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1 Ìíîæèíè i îïåðàöi¨ íàä íèìè

1.1 Çàãàëüíà òåîðiÿ i ïðèêëàäè

Ìíîæèíà � öå ñóêóïíiñòü åëåìåíòiâ äîâiëüíî¨ ïðèðîäè. Ïðè âèâ÷åííi
òåîði¨ ìíîæèí ñëiä çíàòè íàñòóïíi îçíà÷åííÿ.

Îçíà÷åííÿ 1.1. Îá'¹äíàííÿì äâîõ ìíîæèí A i B íàçèâà¹òüñÿ ìíî-
æèíà C, ÿêà ñêëàäà¹òüñÿ ç òèõ i òiëüêè òèõ åëåìåíòiâ, êîòði íàëåæàòü
ïðèíàéìíi îäíié ç ìíîæèí A àáî B. Îá'¹äíàííÿ äâîõ ìíîæèí ïîçíà÷à¹-
òüñÿ ñèìâîëîì A ∪B, äèâ. ìàëþíîê 1.

Ìàëþíîê 1: Îá'¹äíàííÿ ìíîæèí A i B

Îçíà÷åííÿ 1.2. Ïåðåòèíîì äâîõ ìíîæèí A i B íàçèâà¹òüñÿ ìíî-
æèíà C, ÿêà ñêëàäà¹òüñÿ ç òèõ i òiëüêè òèõ åëåìåíòiâ, êîòði îäíî÷àñíî
íàëåæàòü ÿê äî ìíîæèíè A, òàê i äî ìíîæèíè B. Ïåðåòèí äâîõ ìíîæèí
ïîçíà÷à¹òüñÿ ñèìâîëîì A ∩B, äèâ. ìàëþíîê 2.

Ìàëþíîê 2: Ïåðåòèí ìíîæèí A i B
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Îçíà÷åííÿ 1.3. Ðiçíèöåþ äâîõ ìíîæèí A i B íàçèâà¹òüñÿ ìíîæè-
íà C, ÿêà ñêëàäà¹òüñÿ ç òèõ i òiëüêè òèõ åëåìåíòiâ, êîòði íàëåæàòü äî
ìíîæèíè A, àëå íå íàëåæàòü äî ìíîæèíè B. Ðiçíèöÿ äâîõ ìíîæèí ïî-
çíà÷à¹òüñÿ ñèìâîëîì A \B, äèâ. ìàëþíîê 3.

Ìàëþíîê 3: Ðiçíèöÿ ìíîæèí A i B

Îçíà÷åííÿ 1.4. Íåõàé X � ¾óíiâåðñàëüíà¿ ìíîæèíà i A ⊂ X. Äî-
ïîâíåííÿì ìíîæèíè A íàçèâà¹òüñÿ ìíîæèíà C, ÿêà ñêëàäà¹òüñÿ ç òèõ i
òiëüêè òèõ åëåìåíòiâ, êîòði íàëåæàòü äî X, àëå íå íàëåæàòü äî A. Äî-
ïîâíåííÿ ìíîæèíè A ïîçíà÷à¹òüñÿ Ac, äèâ. ìàëþíîê 4.

Ìàëþíîê 4: Äîïîâíåííÿ ìíîæèíè A

Íå äèâëÿ÷èñü íà åëåìåíòàðíèé õàðàêòåð îçíà÷åííÿ ìíîæèí i îïåðà-
öié íàä íèìè, âèçíà÷èòè äåÿêi ç íèõ äîñòàòíüî âàæêî, êðiì òîãî, îçíà-
÷åííÿ îêðåìèõ ìíîæèí ìîæóòü âèÿâèòèñü íåêîðåêòíèìè. Ðîçãëÿíåìî,
íàïðèêëàä, íàñòóïíå ïèòàííÿ.
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Áðàäîáðié ãîëèòü áîðîäó âñiì, õòî íå ãîëèòüñÿ ñàì. Ùî âií ðîáèòü
iç ñîáîþ ?

Îñòàíí¹ òâåðäæåííÿ, âiäîìå ÿê ïàðàäîêñ Ðàññåëà, âïåðøå ïðîëóíàëî
ó 1901 ð. Íåâàæêî çðîçóìiòè, ùî âiäïîâiäi íà îñòàíí¹ ïèòàííÿ íå iñíó¹:
1) ÿêùî áðàäîáðié íå ãîëèòüñÿ ñàì, òî â öüîìó âèïàäêó éîãî ìà¹ ãîëèòè
áðàäîáðié, òîáòî, âií ñàì ñåáå i ãîëèòü � ñóïåðå÷íiñòü; 2) ÿêùî áðàäî-
áðié ãîëèòüñÿ ñàì, òîäi éîãî íå ìà¹ ãîëèòè áðàäîáðié, òîáòî, éîãî íå ìà¹
ãîëèòè âií ñàì � çíîâó ñóïåðå÷íiñòü. Îòæå, òàêîãî áðàäîáðiÿ íå iñíó¹. Ç
iíøîãî áîêó, ìíîæèíà ¾òèõ, õòî íå ãîëèòüñÿ ñàì,¿ âèçíà÷åíà íåêîðåêòíî.

Îçíà÷åííÿ 1.5. Âiäîáðàæåííÿì f : A → B íàçèâà¹òüñÿ ïåðåòâîðå-
ííÿ, ÿêå êîæíîìó åëåìåíòó a ∈ A ñòàâèòü ó âiäïîâiäíiñòü ¹äèíèé åëåìåíò
b ∈ B, äèâ. ìàëþíîê 5.

Ìàëþíîê 5: Âiäîáðàæåííÿ A ó B

Îçíà÷åííÿ 1.6. Îáðàçîì ìíîæèíè C ⊂ A ïðè âiäîáðàæåííi f :
A → B íàçèâà¹òüñÿ ìíîæèíà f(C) := {y ∈ B : ∃x ∈ C : f(x) = y}, äèâ.
ìàëþíîê 6.

Ìàëþíîê 6: Îáðàç ìíîæèíè C ïðè âiäîáðàæåííi f

Îçíà÷åííÿ 1.7. Ïðîîáðàçîì ìíîæèíè D ⊂ B ïðè âiäîáðàæåííi f :
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A → B íàçèâàþòü ìíîæèíó

f −1(D) := {x ∈ A : ∃ y ∈ D : f(x) = y} ,

äèâ. ìàëþíîê 7.

