebesgue measure zero. Its Hausdorff-Besikovitch dimension is a unique the solution of the
following equation
(a(l —a)?)® +a® = 1.
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On 1994, in 7], N. Papaghiuc introduced the notion of semi-slant submanifolds in a Hermitian manifold
which is a generalization of CR- and slant-submanifolds ([1],[3],[4]). In particular, he considered this
submanifold in Kaehlerian manifolds ([7]). Then, on 2007, V. A. Khan and M. A. Khan considered this
submanifold in a nearly Kaehler manifold and obtained interesting results ([5]).

Recently, we considered semi-slant submanifolds in a locally conformal Kaehler manifold. We gave a
necessary and sufficient conditions the two distributions (holomorphic and slant) be integrable. Moreover,
we considered these submanifolds in a locally conformal Kaehler space form ([6]).

In this talk, we define 2-type warped product semi-slant submanifolds in an locally conformal Kaehler
manifold which are the generalization of warped product CR-submanifolds (|2]) and consider some
properties of these submanifolds. In particular, we mainly consider the first type warped product semi-
slant submanifolds in an l.c.K.-space form.
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Control systems linear in controls, with linearly independent vector field” generators, sometimes hap-
pen to be locally nilpotentizable. That is, to locally possess bases that generate (over reals, not over
functions) nilpotent algebras of vector fields. The existence of a nilpotent basis may be somehow mis-
chievously hidden in the nature of a system. When it exists and is at hand, a number of key control
problems related with the system (e.g., motion planning) become much simpler. We call such systems
weakly nilpotent. When a system ¥ is given globally on a manifold M, we call weakly nilpotent those
points in M, around which ¥ is weakly nilpotent.

In turn, strongly nilpotent are those points p in M, around which ¥ is equivalent to its milpotent
approzimation at p. Naturally, ‘strongly’ implies ‘weakly’, but not vice versa: ‘strongly’ appears to be
a much more stringent property.

An important class of weakly nilpotentizable distributions are Goursat distributions — members of Gour-
sat flags which live on so-called Monster Manifolds (|2]). Local nilpotent bases found for Goursat distri-
butions permit much more — to compute the nilpotency orders (sometimes also called ‘indices’, sometimes
‘steps’) of the generated real Lie algebras, see [3].

A big problem, with only partial answers known to-date, reads

Problem 1. What points in the Goursat Monster Tower are strongly nilpotent?

In parallel, much ampler classes of globally weakly nilpotent distributions are being furnished by so-
called special m-flags, m > 2. Those are induced by rather particular rank-(m+ 1) subbundles D C T'M,
dimM = (r +1)m + 1, r = the length of a flag. The defining conditions demand that the tower of
consecutive Lie squares of D

Dc|[D,D|c|D,D]I[D,D]C------ cTM (1)

grow in ranks, at every point of M, in the arithmetical progression m + 1, 2m + 1,3m + 1,..., (r +
1)m + 1 = dim M and that the associated subtower of Cauchy-characteristic subdistributions L(D) C
L([D, D)) c L([[D, D], [D, D]]) C --- also grow in ranks arithmetically m, 2m, 3m, ..., (r — 1)m, rm.
(The biggest term in this subtower is, strictly speaking, not Cauchy-characteristic, but so-called covariant
subdistribution of the one before last term in the main tower (1). More on that see, e.g., [1] and [4].)
Much like for Goursat structures, there exist huge manifolds locally universal for the special m-flags of
any fixed length r. Upon floating r, one gets a tower of such manifolds. Each member of any special m-
flag is locally materialized — up to the local diffeo equivalence — somewhere on certain stage of the tower.
This is precisely the mentioned local universality of the tower. All such distributions are globally weakly
nilpotent, and relevant local nilpotent bases for them can be effectively constructed. They depend on a
natural stratification of germs of special m-flags into so-called singularity classes, [5]. The Lie algebras
that are generated depend but on singularity classes, and the same, obviously, holds for the nilpotency
orders. Those orders can by effectively written down (and computed) [4].

In contrast, it is not known (excepting, that is true, many simple cases)

Problem 2. What points in the Special m-Flags’ Monster Towers are strongly nilpotent ?
Also, barring a few relatively simple situations, it is not known

Problem 3. What are the dimensions of the nilpotent real Lie algebras mentioned in the present
abstract?

The nilpotency orders are tractable, but not the real dimensions.
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Definition 1. The weak density of a topological space X is the smallest cardinal number T > Wy such
that there is a m-base in X coinciding with T centered systems of open sets, i.e. there is a mw-base
B =U{Bas: a € A}, where B, is a centered system of open sets for each o € A and |A| =71 [1].

The weak density of a topological space X is denoted by wd(X). If wd (X) = Xy then we say that a
topological space X is weakly separable.

Definition 2. We say that a topological space X is locally separable at a point x € X if x has a separable
neighborhood [2].

A topological space is locally separable if it is locally separable at each point z € X .

Definition 3. We say that a topological space X is locally T-dense at a point x € X if T is the smallest
cardinal number such that x has a T -dense neighborhood in X .

The local density at a point x is denoted by ld(x). The local density of a space X is defined as the
supremum of all numbers Id(z) for x € X this cardinal number is denoted by d(X).

Definition 4. A topological space is locally weakly T dense at a point x € X if T is the smallest cardinal
number such that x has a neighborhood of weak density T in X

The local weak density at a point z is denoted by lwd(z).

The local weak density of a topological space X is defined with following way: lwd(X) = sup{lwd(z) :
re X}

A system & = {F, : a € A} of closed subsets of a space X is called linked if any two elements from
¢ intersect. Any linked system can be complemented to a maximal linked system (MLS), but this
complement is, as a rule, not unique [3].

Proposition 1 [3|. A linked system & of a space X is a MLS iff it possesses the following completeness
property:

if a closed set A C X intersects with any element form &, then A € &.

Denote by AX the set of all MLS of the space X. For an open set U C X, set
O(U)={¢£ € AX : thereis an F € £ such that F C U}.

The family of subsets in the form of O(U) covers the set AX (O (X) = AX), that’s why it forms an
open subbase of the topology on AX. The set AX equipped with this topology is called the superextension
of X.

A.V. Ivanov defined the space N X of complete linked systems (CLS) of a space X in a following way:

Definition 5. A linked system M of closed subsets of a compact X is called a complete linked system
(a CLS) if for any closed set of X, the condition

“Any neighborhood OF of the set F' consists of a set & € M”
implies F' € M|2].

A set NX of all complete linked systems of a compact X is called the space NX of CLS of X. This
space is equipped with the topology, the open basis of which is formed by sets in the form of
E =0(U,Us,...,U){V1,Va,...,Vs) = {M € NX : for any ¢ = 1,2,...,n there exists F; € M such
that F; C U;, and for any j = 1,2,...,s, FNV; # @ for any F' € M}, where Uy, Us, ..., Up, V1, Va,...,V;
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are nonempty open in X sets [4].

Definition 6. Let X be a compact space, ¢ be a cardinal function and 7 be an arbitrary cardinal
number. We call an NY - kernel of a topological space X the space

NfX={MeNX:3F € M:p(F)<T}.

Theorem 7. Let X be an infinite T 1-space and ho(X) < 7. Then
1) ld(AX) = ld(NY X);
2) lwd(A\X) = lwd(NF X).

REREFENCES

[1] Fedorchuk V.V., Filippov V.V., Topology of hyperspaces and its applications, Moscow: Mathematics, Cybernetics, V.4.(1989)
48 p.

[2] Engelking R., General topology, (Moscow: Mir), 1986, 752 p.

[3] Fedorchuk V. V., Filippov V. V. General Topology. Basic Constructions. Fizmatlit, Moscow, 2006.

[4] Ivanov A. V. A space of complete linked systems, volume 27 of Siberian Mathematical Journal. 1986. pp. 863-875.



84

A study for decision making problems by using interval soft sets

Zahir Muradoglu
(Department of Mathematics, Kocaeli University, Kocaeli, 41380-Turkey)
E-mail: zahir@kocaeli.edu.tr

Cigdem Gunduz Aras
(Department of Mathematics, Kocaeli University, Kocaeli, 41380-Turkey)
E-mail: caras@kocaeli.edu.tr

The soft set theory, initiated by Russian researcher Molodtsov in 1999, is one of the branches of
mathematics. The theory aims to describe phenomena and concepts of an ambiguous, vague, undefined
and imprecise meaning. The soft set theory has a rich potential for applications in several directions,
a few of which were demonstrated by Molodtsov in his first work [1]. After Molodtsov’s work, many
researcher concerned with soft sets and presented an application of soft sets in a decision making problem.
Interval set theory and soft set theory are mathematical tools for dealing with uncertainty information.
So Xiaohong Zhang [2] introduced the new notion of interval soft sets as a combination of interval set
and soft set.

In this paper we study interval soft set theory for dealing with uncertainty information. By using
the concepts of interval choice values, we apply the theory of interval soft sets to solve a soft max-min
decision making for a multiple choose selection.
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The word “copula” was first used in a mathematical sense by Sklar (1959, see [3|). But the functions
themselves predate the use of the term, appearing in the work of Hoeffding, Fréchet, Dall’Aglio, and
many others(see, [2]). Over the past forty years or so, copulas have played an important role in finance,
engineering, bio-medical research, hydrology, climate and weather research, social research, econometrics,
insurance, statistical research, dynamical systems and many areas. Axiomatically, a copula can be defined
as follows.

Definition 1. A two-dimensional copula C is a mapping from 12 = [0,1] x [0,1] to I = [0,1] which
satisfies the following three conditions:
1. C(u,0) = C(0,u) = 0 for every u € [0, 1]
2. C(u,1) = C(1,u) = u for every u € [0, 1]
3. C(ug,ve) — C(u1,vy) — C(ug,v1) +C(u1,v1) > 0 for every ui, vy, ug, vy € [0,1] satisfying uy < ug,
v1 < va.

)
)

For example of copulas are the product or independence copula C| (u,v) = wv, minimum copula
Coin (1, v) = min(u,v) and maximal copula Cpaz (u,v) = max(u+ v — 1,0). In figure 1 we present the
graphs of the copulas C'|, Cyin and Chgz-

FiGURE 1.1. Graphs of the copulas C |, Cyin and Chgz.

In this work, we discuss an important class of copulas known as Archimedean copulas. These copulas
find a wide range of applications for a number of reasons: 1) the ease with which they can be constructed;
2) the great variety of families of copulas which belong to this class; and 3) the many nice properties
possessed by the members of this class.

Let ¢ be a continuous, strictly decreasing function from [0, 1] to [0, co]such that ¢ (1) = 0.

Definition 2. The pseudo-inverse of ¢ is the function @[~ with Domel=1 = [0, c0] and Ran (f) given
by

S0[—1] (t) _ {(P_l(t)v 0<t< 90(0)7 (1)

0, 0(0) <t < oo.
Note that ¢[~1 is continuous and no increasing on [0, oc], and strictly decreasing on [0, ¢ (0)]. Fur-

thermore,

Pl (0) = {3’ o) = 1 < 20 =60

If © (0) = oo, then pl~1 = =1
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Definition 3. Copulas of the form
C (u,v) = ol (o () + ¢ (v)), (2)

are called Archimedean copulas, where the function ¢ is called a generator of the copula ¢ (1) = 0.

Theorem 4. Let ¢ be a continuous, strictly decreasing function from I to [0,00] such that ¢(1) = 0,
and let ol be the pseudo-inverse of ¢ defined by (2)(taken from [2]). Then the function C given by
(8) is a copula if and only if ¢ is conver.

We conclude this work with two theorems concerning some algebraic properties of Archimedean cop-
ulas.

Theorem 5. Let C be an Archimedean copula (taken from [2|) with generator ¢. Then:
1. C is symmetric, i.e., C(u,v) = C(v,u) for all u,v in I;
2. C is associative, i.e., C(C(u,v),w) = C(u, C(v,w)) for all u,v,w in I;
3. If ¢ > 0 s any constant, then cp is also a generator of C.

For convenience, let €2 denote the set of continuous strictly decreasing convex functions ¢ from I to
[0, 0o with (1) = 0. By now the reader is surely wondering about the meaning of the term “Archimedean”
for these copulas. Recall the Archimedean axiom for the positive real numbers: If a,b are positive real
numbers, then there exists an integer n such that na > b. An Archimedean copula behaves like a binary
operation on the interval I, in that the copula C' assigns to each pair u,v in I a number C(u,v) in I.
From Theorem 5, we see that the “operation” C' is commutative and associative, and preserves order, i.e.,
u1 < ug and v; < vy implies C(uy,v1) < C(ug,vy). Algebraists call (I, C') an ordered Abelian semigroup.
For any u in I, we can define the C-powers ul of u recursively: u}, = u, and ugH = C(u,ug), note
that uZ, belongs to the diagonal section d¢c(u) of C. The version of the Archimedean axiom for (I, C) is,
for any two numbers u,v in (0, 1), there exists a positive integer n such that ug < v. The next theorem
shows that Archimedean copulas satisfy this version of the Archimedean axiom and hence merit their
name. The term “Archimedean” for these copulas was introduced in Ling (1965, see [2]).

Theorem 6. Let C' be an Archimedean copula (taken from [2]) generated by ¢ in Q. Then for any u,v
in I, there exists a positive integer n such that ug, < v.

In many applications, the random variables(r.v.-s) of interest represent the lifetimes of individuals or
objects in some population. In survival analysis our interest focuses on a nonnegative r.v.-s denoting
death times of biological organisms or failure times of mechanical systems. A difficulty in the analysis
of survival data is the possibility that the survival times can be subjected to random censoring by other
nonnegative r.v.-s and therefore we observe incomplete data. In article [1] we consider only right censoring
model and problem of estimation of survival function when the survival times and censoring times are
dependent and estimates of survival function assuming that the dependence structure is described by
a known Archimedean copula function. We demonstrate almost sure asymptotic representation which
provides a key tool for obtaining weak convergence result for estimator.
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Within the framework of the cosmological theory of the Big Bang, F-theory is represented that unifies
all four types of fundamental interactions [1]. Among the most exciting predictions of physics beyond
the Standard Model is the assumption of the space of extra dimensions [2] that solves the problem of
the hierarchy of interactions. With the presence of this extra dimensions are connected the searches for
Kaluza-Klein (KK) partners of gravitons, gauge bosons and microscopic black holes at the Large Hadron
Collider (LHC). The theoretical models of the space of extra dimensions are models of Arkani-Hamed,
Dimopoulos and Dvali and of Randall, Sundrum. In the framework of F-theory is considered the fourfold
[3], as a space of extra dimensions, the choice of which is dictated by the ”good” group of holonomy. We
study the duality between the F-theory compactified on the K3-surface and E8 x E8 heterotic string
compactified on the torus 72. The set of BPS states corresponding to the Calabi-Yau fourfolds, which
has either an elliptic curve or a K3-fibration as a layer, is studied in the aspect of correspondence to the
KK modes of the M-theory on R® x (S! x S = T?) x S'/Z, [4]. The singularities of the moduli space
of the Calabi-Yau fourfold make it possible to observe massive KK modes [5], the masses of which are
obtained from the M-theory of supergravity. The result is of interest for a theoretical understanding of
the KK modes, the experimental searches for which are carried out at the LHC [6].
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Let for a natural number n a function f(-) € C" (R— R) satisfy the inequalities
1Ol i=sup [ FB)] < o0, ||700)] < oo
teR o0
In the case where n = 2, the famous Landau —Hadamard inequality reads

17Ol < V21£O e 1770l

In the general case n > 2, 1 < k < n, Kolmogorov determined the best constants C,,  for inequality

790 < Can s o0 "

(see, e.g., [1]). The goal of the present report is to discuss how the above inequalities can be generalized
for the case of mappings taking values in Riemannian manifolds.

Let (M,g = (-,-)) be a smooth complete Riemannian manifold with the metric tensor g, and let V
be the Levi-Civita connection with respect to g. For a given smooth mapping z(:) : I — M of an
interval I C R and for a smooth vector field £(-) : [ — T'M along z(-) , denote by V;£(t) the covariant
derivative of {(-) along the tangent vector i(t) € T, ;)M at the point ¢ € I, and by V¥ the k-th iterate of
Vi. (Here TM = | | ¢\ T M stands for the total space of the tangent bundle with natural projection
7() : TM+— M, and T, M = 7~ 1(x) denotes the tangent space to M at x.)

For a smooth function U(:) : M — R denote by VU(z) € T, M and by Hy(x) : TxM — Ty M,
respectively, the gradient vector and the Hesse form of U(-) at point  (by the definition

for any x € M and any £,n € T, M). Define the natural norm for tangent vector & as ||£]| := 1/(§,&)
and the norm for vector field £(-) along x(-) as

1€C) oo = sup [E@)] -
teR

We obtain the following Landau-type inequality.
Theorem 1. Let x(-) : R+— M be a smooth mapping such that
IVai()l < 0.
Suppose that there exists a smooth function U(-) : M +— R satisfying the inequalities

supUox(t) <oo, [[VUoux()|, < oo,
te€R

and

A= infmin {{[Hyy 0 2()]€,€) £ € € Tuy M, [}€] = 1} > 0.

Then

[EZQISEES C\/HVU 0 ()l Va2 ()0 /2

where the constant C does not exceed the positive root of the equation (3 — 3¢ = 1. In particular,
C < 1.87939.
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Remark 2. If M = R? and U(z) := ||z||* /2, then A = 1, and Theorem 1 leads to the Landau inequality
with the constant C' somewhat greater then the best one Cy 1 = V2.

If the closure of z(-) is a compact subset K of a domain D C M and there exists a point zg € D\ K
such that the distance function

p(,z0) : D\ {zo} — (0, 00)
is smooth, then Theorem 1 holds true for U(z) := p?(x, z).

It turns out that it is much easier to obtain a counterpart of the Landau — Kolmogorov inequality for
vector fields along mappings.

Theorem 3. Let £(-) : R — T'M be a smooth vector field along a smooth mapping z(-) : R — M and
let n > 2 be a natural number. Suppose that

1€(C) oo <00, [[VEE()lloe < 00
Then for any natural k < n there holds the inequality

VEEC)| < Cur €O 1vREC) 1L

where Cy, j, are the Kolmogorov constants.
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We consider the Morse-Smale flows. Let consider the torus with a hole and Morse-Smale flows [1] on
it. Similarly Morse-Smale flows on closed surfaces those flows also are structurally stable and form an
open everywhere dense set of all flows on the surface with boundary [2] .

For a torus with hole there exist two separatrices, cutting through which we obtain a simply connected
domain. Boundary of this area can be viewed as a circle containing this separatrix. Others separatrices
can be considered as the chords on the circle.

Describe the process of transformation diagrams

Diagram can cut along a chord, obtained curvilinear polygons can glue along one pair of separatrices
on the circle. Obtained curvilinear polygon again can be considered as chord diagram.

Two diagrams are called equal if one of them can be obtained from another by rotation or symmetry
and called equivalent if one of them can be obtained from another by a process of transformation
diagrams.

Theorem 1. Two Morse-Smale flows are equivalent iff their diagrams are equivalent.

For torus with hole and with 8 singular points(on the boundary) we obtained a set of 106 possible
diagrams, but it was found that a large number of diagrams are equivalent. As a result, we obtained
18 equivalence classes hence we counted the number of topological non-equivalent Morse-Smale flows on
this surface.
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In 1955, A. Grothendieck [2] has introduced the notion of the approximation property and has shown
that there exists a Banach space without the approximation property iff there exists an operator U : cg — cg
such that the (nuclear) trace of U equals 1 but U? = 0 identically [2, Chap. I, "Proposition” 37.
(") < ("), pp. 170-171].

Recall that a Banach space X has the approximation property if the identity map idx can be approx-
imated, in the topology of compact convergence, by finite rank operators.

An operator T': X — X is said to be s-nuclear (0 < s < 1) if there are linear continuous functionals
(fr) € X* and elements (zx) C X so that > || fx||® ||zk]|* < 0o and T'(z) = > fr(x)zy for every x € X.
They say "nuclear operator” if p = 1.

After Per Enflo’s construction of a Banach space without the approximation property [1], it was shown
(see e.g. [3, 10.4.5]) that there are not only nuclear operators in ¢y with the above property but also
there exists a nuclear operator T in I! which is s-nuclear for every s € (2/3,1] and such that traceT = 1
and T? = 0.

We discuss a way to get the nuclear operators of such a kind in the spaces [P, for all p > 1,p # 2 (in
¢cp for p = 00):

Theorem 1. Let p € [1,00],p # 2, 1/r =1+ 1|1/2—1/p|. There exists a nuclear operator V in P (in cgy
for p = 00) such that

(1) V is s-nuclear for each s € (r,1];

(2) V is not r-nuclear;

(3) trace V=1 and V? = 0.

Theorem 2. Theorem 1 is optimal with respect to p and r.

Note that for p = co we have r = 2/3.
We give also some applications.

REREFENCES

[1] Per Enflo. A counterexample to the approximation property in Banach spaces. Acta Mathematica, 130 : 309-317, 1973.

[2] Alexander Grothendieck. Produits tensoriels topologiques et éspaces nucléaires, volume 16 of Memoires of American Math-
ematical Society. 1955.

[3] A. Pietsch. Operator Ideals. North Holland, 1980.



92

Multiple roots of the volume polynomials for polyhedra

I. Kh. Sabitov
(Russia, Lomonosov Moscow State University)
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In our work [1] among the open questions we have formulated under the number 6 a conjecture that the
volume of any infinitesimally non-rigid polyhedron should be a multiple root of its volume polynomial.
Now we can present a proof of this conjecture. As a consequence we have that the volume of any flexible
polyhedron is a multiple root of its volume polynomial.
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Theory of gravity in the affine frame

S. Samokhvalov
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Let e, = hff@u by the affine frame in the Riemann space, gap = €q - €5 and Fjj, = 8yhz — Ouhy, —
non-holonomity coefficients. Suppose, that 7}, is coefficients of the torsion-free and metric-compatible
affine connection in the affine frame e, so Fy, = v;, — 7% and gap.c = Voop T Voeq- L he Riemann curvature
scalar R = 8" g*4(9,~v%, + Vsq), Where 0k - alternator, decompose into R = — L, + 19,(eV#), where
e? = det{gaphfhl} and V* = vk — ¢, Function

a

Ly = 60 6" Vivsa
plays the role of Lagrangian in the theory of gravity in the affine frame (TGAF).
Let’s consider TY9-transformations:
oxt = hht?,
Shb = —Fpt* — 0t",
6gbc = _gbc,ata

with infinitesimal parameters ¢t*. Lagrangian L. is invariant under this transformations, so take place
the strong Noether’s identity

th+V,Bl = -GH,
where
is the energy-momentum tensor of the gravitational field in TGAR,

B = 84 (4 + V™),
Dbc,u — _(,y,ubc +,yucb) + hg(gdb,ygc + gdc’ygb) + gbcv,u

and G% - Einstein tensor. On the gravitational extremal GH =7l where 7/ - energy-momentum tensor

of matter fields, we obtain the equation for gravitation field in TGAR:
Oy (eBH) = —eTH,
where T} = th + 74’ is the complete energy-momentum tensor of the gravitational and matter fields,

and eBY? plays the role of its superpotential. This equation has the form of Maxwell equations and
equations of gauge theory of gravity in the orthonormal frame [1].
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Integrable systems with dissipation on the tangent bundle of
two-dimensional manifold
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We study nonconservative systems for which the usual methods of the study, e.g., Hamiltonian systems,
are inapplicable. Thus, for such systems, we must “directly” integrate the main equation of dynamics. We
generalize previously known cases and obtain new cases of the complete integrability in transcendental
functions of the equation of dynamics of a four-dimensional rigid body in a nonconservative force field.

