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Abstract

We consider the concept of the Hausdorff analyticity for functions ranged in real
algebras and the corresponding notion of the Hausdorff derivative. Both apply to the
real algebra H of Hamilton’s quaternions. The main aim of the work is to compare them
with the well-known classes of H-valued functions which have their own definitions
of the derivative.
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1 Hausdorff Analyticity and Hausdorff Derivative

1.1 Introduction

Hausdorff [10] proposed the definition of an analytic function taking values in a
complex associative (commutative or non-commutative) algebra A with unit. It can be
formulated as follows. Let eq, ..., e, be a basis of A, let i, ..., n, be the respective
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complex variables and let n := Y ;_, nkex be the hypercomplex variable, consider
an A-valued function

n
F =" filn, ... nex, (1.1)
k=1
where the components f; are holomorphic functions of 7y, ..., n, in the sense of

several complex variables theory. In other words, f is a holomorphic mapping from
C" to C" seen as a hypercomplex function. Its complex differential is defined in the
usual way as

n
dfydn, ... dng) =Y _dfi(dm,....dnyex
k=1
n
d
= > a'—’?(nl,...,nnwn,-ek. (1.2)

jok=1 """

It is assumed tacitly that we deal with a domain in C" with the coordinates
N1, ..., Nn, and that dfy is an n-linear mapping on the complex tangential space to
the points of this domain. The function f is called Hausdorff-analytic or H-analytic
function of the hypercomplex variable 1 if df; is a C-linear homogeneous polynomial
of the differential dn := Y j_, dni ex, i.e.,

2

dfy =" As(n)dn Bs(n), (1.3)

s=1

where Ag and By are some A-valued functions of the variable 7.

For an H-analytic function f the element f}, (1) := Z;’il As(n) Bg(n) is called
the Hausdorff derivative of the function f at a point 7.

It is worth noting that although the origin of the formula (1.3) is clear: the corre-
sponding antecedents for functions of a real or a complex variable, but at the same
time (1.3) is not related explicitly with the Hausdorff derivative and it is not so obvious
if both inherit the structures of their antecedents.

There exists a kind of a “real version” of Hausdorff’s approach, see [17-19], where
A is a real algebra, 1y, ..., n, are real variables, the components { f;} in (1.1) are
R-valued functions of 1 and we assume all f; to be R-differentiable at a given point
of R” (the real analyticity is assumed in [19]). In all that follows in this work we deal
with such a real approach employing the same terms as above; for instance, d f,, means
the real differential, etc.

1.2 Relations with some other notions of analyticity

In the case of a commutative algebra A, the class of H-analytic functions coincides
with well-known subclasses of differentiable functions. Namely, it is shown in [5] that
the class of H-analytic functions coincides with the class of Scheffers differentiable



On the Hausdorff Analyticity for Quaternion-Valued...

functions [20] (df = f’(n)dn). It follows from the results of paper [21] that the class
of H-analytic functions coincides with the classes of functions differentiable in the
sense of Gateaux and in the sense of Lorch [11].

Moreover, for a commutative variable  := Y ;| nrex, where ey = land n; € R,
all mentioned derivatives are equal and

ro_ 9f 14
fH(n)_B_m(n)' (1.4)

In particular, it is clear that in the algebra of complex numbers C the H-analytic
functions coincide with usual holomorphic functions, and for z := x + iy we have:

1@ =1'@ =%,
1.3 Quaternionic functions and H-analyticity

We now realize the Hausdorff approach for functions with values in the skew-field
of (real) quaternions H. We use the notations e; = 1 and e», e3, e4 for the canonical
imaginary units, thus {e; = 1, ex =i, e3 = j, e4 = k}isabasis of H = R4,

Let Q2 be a domain in H. Consider a function f : 2 — H of the variable x =
X1e1 + xoex + x3e3 + xqe4 given as