Ìàëþíîê 7: Ïðîîáðàç ìíîæèíè D ïðè âiäîáðàæåííi f

Îçíà÷åííÿ 1.8. Ãîâîðÿòü, ùî A ¹ ïiäìíîæèíîþ ìíîæèíè B, ïè-
øóòü A ⊂ B, ÿêùî êîæåí åëåìåíò x ∈ A ¹ òàêèì, ùî x ∈ B. Äâi ìíîæèíè
A i B ¹ ðiâíèìè, ÿêùî îäíî÷àñíî A ⊂ B i B ⊂ A.

Îçíà÷åííÿ 1.9. Äåêàðòîâèì äîáóòêîì ìíîæèí A i B íàçèâà¹òüñÿ
ìíîæèíà C = {(a, b) : a ∈ A, b ∈ B}. Äåêàðòîâèé äîáóòîê A i B ïîçíà÷à-
¹òüñÿ ñèìâîëîì A×B, äèâ. ìàëþíîê 8.

Ìàëþíîê 8: Äåêàðòîâèé äîáóòîê äâîõ ìíîæèí
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Ïðèêëàä 1.1. Äîâåñòè, ùî äëÿ áóäü-ÿêèõ ìíîæèí A,B,C âèêîíó-
¹òüñÿ íàëåæíiñòü

A ·−B ⊂ (A ·−C) ∪ (C ·−B) , (1.1)

äå X ·−Y := (X \ Y ) ∪ (Y \X).

Ðîçâ'ÿçîê. Íåõàé x ∈ A ·−B. Òðåáà äîâåñòè, ùî x ∈ (A ·−C) ∪
(C ·−B).

ßêùî x ∈ A ·−B, òî çà îçíà÷åííÿì îïåðàöi¨ ·− ìà¹ìî:[
x ∈ A \B
x ∈ B \ A . (1.2)

Â ïåðøîìó âèïàäêó â (1.2) ìà¹ìî: x ∈ A, àëå x ̸∈ B. Îñêiëüêè x ∈ A,
òî ìà¹ìî äâà ïiäâèïàäêè: àáî x ∈ A \ C, àáî x ∈ A ∩ C. ßêùî x ∈ A \ C,
òî òèì áiëüøå x ∈ (A \ C) ∪ (C \ A) ⊂ (A ·−C) ∪ (C ·−B), îòæå, (1.1)
âèêîíó¹òüñÿ. ßêùî æ (äðóãèé ïiäâèïàäîê) x ∈ A∩C, òî, çîêðåìà, x ∈ C.
Îñêiëüêè çà ïðèïóùåííÿì x ̸∈ B, òî x ∈ C \ B. Â òàêîìó âèïàäêó,
âèêîíàíî ëàíöþæîê íàëåæíîñòåé: x ∈ C\B ⊂ C ·−B ⊂ (A ·−C)∪(C ·−B).
Ðîçãëÿä äðóãîãî ïiäâèïàäêó çàâåðøåíî, ïðè÷îìó â îáîõ öèõ ïiäâèïàäêàõ
x íàëåæèòü äî ïðàâî¨ ÷àñòèíè â (1.1).

Àíàëîãi÷íî ðîçãëÿíåìî äðóãèé âèïàäîê â (1.2), à ñàìå, íåõàé x ∈
B\A, òîáòî, x ∈ B, àëå x ̸∈ A. Îñêiëüêè x ∈ B, òî ìà¹ìî äâà ïiäâèïàäêè:
àáî x ∈ B\C, àáî x ∈ B∩C. ßêùî x ∈ B\C, òî òèì áiëüøå x ∈ (B\C)∪
(C \ B) ⊂ (A ·−C) ∪ (C ·−B), îòæå, (1.1) âèêîíó¹òüñÿ. ßêùî æ (äðóãèé
ïiäâèïàäîê) x ∈ B ∩ C, òî, çîêðåìà, x ∈ C. Îñêiëüêè çà ïðèïóùåííÿì
x ̸∈ A, ìà¹ìî: x ∈ C \A. Òîäi ìà¹ìî ëàíöþæîê íàëåæíîñòåé: x ∈ C \A ⊂
C ·−A ⊂ (A ·−C) ∪ (C ·−B). Ðîçãëÿä äðóãîãî ïiäâèïàäêó çàâåðøåíî; â
îáîõ ïiäâèïàäêàõ x íàëåæèòü äî ïðàâî¨ ÷àñòèíè â (1.1). Íàëåæíiñòü (1.1)
äîâåäåíî. 2

Ïðèêëàä 1.2. Äîâåñòè, ùî äëÿ áóäü-ÿêèõ ìíîæèí A i B

(A \ (A ∩B)) ∪B = A ∪B . (1.3)

Ðîçâ'ÿçîê. Íàì òðåáà äîâåñòè, ùî{
(A \ (A ∩B)) ∪B ⊂ A ∪B
A ∪B ⊂ (A \ (A ∩B)) ∪B

. (1.4)

Ïîêàæåìî ñïî÷àòêó âåðõíþ íàëåæíiñòü â (1.4). Íåõàé x ∈ (A \ (A ∩
B))∪B, òðåáà ïîêàçàòè, ùî x ∈ A∪B. Äiéñíî, ÿêùî x ∈ (A\(A∩B))∪B,
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òî àáî x ∈ A \ (A ∩ B), àáî x ∈ B. Îñêiëüêè A \ (A ∩ B) ⊂ A ⊂ A ∪ B
i B ⊂ A ∪ B, ìè òðèâiàëüíî îòðèìà¹ìî â îáîõ âèïàäêàõ, ùî x ∈ A ∪ B.
Îòæå, âåðõíþ íàëåæíiñòü â (1.4) äîâåäåìî.

Äîâåäåìî íèæíþ íàëåæíiñòü â (1.4). Íåõàé x ∈ A ∪ B, òðåáà ïîêà-
çàòè, ùî x ∈ (A \ (A ∩ B)) ∪ B. ßêùî x ∈ A ∪ B, òî àáî x ∈ A ∩ B, àáî
x ∈ (A∪B)\(A∩B).Íåõàé x ∈ A∩B, òîäi x ∈ A∩B ⊂ B ⊂ (A\(A∩B))∪B.
Íåõàé òåïåð x ∈ (A ∪B) \ (A ∩B), òîäi àáî

x ∈ A \ (A ∩B) ⊂ (A \ (A ∩B)) ∪B ⊂ A ∪B ,

àáî
x ∈ B \ (A ∩B) = B \ A ⊂ (A \ (A ∩B)) ∪B .