We obtain a series of complete integrable nonconservative dynamical systems with nontrivial sym-
metries. Moreover, in almost all cases, all first integrals are expressed through finite combinations of
elementary functions; these first integrals are transcendental functions of their variables. In this case,
the transcendence is understood in the sense of complex analysis, when the analytic continuation of a
function into the complex plane has essentially singular points. This fact is caused by the existence of
attracting and repelling limit sets in the system (for example, attracting and repelling focuses).

We detect new integrable cases of the motion of a rigid body, including the classical problem of the
motion of a multi-dimensional spherical pendulum in a flowing medium.

This activity is devoted to general aspects of the integrability of dynamical systems with variable
dissipation. First, we propose a descriptive characteristic of such systems. The term “variable dissipation”
refers to the possibility of alternation of its sign rather than to the value of the dissipation coefficient
(therefore, it is more reasonable to use the term “sign-alternating”) [1, 2].

We introduce a class of autonomous dynamical systems with one periodic phase coordinate possessing
certain symmetries that are typical for pendulum-type systems. We show that this class of systems can
be naturally embedded in the class of systems with variable dissipation with zero mean, i.e., on the
average for the period with respect to the periodic coordinate, the dissipation in the system is equal to
zero, although in various domains of the phase space, either energy pumping or dissipation can occur,
but they balance to each other in a certain sense. We present some examples of pendulum-type systems
on lower-dimension manifolds from dynamics of a rigid body in a nonconservative field.

Then we study certain general conditions of the integrability in elementary functions for systems on
the two-dimensional plane and the tangent bundles of a one-dimensional sphere (i.e., the two-dimensional
cylinder) and a two-dimensional sphere (a four-dimensional manifold). Therefore, we propose an inter-
esting example of a three-dimensional phase portrait of a pendulum-like system which describes the
motion of a spherical pendulum in a flowing medium (see also 3, 4]).

To understand the difficulty of problem resolved, for instance, let us consider the spherical pendulum
(¢ and @ — the coordinates of point on the sphere where the pendulum is defined) in a jet flow. Then
the equations of its motion are
sin 0

0 + (b — H{)B cos 6 + sinf cos 6 — 12 0, (1)

cosf

. . .. 1+ cos?6
¥+ (be — H)tpcosb + cho—is_em
and the phase pattern of the egs. (1), (2) is on the Fig. 0.1.

The assertions obtained in the work for variable dissipation system are a continuation of the Poincare—
Bendixon theory for systems on closed two-dimensional manifolds and the topological classification of
such systems.

The problems considered in the work stimulate the development of qualitative tools of studying, and,
therefore, in a natural way, there arises a qualitative variable dissipation system theory.

Following Poincare, we improve some qualitative methods for finding key trajectories, i.e., the trajec-
tories such that the global qualitative location of all other trajectories depends on the location and the

=0, b, >0, H >0, (2)
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FIGURE 0.1. Phase pattern of spherical pendulum in a jet flow.

topological type of these trajectories. Therefore, we can naturally pass to a complete qualitative study
of the dynamical system considered in the whole phase space. We also obtain condition for existence of
the bifurcation birth stable and unstable limit cycles for the systems describing the body motion in a
resisting medium under the streamline flow around. We find methods for finding any closed trajectories
in the phase spaces of such systems and also present criteria for the absence of any such trajectories. We
extend the Poincare topographical plane system theory and the comparison system theory to the spatial
case. We study some elements of the theory of monotone vector fields on orientable surfaces.
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On geometry of spatial kinematics in Lorentzian space
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In this work, we give geometric properties of mappings of spatial kinematics in Lorentzian space with
the aid of dual number and split quaternion. Moreover, we get orthogonal rotation matrix A with respect
to the Lorentzian Rodrigues parameters and the Lorentzian Euler parameters in such a space. Also, the
mapping of spatial kinematics into points of a dual Lorentzian projective space are defined.
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A study on the integral invariants of a closed spacelike ruled surface
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In the present work, we study integral invariants of a closed spacelike ruled surface with respect to
the integral invariants of the closed dual spacelike spherical curve. Moreover, by using the concepts and
results on spherical spacelike curve in dual Lorentzian space, we give some relations about the pitch and
the angle pitch of a closed spacelike ruled surface.
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Dual modules over Steenrod algebra 2
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Article [3] studies structures of modules over Steenrod algebra A and their duals in dual Steenrod
algebra A* [2], [4]. [1] studies modules A(n) over A generated by annihilators of cohomology classes
with degrees no greater then n. A(n)" is defined as annihilators of cohomology operations with excess
greater then n [6]. In A*, A(n)* is the corresponding dual module of A(n). A(n)*" as vector space over
Zp is generated by all monomials of A* with multiplicity no greater then n [5], [6].

This work studies structure of modules B(n) = (A(n — 1)/A(n))*. B(n) as a Z, vector space has
a basis formed by all monomials with multiplicity n in dual Steenrod algebra A* [6], and B(n) can be
considered both left and right over A*.

The result is stated here:

Theorem 1 (Properties of quotient A*-modules (A(n —1)/A(n))*). 1) B(n) is a graded Hopf co-
module over Steenrod algebra A* with comultiplication

dn:B(n) =+ A"QBn),  ¢n(la]) = Z a; Q)laf]

induced by comultiplication in comodule A(n)", with homomorphism property

¢n([a] % [B]) = ¢n([aB])
= (V" @¢p)(Idar @ T & Idpny)) (&, ([]) © b, (15]))
def %

m ([a]) * &n, ([6])
where ¥y .. B(n1) @ B(n2) — B(n1 + n2) is a multiplication defined by

Uryns ([ @ [B]) = [P (@ @ B)] = [afB] = [a] * [A]

induced by multiplication ¥* in A*, T is a transposition, [a] in B(ny), and [(] in B(ns).
2) B(n) = @, B(n)® is the direct sum of Hopf comodules

B(n)* = Span{r’r{'rs* .. E'E2E ... € A7) s = s}
%

3) B(n): = @, B(n); is the direct sum of comodules B(n); = (A(n)™ N Af)/(A(n — 1)T N Af) defined
on the filtration of dual Steenrod algebra A* by Hopf subalgebras

A | CAJCAIC...CA, CA, ,C... A%,

where A} = Zp{&1,&,...} Q E{mo, 71 ...} and A* | = Z,{&1,& .. .}. The restrictions of the comul-
tiplication and multiplication (1) on the filtration are well defined maps:

bpi: B(n)y — A" @ B(n)y, and Py, B(n1): ® B(na)y — B(n1 + na);.

nina,t :
4) Any [a] in B(n)¢ has unique form [a] = [B] + [y] * [e] where [B] € B(n)i—1 and [y] € B(n — 1)1,
and there are homomorphisms of comodules in ¢ and mp ¢ such that iy ([8]) = [B], and m,+([a]) = [7],
and the following diagram with exact rows commutes

’in,t Tn,t

B(n)t_l B(n)t B(n - ]-)t—l —0
]| |

¢:Ll,t1l
1d®in 1d®my,
0= A* @ B(n)i_ % A4* @ B(n); —2"4* @ B(n — 1)i_ —— 0

0
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Topology of the basin of attraction of surface endomorphisms.

Vlasenko I.
(Institute of Mathematics of NAS of Ukraine, Kiev)
E-mail: vlasenko@imath.kiev.ua

Let f: M — M be a branched covering, i.e. an inner (open and isolated) map of a surface M. A
map is open if the image of an open set is open. A map is isolated if the pre-image of a point consists
of isolated points.

Let (A, R) be a (topological) attractor-repeller pair. There is the continuum of different attractor-
repeller pairs with the same basin of attraction. The question is: is there the smallest attractor for the
given basin of attraction? If it exists, what are its topological properties?
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About some properties of functions determined as transformations
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In this short article we describe the main properties of W™-representation of points of unit hyper-
cube. Our main goal is to show main properties of functions determined as transformations from W"-
representation of unit square to W™ -representation of points from unit interval [1].

1. Algorithm for construction of W"-representation

At the beginning we have the unit n-dimensional hypercube I™ = [0, 1]". W"-representation of I" can
be received using next steps.

1) Let us divide the I" into r parts which are closed in R"™ and their interiors don’t intersect. Lebesgue
measures of new sets Ag, Ay, ..., A._1 are qo, g1, --., gr—1 respectively.

2) Each set A, is divided analogically into parts A, ..., Ajjr—1). The proportion of participles’ Lebesgue
measures remains invariant. After the second stage process continues and each set Ay, o, is divided
using the same rule.

If £ — oo then the Lebesgue measure of A, . o, must converge to zero.

2. Functions of transformation

Let us to define function of transformation W™ to W™-representation.

Definition 1. Function of transformation from W" to W™-representation is a functional mapping which

. _ W”L . _ Wm
gives for each z = Ay ,, = a unique y = Ay(a1)...y(ak)...'

Remark 2. For uniqueness of such mapping we will consider to choose only the representation of z € E™
in which vector (aq, ..., ay, ...) is minimal.

Definition 3. Function of transformation from W"- to Q-representation is a functional mapping which

gives for each z = Ay, = aunique y = Ay(al)...y(ak)...'

We received new results for the graphs of functions of transformation from W™- to @-representation.
Definition 4. Simple n-cube W"-representation of I™ is W"-representation which consists only of n-

cubes with equal Lebesgue n-dimensional measure on each step (we enumerate particles from left higher
corner and preserve orientation of numeration on next steps).

Theorem 5. The graph of function of transformation from simple n-cube W™ —representation to s-adic
number representation [2] is a fractal set with dimension log(4)/log(4™) = 1/n

Theorem 6. The graph of function of transformation from simple quadrate W™ -representation to s-adic
number representation is nowhere connected set.

Definition 7. Connected n-cube W™-representations of I" is a class of W™-representations such that:
1) W™-representation consists only of figures with equal Lebesgue n-dimensional measure on each step

(we enumerate particles from left higher corner and preserve orientation of numeration on next steps).
2) At least one point of I has continuum quantity of W"-representations in this system.

Theorem 8. The graph of function of transformation from connected n-cube W™—representation to
s-adic number representation is nowhere connected set.

Our next goal is to receive new information about properties of functions of transformation from W"-
to W™-representation and to formulate general theorems for their classification.
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On the problem of product of inner radii symmetric
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Let N, R be the sets of natural and real numbers, respectively, C be the complex plane, C = C|J{oc}
be its one-point compactification. Let r(D,a) be the inner radius of the domain D C C with respect
to a point @ € D. The inner radius is a generalization of the conformal radius for multiply connected
domains. The inner radius of the domain D is associated with the generalized Green function gp(z,a)
of the domain D by the relations

gp(z,a) =In +Inr(D,a)+o(1), z— a,

|z —al
gp(z,00) =In|z| + Inr(D,c0) + o(1), z— oco.
The system of non-overlapping domains is called a finite set of arbitrary domains {Dy}7_,, n € N,
> 2 such that D, C C, DN D, =0, k #m, k,m =0,n.
n

1 Q41
Denote by ap := — arg—Jr, ant1 =01, k=1,n, > ar=2.
T af k=1

Theorem 1. For any v > 1 there exists no(y) € N, such that for any n > ng(vy), and system of
points A, = {ap}p_y, |lax| = 1, and system of pairwise non-overlapping domains {Dy}}_,, 0 € Dy,
ap € Dy C C, such that domains {Dy}}]_, are symmetric with respect to a unit circle, the following

inequality holds .
7(Dy, 0 H (D, ar) <r'y( )Hr( k,a,(qo)>.

The equality is attained if ai = aé ) and Dy = D,(CO), k=0,n, ag =0, where ag)) and D,(CO) are, respectively,
poles and circular domains of the quadratic differential

?T‘

_yw? +2(n” —v)w 7 .

2 _
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In this work, we get a characterizaiton of rectifying curves in semi-Euclidean spaces. Considering the
structure of the rectifying curves, we give some generalizations of such curves and characterize some
properties of these curves in terms of their curvature functions.
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IIycrs M?" 1 — rpagkoe muoroo6pasue. IouTr KOHTAKTHON METPHYECKON CTPYKTYPOit (kopoue, AC-
crpykrypoii) Ha M HasbiBaercs derBepka (1,&, @, g), rue 1 -muddepennmanbuas 1-opma, & — BEKTOP-
HOE TI0JIe, Ha3biBaeMoe xapakrepucrudeckum, ® —sumomopdusm momysnst X(M), Ha3bIBAeMbBI CTPYK-
TypHbIM 3HI0MOphU3MoM, X(M), a g = (-, ) — puManoBa MeTpuka Ha M ¥ BBIIOJHSIOTCS CJIELyIOIIIe
YCJIOBHUSL:

DnE) =1 2)no®=0; 3) P(¢) =0;4) &> = —id+7®¢

5) (DX, BY) = (X, V) —n(X)n(Y); X,Y € X(M).

Muoroobpasue ¢ GpUKCHPOBAHHON Ha HEM IMOYTH KOHTAKTHON METPHYECKOUW CTPYKTYPO#l Ha3bIBAETCS
[TOYTHA KOHTAKTHBIM METPUYECKUM MHOTOOOPA3UEM.

Jokazana OCHOBHAA

Teopema 1. Konmaxmmnoe pacnpedeserue nowmu KOHMaKmHmo20 MEMPUYECKO20 MHO2000DA3UA BNOAHE
UHMEPUPYEMOo mo2da U MoAbKo moada, K020a cnpasediuso caedyouee CoOOTHOULEHUE:

Vo) (@)2(X) = Vgx)(®)2(Y).

ITycrs M — 1mo4YTH KOHTAKTHOE METPUYECKOe MHOI00Opa3ue ¢ BIIOJIHE HHTEIPUPYEMbIM HepBbIM (DyH-
JlaMeHTaIbHbIM pacupenesenuem £, N C M — uHTerpajbHOe MHOrOOOpasue MaKCUMAaJIbHON pa3sMepHO-
cTH 1epBoro (pyHJIaMEHTAJIbLHOrO paciupe/esenus Muorooopasust M. Torna Ha HeM KAHOHUYECKH WH/LY-
[UPYyeTcs MoYTH SpMuToBa cTrpykrypa (J, g), rue J = ®|g,

Nwmes B Buy kiaaccudukanuio I'pesi-XepBeJlibl II0UTH 3PMATOBBIX CTPYKTYD, MOYKEM BBISBUTH CBA3b
MEXKIy KJIACCOM TOYTH KOHTAKTHBIX METPUIECKUX CTPYKTYP Ha MHOrooOpasum M M COOTBETCTBYIONIAM
€My KJIACCOM TIOYTH 3PMUTOBBIX CTPYKTYP Ha MHOroobpasum N. IIpumenum ee Jisg uccieg0BaHus KOH-
KPETHBIX CTPYKTYP.

CrpykTypoit Kenmolly HazbIBaeTCs OYTH KOHTAKTHAS METPUIECKAs CTPYKTYPA, JJisi KOTOPO BBITIOJI-
HSAETCHA TOXKIECTBO

Vx (@)Y = (2X,Y) —n(Y)dX X, Y e X(M).
Teopema 2. Iowmu apmumosas cmpykmypa, UHOYUUPYEMaA Ha UHMELPAAOHOL MHO2000DA3UAL MAKCU-

MANOHOT PABMEPHOCTNU NEPB020 PYHIAMEHMAALYHOZ0 PACNPEIEAEHUA MHO2000pa3UA Kenmouy, Asasemcs
Keaeposot cmpyxmypou.

AC-cTpyKTypa Ha3bIBAETCS HOPMAJIBHOM, eciin TeH30p Heitenxeiica Ng ee CTPYKTYPHOIO HJIIOMOP-
dusMa yIOBIETBOPSET TOXKJIECTBY

Ng +2dnp®£=0
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Teopema 3. [loumu apmumosa cmpykmypa, UHOYUUPYEMAA HO UHMELPAAOHLL MHO2000DA3UAL MAKCU-
MANOHOT PABMEPHOCTIU BNONHE UHMELPUPYEMO20 NEPE020 HYHIAMEHMANLHOZ0 PACTPEJENCHUS HOPMAND-
1020 MH02000PA3USA, ABAACNCA IPMUMOBOT CMPYKMYPOT.

ITouru KoHTAKTHAST METPUYECKAs CTPYKTYPa HA3bIBAETCH CJIa00-KOCUMILIEKTHIECKOH, ecin
Vx(®)X =0, X eX(M).

B ciayuae, eciu Vx (@)Y = 0 miua Becex X, Y € X(M), crpyKTypa Ha3bIBA€TCsl KOCUMILIEKTUIECKOIA.

Teopema 4. Ilycmov — caabo-kKocumniekmuyeckoe mHo2006pasue, mozda ez2o nepsoe GyHlamMeHMalb-
HOE pacnpedeseHue UHBOANOMUBHO Mo20a U MOAbKO mozda, Ko20a — MmouHetiuwe KOCUMNAEKMULECKOE
MHO02006pa3UE.

Teopema 5. [loumu spmumosa cmpyxmypa, urhOYUUPYeMas Ha UHMELDAALHBIT MHO2000PA3UAL MAK-
CUMBALHOTL PAZMEPHOCTNUY BNOAHE UHMELPUPYEMO20 NEPB020 PYHIAMEHMAALHO20 PACNPEIEAECHUA CAGOO
KOCUMNAEKMUYECKO20 MHO2000DA3UA ABAAEMNCA NPUOAUNCEHHO KEAEPOBOT cMPYyKMypoTl.
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CTpyKTypa MHO>KeCTBa cyoMepcuii, /1jisi KOTOPbIX BCe€ MOBEPXHOCTH
YPOBHS SIBJIAIOTCH JINMHEMHO CBA3HBIMU

A. M. Baiitypaen
(Tamkent, Harmonanpustit yausBepcuter Y30eKucTana)
E-mail: abayturaev@mail.ru

Ecnu wa riagkom muOroobpaszumn 3amana jguddepennupyemMas GyHKIUS 663 KPUTHIECKUX TOYEK, TO
KOMITOHEHTBI CBSI3HOCTH MTOBEPXHOCTEN YPOBHS TOPOKIAIOT CJIOCHNE KOPa3MEpPHOCTH onH. Kcim xKe Bee
MTOBEPXHOCTH YPOBHS paccMaTpUBaeMONl (PyHKIMHU JUHEHHO CBI3HBI, TO CAMU TMOBEPXHOCTH YPOBHS TIO-
POXKIAIOT TJIAIKOE CJIOCHHE KOPA3MEPHOCTH OJTHH.

B srom pabore paccmaTpuBaeTcs BOIPOC O TOM, HACKOJIBKO O0raTo MHOXKECTBO AU dEpPEeHITUPYEMbIX
yHKIWI 663 KPUTHIECKUX TOUEK, BCE TIOBEPXHOCTH YPOBHSI KOTOPBIX JIMHEHHO CBA3HBI. [losyueHo pe-
3yJIbTAT, YTO MHOXKECTBO muddepeHnupyeMbix QYHKINN 06€3 KPUTUIECKUX TOUEK, IJIsi KOTOPBIX BCE
MHOXKECTBA YPOBHEH JIMHEHHO CBA3HBI, ABJISETCS 3aMKHYTBHIM MHOXKECTBOM B TPOCTPAHCTBE BCEX JTU(D-
depeHmpyeMbix GOYHKITAN.

IMyctes CH(R", R') - mmoxkectBo Beex muddepenmupyembrx dbynkmnmii xkiracca Cl. Ha mmoxkecTse
CY(R"™, R') BBesiem cnabyio (O - KOMITAKTHO-OTKPBITYIO) TOMOIOTHIO.

MmuoxkectBo Beex C'-ruankux orobpaxkenuii f : M — N o6osnaunm gepes C" (M, N), rue M, N -
raaakne MHOTOOOpasus kjaacca C'. Ilpenmosoxxum, aro = 0,1, 2, ...

Canabas Tonosorusi (C"-koMnakTHO-OTKpbITast Tonosiorusi) B C" (M, N') 1opoxK1aercss MHOYXKECTBAMHY,
OTIPeIe/IIEMBIME CJIELYFOIIIUM 00Pa30M.

ITycrs f €C"(M,N) u uycrs (p,U), (¢, V) - xaprel MHOroo6pasuit M, N. Ilycrs, namee, K CU -
KOMIIAKTHOE MHOKeCTBO, Takoe, uro f(K) CV; mycrs, 0 < e<oo.

IIpenbazucHy0 OKPECTHOCTH

N'(f; (0, U), (4, V), K,€) (1)
cJ1aboii TOOJIOrUU OIIpeIesIAeTCst KaK MHOXKecTBO Takux CT-orobpazkennii g : M — N, uro g(K) CV u
Jutst obbix = € o(K), k=0, ...,7,

ID* (v fo= 1) (2)-DF (gp")(2)] <.
DTO 03HAYAET, YTO JIOKAJIbHBIE IPEJICTABIeHUs OTOOpaXKeHuii f, g BMecTe ¢ UX IepBBIMU I TPOU3BOIHBIMEI
pa3MIaiTcst He 6ojiee, YeM Ha € B KarKJIO# TOYKe KOMIIAKTHOTO MHOXKeCTBa K .

Cnabas rorosoruss B C"(M, N) mopoxgaercs MuoxKecTBaMu (1); 9TUM OIIPeesIseTcst TOMOIOTHIeCKOe
upocrpancTso Cfy, (M, N). OKpecTHOCTBIO TOYKH f 110 OTHOIMIEHHIO K TON TOIOJOTHHU SIBJIAECTCS, TAKUM
00pa3oM, BCAKOE MHOYKECTBO, COJIeprKalllee IepecedeHrne KOHETHOrO Inucjia MHOXKeCTB Tuna (1).

B nannoit pabore KauecTBe MHOTr006pasus N MbI pacCMaTpPHBaeM OHOMepHOe MHoroobpasue R' u mo-
maraem, aro r = 1. IIpocrpancrso C'(R", R') pacemarpusaerca co craboit Tomosorneit (C"-KOMIAKTHO-
OTKpBITOI Tomostorueit). VzBectHo, uro npocrpancrso C" (M, N) co ciaboii Tomosiorneit uMeeT CIeTHYIO
bazy.

O6osraumM gepes LS(R", R') MHoKecTBO cyGMepCHif, /11 KOTOPIX Bee MOBEPXHOCTH yPOBHST IMHEHHO
CBSI3HO.

Teopema 1. Mmnoosicecmeo LS(R", R') asasemca 3a.mknymovLm noomMHONCECMEOM NPOCMPAHCMEa
CYH(R"™, RY) scex dugdeperyupyemvir dynruuti xaacca CL.
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K Bompocy o KOH(OPMHBIX OTOOpPa*KEHUAX PUMAHOBBIX ITPOCTPAHCTB
Ha Puyyu cumMmerpuyeckue puMaHOBBI IPOCTPaHCTBA

B. E. BepesoBcknii
(YMaHbCKUT HAIMOHAJILHBIN YHUBEPCUTET CaJ0BOACTBa, yi.luncTuryrekas, a. 1, r.Ymanb, Yepkacckas

06u1., 20305, YkpanHa)

E-mail: berez.volod@rambler.ru

. Muxemm
(yauBepcurer nm.Ilanankoro, yi. 17 Jlucronana, a. 12, r. Omomoyn, 77147, Yenickas peciybimnka)
E-mail: josef .mikes@upol.cz

N. 'uarepneiiTHep
(Brno University of Technology, Brno, Czech Republic)
E-mail: Hinterleitner.I@fce.vutbr.cz

KondopMmabie oTobparkeHnsi puMaHOBBIX IPOCTPAHCTB pacCMaTpUBAINCh BO MHOTHX paborax. Ilpwm-
MedaTeJIbHO, 9YTO 9TU OTO6pa.)KeHI/IH UMEIOT IIPUJIOZKEHUA B 06mei71 TeOpUHu OTHOCHUTEJILHOCTH.