4
fx) = ka(x)ek. (1.5)
k=1

Definition 1.1 The function f : Q — H of the form (1.5) is H-analytic in the domain
Q,if f is analytic by Hausdorff at every point x € €2, 1.e., if the real-valued components
fi are real differentiable functions of four real variables x1, x2, x3, x4, and the differ-
ential dfy = Zi:l dfi(x1, x2, x3, x4)ex is an R-linear homogeneous polynomial of
the differential dx := dxje1 + dxpey + dxzes + dxgeq, ie.,

16

df. =Y Ay(x)dx By(x), (1.6)

s=1
where A, and B, are some H-valued functions of the variable x.
In this case, for any x € Q2 the quaternion

16

Fi(0) =Y As(x) By(x) (1.7)

s=1

is the Hausdorf{f derivative (H-derivative) of the function f at the point x.
Denote by 91y (€2) the set of all quaternion-valued H-analytic functions in the
domain 2.
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1.4 Examples of quaternionic H-analytic functions

Let us consider some examples of quaternionic H-analytic functions and compute
their H —derivatives.

Example Let f,(x) = x" forn € N.
Ifn = 1then fi(x) =x and df); =dx =1-dx -1 thus f; is H-analytic and its
derivative is

flgx) =1 forall x.

If n = 2 then fo(x) = x> and df>(x) = d(x?) = x - dx + dx - x. Therefore, f> is
H-analytic and

Bp@ =0y =x-14+1 x=2x.
In the same way for the function f3(x) = x3 we have:
d(x3) =d(x2) x4x2-dx=x-dx-x +dx-x>+x*-dx.
Therefore f3 is also H-analytic and its derivative is
Au@ =0y =x x+1.x>+x> 1=3x"

By induction f, is H-analytic forall n € N with the derivative f, )= @™y =
nx"~!. Clearly x" -a and a-x" are also H-analytic forall ¢ € H and their H-derivatives
aren-x"~'.aanda-n-x"~!.Ttis obvious that the polynomials >"""_ x" a,, > _ a, x"
are H-analytic and

m 4 m m 4 m
Zx”an =an”7]an, Zanx” = Znanxnfl.
n=0 n=1 n=0 n=1

H H
Example Since the quaternionic multiplication is non-commutative, more sophisti-
cated polynomials should be considered. First, let f(x) = xax b x, wherea, b € H,
then

dixaxbx)=dx-axbx+xa-dx-bx+xaxb-dx.
Therefore, the function f is H-analytic and

fux)=axbx+xabx+xaxb.

In the same way, it can be shown that any general quaternionic polynomial:

pa(x) =Y Mi(x)
k=0
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is H-analytic where the monomial My is defined by M := Zznzl Ak g1 X Ak 2 X -
... X Q¢ k+1, m is some natural number, and a; ¢ , € H.

1.5 The H-derivative of quaternionic functions

The peculiarities of the skew-field H allow one to describe all the quaternionic H-
analytic functions and their H-derivatives.

Theorem 1.2 Any quaternionic function with real differentiable components is H-
analytic.

Proof 1Tt is known that

1

X = Z (e1xe; —exx ey —e3x ez —esxey),
1

Xy = 1 (—eixex —exxe; +e3xeq —egxe3),
1

x=g (—eixe3 —ezxe; —erxeq +e4xer),
1

X4 = 1 (—e1xeq —egx el +exx ez —esxen),

which implies the same kind of formulas for the differentials:

dx; = % (e1dx er —exdx ey — ezdx e3 — eqdx eq) , (1.8)
dx, = % (—ejdx ey —exdx e; + ezdx eq — esdx e3), (1.9)
dxy = % (—eidx e3 —ezdx e; — exdx eq + eqdx e3) (1.10)
dxg = % (—eidx eq — eqdx e; + erdx e3 — ezdx ep) . (1.11)

Take now the differential df and use (1.8)—(1.11):