Â áóäü-ÿêîìó âèïàäêó ìà¹ìî: x ∈ (A \ (A ∩ B)) ∪ B. Íàëåæíiñòü (1.4)
äîâåäåíî. 2

Ïðèêëàä 1.3. Íåõàé A,B ⊂ X, f : X → Y. Äîâåñòè, ùî:

à) A ∩B = A \ (A \B); á) f(A) \ f(A \B) ⊂ f(A ∩B) . (1.5)

Ðîçâ'ÿçîê. Ðîçãëÿíåìî ïóíêò à). Äëÿ öüîãî íàì òðåáà äîâåñòè, ùî{
A ∩B ⊂ A \ (A \B)
A \ (A \B) ⊂ A ∩B

. (1.6)

Äîâåäåìî âåðõíþ íàëåæíiñòü â (1.6). Íåõàé x ∈ A∩B, òîäi x ̸∈ A\B,
áî â ïðîòèëåæíîìó âèïàäêó, ÿêùî x ∈ A \ B, òî x ̸∈ B, ùî ñóïåðå÷èòü
ïðèïóùåííþ x ∈ A ∩ B. Îòæå, x ∈ A \ (A \ B), ùî äîâîäèòü âåðõíþ
íàëåæíiñòü â (1.6).

Äîâåäåìî íèæíþ íàëåæíiñòü. Íåõàé òåïåð x ∈ A \ (A \ B) ⊂ A ∩ B,
òîäi, ïî-ïåðøå, x ∈ A. Ïî-äðóãå, x ∈ B, áî â ïðîòèëåæíîìó âèïàäêó
ìà¹ìî x ∈ A\B,ùî ñóïåðå÷èòü ïðèïóùåííþ x ∈ A\(A\B).Îòæå, íèæíþ
íàëåæíiñòü â (1.6) äîâåäåíî, i íà öüîìó ðîçãëÿä ïóíêòó à) çàâåðøåíî.

Äîâåäåìî ïóíêò á). Ïîêàæåìî, ùî

f(A \ (A \B)) ⊂ f(A ∩B) . (1.7)

Äiéñíî, íåõàé y ∈ f(A\(A\B)), òîäi iñíó¹ x ∈ A\(A\B), àëå çà ïóíêòîì à)
x ∈ A∩B i òîìó f(x) = y ∈ f(A∩B). Îòæå, âèêîíó¹òüñÿ (1.7). Äîâåäåìî,
ùî

f(A) \ f(A \B) ⊂ f(A \ (A \B)) . (1.8)
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Íåõàé y ∈ f(A) \ f(A \ B), òîäi y = f(z), z ∈ A. Çàóâàæèìî, ùî z ̸∈
A \ B, áî â ïðîòèëåæíîìó âèïàäêó y = f(z) ∈ f(A \ B), ùî ñóïåðå÷èòü
ïðèïóùåííþ, çðîáëåíîìó âèùå. Îòæå, z ∈ A \ (A \ B) i y = f(z) ∈
f(A \ (A \B)), ùî i äîâîäèòü (1.8).

Áàæàíå òâåðäæåííÿ ïóíêòó á) âèïëèâà¹ ç (1.7) i (1.8). 2

Ïðèêëàä 1.4. Çíàéòè îáðàç ìíîæèíè A ïðè âiäîáðàæåííi f, ÿêùî
A = [0, 1] i f(x) = x5 + 2x− 7.

Ðîçâ'ÿçîê. Ìîæíà ðîçâ'ÿçàòè öþ çàäà÷ó çà äîïîìîãîþ ïîõiäíî¨.
Ìà¹ìî: f ′(x) = 5x4 + 2 ̸= 0 ïðè x ∈ [0, 1]. Îòæå, f ìîíîòîííî çðîñòà¹ íà
[0, 1], fmax = f(1) = −4, fmin = f(0) = −7, äèâ. ìàëþíîê 9. Çà òåîðåìîþ

Ìàëþíîê 9: Ãðàôiê ôóíêöi¨ f(x) = x5 + 2x− 7

ïðî ïðîìiæíi çíà÷åííÿ f ïðèéìà¹ âñi çíà÷åííÿ ç âiäðiçêó [−4,−7], òîáòî,
f([0, 1]) = [−4,−7]. 2

Ïðèêëàä 1.5. Çíàéòè îáðàç ìíîæèíè A ïðè âiäîáðàæåííi f, ÿêùî
A = [0, 1] i f(x) = x3 − 2x− 7.

Ðîçâ'ÿçîê. ßê i â ñèòóàöi¨ ç ïðèêëàäîì 1.4, ìîæíà òàêîæ ðîçâ'ÿçàòè

öþ çàäà÷ó çà äîïîìîãîþ ïîõiäíî¨. Ìà¹ìî: f ′(x) = 3x2 − 2 = 0, x = ±
√

2
3
.

Íàñ öiêàâèòü ëèøå òî÷êà x0 =
√

2
3
, áî òî÷êà −

√
2
3
íå íàëåæèòü äî âiä-
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ðiçêó [0, 1]. Ìà¹ìî f ′(0) = −2, f ′(1) = 1. Îòæå, ïðè ïåðåõîäi ÷åðåç òî÷êó

x0 =
√

2
3
ïîõiäíà çìiíþ¹ çíàê ç ¾-¿ íà ¾+¿, òîìó öå òî÷êà ëîêàëüíîãî ìi-

íiìóìó. Ìà¹ìî: f(
√

2
3
) =

(
2
3

)3/2−2
(
2
3

)1/2−7, f(0) = −7, f(1) = −8. Îòæå,

fmin =
(
2
3

)3/2−2
(
2
3

)1/2−7, fmax = −7 i çà òåîðåìîþ ïðî ïðîìiæíi çíà÷åííÿ

íåïåðåðâíî¨ ôóíêöi¨ íà âiäðiçêó f([0, 1]) =
[(

2
3

)3/2 − 2
(
2
3

)1/2 − 7,−7
]
. 2

Ìàëþíîê 10: Ãðàôiê ôóíêöi¨ f(x) = x3 − 2x− 7

Ïðèêëàä 1.6. Çíàéòè îáðàç ìíîæèíè A ïðè âiäîáðàæåííi f, ÿêùî
A = [0, π/2] i f(x) = cosx+ sinx.