HarnoMHuM OCHOBHBIE TIOHSTHSI T€OPUK KOH(MOPMHBIX 0TOOpazKeHuit, u3soxkennsle B [1,2,3].

Pacemorpum oTobpazkenne f puMaHOBa POCTPAHCTBA Vi, ¢ METPHYECKHM TEH30POM g;j(7) Ha puMa-
HOBO IIPOCTPAHCTBO Vj, ¢ METPHIECKAM TEH30POM ().

Orobpazkenue f: V,, — V,, Ha3bIBAIOT KOHEGOPMHDIM, €CTII B ODIIEH 110 OTOOPAZKEHHIO CUCTEME KOOPIU-
nar x = {z!,2%,..., 2"} Mexy merpuueckumu Tenzopamu g;;(z) u gi;(z) npocrpancts Vy, u V,, umeer
MECTO 3aBUCUMOCTH

gij(z) = @ . gy (), (1)
re ¢ () — HEeKOTOPbIil MHBAPUAHT.

U3 (1) caemyer, aro npu KOHGOPMHBIX OTOOPAaKEHUX YIVIBI MEXK/Ly KACATEIbHBIMI BEKTOPAMHI COXPa-
HAIOTCS, a JJINHBI COOTBETCTBYIOIINX BEKTOPOB MIPOIIOPIINOHAIBHBI, TPUIeM KOI(MDPUITNEHT TPOIOPIUO-
HAJIbHOCTHU 3aBUCHUT TOJIBKO OT TOYKH. DTUMHU T€OMETPUIECKAMHE CBONCTBAMM KOH(OPMHBIE OTOOPAYKEHU ST
OJIHOI'O PHMAHOBA, IIPOCTPAHCTBA V,, Ha JIPyroe PUMAHOBO HPOCTPAHCTBO V, XapaKTePU3yIOTCS IOJIHO-
CTBhIO.

U3 (1) cremyer, uro mexay cumsoiamu Kpucroddens sroporo poga npocrpaucts V;, u V,, umMeercst
3aBUCUMOCTD

[(z) = Tl () + i) 6 + () 8 — 4" (@) gij (),
e Pi(z) = O/oxt, Y = ¢"*p,, ¢gY —xommomenTsr ob6paTHON MaTpuIEl K Marpmie ||gij||, o —
cuMBOJIBI Kpomekepa.

Borpoc 0 ToM, J0mycKaeT i He JIOIyCKaeT PUMAHOBO IIPOCTPaHcTBO V;, (n > 2) kKordopmHOE 0T06-
parkeHHWe Ha HEeKOTOpPOe MPOCTPaHcTBO DitrmTeitna V, 661 ceen I Bpunkmanom [4] x mpobieme cy-
IIIECTBOBAHUS PEIIEHUs HEKOTOPOH HeJMHEHHON cucTeMbl quddepeHImaabubiX ypaBuennit Tuna Korrum
orHOCUTENLHO (N + 1) Hem3BeCTHBIX (DYHKIMIA.

OcHOBHBIE ypaBHEHUSI YKA3aHHBIX OTOOpaYKEeHW CBeeHbl K JIMHEWHO! cucreMe JnddepeHIinaIbHbIX
yPaBHEHU!l B KOBAPUAHTHBLIX IMPOU3BOJHBLIX Tuia KOIU, TPy MOMOIIU KOTOPOW y/IaJIOCh OIEHUTH CTe-
IIeHb MOOMJIBHOCTH PUMAaHOBBIX ITPOCTPAHCTB OTHOCUTEJIBLHO KOH(MOPMHBIX OTOOPAaXKEeHWH Ha MPOCTPaH-
crBa Ditamreitna (cm. [5,6]).

HanomuuMm, 9T0o mpocTpancTBo ad@UHHOM CBA3HOCTH HA3BIBAIOT Puvvy cuMMempuieckum, eCIu TeH-
30p Puuunm B HeMm abcosTiOTHO MapaJuiesieH.

Pacemorpum kordopMHOE 0TOOpaKEHUS PUMAHOBBIX IPOCTPAHCTB V,, Ha Puudn-cumMerpudeckue pu-
MAaHOBBI TIPOCTPAHCTBA Vj,, KOTOPbIE XapaKTePU3yIOTCH YCIOBUAMHI Ha TEH30p Puaum

=0

Ry
rue “|”— koBapuanTtHoe auddepennuposanue B V,.
Hamu nmokazana
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Teopema. /las mozo, wmobv pumaroso npocmparcmeo V, donyckano xongpopmroe omobpasicerue na
Puvu-cummempuueckoe npocmparnemeo Vi, HeobTodumo u docmamowro, 4mobv, 6 Hem CYULECTE08AAO
peweHUE 3AMKEHYMOT CMEWaHHOT cucmemot ypasherut muna Kowu 6 K08APUAHMHBIT NPOU3EBOOHVIL
omnocumenvio gynruut v;(z), p(x) u Rij(z) (= Rji(x)):

R . BRI

¢z,] ¢z¢] n—2 gl]+n_2

h = ¢ ((n—Q)joadJV%—(n—1)¢aRBj_Raj¢ﬁ)+
(n — 1+ g*% Rup) ¥j,

Rijix = iRk +v;Rip +2vkRij — g% g (gikRaj + gjkRai)-

(Rij — Rij),

OueBnHO, 00IIIEE pEIlIEHNEe 3AaMKHYTO CMEIIaHHOM CUCTeMbI ypaBHeHnii Tuma Kol B KoBapuaHTHBIX
POU3BO/HBIX 3aBUCUT He Gostee 1em oT 1/2 (n 4 2) (n + 1) cyuiecTBEeHHBIX apaMeTPOB.

JINTEPATYPA

[1] JI. II. Diizenxapr, Pumarnosa 2eomempus. Va. mur., M. (1948).

[2] H. C. Cuntokos, [eodesuueckue omobpasicerus pumanosuix npocmparcms. Hayka, M. (2008), 256¢.

[3] J. Mikes et al, Differential geometry of special mappings. Palacky Univ. Press, Olomouc (2015), 569p.

[4] H. W. Brinkmann, Einstein spaces which mapped conformally on each other. Math. Ann., 1925, Ne 94, 117-145.

[5] WI. Mukem, M. JI. Tappuisucnko, E. WM. Tnagpunesa, O xongopmmoi omobpagicenuaz wa npocmpancmea tnwmetina.
Bectauk Mock. yu-Ta, 1994, Ne 3, 13-17.

[6] JI. E. EBrymmk, 1. T'uarepaentrep, H. 1. I'ycesa, 1. Muker, Kongopamroie 0mobpasicenis, 1wa npocmpaHemen Huumeina.
Wse. By3oB. Martem., 2016, Ne 10, 8-13.



110
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IIepBOIro Tuiia

B. E. Bepe3oBckuii
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M. Mukem
(yamBepcurer nm.Ilamankoro, yi. 17 Jlucronana, a. 12, r. Omomoyr, 77147, Yemnickas pecry6inka)
E-mail: josef .mikes@upol.cz

E. B. Yepesko
(Oecckmii HAIMOHAIBHBIN SKOHOMUYeCKHil yHuBepcurer, yi.llpeobpaxkenckast, 1. 8, r.Omecca, 65082,
YKpauna)
E-mail: cherevko@usa.com

Ilycts mpu oTobpazkenwn 7 : A, — A, Tenzop nedopMaImi cBA3HOCTEH Pf; VIOBJIETBOPSIET yPaBHE-
HUO

Pz’;k = _Pi(;Po}fk + 5&0@']’)7 (1)

rje a;; — HEKOTOPbI CUMMETPUYCCKUIl TeH30p, CKOOKM 0DO3HAYalOT CHMMETPHPOBAHUE 110 yKa3aHHBIM
HHIEKcaM 0e3 JeIeHusd.

Jlerko y6eauThbes, uTo oTobpazkenue 7 : A, — A,, onpeenseMoe ypaBHEHIEM (1) siBaIseTCS YACTHBIM
cJlydaeM MOYTH IeoJIe3NIeCKUX 0Tobpazkenuii mepsoro tuna |1, 2|

meror mecrTo
h
ijk
omobpasicenutl, onpedessemuix ypasheruem (1), eeomempuueckum obsexmom npocmpancms apdurrod
C8A3HOCTNU.

TeopeMa 1. T€H30p Pumarna R ABAAETNCA UHBAPUAHTIHBIM OTMHOCUTNEADHO TLOYTNU 2e00e3uMecKuT

Teopema 2. Ecau apdunnoe npocmparcmeo A, donyckaem nowmu 2eodeaureckoe omobpasicerue, onpe-
deasemoixr ypasrenuem (1), na npocmparncmeo apdunnot ceaznocmu A,, mo npocmpancmeo A, A6d-
emcs aPPurHbLM NPOCMPAHCTNEOM.

Takum obpazom, adduHHBIE TPOCTPAHCTBA, 0OPA3YIOT 3aMKHYTHIM KJIACC OTHOCATEIBHO ITOUYTH T'e0e-
3MYECKUX OTOOPaXKEHUIl, onpeessieMblx ypasHenuem (1).

Paccmarpusas (1) kak cucremy ypasHenuii Tura Kommm orHOCHTEIbHO TeH30pa HedopMaiun Pg, u3
VCJIOBUI €€ MHTErPUPYEMOCTH TIOJIY YUM

1
= ———— [n(P%Ry; — P’ R R . P% — P’ Rpa . _
Qik,j (n —1(n—2) [TL( ikt a(k Z)Jﬁ) + Lok i)j aj”t(ik)B (2)
B pa ey ey o ey
= P B+ (n+ 1) (a0 Pg, = aaiP)ja) + 2(ainPle — ajaPi)],

rie R?jk u R;; — coorBercTBeHHO, TeH30pbl PuMana u Puwun npocrpancrsa A,,.
OueBnHO, JOIKHBI €€ BBITTOJHIATHCS YCIOBUS aaredpandeckoro xapakrepa

Pi =Pl aj=a; 3)

TlosTomy, mmeer mecTo Teopema.

Teopema 3. /s mozo, wmobv, npocmparcmeo addunnoti ceasnocmu Ay, donyckanro noumu 2eodesu-
weckoe omobpastcenue, onpedeasemur ypasueruem (1), na npocmparcmeo agdunnot ceaznocmu Ay,
HEOBL0OUMO U DOCTNAMOYHO, YIMOOBL 8 HEM CYULLCTNEOBAND DEWEHUE CMEWAHHOT 3aAMKEHYMOT CUCTEMbL

muna Kowu (1), (2) (3) omuocumenavro dyrryui Pi’; U ajj.



JINTEPATYPA

[1] H. C. Cuntokos. [eodesuueckue omobpasicerus pumanosuix npocmparcms, Hayka, M., 1979.
[2] J. Mikes, et al. Differential geometry of special mappings, Palacky Univ. Press, Olomouc, 2015.

111



112

O MyﬂbTI/IMaCH_ITaGHbIX JJIeMEeHTaX IIEePKOJIAIIMOHHOI'O KJlaCcTepa
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B passurme Teopunu nporexkanus [1| B paborax [2], [3] BBemeHo mpencraBieHre 0 MyJIbTUMACIITAOHBIX
3JIeMEHTaX MEePKOJISIIIMOHHOTO KyiacTepa. Hamdue B Kjiacrepe TaKuX 9JIEMEHTOB MIPEJIToIaraeT (pOpMUpPO-
BaHWE CTPYKTYD, JOMUHUPYIOIIEH YePTOH KOTOPHIX CTAHOBUTCS TOTAJIbHASA MYJIbTUMACIITAOHOCTH. DTO
MPUBOJIUT, B YACTHOCTHU, K TOMY, YTO CTATUCTUYECKOE CAMOIIOI00Ne U pa3BuTasd (ppakTaabHOCTh MEPKO-
JISIIMOHHOTO KJIACTEPA, XapaKTepHbIe JIJIsi IPOMEXKYTOYHONH aCUMITOTHKU, HAOIIOJAIOTCA BO BCEM JHMa-
[a3oHe MacCIITabOB, a TaKyKe, K CYNIECTBEHHOMY YBEJNYEHUIO KOJUIECTBA MapaMeTPOB, OIMUCHIBAIOIIIX
CTPYKTYPY U CBOUCTBa UCCJICYyeMON CUCTEMBI.

ABropamu mpejIoKeHa ¥ UCCIIeI0BaHa MEPKOJISIIIMOHHASA MOJIE/Ib KJIACTEPHBIX CHCTEM C «HYJIEBBIM»
noporoM. B Mozesin 310 0O3HAYAET, YTO JJIA JEOOOr0 CKOJIb YIOJHO MAJIOro IOJIOXKUTETHLHOIO UHCIa €
MOKHO yKa3aThb (DUTypPy, KOTOpasi COAEPKUT KJIACTep, U ILIONA b KOTOPOoil He npepbimaer €. OHol 13
0CODEHHOCTEH MOJIEJIN ABJIAETCHA TOCTPOEHNE DECKOHEYHBIX KJIACTEPOB U3 (DPAKTAJNbHBIX 3JIEMEHTOB, B
[EPBYIO 0Yepelb, — IpeadpakTajoB JIByMepHOro MHOXKecTBa KanTopa.

ITo amanornu c [1| B Momesnn onpemeseHa MyabTHILIHKAaTUBHAs Mepa (mo Jlebery) s aByxmepHo-
ro JBYXMACIITAOHOIO KAHTOPOBA MHOYKECTBA C OOPA3yIONUMU KBajpaTaMi 3aJIAHHOW OTHOCHUTEIbLHON
ILJIOMIA/ M, OOJIQJIAIOIIMME JOJISMUA Mepbl KBaJIpaTa IIPeJIIIeCTBYIOIIEro MOKoJIeHNs. B Takoii mocTaHoBKe
3aJ1a9¥ MHOYKECTBO €CTh MyJIbTH(MPAKTA, /I aJIEKBATHOTO OIMUCAHUS KOTOPOTO, KaK U3BECTHO, TPeOy-
ercsi HabOP Mep; MOKA3aHO, YTO B JAHHOM CJIydae JOCTATOYHO JIBYX IMOKa3aTeseil CKefIMHra — OJIHOrO
A ppakTaILHONO HOCUTEJIA, IPYTOTo Jjisd BepoaTHOcTeil. B pabore mosydena dpakraabHas pasMep-
HOCTb MHOYKECTBA, HA KOTOPOM COCPEJIOTOYEHA Mepa; OHA OIUCHIBAET CKEHJIMHIOBOE [TOBEIEHIE SHTPOIIUN
paz3bueHust MEPHI, U C TOYHOCTHIO JI0 MHOXKHUTEJIA PaBHA €€ NH(POPMAIIMOHHON Pa3MEepPHOCTH — BTOPO 13
criekTpa 0000MEHHBIX padMepHocTeil Penbu.

[TousiTue pasMepHOCTH CAMOIIOI00UsI, KAK U3BECTHO, MO3BOJISIET 1EJIEHAIIPABIEHHO CTPOUTH PEryJisp-
Hble PPAKTAJIBHBIE MHOXKECTBA, C HAIIEPE] 3aJaHHON PasMEPHOCTDHIO. JIJIsi KOJTMIeCTBEHHON OIeHKN pas-
aaus MexkJy dbpakTaJaMy OJMHAKOBOI pa3MepHOCTH B [4] BBeJEHO mpejicTaBieHre O JIaKyHAPHOCTH
MHOXKECTBa. B JIOKJIa/ie MPejIoKeH aJrOPpUTM Pacdéra JaKyHaAPHOCTH PAJjia KOHCTPYKTUBHBIX (ppakKTa-
JIOB, UCIIOJIb3YEMBIX TIPU MOJCJIMPOBaAHUN MyJ'H)TI/IMaCHITa6HbIX QJIEMEHTOB.

B MOIEJIN TTOJIYIE€HBI TaK2KE aHAJIUTUICCKUEC BbIpazKCHUA JIJId pacqéTa CHJIOBBIX II0JIEil KJIACCHYECKOTO
JBYMEPHOI0 KAHTOPOBA MHOYKECTBA U ero Mojaudukarmit, oranydaonmxca cummerpueii. [Iposemen pacyér
¥ BU3yaJM3aIis CUJIOBBIX MOJEH TPEX MOIUMUKAIMI MHOXKECTBA.
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B Tomosioruu u coBpeMeHHOI TeOMeTPUH IMHUPOKO PACIIPOCTPAHEHBI CIIENU(MUIECCKUE OMEPAINH, KOTO-
pblI€ MO3BOJIAIOT U3 OJIHAX MHOI000pasmii MOJydaTh APYrue MHOroo0pasus. ITO OIePaIlii CKJICUBAHUS
MHOTOO0Dpa3mii u obpaTHast K HEl omepaliis padpe3aHus MHOrOOOpas3nii, onepars MPUKJICHBAHNUS U TTe-
pPeKJIenBaHUsl, OTlepalus 3aIUIaThl 1 00pa30BaHus JIbIp. Bee aTu omneparuu moIyduivn Ha3BaHUE XUPYP-
run Mmuoroobpaswmii (1], [2]). Besukum “Xupyprom” 6pu1 Yuiabsam Téperon, KOTOPBI paspaboTa MeTo
MCCJIEIOBAHUST TPEXMEPHBIX MHOro0Opas3mii, OCHOBAHHBIN Ha pPa3pe3aHUU WX Ha KYCKU, JTOMYCKAIOIIHI
JIOKAJIbHO-O/THOPO/IHY 10 MeTpuKy (®PuiicoBckas npemus, 1983 rog).

B nacrosieit pabore pa3BuBaeTcs uiesi, TakyKe npuHasiexkaiias Tépcrony Bbickazannas B ([3]), mo-
JIy9eHUsT MOJIESTH UIeAJTbHOTO KPUCTAJIIA €BKINIOBON reomerpun. CTPOUTCS aJTOPUTM, TTO3BOJISTIOTITHIA
10 cxeme CKJefiku (yHIaMeHTaIbHON 00acTu (byHIaMEHTAJbHON TPYIIbl MHOTOOOpa3usi, MOJIydaThb
pas3bueHusi HOCUTEIsSI TEOMETPUY Ha S9€iiKd, JeKOpUpyeMble aToMaMi (MOEIb NACATBHOIO KPUCTAJLIA).
B mamHOM mMCCIeMOBAHUN UCTOIB3YETCsT TOT PaKT, ITO MOJENTb UAeaThLHOTO WM PEATHHOTO KPUCTAIIIA
MOXKHO TIOJIYIUTh MyTeM JeHCTBUS KPUCTAJLIOTPAMDUIECKON TPYIITBI CUMMETPUH Ha (DYHIAMEHTATHHYIO
00J1aCTD 9TOM TPYIIBI, TPUIEM TPYIIIA 33JaeTCs C TOMOIIBIO ee TeHeTHIecKoro Koma. C Apyroit CTOpOHBI
cXeMa, CKJIEHKYM KOIUPYETCs, CJIOBOM, MIPUHAIEKAIINM PYyHIAMEHTAILHON TpyTe MHOr00Opa3us, ¢ mo-
MOITIBIO KOTOPOTO IMOJIyvIaeTcs pa3buenne HAKPBITAA MHOT00Opa3us. B 9acTHOCTH MCIIONb3YIOTCS HAIH
PE3YIbTAaThl, OTHOCAIIINECA K KPUCTAJIIMIECCKUM MHO2KECTBaM HEEBKJINIOBBIX JIBYMEPDHBIX I‘eOMeTpI/Iﬁ IIpu
HOMOIIA KOTOPBIX MOYKHO HOJIYYHTH IIyTeM CKJICHKN MOJEIN KPUCTAJLIOB c(hepHuecKoii reomeTpun S2 u
reomerpun Jlobadesckoro H2.

B TpexMepHOM cilydae Jyls KPUCTAJIJIMUIECKOI0 MHOXKECTBA aroMoB cucTeMbl Al-Mn reomerpun H3
HOKA3aHO, YTO TPYIIIa CAMMETPUY JIEKOPUPOBAHHOIO aTOMaMU UKocasdpa (nKocasipa Makkest), cocTosi-
mero u3 54 aToMOB CBsi3aHa ¢ MHOroobOpasuem 3eiidepra-Bebepa moyaeHHOro myTemM CKJIEHBaHUsT COOT-
BeTcTByOIMMX rpaneii [LaronoBoro moaekasapa. HekoTopble n3 paccMOTPEHHBIX 3/1€CHh PE3YJIBTATOB Pac-
CMOTPEHBI B DYKOIINCH HALIPABJIEHHOI B tedars Kuuru aBropos A.A. pmumce, C.M. ITokacs (|4]). Kpome
TOrO, TOJIyU€eHbI pa3buenusi cepbl, 00IaTAK0NNE CUMMETPUEN TPOU3BOJILHON TUIPATBHON TPYIIILI U
IPYIIOI CHUMMETPUM HKOCA3Pa, KOTOPBIE MOJIyUYEHBI IIyTEeM ONEPAInU Pa3pe3aHusi U MMEePEKJIEUBAHUS
cepraeckux MHOTOYTOJIBHUKOB.
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B pabGore paccMmoTpena peryisipusanus 3ajada Komm s cucTteM ypaBHEHUH SJIIUITHIECKOTO TH-
[a epBOTO MOPsJIKA € TMOCTOAHHBIME KO3 duimenTamu (hakTOpu3yeMoii ornepaTtopoM [eabMrosbia B
TpexMepHOil HeorpaHuueHHON obstactu. Mcnonb3ys pesysabrarel pabor ([1]-[5]), nocrpoeno B siBHOM BU-
ne marpuiia Kapiemana u Ha ee OCHOBE PeryJsipu3oBanHoe pertenue 3anauu Komm. PacemarpuBaemas
3aJ1a9a OTHOCUTCHA K HEKOPPEKTHBIM 3aJladaM, T.e. OHA HeyCcTOHumuBa. B HEKOPPEKTHBIX 3aJ1a9ax Teo-
pemMa CyIIeCTBOBAHUS HE JOKa3bIBAETCHA, CYNIECTBOBAHUE IIPEIIOJIAraeTcs 3aJIaHHbIM alpuopu. bBojee
TOTO, TIPEIIOJIAraeTCs, YTO PElleHre TPUHAJIEKUT HEKOTOPOMY 3aJIAHHOMY MOJIMHOXKECTBY (DYHKIHO-
HAJILHOT'O IPOCTPAHCTBA, OOBITHO KOMIIAKTHOMY. FJIMHCTBEHHOCTH PelleHrsl CJielyeT u3 o0IIeil TeopeMbl
Xommrpena [6]. YemoBras ycroitunBocTh 3agaun cieayer u3 paborer A. H. Tuxonosa [5], ecan cysurhb
KJIACC BO3MOYKHBIX PENIeHUi JI0 KOMIIAKTA.

B nmannoit pabore mocrpoeno cemeiicrBo BekTop-yukmmit Uys(x) = Uy (x, f5) 3aBucammx or mapa-
MeTpa 0, U JIOKA3bIBACTCs, ITO IIPU HEKOTOPBIX YCJIOBHUAX U CIEIHAJIBHOM BBIOOpE mapamerpa o = o(0)
upu § — 0 cemeiictBo Uys(2) cxomures B 06bIMHOM cMblciie K pentenuio U(z) B Touke x € G.