4
af

df =) ——dx,
P 0xy

B 1
= —f - —(erdx e; —exdx ey — ezdx e3 — eqdx ey)
ox; 4
aof 1
4+ —— . —(—ejdx ey — erdx e) + ezdx eq — eqdx e3)
oxy 4
af 1
+ — . —(—eidx ez —e3dx el — exdx eq + eadx e3)
ox3 4
af 1
4+ —— - —(—ejdxeqs —eqdx ey + exdx ez — e3dx e3) .
8)64 4
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We abbreviate oy f := %(x), then

| =

df = 1 ((01 ferdxey — 0y feadxe; — 03 fezdxe; — 04 feadxer)
+ (=01 feadxey — dr ferdxes + 03 fesadxey — 04 fezdxer)
+ (=01 fezdxes — 0) feqadxes — 93 ferdxes + 04 ferdxes)

+ (—01 feadxes + 02 fesdxes — 03 ferdxes — 04 fe1dxes))

= i ~((01fer — 02 fex — 03 fe3 — dafeq) dxey
+ (=01 fex — 02 fer + 03 fes — 04 fe3) dxes
+ (=01 fes — 0y fes — 33 fey + 04 fez) dxe3
+ (=01 fes+ 02 fe3 — 03 fear — 04 fer) dxes)

| Q- o~
= < (Dr.lflerdxer = D[ flerdrer

—Dr [ flesdxes — 5F,r[f]e4dxe4)
with

D, lfl:=01fe1 —dfer — d3fes — 4 feus
Dr [f1:=01f — d2fex+ d3fes + dafeu;
D [f1:=01f +0:fer — 03 fe3 + dafes;
Dr,[f1:=81f + 0 fer+ s fe3 — dafea

The theorem is proved. O

It is worth mentioning that the operator 5p,r is the quaternionic conjugate of the
famous (right-hand side) Fueter operator acting on the C!-functions by the formula
Dr,[fl:=01f + 02fea + 33 fe3 + 04 fes; both play a crucial role in quaternionic
analysis, see Sect. 3 in this work. Meanwhile the rest three operators are “partial
quaternionic conjugations” of Dr , playing the role of the hyperderivatives for the
respective classes of hyperholomorphic functions.

Using definition (1.7), we obtain:

/ _ I = =~ ~ = _ 3f
fu(x) = I (DF,r[f] + Dr [ f1+ Drrf] +DF,r[f]> = (1.12)

From Theorem 1.2 the next example follows immediately.

Example Given a quaternionic convergent series

o
> x"ay. (1.13)
n=0
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then in the domain of its convergence it is an H-analytic function, the same for
Y n o an x". Furthermore, any general convergent quaternionic series of the form

q(x) =Y My(x), (1.14)

k=0
is an H-analytic function in the domain of its convergence.

Now we show that the series (1.13) can be differentiated term-wise in the sense of
Hausdorff.

Theorem 1.3 If a series (1.13) converges in the ball B := {x € H : |x| < R}, then its
sum is an H-analytic function in B and this series can be differentiated term-wise in
the sense of Hausdorff derivative:

oo 4 oo
Zx”an =an”_lan.
n=0 n=1

H

Proof By Theorem 1.2 the series (1.13) is an H-analytic function. It means that the
function (1.13) has a Hausdorff derivative.
The series (1.13) can be represented as

o0
Y x'an = fier + frex + fres + faea, (1.15)
n=0

where fi(x1,x2, X3, X4) = Z;ﬁn,p,qﬂafrﬁ)ﬂ,p,q xxyxd xd, k= 1,2,3,4, are

real-analytic functions on the ball B. As a consequence, the series for f; can be
differentiated term-wise by x on the interval (—R, R), with x», x3, x4 restricted in
such a way that x € B. In turn, it means that the left-hand side of the equality (1.15)
can be differentiated term-wise by x;. By formula (1.12) we have