Ðîçâ'ÿçîê. Âiçüìåìî ïîõiäíó, ìà¹ìî: f ′(x) = − sinx+ cos x. Ðîçâ'ÿ-
çàâøè ðiâíÿííÿ − sin x + cos x = 0, îòðèìà¹ìî x = π/4, f(π/4) =

√
2.

Êðiì òîãî, f ′(0) = 1, f ′(π/2) = −1, òîìó x0 = π/4 � òî÷êà ëîêàëüíîãî
ìàêñèìóìó ôóíêöi¨ f. Ìà¹ìî: fmin = f(0) = f(π/2) = 1, fmax = f(π/4) =√
2. Îñêiëüêè ôóíêöiÿ f ¹ íåïåðåðâíîþ íà âiäðiçêó [0, π/2], âîíà ïðè-

éìà¹ âñi çíà÷åííÿ ìiæ 1 i
√
2 õî÷à á ïî îäíîìó ðàçó. Â ñèëó ñêàçàíîãî,

f([0, π/2]) = [1,
√
2]. 2
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Ïðèêëàä 1.7. Çíàéòè îáðàç ìíîæèíè A ïðè âiäîáðàæåííi f, ÿêùî
A = R i f(x) = cos x+ sin x.

Ðîçâ'ÿçîê. Îñêiëüêè ôóíêöi¨ cosx i sin x ¹ ïåðiîäè÷íèìè ç ïåðiîäîì
2π, òî òàêîþ æ ¹ i ôóíêöiÿ f (îá ðóíòóéòå !). Òîìó äîñòàòíüî äîñëiäèòè
íàøó ôóíêöiþ íà âiäðiçêó [0, 2π.]

Âiçüìåìî ïîõiäíó, ìà¹ìî: f ′(x) = − sinx+ cosx. Ðîçâ'ÿçàâøè ðiâíÿ-
ííÿ − sin x+ cos x = 0, îòðèìà¹ìî x = π/4; 5π/4 f(π/4) =

√
2, f(5π/4) =

−
√
2. Íåâàæêî ïåðåâiðèòè, ùî ïðè ïåðåõîäi ÷åðåç òî÷êó x1 = π/4 ïîõiäíà

çìiíþ¹ çíàê ç ¾+¿ íà ¾-¿, à ïðè ïåðåõîäi ÷åðåç òî÷êó x2 = 5π/4 � ç ¾-¿
íà ¾+¿. Îòæå, x1 = π/4 � òî÷êà ëîêàëüíîãî ìàêñèìóìó, à x2 = 5π/4 � ëî-
êàëüíîãî ìiíiìóìó ôóíêöi¨ f, äèâ. ìàëþíîê 11 äëÿ iëþñòðàöi¨. Íà êiíöÿõ

Ìàëþíîê 11: Ãðàôiê ôóíêöi¨ f(x) = sinx+ cosx

âiäðiçêó [0, 2π] ìà¹ìî: f(0) = f(2π) = 1, çâiäñè fmin = −
√
2, fmax =

√
2.

Âèñíîâîê: ôóíêöiÿ f íà [0, 2π] íå âèõîäèòü çà ìåæi âiäðiçêó [−
√
2,
√
2],

êðiì òîãî, çà òåîðåìîþ ïðî ïðîìiæíi çíà÷åííÿ ïðèéìà¹ âñi çíà÷åííÿ ç
öüîãî âiäðiçêó. Òîìó f([0, 2π]) = f(R) = [−

√
2,
√
2]. 2
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1.2 Çàâäàííÿ äëÿ ñàìîêîíòðîëþ

1. ×è ìîæíà çàìiñòü çíàêó íàëåæíîñòi ¾⊂¿ â ïóíêòi á) ïðèêëàäó 1.3
ïîñòàâèòè çíàê ¾=¿ ? Äîâåäiòü öå, àáî ïîáóäóéòå êîíòðïðèêëàä.

2. ×è âiðíî, ùî äëÿ áóäü-ÿêîãî âiäîáðàæåííÿ f : X → Y i äîâiëüíèõ
ìíîæèí A1, A2 ⊂ X :

à) f(A1 ∩ A2) = f(A1) ∩ f(A2);
á) f(A1 \ A2) = f(A1) \ f(A2)?
Îá ðóíòóéòå âiäïîâiäi â îáîõ âèïàäêàõ à) i á).

3. ×è ìîæíà ó ñïiââiäíîøåííi (1.1) çàìiñòü çíàêó ¾⊂¿ ïîñòàâèòè ¾=¿ ?
4. ×è âiðíî, ùî f(f −1(A)) = A äëÿ áóäü-ÿêîãî A ⊂ Y i äîâiëüíîãî

âiäîáðàæåííÿ f : X → Y ?

5. ×è âiðíî, ùî f −1(f(B)) = B äëÿ áóäü-ÿêîãî B ⊂ X i áóäü-ÿêîãî
âiäîáðàæåííÿ f : X → Y ?

6. ×è çàëèøèòüñÿ âiðíèì ñïiââiäíîøåííÿ (1.1), ÿêùî â íüîìó ïî-
iíøîìó ïîñòàâèòè äóæêè: A ·−B ⊂ A ·−(C ∪ (C ·−B)) ? ×îìó ?

7. Íåõàé C,D ⊂ Y, f : X → Y � äîâiëüíå âiäîáðàæåííÿ i C ∩D = ∅.
×è âiðíî, ùî f −1(C) ∩ f −1(D) = ∅?

8. Íåõàé, ÿê i âèùå, X ·−Y := (X \ Y ) ∪ (Y \X). Ùî ìîæíà ñêàçàòè
ïðî ìíîæèíè X i Y ó âèïàäêó, êîëè X ·−Y = ∅ ?

9. ×è âiðíî, ùî äëÿ áóäü-ÿêèõ ìíîæèí X, Y, Z âèêîíàíî:
(X ∪ Y ) \ Z ⊂ X ∪ (Y \ Z) ?
Îá ðóíòóéòå !