Caenys A. H. Tuxonosy [5], cemeiictBo BekTop-yHKIWmiA Uys(2) HAB0BEM pPeryssipu30BaHHBIM Dellle-
HueM 3aJa4u. Peryigpu3oBaHHOE PEIIeHHe OMPEAe/sgeT yCTONIUBBIA MeTO MPUOJMKEHHOTO PEIeHUs
sagaan. g cnenpmasbHBIX obsacTeil 3ajada MPOMOIKEHHS OIPAHMYCHHBIX AHAJATHYCCKHX (DYHKIWMA
B cJlydae, KOIJIa JIAHHbIE 33JIAI0TCS TOYHO HA YacTU paHulpl, 0bu1o paccmorpena T. Kapiemanom [2].
Ucnons3ys ugen M. M. JlaBpentbena [3], 1. fpmyxameoBbiM ObLIO IIOCTPOEHO B SIBHOM BH/JIE PETryJIsi-
pu3zoBaHHOE pererue 3aaun Komm jyist ypaBaenus Jlamnaca [4].

BO MHOT'UX KOPPEKTHBIX 3aJa4vaX IJjid CUCTeM ypaBHeHI/Iﬁ QIIJIUIITUYICCKOI'O THIIa II€PBOT'O ITOPAIKa
C TMOCTOAHHBIMU KOd(pdurmenTamu dhaxTopusyemMoit omepaTtopoM [eabMroJibiia, HEJIOCTYIIHO BBIYUCIE-
Hue 3HavYeHue BeKTOp-DyHKImMYU Ha Beelt rpanwutie. [losTomy, 3amaua BOCCTAHOBJICHUS, PEIICHUS CACTEM
YPaBHEHUHN SJITUNTUIECKOTO THUIIA, TIEPBOTO MOPSIKA C IOCTOAHHBIMEU KOd(d dunmentTamu pakTopusyeMoit
oneparopoMm [esbmroabia ([7]-[8]), siBiasiercs ofHOM U3 aKTyaJbHBIX 3aja4 Teopur JuddepeHIraibHbIX
YPaBHEHUI.

[Iycrs R3-TpexnmepHOe BEIIECTBEHHOE €BKJIMIOBO IPOCTPAHCTBO,

T = (xlv x2, .’173)6 Rsv Yy = (ylu Y2, 3/3)6 Rgv

2 = (1, 12)€ R?, o = (y1, y2)€ R?,

G C R3-meorpannmuennas 061acTh ¢ KyCOUHO-TIa KoM rpamuteit G (OG-mpoctupaercs 10 6eCKOHeTHO-
cru), T.e. 0G =SYT.

Paccemorpum B obsactu G cucremy JuddepeHIuaIbHbIX yPABHEHTT
D 9 U(z)=0 (1)
Ox o

rme D (6%) — MaTpuna auddepeHnnaabHbIX OlIepaTOPOB IIEPBOTO TOPLAIKA.
Ilycre, rpanuma objactu G COCTOUT M3 TUMEPIIOCKOCTH Y3 = 0 M TIa KOl MOBEPXHOCTH S, TPOCTH-
patoreiicst 10 OECKOHETHOCTH W JIesKAIleil B CJI0e

0<ys<h, h="2, p>0.
P

Bynem npeanosarars, ato S 3a/aH0 ypaBHEHHEM

y3 = V(y1, y2), —00 < y1 <00, —00 < yp < 00,
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rie 1(y') yIOBIETBOPSET yCIOBHIO

/
Q%ﬁzgﬂl<m,yeR%j:Lz
Oyj
O6o3naunm
H,(G)={U(y): Uly) € H(G), [U(y)| <exp [o(exppl|y])] ,y — o0, y € G}. (2)
ITocranoska 3agaun. Ilycrs U(y) € H,(G) un

Uyls = f(y), yes. (3)

Baecn, f(y) — 3anannas HenpepbiBHas BekTop-byHKIms Ha S. Tpebyercs BOCCTAaHOBUTH BEKTOP-(DyHK-
o U(y) B obsactu G, ucxons u3 eé 3nadenuii f(y) ua S.

IIycrs U(y) € H,(G) n B7mecre U(y) Ha S 3a7aH0 ee npubdizkenue fs(y), COOTBETCTBEHHO, C HOIPeII-
HocThIO 0 < § < 1, max \U(y) — fs(y)] < 0.

Teopema 1. ITycmov U(y) € H,(G) ydosaemeopaem na wacmu naockocmu yz = 0 2panuamyro yciosuso

U(y)| <1, yeT. (4)
FEcau
Unsla) = [ Noly. a) o). @€ G, (5)
mo Ccnpasediusa oueHKa
U(z) — Ups(2)] < Cplz)os v, o>1, z€G. (6)

Bnech jus ynobersa, DyHKIMH, 3aBUCAIITe OT & 1 p, 0bo3HaunM depe3 C,(x). [Ipuuem B pasnumaHbIx
HEPABEHCTBAX OHM PA3JTNIHBIE.

CaencrBue 2. IIpedeavroe pagencmeo
lim U05(SU) = U(:C)v
6—0
umeem Mecmo paHOMEPHO HA raotcdom xomnaxme u3d obaacmu G.
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C 1esbr0 pa3paboTKu CII0COO0B KOHCEPBUPOBAHUST (DPYKTOBO-SITOHBIX CHPOIIOB, KOTOPhIE HCKJTFOIAIOT
[IpUMEHEHNE BBICOKOTEMIIEPATYPHON CTEPUIN3AIUNA U KOHCEPBAHTOB, OMPEIEIs/IM BbIXKUBAEMOCTDb CIIOD
IJIeCHEBBIX rpubOB B. nivea B MOIENBHBIX Cpelax C Pa3HOW KOHIEHTPAIIMEH MHUIINEBhIX OCMOTHIECKU
JIeITETHHBIX BEMECTB (Caxapo3bl, ITUIOBOIO CIIUPTA, TUMOHHON KUCIOThI) OKA3bIBAIOT IIPU OIIPEJIeIEHHO
KOHIIEHTPAIIUY JIeTAJIbHOE JIeficTBIe HA MUKPOOPraHu3MBblI, [1].

DakTOpPHBIA aHAJIN3 TAOIUIIBI JAHHBIX OCYIIECTBIIsICS B cpene SPSS. BarkHblit aTam paboThl — BBIOOD
mapaMeTpoB HPOIEIyPbl (PAKTOPHOTO AHAIM3A U PACIET CJIEAYIONUX OKA3aTe el OJIHOMEPHBIE ITUC-
[IEPCUU; MATPUIA KOPPEJISIUU, YPOBHA 3HAaUUMOCTHU. JJist ompejiesieHnst Mepbl aJIeKBATHOCTHA BBIOOPKU
onpeesimn Kodpdunment Bapriera [2], [3].

B nHamewm ciiyuae paccMaTpuBaeMblil TECT MTOKA3bIBAET BeCbMa HU3KYIO 3HauuMocTh (Menee 0.001), u3
9€ero CJeJyeT BBIBOJL O IPUMEHUMOCTH (PaKTOPHOTO aHAJMA3A.

Bribpan meros dakropuzanuu peylupOBAHHON KOPPEISIIUOHHON MATPUIBI M OIPEIeIeHO YHUCJIO
OXKHUJIAeMbIX (paKTOPOB.

Pezysbrarer dpakTopHOro anainza: nMpu MepBOHAYAIBHON (PaKTOPU3AIINN TOJIYIeHA CIIeIyIomas (hak-
TOpHAs MATPHIIA KOMIIOHEHT 1 obrHocTH (Tabir.l)

Tabmauma 1. MaTpuiia KOMIOHEHT U OOIITHOCTH

BecoBbie KOMIIOHEHTHI | OOIITHOCTH
1 2 U3BJICYEHHBIE
KOJIMIecTBO rpubKoB Yy | -0.963 -7TE-018 0.928
BpeMd T 0.207 0.057 0.046
caxap X 0.886 -0.217 0.833
KHCJIOTA X3 0.185 0.975 0.984
CIIUPT 24 0.255 0.00 0.065

3HadeHus OOITHOCTY MEPEMEHHON JiexkaT B auanasone oT 0 10 1, OHM MO3BOJISIOT MOHATH, KAKasl 9acThb
JIUCIIEPCUN TIEPEMEHHOI 00bsiCHsIeTCs 0bmmMu pakTopaMu. deM BbIllle 3HaUeHNE OOIIHOCTH IIe€PEMEHHOIM,
TeM Jrydine (haKTOPHAS MOJETb O0bICHSIET IUCTEPCUIO AHATU3UPYEMOTO TTPU3HAKA.

Koppensmmnonnas matpuiia ObLTa TOABEPTHYTA TTPOTIEIyPe aHAIN3A MO0 METO/Y TJIABHBIX KOMIIOHEHT.
Bouto usBnedeno 2 dakropa ¢ cOOCTBEHHBIME 3HAYCHUAME OIM3KUMHA K 1 (TabJ1.2) 1 MOIydueHa MaTpura
[OBEPHYTBIX KOMIIOHEHT (Tabs1.3)

Tabauria 2. ITonrHas 00bsICHEHUS AUCTIEPCUS

Kommonenra CymMma KBaJIpaToB CyMMBI KBaJIpaTOB
HATPY30K M3BJICICHUS HATPY30K BPAIICHUS
Bceero | % mucnepcun | Kymynsa- | Beero | % aucnepcun | Kymyssa-
tusHBIH % | Beero TUBHBIA %
1 1.855 37.106 37.106 1.844 36.885 36.885
2 1.00 20.000 57.106 1.011 20.221 57.106
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OTu PaKTOPHI MOABEPIJINCH BPAIIEHUIO 110 METOLY BapuMakc ¢ HopMajausanuein Kaiizepa. @akTopsl,
MIOJTyIE€HHBIE B PE3y/IbTaTe BPAIIEHUA 110 METOIY BAPUMAaKC, O0bACHAIOT COCTaB 00Ielt mucnepcuun. Bpa-
IIeHNe COIIJIOCh 33 3 UTEepalliu.

Tabaura 3. Marpuiia MOBEpHYTHIX KOMIIOHEHT

BecoBble KOMIIOHEHTHI
1 2
KOJIU4IecTBO rpubkoB y | -0.957 -0.109
BpeMs X1 0.199 0.080
caxap T2 0.905 -0.115
KHCJIOTa, I3 0.073 0.989
CIIUPT 24 0.254 0.029

ITostyuen rpaduk KOMIIOHEHT B ITIOBEPHYTOM ITPOCTPAHCTBE:

pathMK KOMNOHEHT B NOBEPHYTOM NPOCTPAHCTBE

10— o
KWCnoTax3

epemax|
o cnuprid
(o]

0o RONMEOTIHOROEY THTED

dakTop 2

05+

40 05 00 05 10
®akrop 1

B pesymbprate dhakTopHOro aHasn3a KOJMIECTBO IIEPEMEHHBIX TPEX: Y] — KOJIMIECTBO IpuOKOB; Fp —
Daxrop 1; Fr — Pakrop 2. Jamee mo crarucrudeckoii 3asucumoctu (y1, F1, Fy) (Koppessnus) ycraHnas-
JIMBaeM BHJ KOppeJsnuoHHoi nosepxuoct y; = f(F1, Fy) orobpazkaromieii MHOTOMEPHYIO PErpecCHio
HCXOJTHBIX TATH TepeMeHHbIX F(y, 21, X9, X3, X4).
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IIycre M — HewyeTHOMEpPHOE IIajkoe MHOroobpasme. IlouTn KOHTAKTHON METPUYECKONH CTPYKTYPOi
(xkopoue, AC-ctpykrypoit) Ha M nasbiBaeTca derBepka (1,&, , g), rme n -nuddepennmanbuas 1-dop-
Ma, £ — XapaKTepPUCTUIECKOe BEKTOPHOe nose, ¢ — crpyKTypHbIii sumoMopdusm momyias X(M), a g =
(+,+) — puMaHOBa MeTpuKa Ha M ¥ BBIIOJHSIIOTCS CJIEYIOIIHAe YCIOBUSI:

DnE) =1 2)no®=0; 3) P(¢) =0;4) ®? = —id+n®¢

5) (X, dY) = (X,Y) —n(X)n(Y); X, Y € X(M).

HokazaHa OCHOBHA

Teopema 1. Konmakxmmoe pacnpedescHue nowmu KOHMaKMH020 MEMPUUECKO20 MHO2000DA3UA BNONHE
UHMEPUPYEMO M0206 U MOoAbKO Mmo2da, K020a cnpasediuso caedyrouee COOMHOULEHUE:

Vo) (@)2(X) = Vax)(2)2(Y).

IIpumenum ee njis mccieI0BaHNUs KOHKPETHBIX CTPYKTYD.
KBa3u-cacakueBbl CTPYKTYpPbI. KBa3u-cacakueBoil CTPYKTYpPO#l HA3bIBAETCS HOPMAJbHAS MOUTH
KOHTaKTHAsl MEeTpUUIecKas CTPYKTYPa ¢ 3aMKHYTON pyHIaMEHTATLHON! (POPMOIA.

Teopema 2. [Iycmv M — xsasu-cacarueso mHozoobpasue. Toeda credyrowue Yeaosus IK6UBAAEHNHDL:

(i) xonmaxmmnoe pacnpedeserue mroz2oo6pazus M uneosomueno;
(ZZ) Vaox€& =0;

(11i) M — Kocumnaiexmuueckoe mHo2000pasue.

Teopema 3. Konwmaxmmoe pacnpedeserue K8a3U-CACAKUECEA MHO2000PA3UA GNONHE UHMELPUPYEMO MO-
2da u moavko moezda, Ko2da MO MH02000DA3UE ABAAEMCA KOCUMNAEKMUYECKUM. B amom cayywae Ha
MAKCUMANOHBLL UHMEZPAALHHLL MHO2000DA3UAT KOHMAKMHO20 DPACNPEIeAeHUs UHOYUUPYEMCA KEAEPOBH,
CmPYKMypa.

Tak KaK KOCUMILUIEKTHIECKHE MHOTO0OPA3Ust SIBJISIFOTCS YaCTHBIM CJIy9YaeM KBa3U-CACAKUEBBIX, TO MO-
KeM cHOPMYIMPOBATD

C.TIe,E[CTBI/Ie 4. Ha maxcumanvrvir uHmMEPANOHBLL MHOZOO@'DCLBU,H,ZE KOHMAKMHO20 pacnpe&eﬂemm KO-
CUMNAEKTNUYECKO20 .MH02006])0,3U.}1 u%dyuupyemcx Keaeposa Cmpyxmypa.

JlokanbHO KOH(OPMHO KBa3mW-cacakKmeBbl CTPYKTYpPHI. [lycts S = (1,, ®, g)—AC-crpykrypa
Ha Muoroo6pasuu M 2" pasmepnoctu ceeimre Tpex. Kondopmubiv npeobpazosanuem AC-cTpyKTypbI
S = (n,&,®,g) ma muoroobpasum M2"*! pasmepnoctu cBbimte Tpex HasbBaerca mepexon ot S k AC-
CTPYKTYype S = (17,5,513,5), roe 1 = e 9, 5 = ¢%¢, § = e 2%g, o-npou3BOIbHAL TIAKAS (DYHKIIA
na M, HazeiBaeMas onpedeastowets gyrkyuets npeobpasosarus. AC-crpykrypa S na M HazbIBaeTCSA JIO-
KaJIbHO KOH(POPMHO KBa3U-CacaKueBoil (Kkopoue, [cQ).S— cTpyKTypoii), eciiu CyKeHue 3TOi CTPYKTYPbI Ha
HEKOTOPYIO OKpecTHOCTH U 1pon3BOIbHON TOUKY p € M nomyckaeT KOHMOPMHOe IpeoOPa30BaHNe B KBa-
3W-CaKCAKUEBY CTPYKTYDY. ByJieM Ha3blBaTh 3TO MpeobpasoBaHue JIOKAJIbHO-KOH(MOPMHBIM (IPUMEPOM
lc@QS-cTpyKTyp siBIAsIOTCH CTPYKTYPbl Kermorry).

Teopema 5. Ilycmv M — [cQ)S-mHo2006pasue ¢ UHBOAOMUBHLM NEPSLIM GYHOAMEHMAALHBIM PACTIPE-
deaenuem. Tozda ma uHMEPAALHOIL MHO2000DAUAT MAKCUMANGHOT PASMEPHOCTIU €20 KOHMAKMHO20
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pacnpedeserus uHOYyuuUpyemcs cmpykmypa xaacca Wi noumu spmumossis cmpykmyp 6 KAaccugura-
yuu I'pes-Xepsearv. Ona 6ydem xeaeposoti mozda u moavko moezda, kozda grad o C M npuradaescum
8MOPOMY HYHIAMEHMANYHOMY PACTPEJENCHUIO.
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Kanonndeckmne KBa3u-reoe3mvecKne OToOOpaKeHns
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Wsyuas npobsiemy mMomesmpoBanus dusmdeckux nojeit, akagemuk A. 3. [lerpop mpuiesn kK 3amade
kBasureozesndeckoro orobpazxkenusi (KI'O) 4-x MepHBIX PUMAHOBBIX IIPOCTPAHCTB CUIHATYPbI MUHKOB-
ckoro [1]. B [2] uccrenoanucy KI'O puMaHOBBIX IIPOCTPAHCTB HPOU3BOJILHOI PA3MEPHOCTU U CUTHATYPBI
C PEKypPPEHTHO-1apabOIMIeCKON CTPYKTYPOii.

MHoroobpasue X,, cauraercst HaJleJeHHBIM e-cmpykmypoto (3], eciin Ha HeM ompeieseHa adbduHOpHAasT
crpykrypa F!'(z), ynosnersopstomas yeaosuam FOFD = eft rne e = —1,1 mwmm 0. Ilpu e = 1 ee
Ha3BbIBAIOT TUIEPOOJIMIECKON; Tpu e = — 1 — syummnTudeckoit; npu e = () — mapaboiuIecKoi.

B zaBucumocTu ot quddepentmaibubix cBOMCTB adduHOPA B PUMAHOBOM MPOCTPAHCTBE C €-CTPYK-
TYPOIl BBIJIEJISIOT PA3JIMIHBIE KJIACCHI IIPOCTPAHCTB: KeJiepoBbl, K-TipocTpaHncTsa, H-1IpocTpaHcTBa U JIp.

B [2] pexyppenmno-napaborueckyto crpykrypy Ha (V,, gi;) oupenennnu kak adGUHOPHYIO CTPYKTYDPY
FM(z), nns koropoit

FFl=0, Fyj+F;=0, Fj=Fga,
F}; = pj(x)F\(x),
rje pj — KOBEKTOD, «,» — 3HaK KOBapUaHTHOU mpoussoauoii B V,. Camo V;, mpu aTOM TakzKe Ha3bIBAIOT
PEKYDPEHMHO-NAPLOOAUNECKUM.

Paccmorpum mapy puMmanOBBIX mpocTpancTB (Vi gij) u (Vn,gij), naxongmuxcsd B KI'O, ocHoBHBIE

yPaBHEHHsA KOTOPBIX B 0o0IIeil o 0ToGpazkenuio cucreme Koopauuar (z') mmeror sug [1]:

(@) = T (@) + $(@)d + o) Fly(2)

Fujp(e) =0,  Fiy(a) = F}(2)ga,(2),

I‘?j — KOMIIOHEHTBHI 00bEeKTOB CBA3HOCTHU MPOCTPaHCcTB Vo, 1 V,,, COOTBETCTBEHHO; ¥;, ©; — KOBEK-

T

=h
rue Fi]-,
. h
Topsl; F' — addunop.
Mber uccseyem KaHoHMUIECKHe KBasu-reojesndeckue orobpaxkenus (KKI'O) — kinace KI'O, mis xoro-
pOro B OCHOBHBIX ypaBHEHUAX 1) = 0.
Hamu nokazana

Teopema 1. Ecau V), ¢ pexyppernmmo-napabosuveckoti cmpyrmypoti Fih donycraem KKI'O na pumaroso
npocmparcmso Vo, mo V., no Heobrodumocmu makoce 6ydem pexyppenmmo-napabosuseckum omHocu-
MEALHO Fl-h C MeM JHce 8EKMOPOM DEKYPPEHMHOCTIU.

Paccmorperno KKI'O pekyppenTHO-Iapabomaeckoro V, Ha IUIOCKOe HTpocTpaHcTBo I,. Ilomyuena
CTPYKTypa TeH30pa Pumana takoro V,. B wacTHOCTH, TOKa3aHO, YTO OHO SABJIAETCH PUIIN-TIOCKAM U
CUMMETPUYECKIM.

Hokazana

Teopema 2. /Jlis mozo, 4mobb: NapabosUdecKu-pPeRYPPEHMHOE NPOCMPaHcmseo Vy, npun # 2 donycraio
nempusuanrvroe KKI'O wa naockoe V,, = E,, neobxodumo u docmamouwro, 4mobv, ono 6vuio Puvvu-
nAOCKUM, 6 €20 men3op Pumana umen cmpyxmypy

Rpije = Cre ") (FyiFij — FijFig, + 2F3iFr;)

npu nexomopot xonemanwme Cy u p; = Oip(x).
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O zamaue mpeciiefoBaHUsA, onMucbiBaeMoil quddepeHnnaabHbIMU
YPaBHEHUSIMHU JPOOHOTO IOpsiIKa
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B nacrosmeii 3amMeTke Oy1eM paccMaTpUBaTh UTPOBYIO 33/1a4y, ONUCHIBAEMYIO YPABHEHUAMU JIPOOHOTO
MOPSAIKA BUIA
gD?izi(t) :ZiJrl(t)a = 1aN_1a OCD?NZN(t) = _u(t)+v(t)7 (1)
e § Df — oneparop apobmoro muddepennuposanus, a; € (0,1], t € [0,T], a;j — KO3 UIMEHTDI,
U, U — YIPABJIAOIINE IapAMeTPBI ¢ — YIPABJIAIOMINIL IapaMeTp IpecsieLyioniero urpoka, u(t) € Ly[0, T,
llu(t)|| < p, v— yupasasommii napamerp yberatorero urpoka, v(t) € L,[0,T], ||v(t)| < o0, 4,5 = 1, N.
ITo moBTOpSAIOIMUMCA HHACKCAM HOApa3yMeBaeTcsa cyMMupoBanne. HauaabHble 1 KOHEYHbBIE YCIOBUS I
cucremsl (1) 3amaum B BHIE

2(0) = 2% = (2,29, ..., 2%), (2)

2T) =20 = (2L, 2], .., 21) (3)
Jpobryto nponsBoiHyo GyieM HOHUMATH KaK JIEBOCTOPOHHIOW JIpOOHYI0 mpoussoiHyto Kamyro [1]. Ha-
IIOMHUM, YTO ApoOHAas mpou3BojHas KamyTo mpom3BoJILHOTO HEleeBoro mopsiaka « > 0 ot dpyHkiun
f(z) € AClH1(a,b), a,b e R, onpenensiercs BoIparkeHmem

1 / de1f(e)  de
(1—{a}) dglel+l (g — eyted”

a

€ D3 (@) =

Byznem rosoputh, uto B urpe (1) BO3MOXKEH IepEBOJ TOUKH 2z U3 HAYAJIBHONW TOUKH 20 B KoHEUHYIO TOUKY

2T, ecrm cymecrsyer wncio T = T(2°, 27) > 0 raxoe, aro g mmoboro gomycrumoro ynpassenns v(t),
0 < t < T yb6eraromero urpoka, 3uasi B Kaxplit Moment Bpemenu ¢t € [0,7] ypaBuenue (1) u 3nadeHus
v(t) B urpe (1) moxkHO BBIOpaTh 3HAaYeHUE U(t) TAKUM 0OPA30M, UTO:
1) u(-) - momycrumoe yrpas/ieHre IPEeCIeIyomero nrpoka;
2) 2(T) = 2%, rne z(t), 0 <t < T, - pemenne coorsercTByIomiei sagaqu (1), (2) mpu ynpasienusx
u(t), v(t), 0 <t < T.