00 / 3 00 ) 5 )
n n n n—1
X a = — X dp = — \X a = nx ay .
(Tra) = 2w =32 a) = Yo e
n=0 H n=0 n=0 n=1

The theorem is proved. O

As a consequence, if we introduce the elementary functions cos x, sin x, exp x as
the sums of the respective power series then these functions become H -analytic with

(cosx)yy = —sinx, (sinx)y =cosx, (expx)y =expx.
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2 A Relation Between H-Analyticity and the “Naive” Quaternionic
Differentiability

By “naive” approach we mean direct analogs of the corresponding definitions for real
and complex functions which are based on the study of the differential quotient of
a given function. The non-commutativity of quaternionic multiplication leads to the
two of them:

h> WA fo(h), (2.1)
h> Af(hh™!, (2.2)

where for a given quaternionic function f : 2 — H one sets

Afe(h) == fx+h)— f(x).
By the properties of quaternionic conjugation one has also:

A fe(h) = AF (R 2.3)

Thus, each of the cases reduces to its counterpart, and we’ll treat mostly one of them.

Definition 2.1 (Quaternionic derivability) Assume that (2.1) has a limit if 2 — 0,
then we say that f is left-derivable at x and the limit itself is called the left-hand side
derivative of f at x and is denoted as

"f(x):= lim h~'Afc(h). (2.4)
xfll—z)eoﬁ

Similarly for the right-hand side derivative.

Definition 2.2 (Quaternionic differentiability) Let h — O0; if there exists a constant
B, € H such that
A fy(h) = hBy + o(h), (2.5)

then f is called left-differentiable at x. Similarly for the right-differentiability.

Both definitions hold simultaneously only. Formula (2.3) allows us to relate the
left-hand side and the right-hand side situations. The next observation is worth noting.

The function f : x — ax-+b(a, b € H) isright-differentiable in the whole H, while
the function g : x +— xa + b is left-differentiable which seems to be quite natural.
Recall that as we know these functions are H-analytic also. A quadratic polynomial
is also H-analytic, what about its “naive” differentiability?

Consider « : x — x2, then

Aay(h) = xh + hx + h?,
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and for x ¢ R the principal part, xk 4 hx, is in general neither quaternionic left-, nor
quaternionic right-linear, which means that « is not derivable in H \ R! It is instructive
to compare this reasoning with the definition of H-analyticity.

The next theorem describes the general situation.

Theorem 2.3 (See, e.g., [12]) Let f : Q@ — H be quaternionic left-differentiable
throughout the (connected) domain Q and let g : 2 — H be quaternionic right-
differentiable. Then there exist two quaternionic constants, a and b, such that

f(x)=a+xb Yx € Q,
and there exist two quaternionic constants p and q such that
gx)=p+gx VxeQ.

In [12] one can find more details about the topic.

Corollary 2.4 The set of quaternionic left-differentiable and of quaternionic right-
differentiable functions in Q2 are subsets of the set My (V). Moreover,

fa) ="fx)=0b, gyx)=2gw =gq.

3 A Relation Between H-Analyticity and Fueter-Hyperholomorphy

As “naive” quaternionic differentiability does not produce an interesting theory one
may ask if another approach would lead to a more interesting developments.

It is widely known since 1920s (Gr. K. Moisil, N. Teodorescu, R. Fueter) that a
rich quaternionic function theory arises if one generalizes directly the idea of complex
Cauchy—Riemann operators.