10. ×è âiðíî, ùî äëÿ áóäü-ÿêèõ ìíîæèí X,Y, Z âèêîíàíî ðiâíiñòü:
(X∪Y )\Z = X∪(Y \Z) ? Àáî äîâåäiòü öå ñïiââiäíîøåííÿ, àáî ñïðîñòóéòå
éîãî øëÿõîì íàâåäåííÿ êîíòðïðèêëàäó.
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1.3 Çàâäàííÿ äëÿ ñàìîñòiéíî¨ ðîáîòè � 1

Çàäà÷à 1. Äîâåñòè ôîðìóëó äëÿ êîæíîãî ç âàðiàíòiâ. Òóò i íàäàëi
f : X → Y ; A, A1, A2 ⊂ X; B, B1, B2 ⊂ Y ; At ⊂ X, Bt ⊂ Y.

Âàðiàíò Ôîðìóëà

1 f(A1 ∪A2) = f(A1) ∪ f(A2)

2 f

(∪
t
At

)
=
∪
t
f(At)

3 f(A1 ∩A2) ⊂ f(A1) ∩ f(A2)

4 f

(∩
t
At

)
⊂
∩
t
f(At)

5 f(A1) \ f(A2) ⊂ f(A1 \A2)

6 A1 ⊂ A2 ⇒ f(A1) ⊂ f(A2)

7 f −1(B1 ∪B2) = f−1(B1) ∪ f −1(B2)

8 f −1

(∪
t
Bt

)
=
∪
t
f −1(Bt)

9 f −1

(∩
t
Bt

)
=
∩
t
f −1(Bt)

10 f −1(B1 \B2) = f −1(B1) \ f −1(B2)

11 B1 ⊂ B2 ⇒ f −1(B1) ⊂ f −1(B2)

12 A ⊂ f −1(f(A))

13 f(f −1(B)) = B ∩ f(X)

14 f(A) ∩B = f
(
A ∩ f −1(B)

)
15 ßêùî g = f |A, òî g−1(B) = A ∩ f −1(B)

16 (X1∪X2)×(Y1∪Y2) = (X1×Y1)∪(X1×Y2)∪(X2×Y1)∪(X2×Y2)

17 (X1 ∩X2)× (Y1 ∩ Y2) = (X1 × Y1) ∩ (Y1 × Y2)

18 (X1 \X2)× Y = (X1 × Y ) \ (X2 × Y )

19 X1 ⊂ X2, Y1 ⊂ Y2 ⇒ X1 × Y1 ⊂ X2 × Y2, X1 ̸= ∅ ̸= Y1
20 X1 × Y1 ⊂ X2 × Y2, X1 ̸= ∅ ̸= Y1 ⇒ X1 ⊂ X2, Y1 ⊂ Y2
21 A ⊂ X,B ⊂ Y ⇒ A×B = (A× Y ) ∩ (X ×B)

22 (A×B)c = (Ac × Y ) ∪ (X ×Bc), ÿêùî A ⊂ X,B ⊂ Y

23 Xi ̸= ∅ ̸= Yi, i = 1, 2; (X1×Y1) = (X2×Y2) ⇒ X1 = X2, Y1 = Y2
24 A = (A ∩B) ∪ (A \B)

25 (A ∪Bc) ∩B = A ∩B

26 A ·−(B ·−C) = (A ·−B) ·−C, äå X ·−Y := (X \ Y ) ∪ (Y \X)

27 A∩ (B ·−C) = (A∩B) ·−(A∩C), äå X ·−Y := (X \ Y )∪ (Y \X)

28 A ⊂ C,B ⊂ C ⇒ A ∪B ⊂ C

29 C ⊂ A,C ⊂ B ⇒ C ⊂ A ∩B

30 A ⊂ B ⇒ A ∪B = B



13

1.4 Çàâäàííÿ äëÿ ñàìîñòiéíî¨ ðîáîòè � 2

Çàäà÷à 2. Çíàéòè îáðàç ìíîæèíè A = [0, 1] ïðè çàäàíîìó âiäîáðàæåííi
f(x) äëÿ êîæíîãî ç âàðiàíòiâ.

Âàðiàíò Ïîñëiäîâíiñòü ìíîæèí

1 f(x) = 5x2 + x

2 f(x) = 9x3 + 6

3 f(x) = 4x2 + 2x− 9

4 f(x) = cos2 x+ sin2 x

5 f(x) = cosx− sinx

6 f(x) = x7 + x

7 f(x) = x7 − x

8 f(x) = sin πx
2 + x2

9 f(x) = sin πx
2 + x3

10 f(x) = sin πx
2 + x4

11 f(x) = 6x4 + x2

12 f(x) = [x] + x

13 f(x) = [x+ 1] + x

14 f(x) = x2 + x− 5

15 f(x) = x2 − x− 6

16 f(x) = (1− x)−1, x ̸= 1, f(1) := 1

17 f(x) = xex

18 f(x) = ex + x

19 f(x) = sin(x2)

20 f(x) = sin(x3)

21 f(x) = x4 + x3 + x2

22 f(x) = 4x4 − 3x3 + 2x2

23 f(x) = arctan(πx4 )

24 f(x) = x+1
x+2

25 f(x) = x+3
x+4

26 f(x) =
√
x+ sinx

27 f(x) = 1√
1−x

, x ̸= 1, f(1) = 0

28 f(x) = cos
(

π
2
√
1−x

)
, x ̸= 1, f(1) = 1

29 f(x) = sin
(

π
2
√
1−x

)
, x ̸= 1, f(1) = 1

30 f(x) =
(
x+1
x+2

)2
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2 Çáiæíiñòü ïîñëiäîâíîñòåé ìíîæèí

2.1 Çàãàëüíà òåîðiÿ i ïðèêëàäè

Íåõàé An, n = 1, 2, . . . , � ïîñëiäîâíiñòü ìíîæèí.

Îçíà÷åííÿ 2.1. Ãîâîðÿòü, ùî A ¹ íèæíüîþ ãðàíèöåþ ïîñëiäîâíîñòi
An, ïèøóòü lim

n→∞
An, ÿêùî A ñêëàäà¹òüñÿ ç òèõ i òiëüêè òèõ åëåìåíòiâ,

ÿêi íàëåæàòü äî âñiõ An, ïî÷èíàþ÷è ç äåÿêîãî íîìåðà.