Teopema 1. Ecau p > o uay,p’ ydosaemesopsem nepasencmsy an > pp_,l,mo 6 uepe (1), (2), (3) 6os-
mooicen nepesod mowku z us 2° 6 21, 2de npocmpancmea Ly[0, T] u Ly [0, T] asasomes conpasicenmvimu,
1

m.e. %—F?:l, I1<p<oo, 1<p <.
JINTEPATYPA
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Crmoco0nI CO3daHuA HpO6JIeMHbIX CI/ITyaHI/Iﬁ B IIpo1iecce pa3BuTue
TBOPYECKOI'0O MbIIIIJIEHUA CTyA€eHTOB

Mamaros M.III.
(Harmonaubublit Yuuepcurer Y3bekucrana, TamkeHT Y36ekucraH)
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SDcouoB I.3.
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E-mail: mamatovmsh@mail . ru

HezaBucumo BbIOOpa METOMA M3TIOXKEHUST MATEpUaja W OPTaHW3aIMyu yIeOHOTO MPOTIECca, B OCHOBE
IpU TTPOOJIEMHOM OOYYEHUN JIEYKUT TIOCTIETOBATEIHLHOE U TIETEHATPABICHHOE CO3aHNe TTPOOJIEMHBIX CH-
Tyaluii, MOOUIN3YIOMUX BHUMAHUE U aKTUBHOCTH yuaruxcs [1]. B ¢Bs3u ¢ atuMm, ogna u Ta xKe 3amada
MOYKET ABJIATHCS WA HE ABJIATHLCS MPOOJIEMHON, B 3aBUCUMOCTH, B IIEPBYIO OYEPEb, OT YPOBHS Pa3BU-
THUST YIAIAXCA. 38/1a98 CTAHOBUTCSI ITPOOJIEMHOI, €CJIN OHA HOCHUT TIO3HABATEJIbHBIN, & HE 3aKPEILISTIOITNH,
TPEHUPOBOYHBIN XapakTep. Bce 9T0 U ompesiesisieT XxapakTep mpobIeMHOr0 00y IeHnsT KaK Pa3BUBAIOIIe-
ro. [IpobiemMHuast cuTyarus MOXKeT HAXOAUThCH B 30HE OJIUKAUIIEr0 PA3BUTUS, KOTJA yYUIAITANCT MOMKET
pa3penuTh ee TOJBKO Ha I'PAHUIE CBOMX BO3MOXKHOCTEH, IPU MAKCAMAJIbHON aKTUBAIUU CBOEIO MHTEJ-
JIEKTYaJIbHOr0, TBOPYUECKOTO U MOTHBAIMOHHOTO MOTeHnuaa. Oupeneasior TpobIeMHyI0 CHTYAITNI0 KaK
WHTEJIJIEKTyaJbHOE 3aTPY/IHEHNE UeJI0OBEKa, BOSHUKAIOIIEE B CJIydae, KOrjia OH He 3HAeT, KaK O0bsICHUTH
BOBHUKIIIEE sSBJIEHUE, (PAKT, IMPOIECC AHCTBUTEIBHOCTH, HE MOXKET JOCTUYD IEJIN U3BECTHBIM €MY CITO-
coboM, 9TO MOOYKIAET YeJIOBEKA MCKATh HOBBIN CIIOCOD 00bsiCHEHUsS Wju crocod paeiictBus. [losromy
pOOJIEMHON MOXKHO Ha3BATb TY CHUTYAIlUIO, KOTJA yUaIlUiics HEe MOXKeT OObACHUTH i cebsi 0Obek-
TUBHO BO3HUKAIOIIEE MPOTUBOPEYNE, HE MOYKET JATh OTBETOB Ha OOBEKTUBHO BO3HUKAIOIIAE BOMPOCHI,
ITIOCKOJIbKY HU MMEIOIINECsS 3HAHWS, HU COJEpIKaIlas B MPoOJeMHOM cuTyanun uHGOpPMAIus HE COIep-
JKAT HA HUX OTBETOB U HE COJEPXKAT METOMIOB UX Hax0kKjeHus. C TOYKHU 3PEHUsT ICUXOJIOTUN ITO U CIIY2KUT
MIPEIOCHLIKOMN JIJIsT TTOSIBJIEHUST MBICTTUTETLHON aKTUBHOCTHU TI0 BBISIBJIEHUIO W PEIIEHUIO TTPODJIEM.

Haubosee dyHKIIMOHATHHON U PACITPOCTPAHEHHON SIBIISIETCSA pasjesieHne MpoOJeMHBIX CATYAIN 10
XapaKkTepy COEPXKATETHHON CTOPOHDBI IPOTUBOPEYUNi HA IETHIPE TUIIA:

1. HemocTaTodHOCTD MPEXKHUX 3HAHUN YUIAITUXCST JJIsI O0bsICHEHUSI HOBOT'O (DaKTa, MPEKHUX YMEHUT
JIJIsT PEIeHus] HOBOH 3a/1a4u;

2. HeobxomMOCTh UCIOJIB30BATh paHEe YCBOEHHBbIE 3HAHWS W YMEHUs, HABBIKA B IIPUHIUITHAJIBHO
HOBBIX TPAKTUYECKUX YCJIOBUSX;

3. Hajuaume mpoTuBOpedrs MEXJy TEOPETUUIECKU BO3MOXKHBIM IIyTEM DPEIIeHWS 3aJa9/d U MPAKTH-
9eCKO# HeoCyIIeCTBUMOCTH BBIOPAHHOIO CII0C06a;

4. Hajuuue nporuBopednss MeK 1y TPAKTUIECKHU JOCTUTHYTHIM PE3yJIbTATOM BBIITOJTHEHUS YIeOHOTO
3a/[aHUs] U OTCYTCTBUEM Yy YUAIMUXCHA 3HAHUMA [IJIsi €I0 TEOPETUIECKOTO 0DOCHOBAHUS.

HpO6ﬂeMHaH CUTyallus JOJIZKHa BBISbIBATH MHTEPEC y4dalllUuXCA cBoeit HeO6]:>I“IHOCT]::IO7 HEOX KM JaHHO-
CTbIO, HECTaHIaPTHOCTBIO. TaKI/Ie IIOJIOZKUTEJIbHbIC 9MOIIUHN, KaK YJIUBJICHUE, UHTEPEC CJIy2KaT 6JIaFOHpI/I—
ATHBIM HOJACHOPbeM i oOydenns. OIHUM M3 CAMBIX JOCTYIHBIX W JIEHCTBEHHBIX METOIOB JIOCTUKEHUSI
3T0or0 3hdeKTa CIYKUAT MAKCUMAJIbHOE aKIEHTUPOBAHNE MPOTUBOPEUNi: KaK IeHCTBUTEIbHBIX, TaK U
KaXKYIIUXCsT WU JaKe CIIeNNabHO OPraHU30BAHHBIX IIPEIoaBaTesieM C IeJIbi0 0oJibIeil 3 HEKTHOCTH
MIPOOJIEMHO CUTYAIUU.

JINTEPATYPA
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IlycTts mBuKenme 00bEKTA B KOHETHOMEPHOM €BKJIMI0BOM IpocTpancTse R omucwiBaercs nuddepen-
[UAJIbHBIM YPaBHEHUEM JIPOOHOTO MOPSIKA BUIA

Z=Az+u—v (1)
rie z € R", n > 1, A— nocrostHHast MaTpUIA, U,V — YIPABJSIONME TapaMeTPhl U — yIIPaBJISTIOIIHI
mapaMeTp Ipecjeayonero urpoka, u € P C RP, v — ynpasisomuii mapaMerp yOeraroInero urpoka,
v € C RY Pu @ —xommaktel. Kpome Toro B R" Bblze/ieHO TepMuHabHOEe MHOXKecTBO M. Ilern
IIPECJIEYOIIEero UIPOKa BbiBecTH z Ha MHOXKecTBO M + 1S time | > 0 u S — epuHU9HbBIH 111ap, yOeraro-
Ui UTPOK CTPEMUTCS ITOMY MOoMeIaTh. Hacrosimas 3aMeTka, MOCBAIIEHHAS IOy YeHUIO JTOCTATOIHBIX
YCJIOBUIi 3aBepIleHrs] MIPEeCIeI0BaHUs O TO3UIMU. BymeM roBopuThb, 4To u3 Touku zg € R™\ M BO3-
MOKHO 3aBepIIeHNe TPEeCc/IeIOBaHus 110 MO3UIUK, ecyan cymecrByer quciao 1'(zp) > 0, Takoe, 94To 10O
sobomy m3mepumomy uamenenuio v(t), 0 < t < T'(zp) mapamerpa v MOXKHO TIOCTPOUTDH TAKOE U3MEPHMOEe
m3menenne u(t) = u(z,t), 0 < t < T(zp), mapamerpa u, aro perrenne z(t), 0 < t < T'(2p), ypasHe-
g 2 = Cz — u(t) + v(t), 2(0) = 2, monamaer ma M 3a Bpems, He mpeBocxofsiee ducia 1'(zp), npu
9TOM JIJIsl HAXOXKJIeHUsI 3HaUeHus napamerpa u(t) B kaxk bt MomenT Bpemenu t € [0,7(zp)] paspemma-
€TCsl UCTIOJIb30BATh 3HAYEHUS Z(S;) BEKTOpa (Da30BBIX MEPEMEHHBIX Z B JUCKPETHBIE MOMEHTHI BPEMEHU
S81,82,...,8k € [O,t].

Bcerony B manmbreiimem:

a) TepMuHasibHOEe MHOXKeCcTBO M umeer Bun M = My + My, rne My — muHeiiHOe MOAIIPOCTPAHCTBO

R™, M — noJIMHOXECTBO TOIIPOCTPAHCTBA L — OPTOrOHAJBLHOTO JiottoJiHeHus Moy;

6) T — omepaTop OPTOrOHAJILHOIO IpoeKTUpoBanus u3 R"™ na L;

B) 1OJ orepanyeil * MOHUMAEeTCsl Ollepalis TeOMETPUIECKOTO BEIYUTAHMS.
IIycrs s

r >0, i(r) = me" P, o(r) = me"Q,
)= [

w(r) = au(r)2o(r) W(r /w(r)dr, >0, Wi(r) = —M; + W(7).
0

Teopema 1. Ecau 6 uzpe (1) npu nekomopoti T = Ti, evnosnaemcs sxmovenue —redT zg € W(t), mo
U3 HAAALHOL0 NOAOHCEHUA Z) MONCHO 3A6EPUUMD NPECACOSAHUE NO NOZUUUL 30 6pema T = Ty.
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/IBu>kennss B reomerpuu JIlobaueBcKoro u ajaredpbl onepaTopoB
Beprmana co caBuramm

Mozeans B. A.
(Opmecca, I'Y “Oraenenne rugpoakycruku UI'@ HAH Ykpaunst”, yi. [Ipeobpazkenckasi, 3)
E-mail: mozel@ukr.net

IIycrs D - equangnbnii Kpyr komiuiekcHoit miockoctu C . B 6anaxoBom npocrpancrse Ly(D) BBemém
CJIeJIyIOIIIe OIIEPATOPBL: XOPOIIIO U3BECTHBIH orepaTop ¢ aiapom Beprmana (cM., Hamp., (1], [2])

(Bf)(z) = i/(lji(?z)Qch,

(W, )(2) = |9 )" 9(2)

— M30METPUIECKHIA OTepaTop B3BEIIEHHOIO CIBUTA, TIOPOXKIEHHBI KOH(MOPMHBIM OTOOpakenueM g € G
kpyra D B cebst, G — nuKIMIeckas IpyIia KOHEYHOTo mopsaka n+ 1 (g — sjummnrudyeckoe 0TobpazkeHue
C OJIHOM HETIOJBUKHOMN TOUKO# BHYTpu D u BTODOii, eif cumMeTpudHoii, BHe D), 1160 6ECKOHETHOTO T10-
paika (g — rumnepbomaeckoe 0TOOpayKeHHe ¢ JABYMsl HEIOABUXKHBIMU TOYKAMU HA abCOJIIOTE, MU Hapa-
boJimaeckoe 0TOOPasKeHne CO CIBOEHHON HETOBUKHON TOYKON Ha abCOIoTe B cMbIcsie Mofeu 1lyankape
reomerpun Jlobauesckoro ([3], ¢.59-67)).

B nannoit pabore nsyuaercs baHaxoBa aaredpa

C=> " AW,
gelG
KOTOpasi sIBJIsIeTCsl pacimmpenneM ajreGper 24 omeparopos Buma A = Y7 ((ai(2)] + bi(2)B + L) nna
koneunoro ciaydast, A = Y (a;(z)] + bj(z2)B + L) nnst 6eckonednoro ciydas, rjae I — eIuHUIHBIHA,
L — xomnakTHbIi oniepaTop a;(z), b;(z) — aBromopdubie dyuKImMn [4] (T.€. yI0BIETBOPSIOIIUE YCIOBUIO
ai(g(z)) = ai(z), bi(g(z)) = bi(z)), HeupepsiBHBIe HA puMaHOBO# moBepxHocTH A = D/G [5], ru. 6,
¢c.110 — 117, ¢ momompio oneparopos B3semennoro casura W,. Hopma B anrebpe € BBOAUTCA TPaBUIIOM:

IHCHllzzsungAng

geG ge

Omneparopsr anre6pbl € MOXKHO 3aIUCATH B BHJIE
n
RGOR;' = Z(ai(z)E +bi(2)ReBRG"),
i=0
JIUTsl KOHEYIHOT'O CJIydas,
o

RGOR;' = Z (a;(2)E + bi(2)RgBRG"),

1=—00

1711 GeckoneuHoro ciydast, E— eaunndnas marpuna, Rg = diag(P;W7), Rél = diag(WF;), P, —
OIIepaTop MPOEKTUPOBAHUSL HA j — ii 9K3eMIIAp dyHmaMerTaabHoil obsactu [5], rr. 9, ¢.183-226.

B koneunom ciiydae puMaHOBa IOBEPXHOCTb €CTh KOHYC. B mapabosimdecKoM ciiydae pUMaHOBa IIO-
BEPXHOCTb — 9TO M30THYTHIA KOHYC C KacIlOM B BepIIMHE. B rumepbo/m9ecKoOM CJIydae 9TO H30THYTHII
nuuHap. B ossummnrumdeckoM ciiydae KO3 @UIMEHTHI HEIpPEpPLIBHBI B 3aMKHyTOM Kpyre D. B 6Gecko-
HEYHOM Ke CJIydae B IPEJEeJbHBIX (HEMOJBUKHBIX) TOYKAX CIABUTA Y KOI(MDMUIMEHTOB UMEETCsl PA3PhiB
[IEPUOINIECKOTIO THIIA.

CupaBejiuBa CJIeIyIoNnas TeopeMa.

Teopema 1. Onepamop C € € ¢pedzorvmos (némepos) 6 npocmpancmese Ly(D), ecau u moavko ecau
e20 cumeon (cm., nanp., [6]) neswviposicden.
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OTmMeTnM, 9TO CHMBOJIBI M CLIEKTPBI JIMHEHHBIX (DyHKIMOHAIBHBIX ONEPATOPOB OBLIN BBIYHUCIICHBL B Pa3-
mrasbix curyanusax A. B. Auronesnuem [7] u FO. U1. Kapsosuaewm [8], [9]. Cm. rakxke kuury B. A. Ilia-
MeHeBckoro [10] u nuTupyeMyio TaMm JuTepaTypy.
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Anreopa JIu mHdUHUTE3NMAJIBHBIX 00pa3yONINX I'PYHIIbI
CUMMETPpUii ypaBHEHHUsI TEIJIOIPOBOIHOCTU

HapmanoB OTabek AGauranmapoBu4
(Tamkenrckuil yHuBepcuTeT MHGOPMAIMOHHBIX TexHoornil, Tamkent, Y36ekucran)
FE-mail: otabek.narmanov@mail.ru

Ilycts nam mamo mudpdepennuaibHoe ypaBHEHUE TOPAIKA 1M
Az, u™) =0 (1)

OT N HE3ABUCHUMBIX OT T = (Z1,X2,...,Tyn) U ¢ 3ABUCUMBIX IIEPEMEHHBIX U = (U1, U2, ..., Uq), COAEPKAILIECE
IPOU3BOJHbIE OT U 110 Z JI0 HOPSIKA M, The & = (X1, T2, ...,Ty) € X = R", u= (u1, ug, ...,uq) € R%.

Onpenenenune 1. I'pynna G npeobpasoBanwuii, JAeficTByOMas Ha OTKPBITOM MOAMHOXKecTBe M mpo-
CTPAHCTBA HE3ABUCUMbBIX U 3aBUCUMBIX IIePEMEHHBIX Jn(dEePEeHINaIbHOT0 yPaBHEHNsT HA3bIBACTCS TPYTI-
noit cummerpuii ypasuerusi (1) , ecom jyis kaxkzaoro pemenust v = f(x) ypasuenus (1) u g g € G
TAKOro, 4To onpezeseHo g o G, To pyHkimusa & = g o G TaK¥Ke ABJIAETCS PEIeHUueM YPaBHEHUs.

OHUM U3 TPEUMYIIEeCTB 3HAHUS TPYIIIBI CAMMeTpuUil 1uddepeHnaabHbIX YPABHEHU COCTOUT B TOM,
YTO eCJIM HAM U3BECTHO pererne u = f(x), To B COOTBETCTBUY C OlpejieieHrneM (byHKIuUs U = go f TakKe
ABJIAETCA PEIIeHueM IJjid .HIO6OFO QJIEMEHTa g T'PYIIIIBL G, TaK 49TO y HaC €CTb BOSMOXKHOCTBH IIOCTPOUTDH
1eJI0e CeMECTBO PelIeHnii, oABepras N3BECTHOE PEIIeHUE AeHCTBUIO BCEBO3MOKHBIX 9JIEMEHTOB I'PYIIIIbI.

J1st HaxX0XKIeHUsT TPYIIIBI CAMMETPUH "TIPOIOJI2KAM OCHOBHOE TIPOCTPAHCTBO, IIPEICTABISIONIEe He3ar-
BUCUMBIE W 3aBUCHMbIE TIEPEMEHHDIE, JIO IPOCTPAHCTBA, MIPEICTABJISIONEr0 TAKXKe BCe Pa3IMIHbIe JacT-
HbIE TIPOU3-BOJIHBIE, BCTPEUAIOIINECs B ypaBHeHun. s nanuoii riagkoit dyskimuu u = f(r), umeercs
uHynupoBantas dbyuknusa u™ = pr' f(x), HazpiBaeMas —m npojo/iKerneM dyHkuuu f(x), Koropas
ompeJessieTcs ypasHeHusamu uj = 0; f¢ (x), rme 0j f*(x) npomsBoaHas nopsaaka o dyskmun v = f(x) .

Tenepsb MbI MOzkeM 3aMennTh muddepennuansaoe ypasuenue A(z, u(™) = 0 arrebpamdeckum ypas-
HEHMeM, KOTOPOE OIpeIesseTcs oOpalleHueM B HyJIb (DYHKIUH, KOTOPas ABJISETCSA IPABOM 9acThIO ypaB-
uernus A(z, u(m)) = 0, onpenesiernoit va X x U™ . Inagkoe perenne auddepeHnnaabHOr0 ypaBHEeHA
A(z,u™) = 0 - rnagxas byskuus v = f(x) rakas, aro A(z, pr™u) = 0 . D10 o3mauaer, uTo GyHKIHSI

— o . fo
u = f(x) u ee IPOU3BOHBIE U G = 0;[" HOMXKHBL yIOBIETBOPATD aJre6paniecKoMy ypaBHEHUIO

F(w,t,pr(m)u(x)) =0 (2)

IIpomeypa Haxoxaennst MHOUHATEIUMATBHBIX 00PA3yIONUX IPYIIbI CUMMETPUil rddepeHnuaabHbIX
ypaBHEHMI omucaHa B pabore [5].9To mporeaypa UCHoNb3yeT MPOJIOJKEHUs JIEHCTBUsT TPYIIIbI CUM-
MeTpHuil Ha paciupeHHoe mpocTpaHcTBo. WHbuHUTE3NMABHBIE 00pA3YIOIINe TPOIOJIKEHUS JICHCTBUS
IPYIIIBI CAMMETPHIA SIBJISTIOTCS TPOJIO/IKEHUSMU NHPUHUTE3UMAJHHBIX 00Pa3YIOMINX I'PYIIThI CHMMETPHU
OCHOBHOT'O TIPOCTPAHTCBA. DTy CXEMY MCIIOJb3yeM Il HAXOXKJCHUS TPYHIbl CUMMETPHUN OTHOMEDPHOI'O
YPaBHEHUS TEIJIOIPOIHOCTH.

PaccmorpuM KBasusmHeiHOE ypaBHEHUE TEIJIONPOBOJAHOCTH ¢ Koddbduimentom Hesmuernoctu k(u),
KOTOPOE OIMCBHIBAET IIPOLIECC IIepeHoca Telljla B IIPEIIOJIOXKEHUH, YTO CPeJia SBJISAeTCA HEIOJBUXKHON 1
JOIOJIHUTEJIbHbIE UCTOYHUKY UJIA CTOKU SHEPI'UU B CPeJie OTCYTCTBYIOT:

up = (k(u)ug)qy (3)

HauGosbmmit uaTepec npejcrasiger coboi caydaii,koraa KoadMOUIUEHT TermIonpoBOAHOCTH k() SBJIsi-
eTca HeJImHeiHo hyHKImeil Temeparypsl u. Vccaenopanus MOKa3bIBAIOT,9T0 KOI(MDMUIMEHT TEILIOIPO-
BOJIHOCTU B JIOCTATOYHO MIMPOKOM JIMAIIA30HE U3MEHEHUs [MapaMeTPOB MOYXKET ObITH OMKMCAH CTEIeHHON
dbyuxiweit remneparypsr ( [1]-[6]), T. e. numeer Bug k = u .

Mer pacemorpum ciaydait k(u) = u.
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Teopema 2. Aszebpa JIu undunumesumasoroir 06pasyrowus epynns, cummempuil ypasneus (1.3) a6-
AAEMCA MPETMepHoti areebpoti JIu,noposrcderHHoli EXMOPHLLMU NOAAMU:

0 0 0 0
Xi=+,Xo=—,X3=2t— =—.
T T e T e T s
Paccmorpum BekToproe noste (coryuait a =0 )
0 0
X=d—+b—.
ot on

DTO BEKTOPHOE MOJIe TIOPOKIAET TPe0bPa3oBaHus BUJIA
(t,z,u) — (t +ds,x + bs,u).

Oyuknus F(t,x) = bt — dx aBisiercs HHBApUAHTOM TUX peobpazoBanuii B cuity Toro, uro X (F) = 0.
[Mosromy ecim € = bt — dx, b = d? 1o bynxuus u(t,z) = v(£) aBagerca permenneM ypasnenus (1.3), Tie
v(§) ABIsIeTCS PEIIeHNeM CJIe/IYIONIEero 0OBIKHOBEHHOTO JbhepeHIMajibHOrO ypaBHEHS

v+ = =0.