Let Q be a domain in R?*, consider C!($2, H) on which the (Fueter) operator
Df = 22}21 eiaix@ is well-defined. Its structure is evidently similar to that of the

complex Cauchy—Riemann operator 3% We call the functions in 9z (L) := kerDp
hyperholomorphic (other names used are monogenic, regular, hyperanalytic, etc.).
That is, the Fueter hyperholomorphic functions satisfy

4
af
Drlflx) =) e — =0. 3.1
/; 0Xy

Beginning with the works of Moisil and Teodorescu, then of Fueter, the functions in
M (2) have been considered to be a good generalization of holomorphic functions in
one complex variable. They possess many properties deeply similar to their complex
one-dimensional antecedents: Cauchy integral theorem; hyperholomorphic Cauchy
kernel generating Cauchy integral representation for hyperholomorphic functions and
hyperholomorphic Cauchy transform; the Taylor and Laurent series, and many oth-
ers. Besides, quaternionic hyperholomorphic functions have found an ample range of
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applications in mathematics, physics, etc. Thus one can hope to have an analogue of
the complex derivative for quaternionic hyperholomorphic functions.
We begin with the equality which plays a crucial role in complex analysis of one
variable:
af

B
dfz, = 3_Z(ZO)dZ + a—g(m) dz (3.2)

with

af 1 /o .0 af 1 8+,8
—=—-l—=i—), ===-|—+4+i—].
dz 2 \ox ay az 2 \ox ay

The equality (3.2) has the two quaternionic analogues, a left-hand side and a right-
hand side ones:

d@® . f)= %(o@ “Drlf1-0® - DrlfD), (3.3)

d(g-0®) = %@,r[g] 6@ —Dp,lg]-0?), (3.4)

where f, g € Cl(Q,H),

o® = idxy Ndx3 + jdxz Adxy + kdx) A dx;,
o = dxiy ANdxy ANdx3z —idxg ANdxy Adxs
+jdxo Adxy ANdx3z —kdxo A dxy Adxa,

and Dr , means the action of the operator Dr on the right, Dy is the quaternionic
conjugate of DF.
The following analogies are clear:

9
—; Dp<«— —;
7 T ez (3.5)
0¥ s dz 0B «— gz

Dp <—

A geometric explanation of the meaning of the differential form ¢ is worth
noting: if [ is a smooth hypersurface in RY 7t €T, n(t) = (ng, ny, no, n3) is the
outward pointing normal vector then oI = n(r)dS where n(r) = Zizl exng,dS
is the differential form of the hypersurface in R*. The same happens in the complex
situation: dz = —i d¥.

Equation (3.5) hints also at the relation between Dp and the future derivative.

Definition 3.1 (Hyperdifferentiability for the Fueter hyperholomorphy) A function
f € C1(Q, H) is called hyperdifferentiable if there exists A, € H such that

dc®f)y=09 . A,.
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Thus the idea of a “proportionality coefficient” between the two differential forms
is realized although, of course, in a much more sophisticated mode: now we deal with
differential forms of degree 3. The latter is because of the hyperdimension in R*,
which gives also a hint on how to define the appropriate “increments of the function
and of its argument”. Given x0 e Q, let

3
:= {xo + Y it € RY (1. 12.13) € [0, 1]3}
k=1

be a parallelepiped with vertex x° and let

3
9l := {xo + Y it € RY(11. 12, 13) € D([0, 1]3)}
k=1

be its boundary. In the complex case [T = [z, z], a straight segment, and 91 = {z¢, z},
a set consisting of two points.

Definition 3.2 (Hyperderivability for the Fueter operator)

e Given a parallelepiped IT with vertex x°, the integral

/ o@ f(x)
oIl

is called the increment of the function f at x°, and the integral

/ e
I1

is called the increment of the argument.
e Given a sequence {I1,},en of parallelepipeds with vertex x° and such that
diamIl,, —> 0, if there exists
n—o0

-1
lim ((/ a<3>> / a<2)f(x)>
n—00 1-[)1 an)l

then f is called hyperderivable at x° and the limit itself, denoted by ’ £ (x?), is
called the hyperderivative of f at x°.

The relations between the three notions are described as follows.
Theorem 3.3 f € My (RQ) if and only if f is hyperdifferentiable. And for such func-

tions

1—
Ar = 5 Drlf1().
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Theorem 3.4 If f € M(x°) then f is hyperderivable at x° and

Ao="fix"= %Z_DF(XO).