Îçíà÷åííÿ 2.2. Ãîâîðÿòü, ùî A ¹ âåðõíüîþ ãðàíèöåþ ïîñëiäîâíîñòi
An, ïèøóòü lim

n→∞
An, ÿêùî A ñêëàäà¹òüñÿ ç òèõ i òiëüêè òèõ åëåìåíòiâ,

ÿêi íàëåæàòü äî âñiõ An äëÿ íåñêií÷åííî¨ êiëüêîñòi íîìåðiâ n ∈ N.
Ç îçíà÷åíü âèïëèâà¹, ùî âåðõíÿ i íèæíÿ ãðàíèöi ïîñëiäîâíîñòi ìíî-

æèí An, n = 1, 2, . . . , çàâæäè iñíóþòü. Ç îçíà÷åííÿ òàêîæ âèïëèâà¹, ùî

lim
n→∞

An ⊂ lim
n→∞

An . (2.1)

Îçíà÷åííÿ 2.3.Ïîñëiäîâíiñòü ìíîæèí An, n = 1, 2, . . . , íàçèâà¹òüñÿ
çáiæíîþ, ÿêùî lim

n→∞
An = lim

n→∞
An. Ó öüîìó âèïàäêó ïèøåìî:

A = lim
n→∞

An .

Ðîçãëÿíåìî íàñòóïíi ïðèêëàäè.

Ïðèêëàä 2.1. Äîñëiäèòè ïîñëiäîâíiñòü ìíîæèí íà çáiæíiñòü,
çíàéòè íèæíþ i âåðõíþ ãðàíèöi ïîñëiäîâíîñòi ìíîæèí, ÿêùî:

à) An = (−n, 4
n2 ), n ∈ N;

á) Bn = (−n, n), n ∈ N;
â) Cn = (0, 1

n
).

Ðîçâ'ÿçîê. à) Äîâåäåìî, ùî lim
n→∞

An = (−∞, 0]. Â ñâîþ ÷åðãó, äëÿ

öüîãî ñïî÷àòêó âñòàíîâèìî, ùî lim
n→∞

An = (−∞, 0]. Çàóâàæèìî, ùî

lim
n→∞

An = (−∞, 0] ⇔

 lim
n→∞

An ⊂ (−∞, 0]

(−∞, 0] ⊂ lim
n→∞

An
. (2.2)

Äîâåäåìî âåðõíþ íàëåæíiñòü ó ïðàâié ÷àñòèíi ñèñòåìè (2.2). Íåõàé x ∈
lim
n→∞

An, òîäi iñíó¹ íîìåð n0 = n0(x) : x ∈ (−n, 4
n2 ) ïðè âñiõ n > n0. Òîäi
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òðèâiàëüíî x > −∞, êðiì òîãî, x 6 0, òîìó ùî ÷èñëîâà ïîñëiäîâíiñòü 4
n2

çáiãà¹òüñÿ äî íóëÿ i, îòæå, æîäíå äîäàòí¹ x çàäîâîëüíÿ¹ óìîâó x < 4
n2

ëèøå äëÿ ñêií÷åííî¨ êiëüêîñòi íîìåðiâ n ∈ N. Çi ñêàçàíîãî âèïëèâà¹, ùî
x ∈ (−∞, 0].

Äîâåäåìî òåïåð íèæíþ íàëåæíiñòü â ïðàâié ÷àñòèíi ñèñòåìè (2.2).
Íåõàé x ∈ (−∞, 0]. Ðîçâ'ÿçóþ÷è íåðiâíiñòü x > −n, ìà¹ìî: n > [−x],
êðiì òîãî, íåðiâíiñòü x < 4

n2 òðèâiàëüíî âèêîíàíî äëÿ áóäü-ÿêîãî íàòó-
ðàëüíîãî n ∈ N. Âèñíîâîê: íàëåæíiñòü x ∈ (−∞, 0] òÿãíå, ùî x ∈ An ïðè
âñiõ n > [−x], îòæå, x ∈ lim

n→∞
An. Ðiâíiñòü lim

n→∞
An = (−∞, 0] äîâåäåíî.

Âñòàíîâèìî, ùî lim
n→∞

An = (−∞, 0]. Çà äîâåäåíèì âèùå, âðàõîâóþ÷è

ñïiââiäíîøåííÿ (2.1), ìà¹ìî: (−∞, 0] ⊂ lim
n→∞

An. Çàëèøèëîñü äîâåñòè, ùî

lim
n→∞

An ⊂ (−∞, 0]. Äiéñíî, íåõàé x ∈ lim
n→∞

An, òîäi x ∈ Ank
äëÿ äåÿêî¨ çðî-

ñòàþ÷î¨ ïîñëiäîâíîñòi íîìåðiâ nk, k = 1, 2, . . . . Î÷åâèäíî, x > −∞, êðiì
òîãî, x 6 0, îñêiëüêè 4

n2

n→∞→ 0, îòæå, áóäü-ÿêå ÷èñëî x > 0 çàäîâîëüíÿ¹
óìîâó x ∈ An ëèøå äëÿ ñêií÷åííî¨ êiëüêîñòi íîìåðiâ n.

Îòæå, lim
n→∞

An = lim
n→∞

An = (−∞, 0], çâiäêè lim
n→∞

An = (−∞, 0].

á) Äîâåäåìî, ùî ïîñëiäîâíiñòü Bn = (−n, n), n ∈ N, çáiãà¹òüñÿ äî R
ïðè n → ∞. Ç íàëåæíîñòi (2.1) âèïëèâà¹, ùî íàì äëÿ öüîãî äîñòàòíüî
äîâåñòè ðiâíiñòü lim

n→∞
An = R (÷îìó ?).

ßê i âèùå, òðåáà äîâåñòè, ùî îäíî÷àñíî lim
n→∞

An ⊂ R i R ⊂ lim
n→∞

An.

Ïåðøà íàëåæíiñòü ¹ òðèâiàëüíîþ, ðîçãëÿíåìî äðóãó íàëåæíiñòü. Íåõàé
x ∈ R, òîäi ðîçâ'ÿæåìî íåðiâíiñòü −n < x < n âiäíîñíî n.Ìà¹ìî: |x| < n,
çâiäêè n > [|x|] + 1. Âèñíîâîê: x ∈ An ïðè âñiõ n > [|x|] + 1, îòæå x ∈
lim
n→∞

An. Çi ñêàçàíîãî âèùå âèïëèâà¹, ùî lim
n→∞

Bn = R.