Pacemorpum cay4aii a # 0.Tak kak X (€) = 0, dyHkims
x

TV

ABJIAeTCA MHBaAPpUaHTOM I'DYIIIIbBI HpeO6pa30BaHI/II7I, IMOPOXKJAECHHBIX BEKTOPHBIM IIOJIEM

0 0
X =2at— +ar—.
@ ot @ ox
B sTom ciayyae pelrenne HIeM B BUJIE:

u(t, z) = v(§)

rie dyrnus v(§) ABiisieTcsl peleHneM CJIeYOIEero 0ObIKHOBEHHOIO i depeHIuaabHor0 ypaBHeHUs

S
v
2
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O reomerpun cybmepcuii Hajg opoOUTOIl BeKTOpPHBIX moJieit Kuiimura

HapmanoB A6aurannap Axyb6oBud
(Harmonasnbublii yauBepcurer ¥Y36ekucrana, Tamkent,Y3bekucran)
E-mail: narmanov@yandex.ru

TypcynoB Baiitpamanu AkbapoBu4
(Kaprmmmckuit rocymapersenusiii yausepcurer, Kaprmm, Y36ekucrar)
E-mail: t.bayramaliQyandex.com

B sT0ii paboTe MBI U3y YUM T€OMETPUIO HEKOTOPLIX CyOMePCHil, KOTOPbIe BOSHUKAIOT IIPU UCCJIEI0BAHNI
reoMeTpuu OpOUT BEKTOPHLIX HoJieli Kusnunra. ['eomerpust opoUT BEKTOPHBIX MOJIEH ABJIIETCS 00 HEKTOM
MHOIOYKCJIEHHBIX UCCJIEIOBAHUN B CBA3U €€ BaXKHOCTBIO B T€OMETPHUH U APYTIUX O0JIACTIX MATEMATUKU
[2].

W3zydennio reomerpun cyOMepcuii MOCBSINIIEHBI MHOrOUnCIeHHbIe nccenosanus (|1]-[5]), B wacTrocTH
B pabore [3] mosyuenbl GyHIaAMEHTAIBHBIE yDABHEHWS CyOMEPCHUH.

IIycrs M —ryiagkoe puMaHOBO MHOIOOOPa3ue Pa3MEPHOCTH 7 ¢ PUMAHOBON MeTPUKOIi g, V — CBI3HOCTH
JleBu-Hupura, < -, > — CKaJspPHOE IIPOU3BEIEHUE, OIPEIETIEHHOEe PUMAHOBON METPUKOM ¢.

HanmomuauMm, dro BekTopHOe mosie X Ha M Ha3bIBaeTcd BEKTOPHBIM TojeM KwuiawHra, ecjaud oOJIHO-
mapaMeTprdecKas IPyTa JOKATbHBIX Tpeobpazosanmuii © — X'(z), mopoxkaennas mojem X, COCTOUT
u3 uszomerpuii [2]. MuoxkecTBO Beex BeKTOpHBIX mnoseil Kuimura va MHOroobpasuun M, obosnadaemoe
K (M), obpasyer anrebpy Jlu majm mosem eiictBuTesbHbIX [ncen. V3sectHo, uro asnrebpa JIn K (M)
ABJIACTCA KOHCYHOMEPHOIA.

TitagkocTs B manHoii pabore o3HaYaeT riagkocThb Kiacca C.

Onpenenenne 1. Huddepennupyemoe orobpaxkenue w : M — B MakcuMaJbHOTO paHra, rjae B-
IJI8JIKOe MHOT00Opa3ne pPa3MepHOCTH 1M, HA3bIBAETCS cyOMepcuei npu n > m.

ITo Teopeme o panre nuddepeniupyemoit GyHKIMM Jijisd KaXKJI0W TOYKKA p € B moJHBIL 11poobpa3
771 (p) sBnsierca mopMHOroo6pasmeM pasmepnoctu k = n — m. Taxum obpasom cybmepcus 7 : M — B
mopoxkaer cioerwe F pasmepHocTH kK = n — m Ha MHOroo6pasuu M, CJIOSMU KOTOPOTO SIBJISIIOTCS
nomuoroobpasust L, = 7 1(p),p € B.

ITycts F-cnoenmne pasmepnoctn k, rae 0 < k < n. O6oznaunm gepes T, F-KacaTeabHOe IPOCTPAHCTBO
cnoa Ly, B Touke q € Ly, gyepes HyF-opToronanbHoe JronosHenue noanpocrpancrsa 1y F'. B pesynbprare
BosHUKaOT nogpaccioenns TF = {T,F}, HF = {H,F} xacarenbHoro pacciaoernst T'M n umeem op-
Toronasbaoe pazioxenune T'M = TF & HF. Takum obpazom KaxJjioe BeKTopHOe 1ojie X pa3jioKuMo B
uge: X = XU + X" e XY € TF, X" € HF. Ecim X" = 0 (coorsercrsenno XV = 0), To mone X
HA3BIBAETCS BEPTUKAJIBHBIM (COOTBETCTBEHHO TOPU30HTAIBHBIM) BEKTOPHBIM ITOJIEM.

Hamomauwm, aro ecnu muddepennman cyomepcun m @ M — B coxpaHsieT IJIUHY TOPU30HTAJIBHBIX
BEKTOPOB,TO OHA HA3BIBAETCS PUMAHOBOM. V3BECTHO,9TO pUMAHOBA CyOMEpCHUS TOPOKIAET PUMAHOBO
croenme. Cnoenne F' HA3BIBAETCS PUMAHOBBIM, €CJT KaXKIasl TEOAe3NIECKasT, OPTOTOHATbHAST B HEKOTOPO
TOYKE K CJIOEHUIO, OCTAETCsl OPTOrOHAJIBLHON K CJIOEHWIO BO BCEX CBOMX TOYKAX.

KpuBas nazbiBaeTcss TOpU30HTAILHOMN, €CIU €€ KACATEIbHBIN BEKTOP ABJISAETCH TOPU30HTAIHLHBIM.

IIycrs v : [a,b] — B— ruankas xpusas B B, u 7y(a) = p. l'opusonranbuas kpusas 7 : [a,b] — M,
Y(a) € 771(p) masbiBaeTcs TOPUBOHTATLHBIM MOJHATHEM KPUBOH 7[a,b] — B, ecim 7(y(t)) = ~(t) nna
Becex t € [a,b].

Orobpazkenus S : V(F) x HF — V(F), sagannoe dopmymnoit S(X,U) = V5 U naseiBaercs BTOpoM
OCHOBHBIM TeH30poM, r7ie V' (F'), H F-MHOXKeCTBO BCEX BEPTUKAJIBHBIX U TOPU3OHTAJBHBIX BEKTOPHBIX TI0-
Jied COOTBETCTBEHHO.

IIpu dbukcuposanubivm nosie HopMasieit X € H F' orobpaxkenue S(U, X) obpaiiaercss B TEH30PHOE T10J1€
Sx Tuna (1,1):

S(U,X)=SxU = VX,

rae Vi, X-pepTukaabHas KOMIOHEHTa BEKTOPHOIO Hod VyX.
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Tenzoproe moste Sy SABIAETCSA JTUHEHHBIM OTOOparKeHWEM U MOdTOMY 3ajaercsa marpuneit S(U, X) =
AU.

TopusonTanbHO BekTOpHOE 106 X Ha3bIBAETCsI CIIOEHBIM, eCu Jyist Kaxkaoro noyst Vo € V(F), moue
[V, X| Takxke siBsieTcs BEpTHKAJIbHBIM. B cirydae, Korya mose X sIBJISIeTCsI CJIOEHBIM, COOCTBEHHBIE 3HA~
JeHUsT MATpUIlbl A Ha3BIBAETCs TJIABHBIMEM KpUBU3HaMU cjoeHusi F. Eciu riiaBHble KPUBU3HBI JIOKAJIBHO
ITOCTOSIHHBI BJIOJIb CJIOEB, TO CJIOeHUe F Ha3bIBAETCS M30TAPAMETPUIECKUM.

Paccvorpum caenyiomue n BekTopubie nosig Kumunara B R", u3 KoTopbix k Bparmenuit, n — k mapaJi-
JIETBHBIX TIEpEeHO0CoB, Tae n = 2k + [.

IIycrs

0 ) .
Y, = —, ecim i Hewerno u 1 < i < 2k,
Ti

0 0
Yi=—ziz—+zic15—,
v aibi_l T 18.%‘2'

ecim ¢ wetHo um 1 <1 < 2k,

0
Y,=—, ecim 2k+1<i<n.
8.7}7;

Pesysibrarsl paboTsl 2| 10Ka3bIBAIOT,4TO OPOUTA ITUX BEKTOPHBIX MOJIEH JIJIs KAsK IO TOUKHU COBIIA I~
et co BceM mpocTpancTBoM R™. TI09TOMy MBI MOZKEM OIPEIeINTD CIELYIONTyIo cybMepenio 7 : R+ — R»
dopmyJIoit:

tntk t t
m(t1, tay oy tysk) = X (X (X7'(0)...)),

rne O—HadgaJsio Koopaunar B R™.

Teopema 2. Cywecmeyem makas pumanosa mempuka g wa R™, wmo

1) Omobpasicerue 7 : R"F — R™ saeasemcsa pumanosoti cybmepcuets u noposcoaem pumaroso croe-
Hue;

2) Cybmepcus T : Rk 5 R"™ nopoowcdaem na R T* usonapamempuueckoe croenue;

3) (R™,g) asasemcs MHr02000pa3uem HEOMPUUAMENLHOT KPUBUSHYL;

Ecau k> 2, mo

4) Cybmepcus T : R — R™ nopoorcdaem na R™F croenue nynesoti xpususiot.
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F-tmnanapHple oToOparkeHusi MHOrooopasuii ¢ acddpuHOpPHOI
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A. C. HexxypeHko
(OHY um.M.1.Meunukosa, Ozecca, Ykpaunna)
FE-mail: nezhurenko94@mail.ru

. H. Kypb6aroBa
(OHY um.M.1.Meunukosa, Ozecca, Ykpauna)
E-mail: irina.kurbatova27@gmail . com

PaccmarpuBanucs F-mtanapHble 0TOOparkKeHUsT PUMAHOBBIX TPOCTPAHCTB C PEKypPPEHTHO-TapabdosIn-
YECKOU CTPYKTYPOH.

F-nnanapnbie orobpazkenus 6bumm seegenst npod. H. C. Cuniokosbiv u M. Mukemmewm B [1] kak nau6o-
Jiee TIIIPOKoe 0DOOITIEHNEe TEOPUN Me0IE3UIECKUX OTOOPAYKEHIIT PUMAHOBBIX IIPOCTPAHCTB U TOJIOMOPMDHO-
IIPOEKTUBHBIX OTOOPAXKEHU TOUTH KOMILJIEKCHBIX MHOTOOODa3Ui.

h
IIycts pumanossr pocTpancTsa Vi, (gzj, ) Vi (gw, i ) HaxoAgaTcd B F-TutanapHOM OTOOpaKeHuH.
Torma ux ocHOBHbBIE ypaBHEHUS B OOIIEH 110 0T06pa)KeHI/HO cHUCTeME KOOP/IMHAT (.I‘Z) UMEIOT BUJIL:
h

il h

(@) = T(@) + 9 (@)3) () + pu(@) (),

rme I’ ”,I’?j —— KOMIIOHEHTBI 06LEKTOB CBA3HOCTH IIPOCTPAHCTB V,, B Vi, C METPUUCCKUMH TEH30PAMU Jij
U g;j, COOTBETCTBEHHO; 1, (0; — BEKTODDI; Fih — adduHOp; KPYTJIBIMA CKOOKAMU 0003HAYEHO CUMMETPH-
posanue. B [1| mokazano, uro F-1mianapHoe oTobpazkeHue coxpaHser adOUHOPHYIO CTPYKTYPY:

F(z) = aF(z) + bd, rae a,b = const.

. ., h
B [2] 6bu10 BBemeno nonsarue pekyppermmo-napabosuveckot; adpdburopaoit crpykTypsl F!'(x) Ha pu-
MaHOBOM mpoctpascTse (V;,, gij), KOTOpast XapaKTepU3yeTCs yCAOBUSIMA

FPFL =0, Fj+F;i=0, Fj=F"ga,

h h
E J p]( )F ( )
rae pj — KOBEKTOD, «,» — 3HaK KOBapI/IaHTHOI/I HpOI/IBBO,ZLHOI/I B Vn Camo Vn IIPXU 9TOM TaK2>Ke€ Ha3bIBAa€TCA

DEKYPPEHMMHO-NAPAOOAULECKUM.
Oka3sbIBaeTCsl, 9TO €CJIM PEKYPPEHTHO-TIapaboInIecKoe TPOCTPAaHCTBO V, (glj, F; ) JOIIyCKaeT HeTPU-

—=h
BuaabHOEe F-mianaproe orobpazkenue Ha V., (gij, F, ), CTPYKTYpa KOTOPOTO SIBJISETCS TIOUTH [1apaboJIin-
YECKO, TO €CTh B HEM UMEIOT MECTO

FRF; =0, Fy+F;;=0, Fi=Fg
TO OHO IO HEOOXOMMMOCTH TaK:Ke OyIeT PeKypPpPEeHTHO-TIapabOIMIECKIM.

Ucnonbsyst meron H. C. CunrokoBa, pa3paboTaHHBINA UM B TEOPUH T'€0JIE3NIECKUX OTODPasKeHU! puMa-
HOBBIX IIPOCTPAHCTB |3, MbI IOy YM/I1 HOBYO (DOPMY OCHOBHBIX ypaBHEHuUil F-1171aHapHBIX 0TOOpasKeHuil,
JOIYCKAIONIYI0 3P DEKTUBHOE UCCACTOBAHUE.

TlocTpoeno naBapuanTHoe MpeodpazoBaHme, KOTOPOE IMO3BOJIAET U3 OJIHON Maphl PEKYPPEHTHO-TIapabo-
JITYECKUX MMPOCTPAHCTB, HAXOAAIUXCA B F-TtanapHoM 0TOOpaXKeHuu, CTPOUTH DECKOHETHOE MHOXKECTBO
Iap IPOCTPAHCTB C HOBOM PEKYPPEHTHO-TIAPA0OJIMIECKON CTPYKTY PO, TaK2Ke NOIyCKAIoux F-mianap-
HOe OTOOparkeHue JApyT Ha IpyTra.
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NudbuanresnmanbHbIe IPOEKTUBHbIE ITPE0Opa30BaHUs 2-0i1 CTeleHu
B PUMAaHOBOM IIPOCTPAHCTBE BTOPOTO HNPUOJINKEHUS

ITokace C. M.
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B pumanoBom mpocrpancree Vi, (z,g) 3aduxcupyem Touky My U HOCTPOUM IIPOCTPAHCTBO BTOPOIO
upubmkenus V,2(y, §), OUpe/esus ero MeTpudeckuit Tenzop gi;(y), [1].

1
3
rae gij = g;j(Mp) u ];Bill loj = Rit,1,5(Mp). B mpocrpamcrse V2 uzydaroTcss mHOUHATESIMATLHbIE TPOeK-

9ii(¥) = 93 + 3 Ringyy”, (1)

TUBHBIE TPEOOPA30BAHUS 2-Olf CTEIEHU.

Onpenenenune 1. NudururesnmabHble MTpeobpa30BaHUsT
th h | ¢h
y" =y + " (y)ot (2)

Ha3bIBAIOTCS IPEOOPAZOBAHMUSMI 2-0ff CTENEHN, €C/IM BEKTOP CMEIIEHNs STHX Ipeobpasosanuii £ nmeer
BU/I

ch h h 1 h I, 0

§'y) =a’ +aly + alnpyty®,
e a_h, ahl, aﬁllb — const.

UssectHo (|2]), uro B pumanoBoM npocrpancTse Vi, (z;g) cymecTByoT nHOUHATE3UMATBHBIE IPOEK-
TUBHBIE TPEOOPA30BAHKS TOLJA U TOJIHLKO TOIJIA, KOIJA BEKTOD CMEINeHHs 3TUX mpeobpasopanuii £ (x)
VJIOBJIETBOPSIET YPABHEHUSIM

Viuij = 2¥kgi5 + V(i95)ks (4)
rae ui; = Vi&5), & = gial”.

BaaBas BeKTOp Yk (y) B BUje aHAIMTUIECKUX (DYHKIUI AefCTBUTEILHBIX I€PEMEHHBIX

l li, 1 l1,0l2,,1
YY) = bk + buy + bkt Y Y7 + bkt y Y Y+

¥ WCCIlelys ypasHenus Tuna (4) B mpocTpanctse V.2, B ABHOM Buje Haiizen BekTop £ (y)

1
& = al +aly! + (b0 + 0" Riia)y" ",

UCCJIEAYIOTCA a.HI‘e6paI/ILI€CKI/I€ YpaBHEHNA, KOTOPBIM JOJIZKHbBI YIOBJIECTBOPATH ITOCTOAHHDBIC a_h " CL_hl.
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O CymeCcTBOBaHUM SHepPeTI/I‘{eCKOﬁ d)yHKI_[I/II/I Y AMHAMMUYIEeCKUNX
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IIycts M — rnajikoe KOMIIAKTHOE OpueHTUpyeMoe n-MHoroobpasue. Qynxyued JIanyrosa nuHaMmde-
CKOfi cucrembl (IIOTOKA MM KAacKaJa), 3a1aHHoi Ha M HasbiBaercs HenpepbiBHas GyHkuus ¢ : M — R,
KOTOpasl TIOCTOSTHHA Ha KaXKJIOH IEIHOIW KOMIIOHEHTE CHCTEeMbl U yOBIBAET BJOJb ee OpPOUT BHE IIEITHO
PeKyppeHTHOro MHOXKecTBa. B cuiry pesysnbraros Y. Konnu [1], Takas dbyHKIms cymecTByer JJisi Jio-
00if TMHAMWYIECKON CUCTEMBI, a caM (PaKT CyIIeCTBOBAHUS HOCAT Ha3BaHue “DyHIaMeHTAIbHAT TEOPeMa
muHaMudeckux cucrem”. Cienyer orMeTuTh, uTo cam . Konau monosiHuTe IbHO TpeboBasi, 9To0bI 00pas
IIEITHO PEKYPPEHTHOIO MHOXKECTBA B CUJIYy (¢ OBLI HUTIE He IJIOTEH Ha MPSAMOM, a 3HAaYeHUs! (DyHKIUN
(0 Ha Pa3JUIHBIX KOMIIOHEHTAX IIEITHO PEKYPPEHTHOIO0 MHOXKECTBa ObLIM Pa3/IMYHBI U HA3BIBAJI TaKyO
byHRIMIO noanoti gyrukyuet Jlanyrosa. Yucita, npuHaexaiime o6pasy IEMHO PEKYPPEHTHOTO MHO-
xxectBa, Y. Konyim HasBas kpurudeckumu 3uHadeHussMu GyHKmun . OqHAKO [T TIAJIKOW DYHKIMYE ee
KPUTUYECKUM 3HAYEHMEM IPUHSATO HA3bIBATH 00pa3 KPUTHUYECKOH TOYKM (TOUKH, TJe rpajMeHT (DyHK-
K 0OpAIAeTCs B HOJIb), KOTOPasi, BOODIIE TOBOPs, He 00s3aHA TPUHAJJIEXKATH [EIHO PEKYPPEHTHOMY
MHOXKeCTBY. B ¢Bsizu ¢ deMm, Hapsny ¢ dyHKIiwmei JIgnyHoBa, B TVIa KOl KATErOPUHU MCIIOJIb3yeTCs TOHS-
THE IHEP2EMUYECKOT, GYHKUUU, TO €CTh TVIAIKON (DYHKIUHU JIAITyHOBA, MHOKECTBO KPUTHIECKUX TOUEK
KOTOPOI COBITAJIAET C IEIHO PEKYPPEHTHBIM MHOXKECTBOM CHUCTEMBbI.

ITepBble pe3y/bTaThl 0 TOCTPOEHUIO HEpreTudeckoil dyukuun npunaiexar C. Cmeitty [2], koro-
poiit B 1961 romy mokaszaj CyIIeCTBOBAHWE dHEPreTuveckoil pyHkimu Mopca y rpagueHTHO-TT000HBIX
norokoB. K. Meiiep [3] B 1968 romy 06061 3TOT pe3yJsbTar, MOCTPOUB SHEPreTHUECKYI0 (DYHKIHIO
Mopca-Borra s mpoussosibHOrO moroka Mopca-Cwmeiia.

Kak 3amernn B 1985 romy JIx. @paukc [4], npumenenue pesyibraros B. Busibcona [5| kK koHcTpyKImn
K. Konnu naér cymecTBoBaHWe SHEPreTUIeCKOW (DYHKIUU y JIIOOOrO IJIAIKOTO MTOTOKA € THIePOoIImYe-
CKUM IIEITHO PEKYPPEHTHBIM MHOXKeCTBOM. Tor/a ¢ TOMOIIBI0 HAJCTPORKN MOXKHO ITOCTPOUTDH TJIAIKYIO
dyuknuo Jlamynosa s goboro muddeomopdusma ¢ rurnepboJnIecKuM EMHO PEKYPPEHTHBIM MHO-
kectBoM. Ho, mocrpoennasi Takum o6pa3zoM (DYHKIUS, MOXKET UMETh KPUTUIECKUE TOYKHU, KOTOPbIE HE
SABJISIIOTCS TIEITHO PEKYPPEHTHBIME U, CJIEJ0BATEIHHO, (DyHKIMs JISITyHOBA HE SBJIAETCH SHEPIETUIECKOM.
Bcraer Bompoc o ToM, Kakue JUCKPETHDbIE JUHAMUYECKAE CUCTEMBI JIOITYCKAIOT SHEPTeTuIecKue Oy HKITIH.
IlepBbie pe3ymbraThl B 9TOM HampasjaeHun O0biau mosydensl . [Tukcronom B 1977 romy, B cBOeit pabore
[6] on mokaszan cymecrBoBanue sHepreruyeckoii dbyukuu Mopca y soboro muddbeomopduszma Mopcea-
Cwmeiina na mosepxuoctu. B 2012 romy T. Murpsikosa, O. Ilounnka, A. IllumenkoBa o6Gobmman pe-
gysbrar [lukcrona Ha ()-ycroitunpbie 2-auddeoMop@du3Mbl ¢ KOHEIHBIM HEOJTY K TAIOIUM MHOKECTBOM,
sHeprerndeckas (yukimsa Mopca s takux auddeomopdusmos Gblia moctpoena B pabore |7]. B roii
ke padore [6] . IIukcron nmocrponn auddeomopdusm Mopca-Cwmeiisia Ha TpexMepHoii cdepe, He 06J1a-
Jaronmit sHepreruydeckoil dyukimeit Mopca. B paborax [8], [9] u kaure [10] B. I'punecom, ®. Jlaynen-
baxoMm, O. [lounHKO# HaliIeHBI HEOOXOIUMBbIE U JIOCTATOYHBIE YCJIOBUSAX CYIIECTBOBAHUS SHEPIETUIECKOM
dyurmuu Mopca y Tpexmephbix auddeomopdpuzmor Mopca-Cumeitta. Kpome Toro, aTumu »xe aBTropaMu
B pabore [11] mokazano, uyro B npumMepe IInkcTOHA MUHUMAJIBHOE YUCIIO KPUTUUECKUX TOYEK (DYHKIUH
JIsiyHOBa, OTJIMYHBIX OT MEPUOJIMIECKAX TOUYEK KACKaJla, PABHO IBYM.