For a function f € 9 (2) the hyperderivative ’ f can be calculated by the formula

1= 1
f () = SDFLAE = 5 ( er o2~ Z ) . (3.6)

Since by definition Mp(2) C C L), and H —analytic functions have R-
differentiable real-valued components, then it makes sense to compare the sets 9% 7 (£2)
and M g (2) under the same smoothness conditions.

Theorem 3.5 On the class C'(Q2) we have the strict inclusion M () C Mu ().
Moreover,
af

"fx) = fp(x) = F (3.7)

Proof Firstly, by Theorem 1.2, cH(Q) c My (). But, except the condition M g (2) C
C'(2), Fueter-hyperholomorphic functions contain an additional condition (3.1).
Therefore, MM () C My (2).

Now We prove the equality (3.7). Since the condition f € 9F(£2) is equivalent to

Zk lek d)C —O then
— —Z an =0. (3.8)

To both sides of the equality (3.8) we add the expression %:

1 3f
( él 3_x1 B Z axk> 3x1 9)

The left-hand side of (3.9) is equal to ' f (x), and we have ' f (x) = d—f Taking into
account Eq. (1.12), we obtain the equality (3.7). O

Remark 3.6 We will have an analogous result if we consider the right-hand side Fueter
operator, i.e.,

4
of
Za—=

More details, together with proofs and references can be found in [12,16,22].
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4 A Relation Between H-Analyticity and MT-Hyperholomorphy

We have seen that, somewhat paradoxically, the class of quaternionic functions
with real-differentiable components coincides with the class of quaternionic H-
analytic in Q@ < R* functions. Thus, the class of quaternionic functions with
real-differentiable components possesses intrinsically a number of properties, pos-
sesses an additional structure; in particular, such functions have the H-derivative.
This remains true for Fueter-hyperholomorphic functions which is a proper subset of
quaternionic H-analytic functions, but the former has its own intrinsic structure which
is not, generally speaking, a restriction of that of the H-analyticity: there are many
quaternionic C' functions which are not Fueter-hyperholomorphic. Besides, a Fueter-
hyperholomorphic function has the derivative whose definition is deeply different with
that of the H-analyticity although their values coincide.

In this section we consider another well-known class of H-valued functions which
can be seen as a subclass of Fueter-hyperholomorphic functions.

Definition4.1 A function f :  C R® — H of class C!(Q) is called Moisil—
Teodorescu—hyperholomorphic (M T-hyperholomorphic) if at each point of €2 the
function f satisfies the equality

Durlf1x) : 24:6 8f(x) 0
MT = r — () =0.
= X

Denote by 91,7 (€2) the set of all M T —hyperholomorphic functions in the domain
Q.

We can think of Dy,r as the operator D but acting on functions which do not
depend on the Varlable x1; then for f € M7 (2) there holds: f € Mpr(R x Q)
since Dr[f] = + Dyrlf] = 040 = 0. Hence f has the Fueter-derivative

Drl fl= g xf = 0. Moreover, it is clear that we have the inclusion 9,7 C My and

8x1

fur @) = fr(x) =0.

It turns out that the M T -hyperholomorphic functions can be endowed with another
derivative which possesses the same properties as the Fueter one; what is more, there
exist three ways of doing this.

Consider

a 0 0
Diyr[f1x) := e2 Dyr[f1(x) = %—64% 8;{ 0. 4.1

Clearly, the set of solutions of Eq. (4.1) coincides with the set 9y, but the structure
of the operator DjWT is as that of D and not as that of Dy, which allows to repeat
the constructions of the previous Sect. 3 obtaining the definition and the properties of
the new derivative f 1{/1T, ; for any M T-hyperholomorphic function f. In particular, we
have the following formula for the i —hyperderivative (see [12, p. 537]):
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1 L/of af ﬂ) 42)

/=Dt - _ (=L 2
Fmr.i > A1) 2<8x2+e48x3 e38x4

Consider the variable x := xpex + x3e3 + x4e4 = e2(x2 — x3e4 + x4€3). Denote
by X the variable x; — x3e4 + xge3.