â) Íåõàé Cn = (0, 1
n
), äîâåäåìî, ùî lim

n→∞
Cn = ∅. Çãiäíî íàëåæíî-

ñòi (2.1), äîñòàòíüî äîâåñòè, ùî lim
n→∞

Cn = ∅. Äîâåäåíî öå âiä ñóïðî-

òèâíîãî. Íåõàé, íàâïàêè, iñíó¹ x ∈ lim
n→∞

Cn. Òîäi çíàéäåòüñÿ çðîñòàþ÷à

ïîñëiäîâíiñòü íîìåðiâ nk, k = 1, 2, . . . , òàêà ùî x ∈ Cnk
ïðè âñiõ k ∈ N.

Òîäi 0 < x < 1
nk
, ùî íåìîæëèâî, áî ïîñëiäîâíiñòü xk := 1

nk
çáiãà¹òüñÿ äî

0 ïðè k → ∞, òîìó íåðiâíîñòi 0 < x < 1
nk

ìîæóòü áóòè âèêîíàíi ëèøå
äëÿ ñêií÷åííî¨ êiëüêîñòi íîìåðiâ k. Îòðèìàíî ñóïåðå÷íiñòü, ÿêà âêàçó¹
íà òå, ùî lim

n→∞
Cn = ∅. Îòæå, lim

n→∞
Cn = ∅. 2

Ïðèêëàä 2.2. Äîñëiäèòè ïîñëiäîâíiñòü ìíîæèí íà çáiæíiñòü,
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çíàéòè íèæíþ i âåðõíþ ãðàíèöi ïîñëiäîâíîñòi ìíîæèí An, n = 1, 2, . . . ,
ÿêùî

An =

{
(− 1

n
, 0], n = 2m,m ∈ N

[5, 5 + 1
n
), n = 2m− 1,m ∈ N . (2.3)

Ðîçâ'ÿçîê. Çàóâàæèìî, ùî lim
n→∞

An = ∅, à lim
n→∞

An = {0, 5}.

Äiéñíî, íå iñíó¹ òàêèõ x, ÿêi á íàëåæàëè âñiì An, ïî÷èíàþ÷è ç äå-
ÿêîãî íîìåðà. ßêùî x 6 0, òî x íå íàëåæèòü íiÿêèì An ç íåïàðíèìè
íîìåðàìè, à ÿêùî x > 0 � íiÿêèì An ç ïàðíèìè íîìåðàìè. Îòæå, íå
iñíó¹ òàêîãî x.

Ðiâíiñòü lim
n→∞

An = {0, 5} âèïëèâà¹ ç òîãî, ùî ÷èñëà 0 i 5, i òiëüêè

âîíè, íàëåæàòü âñiì An ç ïàðíèìè (âiäïîâiäíî, íåïàðíèìè) íîìåðàìè.
ßêùî á iñíóâàâ ùå ÿêiéñü 0 ̸= x ̸= 5 òàêèé, ùî x ∈ Ank

äëÿ ïåâíî¨
çðîñòàþ÷î¨ ïîñëiäîâíîñòi nk, k = 1, 2, . . . , òî (î÷åâèäíî) x íàëåæàâ áè àáî
äî íåñêií÷åííî¨ êiëüêîñòi An ç ïàðíèìè íîìåðàìè, àáî äî íåñêií÷åííî¨
êiëüêîñòi An ç íåïàðíèìè íîìåðàìè. Îáèäâi öi ìîæëèâîñòi íåìîæëèâi çà
îçíà÷åííÿì ìíîæèí An.

Çi ñêàçàíîãî òàêîæ âèïëèâà¹, ùî ïîñëiäîâíiñòü An ¹ ðîçáiæíîþ. 2
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2.2 Çàâäàííÿ äëÿ ñàìîêîíòðîëþ

1. Äîâåñòè, ùî äëÿ äîâiëüíî¨ ïîñëiäîâíîñòi ìíîæèí An, n = 1, 2, . . . âè-
êîíàíî ñïiââiäíîøåííÿ

∞∩
n=1

An ⊂ lim
n→∞

An ⊂ lim
n→∞

An ⊂
∞∩
n=1

An .

2. Äîâåñòè, ùî äëÿ äîâiëüíî¨ ïîñëiäîâíîñòi ìíîæèí An, n = 1, 2, . . . ,

lim
n→∞

An =
∞∪
n=1

(
∞∩
i=n

Ai

)
, lim

n→∞
An =

∞∩
n=1

(
∞∪
i=n

Ai

)
.

3. Íåõàé An, Bn, n = 1, 2, . . . � äâi äîâiëüíi ïîñëiäîâíîñòi ìíîæèí. ×è
âiðíî, ùî:

à) lim
n→∞

(An ∩Bn) = ( lim
n→∞

An) ∩ ( lim
n→∞

Bn);

á) lim
n→∞

(An ∪Bn) = ( lim
n→∞

An) ∪ ( lim
n→∞

Bn) ?

4. Íåõàé An, Bn, n = 1, 2, . . . � äâi çáiæíi ïîñëiäîâíîñòi ìíîæèí. ×è
âiðíî, ùî:

à) iñíó¹ lim
n→∞

(An ∩Bn) i lim
n→∞

(An ∩Bn) = ( lim
n→∞

An) ∩ ( lim
n→∞

Bn);

á) iñíó¹ lim
n→∞

(An ∪Bn) i lim
n→∞

(An ∪Bn) = ( lim
n→∞

An) ∪ ( lim
n→∞

Bn) ?

5. ×è âiðíî, ùî:

à) lim
n→∞

(An ∩Bn) ⊂ lim
n→∞

(An ∪Bn);

á)) lim
n→∞

(An ∩Bn) ⊂ lim
n→∞

(An ∪Bn) ?
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2.3 Çàâäàííÿ äëÿ ñàìîñòiéíî¨ ðîáîòè � 3

Çàäà÷à 3. Äîñëiäèòè ïîñëiäîâíiñòü ìíîæèí íà çáiæíiñòü, çíàéòè íè-
æíþ i âåðõíþ ãðàíèöi ïîñëiäîâíîñòi ìíîæèí An, n = 1, 2, . . . , äëÿ êî-
æíîãî ç âàðiàíòiâ.