13 Brimeckazanuoro ciemyer, 9to He Bce AudPHeoMOPPUIMBI JaKe C PEryJIAPHON TUHAMUKONR HMe-
0T dHEpPreTndeckyo (yHKIH. Tem 0ojlee yaIMBUTESIBHBIM SBASETCS (PAKT HAJATIUS IHEPTEeTUIECKOMN
GYHKIMM y HEKOTOPBIX JUCKPETHBIX JUHAMUYECKUX CUCTEM C XAOTHYECKWM ITOBEJIEHUEM, JTOKA3AHHBII
B. I'punecom, M. Hockosoii, O. ITounukoii B paborax [12|, [13], [14] qyst HeKoTOpBIX Ki1accoB {2-yCToii-
YUBBIX 2- u 3-1udHeoMopdU3IMOB ¢ HETPUBUAJIBHBIMU OA3MCHBIMA MHOXKECTBAMEU KOPA3MEPHOCTHU OJ[UH.
Texamyeckn mMOCTPoOeHNE TaKOM DYHKIMKM OA3UPyeTCsi Ha MPOIEIyPe CIVIAXKUBAHUS HEITPEPBIBHOTO OTOD-
parKeHwusI.
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Hecmorpst Ha wumMeroleecss 3HAYMTEIBLHOE IPOABUYKEHHE B BOIPOCAX IIOCTPOEHHUS] SHEPreTHIECKUX
QYHKIUHA 11 JUCKPETHBIX TUHAMUIECKAX CHCTEM, OCTAETCsI MHOXKECTBO OTKPBITBIX BOIIPOCOB. B 9act-
HOCTH, HET AJITOPUTMA, IIOCTPOEHUST TAKON (DYHKIINN JJIsT IPOU3BOJIBHBIX §2-yCTORIMBBIX audpdeomopdus-
MOB IIOBEPXHOCTEH, XOTd, MO-BUANMOMY, Takas (YHKIAA CYIIecTByeT. Bojee Toro, Ha MHOTOOOpa3Usax
OOJIBITION Pa3MEPHOCTH HET TEXHUKU IIOCTPOCHUS SHEPreTUIeCKnX (DYHKIUHN TaKe B KJIACCe PEryIsapHbBIX
JMHaAMHUYIECKUX CHUCTEM.

Bbaazodaprocmu. VccnenoBanust BbITOJHEHBI B pamKkax nmpoekta PH® 17-11-01041.
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On the existence of energy functions for dynamical systems

The paper is devoted to the presentation of results related to the existence of energy functions for
dynamical systems on manifolds. The energy function is a global Lyapunov function, which is constant on
chain components and decreasing along trajectories outside the chain recurrent set. The main attention
will be paid to the technique of constructing such functions for the content classes of {2 - and structurally
stable discrete dynamical systems defined on manifolds of the dimension 2 and 3.
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T'unepbosmeckoe MpoOCTPAHCTBO H3 nonoxuresbHoit KPUBU3HBI MOXKET ObITh PEAJIM30BaHO HA TUIIEP-
cdepe BEIecTBEHHOTO Panyca ¢ OTOXKIECTBJIEHHBIMH JUAMETPAJIHHO MTPOTUBOIIOIOXKHBIMUA TOYKAMU B
TICEBI0EBK A I0BOM TipocTpancTse R, Ho Gosmbmmmit maTepec, Ha HAIT B3TJIA, TTPEICTABIISET HHTEPIPeTa-
1S TTPOCTPAHCTBA H3 B npoektuBHOi cxeme Kanu-Kieitna, mockosbKy oHa MOXKeT ObITh HCIIOJIb30BAHA,
JUIsl OIIMCAHMS B3aMMOJeicTBUsl aTOMHBIX dacTull [1]. B mpoekTuBHON MoOzean mpocTpaHCTBO H3 pea-
JIM30BAHO Ha WJeasbHO# obsmacTu mpocrpancTsa Jlobauesckoro A2, IIpocrpancrsa H3 u A3 asnsores
CBSI3HBIME KOMIIOHEHTAMHU PACIIHPEHHOrO THIEPOOIIIECKOro mpocTpancTsa HP, MOHIMAEMOTo KaK 1po-
eKTUBHOE IIPOCTPAHCTBO P? ¢ GECKOHEUHO yIaIeHHO i OBAIBLHOMN OBEPXHOCTHIO, HA3LIBACMON abCOAOMOM
IIPOCTPAHCTB H 3 A% mw H? [2]. HamoMHnM, 9TO 06a.46HO0t NOGEPTHOCTBIO TIPOGKTHBHOTO MPOCTPAHCTBA
P? HAa3LIBAIOT HEBBIPOXKIEHHYIO MOBEPXHOCTH BTOPOTO TOpsAaKa curHaTyphl 2, [3]. IIpoctpancrso Jloba-
YEBCKOTO Peajm3yeTcss Ha BHYTPEHHEH, a MPOCTPAHCTBO H3 - na uemmeit obsacTu npocrpancrsa P3
OTHOCUTEILHO abCOJIIOTA. R

Bce mpsimble npocTpascTBa H? B 3aBUCHMOCTH OT KOJMYECTBA U IIPUPOJLI OOIIUX ¢ abCOIOTOM TO-
4yek 00pasyloT Tpu Tuna [4]. Sarunmuveckue (2unepbosuveckue) IpsMbIe IEPECEKAIOT abCOIIOT B JIBYX
MHUIMO COITPSI?KEHHBIX (BemeCTBeHHmX) Toukax. [lapabosurneckue IpsMble KACAIOTCs aOCOTIOTA U STBJISIIOT-
Csd U3OTPOIMTHBIMUA B IIPOCTPAHCTBE Hd BCG IIJIOCKOCTHU IIPOCTPaHCTBa H3 B 3aBUCUMOCTHU OT THUIIA JIMHUN
nepecedenus ¢ abCoOTOM 00pa3yIOT TakzKe TPH TUIA [4]. Darunmuueckue IIOCKOCTH IIEPECEKAIT abco-
JIFOTHYIO OBEPXHOCTD 110 HYJIeBOi jmHun [3|. [unepbosuueckue naockocmu nosoAcumesvnot Kpueusol
(cm., mampumep, [5], [6]) umeror ¢ abcorOTOM OOIILYI0 OBAJIBHYIO JIMHUIO M [IPEJCTABJIAIOT OO0l BHEII-
HIE OTHOCHUTEJBHO aDCOJII0OTA KOMIIOHEHTHI PACITUPEHHBIX TMIIEPOOJIMIeCKUX IIOCKOCTed. Koeskaudosny
wockoctu (cM., Hapumep, |7], [8]) mepecekaror abCoIOT O BBIPOXKJIEHHON JIMHUU BTOPOTO TIOPSIJIKA —
rmape MHUMO COTIPSI?KEHHBIX MTPSIMBbIX.

[Tpumenss cxemy paborsl [9], onpeessieM B IPOCTpaHCTBE H3 nonsarue o6bema dburypst gepes 1po-
CKTUBHBIC MHBAPUAHTEI PyHIAMEHTAILHO IPYIIIB! Ipeobpasosanuii, obuieii juis npocrpancrs H 3 LA
H?3. PaccmMaTpuBasi B IIPOCTPAHCTBE H3 pa3/IMIHble OPTOTOHAJbHBIE KPUBOJIMHENHBIE CUCTEMbBI KOOD/IU-
HAT, [IOJIy9aeM 3JIeMEHThI 00beMa U POPMYJIBI JIJIsi BBIYUCJIEHNUsT 00'bEMOB TETPAIPOB, IPAHU KOTOPBIX HE
JIEZKAT B KOEBKJIMJIOBBIX IJIOCKOCTSX, W (PUTYDP, OTPAHUYIEHHBIX KOOP/IMHATHBIMY TOBepxHOCTAMU. [Ipu-
BeJIeM OCHOBHBIE (DOPMYJIBL JJIsi TPEX U3 UCCJIEIOBAHHBIX KOOPIUHATHBIX CHCTEM.

Cucrema xoopaunaat (| TIEPBOTO TUTA OMPEIEIEHA TTOJHBIM (DJIATOM MPOCTPAHCTBA H3 ¢ smmmrme-
CKOH OCBIO U 3JUIMIITHIECKON 6a30B0i1 mrockocTbio. [lapamerpusarus B cucreme C] 3a1aHa (hopMyIaMu

X1 = p cosu cosv coshw, To = p sinu cosv coshw, T3 = p sinv coshw, ¥4 = p sinhw,
rae |ul € [0,7), |v] €[0,7), |w|e€ Ry,
YCTaHABIMBAIOIIMMUI 32BUCHMOCTb COOCTBEHHBIX IPOEKTUBHBIX KOOPIUHAT (Z1 @ To : T3) TOUEK IPOCTPAH-
cra H® B IpHCOEIMHEHHOM KAHOHHYECKOM perepe R* HepBOrO THIA OT KPHBOJMHEHHBIX KOODIMHAT

(u,v,w) Touek B cucreme C. Daement obbema B cucreme C 3a1an HOPMYJIIOi

dV = p3 cosv cosh? w du dv dw.

CucreMbl OPTOrOHAJILHBIX KPUBOIMHEHHBIX KoopauHaT Cy p u Co fy BTOPOrO THIA B IPOCTPAHCTBE
H3 OTIPEJIESIEHBI TIOJIHBIMU (DJIaraMu C JUIUMTUYIECKON OChIO U rurepOoIndeckoit 6a30B0# MJIOCKOCTHIO.
Cucrema Co F 33/1aeT TapaMeTPU3aIUIO BHYTPH, a cucreMa Co iy — BHE CBETOBOI'O KOHYCa C BEPIINHOM B
noJtioce 6a30BO# TIOCKOCTH OTHOCUTEIBHO abcosroTa. PopMyJibl TapaMETPU3aIUl U 3JIEMEHTHI 00beMa
B cucremax Co g u Co j IMEIOT COOTBETCTBEHHO BUJI:

Cop: 1 =pcosucoshv cosw, Ty = p sinu coshv cosw, T3 = p sinw, T4 = p sinhv cosw,
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e |u| € [0,7), |v] €Ry, |w| € [0,7);
Cog: T1 = pcosu sinhv sinhw, T3 = p sinw sinhv sinhw, Z3 = p coshw, Z4 = p coshv sinhw,
rae |ul € [0,7), |v] € Ry, |w] € Ry,
Cop: dV = 0% coshv cos? w du dv dw; Cop: dV = p% sinh v sinh? w du dv dw.
Koopaunarneie nosepxnoctu B cucremax C, Co g n Co i ciremyromue: npu GUKCUPOBAHHOM 3HAMe-
HAN KOOPAUHATHI U — FUIEPOOINIECKUE IIJIOCKOCTH, COAEepXKalllie MPAMyIo, HMOJISAPHYI0 K 6a30BOil ocu
CUCTEMBI OTHOCTEJILHO abCoJIIOTa; Npru (PUKCUPOBAHHOM 3HAYEHUN KOOPAUHATHI ¥ — KPYIOBBIE KOHYCHI
C BEPIIUHONA B aOCOJIIOTHOM IIOJIIOCE 0A30BOM IIOCKOCTH; IPU (PUKCHPOBAHHOM 3HAYEHHH KOOPIUHATHI
w — cepbl TPOCTPAHCTBA H3 ¢ IEHTPOM B abCOJIFOTHOM TOJIf0CEe 0A30BOM IJIOCKOCTU CUCTEMBI, TTPUIEM
B cucreme C] Takume KOOPJIUHATHBIE MOBEPXHOCTU — runepcdepbl (UX IEHTPhI JIEKAT B IPOCTPAHCTBE
Jlobauesckoro), B cucremax Cy g, C2 ff — COOTBETCTBEHHO JUIMIITHYECKUE U ruiiepbosimdeckue cepsl.

B ornmume ot nmpocrpancTsa JlobaueBcKOro, mpocTpaHCTBO H3 COEPKUT KOHEUYHBbIE OMOPTOrOHAJIb-
HbIE TeTPadIpbl (OPTOCXEMBI), CojlepzKallye JABa pebpa Ha B3AUMHO HOJISPHBIX OTHOCUTEJIBHO abCoOOTa
npsiMbix. Takue TeTpasapbl MbI HA3BIBAEM MOHONOAAPHbIMU. POPMYJIa 00 beMa JIsT MOHOIIOJITPHOTO TET-
pa3qipa TpuHUMAaeT HAmbOoJee IPOCTON BUJI U AHAJIOTUIHA U3BECTHON (POPMYJIe JUIAINITUICCKON TeoMeT-
puu:

1
V= ipab,

e p— paJuyc KPUBU3HBI IpocTpancTBa H3; a, b— aamHbl 6a3ucHBIX pebep, OIHO3HAUHO OMPEIeIIsIO-
IMUX MOHOIIOJIAPHBINA TETPadIP.
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Paccrosaus BHYTPpHU IIAJINMHAPOB, KOHEYHbIEC 1 OecKoOHeYHbIe

A. H. Pomanos
(OMI'Y, Omck, Poccust)
E-mail: aroms@yandex. com

B sroit pabore Mbl M3ydaem IOBeJIeHUE JIOPEHIEBA PACCTOSHUS MEXKJy TOYKAMHM B IIPOCTPAHCTBE-
BpeMeHH, HAJIEJIEHHOM JIOPEHIIEBOI METPUKOIl 1, COOTBETCTBEHHO, JIOPEHIEeBOH (byHKIHel paccTogaus. B
YaCTHOCTH, HAC UHTEPeCyeT u3ydeHne (hakToB BO3MOKHOIO HAJIMYUS B IPOCTPAHCTBE TOUEK (OOHEKTOB),
MEXKJ1y KOTOPBIMU JIOPEHIIEBO PACCTOAHNE MOXKET OKa3aTbCd 6eCKOHe‘IHbIM.

Kax usBectno, B paMKax MpUIOKEHUI TEOPUHU IIPOCTPAHCTBA-BPEMEHH, JIOPEHIIEBO PACCTOSHUE ACCOITH-
UPyeTcs ¢ COOCTBEHHBIM BPEMEHEM, KOTOPOE IMTPOKUBAET TOUKA (O6’beKT) IIpU JIBU2KEHUU BJI0JIb BDEMUHU-
10/106HO# (a MHOIIA M U30TPOIHON UJIM IPOCTPAHCTBEHHOIIOI00HO!) KpuBoil. Takum o6pazom, Hasudne
OECKOHEYHOT'O IMOJIO2KUTEILHOTO PACCTOSHUS MEXKJY OIPEIEIEHHBIMUA TOYKAMHU MPOCTPAHCTBA-BPEMEHU
WHTEPIIPETUPYETCs, BO-TIEPBBIX, KaK (PAKT CYIIECTBOBAHUSA BPEMEHUIIOIOOHBIX KPUBBIX, CBA3BIBAIOIINAX
9TU TOYKHU, & BO-BTOPBIX, KAK BO3MOXKHOCTDL MOI00paTh BPEMEHUIIOAO0HYIO0 KPUBYIO, JIJIMHA KOTOPO Oy-
JeT CKOJIb YTOIHO OOJIBINOM, YTO, B PAMKAX YIIOMSIHYTON MHTEPIIPETAIIUN, TOBOPUT O TOM, UTO COOCTBEH-
HO€ BpeEMd, IIPOKUBaAEMOeE TOYKOM opu ABU2KEHUU OT HaYaJIbHON TOYKHU K KOHe‘IHOfI, MO2KET OKa3bIBaTbCA
CKOJIb YTOJHO OOJIBINM, B 3aBUCUMOCTHU OT BBHIOOPA TPAEKTOPUH JBUKEHUSI.

B pabore Mbl BhICTpamBaeM KjaacCHUMUKAIUIO TPUYUNH, KOTOPBIE MPUBOAAT K OECKOHEYHBIM JIOPEITHE-
BbIM PACCTOAHUAM MEXKJy HEKOTOPBIMHU TOYKAMU U IPUBOAUM IIPUMEPLI HIPOCTPAHCTB, KOTOPbIE TaKUM
CBOMCTBOM 00JIa1AI0T, WX HA0OOPOT MPUMEPHI KJIACCOB IIPOCTPAHCTB, KOTOPLIE HE MOTYT 00J1aJ1aTh CBOIi-
CTBOM OECKOHEYHOCTHU JIOPEHIEBON (DYHKITMU PACCTOSIHUS, JaXKe IPU YCJIOBUU BBEJICHUS TPOU3BOJILHO-
'O HEOTPHUIATETHFHOTO KOH(POPMHOTO MHOXKUTEISI-DYHKITUN, KOTOPbI, HE MEHssI IPUIUHHON CTPYKTYPbI
IPOCTPAHCTBa-BPEMEHHU, TEM HE MEHee, MOXKET ITPe0dPA30BhIBATH BEJIMIUHY JIOPEITHEBA PACCTOSTHUS MEXK-
Oy TOYKaMU.

B kadecTBe mpuMepa MOXKHO TPUBECTU ITPOCTPAHCTBO TAK HA3BIBAEMOTIO IUJINHIPUYIECKOTO THUIIA, OC-
HOBOM KOTOPOT'O SIBJISIETCS TPOCTPAHCTBO, SBJISIONIEECs JBYMEPHBIM IIUIMHIPOM (HA30BEM YCJIOBHO OJIHY
KOODJIMHATY BEPTUKAJBHON, & JIPYIYIO0 - KPYrOBOi) ¢ METPUKOIi, JIOMYCKAIOIIEH CJIeyIoNue CBOMCTBA:
[IPOCTPAHCTBO-BPEMSI SBJISIETCS XPOHOJIOTHYECKUM, TaK KAaK B HEM HET 3aMKHYTBIX BPEMEHUIIOIO0OHBIX
KPHBBIX, OJHAKO OHO HE $BJISIETCS MPUIMHHBIM, TAK KAK IIPUCYTCTBYET OJIHA 3aMKHYyTasl NMpUYUHHASA (&
TOYHEe M30TPOINHAs) KPHUBas - MPH HYJIEBOH BEPTHKAIBHOM KoopmHare. To ecTh 9Ta 3aMKHYTask H30-
TpOIHAs KPUBas IPEICTABIAeT U3 cedsd KaK pa3 3aMKHYTYIO FOPU30HTAJILHO PACIIOJIOKEHHYIO BHYTPHU
IMJINHAPA OKPY?KHOCTB, IIPU JIBUKCHUA 110 KOTOPOR y TOYKM MEHAETCA JIAIIb I'OPU30HTAJIbHAA KOODIN-
HaTA.

B Takom mpocTpaHcTBE METpPHKA MMEET HEKOTOPYIO “OCOOEHHOCTDH’ MPH OHA-TO W CO3IAET 3aMKHYTYIO
M30TPOIHYIO KPUBYIO, TO €CTh MMEET MECTO HapyIIEeHUe MPUINHHOCTU. B 0bsracTax BbIlIe U HUXKE ITOM
3aMKHYTOM U30TPOIIHON KPUBOU 3aMKHYTBIX IIPUYMHHBLIX KPUBLIX HET.

IIpu HEOOXOMMMOCTH B 3TO IIPOCTPAHCTBO MOXKHO JTOOABUTH JOIMOJTHUTEIbHbBIE M3MEPEHUS TIPU ITOMOIITN
npousBeieHns Pumana, Tak 9TO camMa JBYMEPHOCTH 3/IeCh OKA3BIBAETCS HE NPUHIMNINAJIbHA. B Harmmei
paboTe MbI TPUBOAUM KOHKPETHBIE IIPUMEPHI METPUK I MOJOOHDBIX IBYMEPHBIX MPOCTPAHCTB, MOKA3bI-
BaeM, UTO B HUX, B 3aBUCUMOCTHU OT BBIOPAHHON METPUKM, MOXKET KaK IPUCYTCTBOBATD, TAK U OTCYTCTBO-
BaThb (pakT HAIUUNA OECKOHETHBIX JIOPEHIIEBBIX PACCTOSHUI MEXKIY HEKOTOPBIMU TOYKAMU (HaHpHMep,
B C/Iy49a€ BbIIIEOIINCaHHOI'O IIpDUMEpPa, 3TU TOYKU JIEZKaT 11O Pa3HbI€e CTOPOHBI OT 3aMKHyTOI'7I I/ISOTpOHHOﬁ
KPUBOIA, OJTHA BBIIIE, BTOPasi MoJjoBruHA Huke. OTHAKO B TIEPBYIO OYepe/ b HAC UHTEPEeCyeT MMEHHO (haxT
BO3MOKHOI'O HAJIMIMs OECKOHEYHOr'O JIOPEHIIETO PACCTOAHUS MEYK/IY HEKOTOPBIMUA TOUYKAMU.

B Gosiee ob1mieM ciryuae Mbl JIOKA3bIBAEM, UTO CYIIECTBYIOT IPOCTPAHCTBA MIPOU3BOJILHON (KOHEUHOI )
pa3MepHOCTH (KOTOpbIE MOXKHO, HAIIPUMED, MOCTPOUTH HA OCHOBE PACCMOTPEHHBIX BBIIIE JIBYMEDHbIX)
U KOTOpBbIE TaKXKe JOMYyCKAIT OECKOHEUHBIE 3HAYEHWS CBOEH JIOPEHIEBOU (DYHKIIMU PACCTOSHUS IPU
YCJIOBUHU, OJIHAKO, COXPAHEHUs CBONCTBA BPEMEHUIIOIOOHOCTH, TO €CTh OTCYTCTBUS 3aAMKHYTHIX BPEMEHU-
MTOJOOHBIX KPUBBIX.
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Takum oOpa3oM, B yKa3aHHOM MIPOCTPAHCTBE-BPEMEHM, XOTb W HET 3aMKHYTBIX BPEMEHHUITOTOOHDBIX
KDUBBIX, HO TEM HE MeHee, CYIIECTBYIOT TOUKH (0OBEKTHI), PACCTOSTHAE MEXK/Ly KOTOPBIMU PABHO GECKO-
HEYHOCTH.

Jamee, B paboTe MPUBOIUTCH WCCAEIOBAHUE, ITOKA3BIBAIOIIEE, UTO CYIIECTBYET €Ile OIUH KJIACC IIPO-
CTPAHCTB CO CBOMCTBOM OECKOHEYHOCTH JIOPEHIIEBA PACCTOSHUS, OJHAKO YK€ MPUINHBI ITOM OECKOHETHO-
CTU yKe KPOIOTCHd B TOIOJIOTHYECKON CTPYKTYpPE MPOCTPAHCTBA-BPEMEHU, & HE MPUYMHHONU CTPYKTYPE,
Kak ObLIO B CIy4ae ¢ MPOCTPAHCTBAMU, OIUCAHHBIMY BBIIIIE.
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Axcuoma P-rosiomopdHbIX (2r + 1)-mI0CKOCTE# 151 MOYTH
KOHTAKTHBIX MEeTPHUYECKNX MHOroobopasui Kjgacca N(C'

Pycranos Aguramxku Pabamanosud
(MCT'O MIIT'Y, Mocksa, Poccust)
E-mail: aligadzhi@yandex.ru

XaputonoBa Csetrsiiana BiaagumupoBua
(OT'Y, Openbypr, Poccus)
E-mail: hcb@yandex . ru

Onpenenenne 1. [1|. AC-cTpykrypa, XapakTepusyemasi TOXKIECTBOM
Vx(®)Y + Vy ()X =V ()Y + E{Vy (n)2X + n(X)Vey +n(Y)Vexé,
st Beex X, Y € X (M), naspiBaerca N Cho-cmpykmypod.

Onpenenenne 2. AC-muOroobpasue, caabkennoe N Co-cTpyKTypoit HasbiBaeTcss N Cg-MH02000pa3u-
em.

Onpenenenne 3. [2], [3]. (2n + 1)-MepHOE HOYTH KOHTAKTHOE METPUIECKOE MHOI000OpA3Ue y/I0BIIETBO-
psier akcuome P-ronmomopdubix (21 4+ 1)-mmockocreii, 1 < r < n, ecam yepe3 KaxKIyl TOYKy p € M
Juist Besikoro (2r + 1)-meproro momgnpocrpanctsa L € T,(M) MHBApHAHTHOIO OTHOCHUTEIBHO JEHCTBHS
cTpykTypHOro omeparopa ®,, nmpoxogur (2r + 1)-meproe BroJHe reojesndeckoe P-nmHBapHaHTHOE MOJ-
muoroobpasue N C M Taxoe, aro T),(N) = L.