Now we will consider functions of kerDj'WT of the variable X Leta function f : Q=
- — H belongs to kerDalT(ﬁ) =Muyr (SNZ). Note that the i —hyperderivative
of f(X) € My 7 () is defined by equality (4.2).

The following relations are easy to verify:

| ~
Xy = E(elxel —exxen),

1 ~
X3 = z(e4xe1 — erXes), (4.3)
X4 = —§(e3)7€1 + exXey).

Using the relations (4.3), similarly to the proof of Theorem 1.2 the formula for the
H -derivative can be proved:
af

fax) = e 4.4)

Theorem 4.2 On the class C! (§~2) we have the inclusion Myt (?2) C My (5). More-
over,

P pom _ Of
Jur,i(¥) = fp(xX) = Py 4.5)
X2
Proof The inclusion My 7($2) C My () is obvious.
Now we prove the equality (4.5). Since
~ 0 a d
feMyr(Q) <— —f—€4—f+€3—f=o,
dx2 0x3 0Xx4
then L af af )
— == —e— — ) =0. 4.6
2 (3x2 oy 1O 8x4> (4.6)
To both sides of equality (4.6) we add the expression %:
1/of af af af
— | = — —e— | =—. 4.7
2 (am T n T %) T @7

The left-hand side of (4.7) is equal to f[{/[T,i (%), and we have f,{,IT!i &) = % Taking
into account the equality (4.4), we obtain the equality (4.5). O

There are two obvious analogues of the formula (4.1):

j a a a
Dy f1(x) == e3 Dyr[f1(x) = es 8_){2 + 8_){3 —e 3_£1 =0,
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af af  of
Dljn[f](x) =es Dyr[flx) = —e3 ™ +e ™ + PN =0.

They lead to the definitions of the two more derivatives for M T -hyperholomorphic
functions together with analogues of all the conclusions above.
One can find more details about M T -hyperholomorphy in [12,14].

5 A Relation Between H-Analyticity and Clifford Analysis for
Quaternion-Valued Functions

Let C¢y ,, denote the real Clifford algebra with imaginary units ey, €2, . . ., e, and the
real unit eg = 1. Of course, the parameter m runs over all natural numbers and when
m = 2 one gets C{p» = H. In Clifford analysis we have an analogue of the Fueter
operator which is usually called the Cauchy—Riemann operator and it together with
its Clifford conjugate are given by

m 9 m 9
Dcr = Ze[—, 5CR = Zgg—.
=0 axZ =0 8x€

The function theory for kerDcr is Clifford analysis, and since C€p» = H then one
can expect that for m = 2 the Cauchy—Riemann operator coincides with the Fueter
operator which is not the case: Dcg := Z%:o er %, that is, we deal with an operator
acting on functions of three real variables. The fine point here is that D¢ involves
only the imaginary units e; = i, e = j but not their product k = ij as the Fueter
operator does. For this reason the function theory for Dcg and m = 2 is called the
Clifford analysis for H-valued functions. It turns out that the above presented scheme
of constructing the hyper-derivative for the Fueter-hyperholomorphic functions can
be followed here as well if one selects properly the analogues of the differential forms
o® and 6@ . In this case they are:

oy = dxXog — e1dx; + exdxa,
Ty i = —eldfo’l + 82d56\0’2 — egdfog,

where dXj and dxp; are obtained from dV := dxo A dx| A dx; by omitting the
respective factors. An important property of oy is that for its restriction onto a smooth,
2-dimensional surface in R3 there holds: o, = n,dSy, where iiy = (ng,ny,n2)
is an outward pointing normal vector to the surface, ny := Zl%:o nyex; dSy is the
differential form of the 2-dimensional surface area in R3.

Now, for f € Cl(Q, Clp» = H) there holds:

| 1
d(t f(x)) = EUxDCR[f](x) - EExDCR[f](x), (5.1

which is again a crucial fact since it allows to introduce the notions of hyper-
differentiability and hyperderivability in the context of Clifford analysis for the
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Cauchy—Riemann operator. One can find a description of the details and fine points in
[2,13,15], see also [9].

There is an analogue of the Moisil-Theodorescu operator in Clifford analysis setting
as well which is called the Dirac operator. Let now €2 be a domain in R”. On the set
cl;c £o.m) the Dirac operator is defined by

“ 3
Dpir == ep —.
Dir 1;1 14 3)(@

Note that for the formal Clifford ~conjugate of Dp;y one has that Dp; = —Dpi,.
Thus, inflating € up to a domain  C R"*! we can write

and hence we can identify a function f € kerDp;, with the function f € kerDcp
by

f(xo, x1,x2, ..., xpm) == f(x1,x2,...,%x,) forany xg.

Hence any function in kerDp;, has the hyperderivative in the sense of the Cauchy—
Riemann operator but it is identically zero in €2:

~ 1— ~
'f(xo,x%) = QDCR[fuxo,xO) = —Dpir[f1(x1, X2, - .., Xm) = 0.

What happens for m = 2, i.e., for C{p 2 = H? We have:

2

) 0 0
Dryi — - = i
bir Zee dxy lE)xl +J dx2

0 0 0 0
=i|l——k—)=j —+k—
! <8x1 8x2> / (8x2 + 8x1)

which means that the function theory for the quaternionic Dirac operator reduces to
holomorphic, or anti-holomorphic, functions of one complex variable.
Similarly to the proof of Theorem 3.5 the next result can be proved.

Theorem 5.1 On the class C'(Q2) we have the inclusion kerDcr(Q2) C Mu ().
Moreover,

af

"fer(x) = f(x) = Fs
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6 A Relation Between H-Analyticity and Slice-Regularity

The theory of the so-called slice-regular functions has been introduced by Gentili and
Struppa [6] on the basis of development of Cullen’s idea [4]. The last decade the theory
of slice-regular functions has been very actively developing (see, e.g., [1,3,8]). We will
consider quaternionic slice-regular functions in the ball B := {x € H : |x| < R}.

Since the algebra of quaternions is not commutative, it is natural that there exist
left and right slice-regular functions. The class of all left slice-regular functions f :
B — Hin the domain B coincides with the convergent in B power series Y oo o x" ay,
ap € H (seee.g., Theorem 2.7 in [7], or [8, p. 15], or Theorem 6.1.5 in [1]). Moreover,
the left slice-derivative ' fs(x) of a power series Y oo x" a, equals > oo, nx"la,.
Analogously, the class of all right slice-regular functions f : B — H in the domain
B coincides with convergent power series of the form Y .~ a, x", a, € H, and the
right slice-derivative f;(x) of a power series Y oo a, X" equals > oo | na, x"~!. We
consider only the case of left slice-regular functions.

Theorem 6.1 The set of (left or right) slice-regular functions f : B — Hin B is a
subset of the set My (B). Moreover,

3
"fi(x) = f(x) = a—f

X1
for left slice-regular functions and

0
FI) = fly () = a—f

X1
for right slice-regular functions.

Proof Consider the case of left slice-regular functions. In Example 1.5 we show that
every left slice-regular function f(x) = Y -, x" a, is H-analytic in the ball of con-
vergence of this series. Moreover, by Theorem 1.3 the H-derivative f},(x) coincides
with the left slice-derivative ’ f; (x). The case of right slice-regular functions can be
dealt with analogously. The Theorem is proved. O

At the same time, there exist H -analytic functions that are neither left slice-regular,
nor right slice-regular (see Example 1.4).
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