Teopema 4. NCjg-mnozoobpasue, ydosaemeoparowee axcuome P-zoromopproir (2r + 1)-naockocmet,
ABAAEMCA KOCUMNAEKTNMUYECKUM MHO2000DA3UEM.

Teopema 5. NCg-mHozoobpasue ydosaemeopsem akcuome P-zonomopprovix (2r + 1)-naockocmeti mo-

2da u moavko mozda,Koz2da na npocmparcmee npucoedunennoti G-cmpyxmypve KOMNOHEHMbL MEHIOPA

20A0MOPPHOT KPUBUSHDBL YIOBAETMBOPAIOM, COOTMHOUEHUAM Agg = (Jff)nAégg.

Teopema 6. NCg-mrozo00bpasue ydosaemsopaem axcuome P-zosomopdruz (2r+1)-naockocmetds moada
U MOABKO M020a, K0206 0HO ABAACNCA MHO2000DA3UEM TOUEUHO NOCTNOAHHOT P-2040MOPPHOT CEKUUOH-

HOUT KPUBUSHBL C = (7:4}?12)71‘4

Teopema 7. NCig-mnozoobpasue ydosaemeopsrowee arcuome P-zoromoppror (2r + 1)-naockocmet,
AOKAALHO IKBUBAAEHMHO NPOU3BEIEHUI BEWECTNEERHOT NPAMOT HA 00HO U3 CACIYOUUT MHO2000pa3ul,
CHAOAHCEHHBIT KAHOHUYMECKOT Keaeposol cmpykmypot: 1) komnaexchoe esxaudoso npocmparcmeo C™,
2) womnaexcroe npoexmusnoe npocmpancmseo CP™, 8) xomnaexcroe 2unepbosuseckoe npocmpaHcmeo
cD".
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MuHuMa/IbHBIE CUCTEMBI O0Opa3yONINX BEHEYHOUTEPUPOBAHHBIX
rpynn u pyH/JaMeHTaJIbHOU rpynnbl opout dyuknuu Mopca

CkyparoBckuii P. B.
(Ykpaunna, Kues)
E-mail: ruslcomp@mail .ru

B nmannoit pabore ycuiieH pe3yabTaT O YUC/IE MTOPOKTAIONINX BEHETHOIMKIMIECKUX TPYII BBEICHHBIH
aBropoM B [1| a TakzKe paccMOTpeH KJacC BeHEUHOMTePUPAHHBIX Ipymi § (mycrb G € ) MoCTpOeHHBIX
o dopmyie:

no ni ny
G:(.Z Ck]'o) X ('Z C}le) X ... X (‘Z ijl),l < kj, <o00,m; < 00.
Jjo=0 Jj1=0 71=0
n
Paccmorpum rpynmy H = 0 Cy;, rae nopsiku i; Beex Cj; TONapHO B3aMMHO-IPOCTBI Jyjig j > 1
j=1
a KOJIMYECTBO IUJINYECKUX MHOXKHUTEJEH B CINIETEHUM [UKJIMYECKUX TPYIIl — ITPOU3BOJILHOE KOHEYHOE.
Hazosem Takyio rpymmny H seneurnoumepuposaroti.
n
Teopema 1. I'pynna H = 1 Cj;, A6A410WaACA CNAEMENUEM YUKAUNECKUT 2PYNT. KAK 2PYnn nodcma-
j=1
HO060K JeTCMEYIWUT PEYAAPHO, G NOPAIKU 1j NONAPHO 63AUMHO-NPOCTLL ONA GCET PASAUNHBLY J > 1,
umeem pane 2 [2].

Bosbmem B kadecTBe obpasyronmux rpynnbl H KOpHEBO# aBToMOPdU3M Sy U HAIIPABJIEHHBI ABTOMOP-
dbuzm [3] Broas myTu | Ha KopHeBOM peryssipHoM jepese Tx — (1. DuieMenT (31 BEHEYHOUTEPUPOBAHHOI

rpynnsl H npejncraBum B Bujle BeHeuHoii pekypceuu [4, 5|. O6o3naunm mopsiziok asromopdusMa f; Kak
m

|Bi|. Mycrp ‘ZOCi]- = (B0, 61) m .ZOij = (ap, a1).
= =

Teopema 2. Ecau (|agl,|5o]) =1 w (Jaal,|51]) = 1 uau (|aol, |B1]) =1 w (Jaal,|Bo]) = 1, mo cywecmey-
n m

em deyxaremenmasn cucmema obpazyrousur das epynnve G = (1 Cy;) x (1 Cy;), 2de nopadku ij ecex
. =0

J=0
Ci; a makoice nopsadku kj; ecex Ck; monapro é3aumno-npocmo dasn j > 1.

O6pasyrone a7 1 37 ecTh HallpaBJIeHHbLIE aBTOMOPMHU3MBI, (v, 39 — KOPHEBbIe ABTOMOP(U3MEI
[3]. Crpykrypa obpasyronmx f;,i > 0, takoBa 1 = (m,e,...,e,[2), tue C;y = (m;,), nanee P2 =
(Tig, €, ...r€, B3), B obmem ciaydae B = (m,,e,...,e, Brr1) tae, Ci, = (m;, ). Hocmenuuit obpasyromuit
——— ——

11 Ik—1
UMEEeT UHYIO CTPYKTYDPY Bm = (T, €, ..., €). AHAJIOPMYHYIO CTPYKTYDPY UMeeT 00pasyronuii o .
Haiinena Muanmanbias cucremMa obpasyomux g rpynnbl (Z)" X Z, tae roMoMopdusM CBA3H U3
TPYIIBI Z B TPYIIYy aBTOMOP(MU3MOB I'PYIIbLI Z'* MOXKeT ObITh MIPEJICTABIEH MATPHUIEH ¢, KOTOpas st
n = 4 nMeeT BUJ

ASS

Il
cor~o
o~ oo
—_ o oo
coo

a obpasyrolye MOArPyIbl ™ MPeJCTaBIIIOTCS B BUJIE BEKTOPOB.
I'pynia Takoro Tuia BO3HUKAET Kak (DyHIaMeHTa bHas rpymma opoutsl w1 (O, f) HekoTOpOil bDyHK-
muu Mopca f na jucre Mébuyca M [6].
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0]5) O,HHOﬁ 3aJlave IIpecjieJ0BaHNnAd 110 IIO3UINN C MHTerpaJlbHbIMMN
orpanmmvieHmsAMM Ha yIIpaBJIEHNA UTI'PDOKOB

Cobupos X.X.
(Tamkenrckuit Yausepcurer nHGOPMAIMOHHBIX TexHOIOrHi, Tamken, Y36ekucraH)
E-mail: sobhamidullo1986@mail.ru

PaccmarpuBaercst [uckpeTHast Urpa, OMUCHIBAEMAasi Y PaBHEHUSIMEI
21 = Cz, — Buy + Dy, (1)

rae zp € R, k—muomep mara, k =0, 1, 2, ...; C, B, D — moCTOSTHHbIE MATPUIIBI, U}, — YIPABIEHUE TIPe-
cJIeJIOBaHUs Ha k-OM Imare, vy — yupasienue yoeranus ua k-om mare, uy € RP v, € RY. B nmpocTpancrse
R" BBIZIENICHO HEMyCTOE TepMUHAJIbHOE MHOXKECTBO M.

Byaem rosoputh, uro B urpe (1) u3 touku zy € R™\M MOXHO 3aBepmiuTh npeciejoBanue 3a N

II1aroB, €CJIU IO JII000I OCJIeIOBATEILHOCTH Vg, Ul, - .- . , UN—1 YIPABIE€HUA yOeranusd MOXKHO IMOCTPOUTH
TaKyIo II0CJIEA0BATEJIBHOCTD UQ, U], . . ., UN—_1 YIPABJIIEHUS IIPECJICAOBAHUS, YTO PEIIeHUe {zo, Zlyeeny ZN}
ypaBHEHUA

241 = Czy — U + 0k, k=0,1,...,N — 1, (2)

npu HekoropoMm d < N, monagaer Ha M : Zg € M. Ilpu 3TOM 11T HAXOXKIEHUSA 3HAYEHUS 1), PA3PEIIaeTCs
[1] ucronp3oBarh 3HAUEHUST 2.

Ipeanonoxum, aro B urpe (1) Tepmunanbroe MHONKecTBO uMeer Bun M = My + My, tne My—
JmHelHOoe moampocTpancTBo R", Mj — MOAMHOXKECTBO MOAIPOCTPAHCTBA L — OPTOTOHAJIBHOIO JOIOJI-
uenusa My B R". Jlanee, yepe3 m 0DO3HAYMUM MATPHUILY OIIEPATOPA OPTOIOHAJLHOTO MPOEKTUPOBAHUS U3
R™ ma L, a yepe3 A + B — ayrebpanteckyto cymMmy MHOXKeCTB A, B cOOTBETCTBEHHO.

B nanbueitiem Oynem cauTaTh, 9TO

oo a [e.e] B
> | < p% 3 Juil” <P,
=0 i=0
rnea>1, B,p>0, 0> 0—muekoropble GUKCUPOBAHHDBIE TUCJIA.
Ipeanonoxkenne 1. s kaxmoro i,i = 0, 1, 2, ..., umeer Mmecto Briodenue TC° DRI C mC*BRP.

fAcHo, YTO TPU BHITOJIHEHUN TIPEAIIONIOXKeHUs 1 cymecTBYIOoT MaTputsl Fy, ¢ =0, 1, 2, ..., KaxKmgasa u3
KOTOPBIX yaoBJierBopsier yciaoputo nC'D = nC*BF;. Ilycrb

m—1 o m—1 3

Xran:{')’:fy: Yo F—1—ivil®, D (vl <U’B}7m:07 L2 ..
i=0 i=0

IIpenmnonoxkenue 2. na kaxgoro m,m =0, 1, 2, ..., UMeeT MECTO HEPABEHCTBA P > | X

Yepes G(m) — 0603HAIMM MHOXKECTBO
m—1
2€L:z2=nC""'BWy+ ...+ 1BW,,_1, Z (Wil < (p— Ixm) ¢,
=0
gepe3 Wy(m)— muoxkecrso My + G(m), tne m =0, 1, 2, ...
Teopema 3. ITycmov 6vinoaneno npednosodicerue 1,2, kpome moz20, Up — HAUMEHDUWEE U3 TNET “UCEN

m, 0aa kaocdozo u3 Komopux umeem mecmo exmovernue m1C™zy € Wa(m),moeda 6 uepe (1) us mouxu
20 MOXHCHO 3asepuumo npecaedosarue no noduyuu 3a N wazos.
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Kinaccudukanmsa Todek MMoBepPXHOCTU IMpocTpaHcTBa MMHKOBCKOIro

Crerannesna I1.T.
(3amopozxkne, yir.2KykoBckoro,66)
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I'peuneBa M.A.
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Sasada Kjaccu(UKAIUA TOYEK TTOBEPXHOCTU OTHOCUTCS K OCHOBHBIM 3aJladaM JIOKAJbHOI muddepeH-
nuajabHON reomerpun. TOYKM THIIEPIIOBEPXHOCTEH €BKJIMJIOBA, TIPOCTPAHCTBA MOYKHO KJIACCU(MUITUPOBATH
HECKOJIBKUMU CIIOCOOAME: 110 YHUC/Iy ACUMIITOTUYECKUX HAIPABJIECHUN B TOYKE, MO 3HAKY U 3HAUCHUSM
IJIABHBIX KPUBU3H THIIEPIOBEPXHOCTH, C IOMOIIBIO TayCCOBOM KPUBU3HBI, MO0 BUJMY COIMPUKACAIOIIETO-
cs mapabosionsia. B ciydae, Korjga KOpa3MepHOCTb TOBEPXHOCTHU OOJIbINE €JIMHUIIBI, PEIleHne MoI00HOI
3a/1a9U UMeeT OCODEHHOCTU U HE SBJISETCS MPOCTBIM MIOBTOPEHUEM KJIACCUYIECKOTO CJIydasi TUIIEPIIOBEPX-
voctu. Hampumep, B 9TOM cjydae He BCErJIa TOYKM MOBEPXHOCTH MOXKHO pa3OUTh HA KOHEYHOE JHUCJIO
KJIACCOB. 3ajadya KJIaCCU(PUKAIIME TOYEK TOBEPXHOCTU TECHO CBA3aHA C JPYTUMHU 33/1a9aMU JIOKAJbHON
nuddepennuanbHoil reomerpun. Hanpumep, B pabore [4] aBrop onucsiaeT npeobpa3oBaHusi, COXPAHSIIO-
e TPacCMaHOB 00pa3 JIByMEPHON MOBEPXHOCTH Y€THIPEXMEPHOI'0 eBKJIMI0BA IIPOCTPAHCTBA, U UX CBI3b
¢ KiaccuduKanuel ToueK rpaccMaHoBa obpasa mosepxHoctd [1| m addunnOl KIaccudukarmeii Touexk
camoii moBepxHoCcTH |2]. BbuT ncciieioBan Bonpoc 06 SKBUBAJIEHTHOCTH 9TUX ABYX Kiaccudukarmii. Psr
JIOTIOJTHATETHHBIX OCOOEHHOCTEH BO3ZHUKAET IPU PEIICHUN 33/ Ia9i KJIACCU(MUKAIMH TOYEK TOBEPXHOCTEH
HEEBKJINJIOBBIX IIPOCTPAHCTB.

B gerppexmepHoM TpocTpancTe Munkosckoro LRy ¢ merpukoit ds? = —dx? + dx3 + dx3 + dx? 6ynem
paccMaTpUBATh HEM30TPOIHBIE (IMPOCTPAHCTBEHHOIIOIOOHBIE U BPEMEHUITOO0HBIE) JBYMEPHBIE TOBEPX-
HOCTH.

PaccMoTpuM Iy 90K BTOPBIX KBaaparnaHbix popM Al —\A? Bpemennmonobuoit mosepxuoctu V2 C1 Ry.
B saBucuMocTr OT BUIa 3JIEMEHTAPHBIX JIEJIATE e MydKa yYpaBHEHHE COIPUKACAIOIIErocs: apabosonia
HEBBIPOXKAECHHBIM a(UHHBIM TPe0dPa30BaHNEM 00BEMIIIOIIETO TPOCTPAHCTBA IPUBOIUTCS K OJHOMY U3
CTIEYIOIINX KAHOHUIECKUX BUJIOB:

1) 2% = (21?2, 2* = (22)2, e caydas snemenTapHbIX gemuTeneii A — A1, A — A2, A\1 # Ao, A1, A2 € R;

2) zd = 2x1w2, zt = (x2)2, €CJIM UM€eeM OJIUH JIMHEHHBIN 3JIEMEHTAPHBIN JIeJIUTeIb KPATHOCTU 2, TO
ectb (A —\1)% \ € R;

3) 23 = 22122, 2% = (21)? — (22)?, 1 xBagpaTHIHOTO SMeMeHTapHOTO AemuTess A2 — 2o\ + (a? + 5?),
B #0.

TakuM 00pa3oM, TOUKHU MOBEPXHOCTU MOXKHO pa30UTh HA TPHU Kjacca. Takasa KaccupuKalus TOIEK
HasbiBaeTcst aduHHON. 3aMeTHM, UTO TOT PE3yJIbTAT HUYEM HE OTJIMIAETCs OT CJaydasi €BKJIUI0BA
POCTPAHCTBa [3], TaK KaK €BKJIMIOBO IIPOCTPAHCTBO U IIPOCTPAHCTBO MMUHKOBCKOIO MMEIOT OJHU U Te
ke adHUHHBIE CBOUCTBA.

Jlajiee paccMOTpUM eI1ie OJIHY KJIACCU(PUKAIIMIO TOYEK TOBEPXHOCTU, KOTOPYIO OyIeM Ha3bIBATb Ipac-
CMAHOBOI. DTOT TEPMUH OOBSICHAETCS TEM, UTO THUI TOYKU MOBEPXHOCTHU OIPEJIEJISETCS TUIIOM TOYEK
rpaccMaHoBa 0b6pa3a 3TOi IOBEPXHOCTH.

Omnpenenenne 1. Touka z mosepxmoctu V2 C! R, HasbBaeTcs S/UIMITHHUECKON (HapaboIMHYecKoil,
rUnepOOJIMIECKOii), €c/ii TOYKAa IpacCMaHOBa 00pa3a MOBEPXHOCTHU, COOTBETCTBYIONIAsl ITOH TOUKE I,
SIBJISIETCSl JUIMITHYECKOi (mapabommaeckoil, TunepboInIecKoi).

Onpenenenne 2. Touka rpaccMmaHoBa ob6pasa 12 BpeMeHHIIONOGHOH IMOBepXHOCTH V2 Ha3bIBaeT-
Csl AJUIUIITUYECKOH (mapabo/imIecKol, runepboImIecKoii), eciu st IJIOIMA KK, KaCaTeJIbHON K I'? s
9TOil TOUKE, CEKIMOHHAS KPUBHU3HA IPACCMAHOBA II0IMHOr006pasus PG(2,4) ynoBieTBOpsIeT YCJIOBUIO
K(o)<1(K(o)=1,K(o)>1) [5]
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Teopema 3. /Jlaa epemerunodobrotl noseprHocmu ¢ NPOCMPaAHCMEEHHON0000HBIM 2DACCMAHO8bIM 00Pa-
30M GPHUHHAA U 2PACCMAHOBA KAACCUPURAUUY FKEUBAAEHMHDL.

s mpocTpaHCTBEHHOIOIOOHOH TOBEPXHOCTH MOXKHO COPMYJIUPOBATH U JIOKA3aTh AHAJOTUIHYIO
TeopeMy

Teopema 4. /Jlaa npocmparcmeenHonodobHoti noSePIHOCMU € BPEMEHUNOIOOHBIM 2PACCMAHOBbIM 00Pa-
30M GPPUHHAA U 2PACCMAHOBA KAACCUPUKAUUL IKEUBAAEHITIHDL.
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4-kBa3uILJIAaHAPHBIE OTOOPAa>KEHMsI IIPOCTPAHCTB CO CIIEIUAJIbHOMI
noinadPUHOPHON CTPYKTYPOIt
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Kyp6arosa U.H.
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Panee mbr paccmarpuBaim 4-KBasuIIaHAPHBIE OTOOPAXKEHWS IMOYTH KBATEPHUOHHBIX MHOI000pa-
suii [1]. B [2]Mbl BBesn B paccMoOTpeHUe noAyk6amepruorHyto CTPYKTYPY, KOTOPasi OPOXKIAeTCsl apoil
TOYTHA KOMILJIEKCHBIX CTPYKTYP, KOMMYTHPYIOIIX MeXKIy co60ii. COOTBETCTBEHHO, NOYMU NOAYKEG-

MePHUOHHBLM MBI Ha3BAJM PUMAHOBO MPOCTPAHCTBO V,, C 33[aHHBIMU HA HEM TOYTA KOMILJIEKCHBIMU
12
CTPYKTypaMu F' u F', KOTOpbIe yAOBJIETBOPSIOT YCJIOBUIM

1 1 2 2 1 2 2 1
FOFM = b, FOFEM = —gh, FPFM— FOEM =0

OdeBugHO, 9TO

3 3h h 3h ! 2h
FiaFa = 5i ) Fi = FiaFa
Kak o6bramo, 1101 KeJrepoBoi [4] Oy/eM MOHUMATD MOy KBATEPHUOHHYIO CTPYKTYPY Ha Vi,, 71 KOTOPOit

S

Fh=0, s=1,2,3,

Z7j =
rme <, >— 3HaK KOBApUAHTHON IIPOU3BOIHOM B V.
ITokazano [2]), 4T0 KesepoBo 10JIyKBATEPHHOHHOE IIPOCTPAHCTBO IIPUBOJIMMO.

Pacemorpum (1cessio-)pumanossl npoctpanctsa (Vi, gij) 1 (Vip, ;) ¢ HOTyKBATePHUOHHBIME KeJle-

s S

poBeIME cTpyKTypamu F, F, s = 1,2,3, naxogsmuecsa B 4-kBasummanapaom otobpazxkennn (4KIT1O),
COXpaHdIoNeM CTpyKTypy. Torma B obiieit mo 0TobpazkeHuo cucreMe KOOpauHat (&) IMeroT MecTo

3 s
Ty(x) = Th(2) + Y 4 (2) Fi (),
s=0

rie
o 3 1 2 s
Fih = 5?’ Fih = FiaFga th($) = F; (z),
S
¢;(x) - HEKOTOpBIE KOBEKTODHI.

ITocTpoenst reomerpraeckue 06bEKTHI, KAK HEOHOPOIHBIE (Thla mapaMeTpoB Tomaca B Teopuu reo/ie-
3MYECKUX OTOOPAKEHNI PUMAHOBBIX IPOCTPAHCTB), TAK U TEH30PHOIO XapakKTepa ( Tuma TeH3opa Beiist),
MHBApUAHTHBIE OTHOCUTEJIBHO PACCMATPUBAEMBIX OTOOPAYKEHUIA.

BbiesieH Kilace KeJIEPOBBIX MOJIYKBATEPHUOHHBIX MPOCTPAHCTB (4-K6a3unaockux), OIYCKAIOIIX
4KIIO na nutockoe npocrpancTso. Haiinena crpykrypa ux tensopa Pumana [3|. Hamu gokasans

Teopema 1. Tenszop Pumana 4-K6a3UNA0CK020 NOAYKBAMEPHUOHHO20 KEAEPOBL NPOCMPAHCMEE

S
(Va, gij, F) no meobrodumocmu, umeem cmpyxmypy

~ ~ Lo 2 2
thjk = Ra[jQZﬁ + 2Rk <Fl.hF]‘?‘ _ FthjQ>

Ry, = <C1R - C2R> Ihk — <C2R - C'1R) Fyg,
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2de
kh k sh 1k 1h 2k 2h 3/€ 3h
Qij = 0,05 — I Fy' — F'Fy' + Fi' Fy/,
3
3
R = RS - ckanapras kpususna Vi, R = RgFg,
Or n? + 2n + 2m? — 2mn o — (2m —n)(n + 2)
YT 8mn—m)(m+2)(n—m+2)’ > 7 8m(n—m)(m+2)(n—m+2)

— KOHCMaHmbL npu m 7% 2,n —m # 2.

Teopema 2. Joboe 4-K6a3UNi0CKOE TOAYKEAMEPHUOHHOE KEAEPOGO NPOCMPAHCMEO JONYCKGEM, HEMPU-
suanavrwve 4KI10.

. S .
Teopema 3. 4-x6a3unsockoe NOAYKBAMEPHUOHHOE KEAEPOBO NPOCMPAHCMNEO (Vn, gij(x"), F(w’)) npeo-

cmasasaem coboti npoudsedeHue

Voo = Vi X Vi,

1 1
ede <Vm(aza), 9ap(x©), (:cc)> ABNACMCA KENEPOSHIM ommHocumenvro apduropa Fi'(x€) npocmpancmeom

1
noCmMoAHHOT 2040MOPPHOT KPUSUSHDL, (Vnm(:vA),gAB(xC),Ff(xc)> , COOMEEMCMEEHHO, KEAEPOSHIM

1
FB C o .
ommocumenvro adpuropa Fy (x%) npocmparcmeom nocmoannot 2000MOpPHHOT KPUSUSHDL.
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