Âàðiàíò Ïîñëiäîâíiñòü ìíîæèí

1 An = ((−1)n, 5)

2 An = ((−1)n, 5]

3 An = [(−1)n, 5)

4 An = [(−1)n, 5]

5 An = [(−1)n, 5 + 1
n ]

6 An = [(−1)n, 5 + 1
n2 ]

7 An = [2− 1
n , 5 +

1
n2 ]

8 An = [3− 1
n , 5 +

1
n2 ]

9 An = [3− 1
n2 , 5 +

1
n2 ]

10 An = [−5n,−4n]

11 An = [−2(−1)n, 3]

12 An = [−1 + (−1)n

n , 0]

13 An = [−1 + (−1)n

n , 1]

14 An = [−1 + (−1)n

n , 2]

15 An = [−1 + (−1)n

n , 3]

16 An = (−n, n
n+1)

17 An = [−n2,−n)

18 An = [2n, 3n)

19 An = [0, n]

20 An = [− n
n+1 , 1]

21 An = [0, 1 + n+1
n ]

22 An = ((−2)n, 3n]

23 An = [−1(−1)n, 1]

24 An = [2, lnn]

25 An = [lnn, n)

26 An = [−1
2 , 9−

1
n ]

27 An = (−3,−2] ∪ [3, 3 + 1
n)

28 An = (0, 1] ∪ {2 + 1
n}

29 An = [0, 1) ∪ {3− 1
n}

30 An = {1} ∪ {2 + 1
n}
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3 Ñþð'¹êòèâíi, ií'¹êòèâíi òà ái¹êòèâíi âiäîáðàæåííÿ

3.1 Çàãàëüíà òåîðiÿ i ïðèêëàäè

Íåõàé ìíîæèíè A òà B íåïîðîæíi.

Îçíà÷åííÿ 3.1. Âiäîáðàæåííÿ f : A → B íàçèâà¹òüñÿ ñþð'¹êòèâ-
íèì (ñþð'¹êöi¹þ), ÿêùî äëÿ áóäü ÿêîãî b ∈ B iñíó¹ a ∈ A òàêå, ùî
f(a) = b.

Ñþð'¹êòèâíi âiäîáðàæåííÿ â ìàòåìàòèöi íàçèâàþòü ùå âiäîáðàæå-
ííÿìè ¾íà¿, àáî ¾âiäîáðàæåííÿìè A íà B¿, òîáòî, ïiä öèìè ñëîâàìè
çàâæäè ïðèïóñêà¹òüñÿ ¾...íà âñþ ìíîæèíó B¿. Äëÿ âiäîáðàæåíü, ÿêi àáî
íå ¹, àáî ìîæóòü âèÿâèòèñü íåñþð'¹êòèâíèìè, âèêîðèñòîâó¹òüñÿ ñëîâî-
ñïîëó÷åííÿ ¾âiäîáðàæåííÿ A â B¿. Äèâ. ìàëþíêè 12 i 13, íà ÿêèõ ïðî-
iëþñòðîâàíi ñèòóàöi¨ íåñþð'¹êòèâíèõ i ñþð'¹êòèâíèõ âiäîáðàæåíü, âiäïî-
âiäíî.

Ìàëþíîê 12: Âiäîáðàæåííÿ ìiæ ìíîæèíàìè A i B, ùî íå ¹ ñþð'¹êòèâíèì

Ìàëþíîê 13: Ñþð'¹êòèâíå âiäîáðàæåííÿ A íà B

Çàóâàæåííÿ 3.1. Âiäîáðàæåííÿ f ¹ ñþð'¹êòèâíèì, ÿêùî ìíîæèíà
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f(A) := {y ∈ B : ∃ x ∈ A : f(x) = y} ñïiâïàäà¹ ç B.

Îçíà÷åííÿ 3.2. Âiäîáðàæåííÿ f : A → B íàçèâà¹òüñÿ ií'¹êòèâíèì
(ií'¹êöi¹þ), ÿêùî ç óìîâè a ̸= b, a, b ∈ A, âèïëèâà¹, ùî f(a) ̸= f(b).

Ií'¹êòèâíå âiäîáðàæåííÿ � öå òå âiäîáðàæåííÿ, êîòðå ïðèéìà¹ âñi
ñâî¨ çíà÷åííÿ ðiâíî ¾ïî îäíîìó ðàçó¿. Äèâ. ç öüîãî ïðèâîäó ìàëþíêè 14
i 15.

Ìàëþíîê 14: Âiäîáðàæåííÿ A â B, ùî íå ¹ ií'¹êòèâíèì

Ìàëþíîê 15: Ií'¹êòèâíå âiäîáðàæåííÿ A â B

Îçíà÷åííÿ 3.3. Âiäîáðàæåííÿ f : A → B íàçèâà¹òüñÿ âçà¹ìíî-
îäíîçíà÷íèì, àáî ái¹êòèâíèì (ái¹êöi¹þ), ÿêùî âîíî îäíî÷àñíî ñþð'¹ê-
òèâíå òà ií'¹êòèâíå.
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�äèíîãî ñïîñîáó ç'ÿñóâàòè, ÷è ¹ âiäîáðàæåííÿ ñþð'¹êòèâíèì, ií'¹ê-
òèâíèì àáî ái¹êòèâíèì, íàïåâíî, íå iñíó¹. Íèæ÷å ìè ïðîïîíó¹ìî îäíó
ç ìîæëèâèõ ñõåì ðîçâ'ÿçàííÿ, äèâ. ïðèêëàä 3.1. Ïiäêðåñëþ¹ìî, ùî öÿ
ñõåìà ¹ ëèøå îäíèì ç áàãàòüîõ ìîæëèâèõ âàðiàíòiâ, ïðîòå, öåé ñïîñiá
ïðàöþ¹ ëèøå çà íàÿâíîñòi ó âiäîáðàæåííÿ ïîõiäíèõ.

Ái¹êöi¹þ ìîæå âèÿâèòèñü âiäîðàæåííÿ, ÿêå ¹ ðîçðèâíèì â
óñiõ òî÷êàõ ñâî¹¨ îáëàñòi âèçíà÷åííÿ (íàâåäiòü ïðèêëàä !). Çîêðå-
ìà, ái¹êòèâíèì ìîæå âèÿâèòèñÿ âiäîáðàæåííÿ, ùî â îêðåìèõ òî÷êàõ íå-
ìà¹ ïîõiäíèõ. Ç iíøîãî áîêó, ñåðåä âiäîáðàæåíü, ÿêi ìàþòü ïîõiäíi,
¹ ÿê ñþð'¹êòèâíi/ií'¹êòèâíi, òàê i íå ñþð'¹êòèâíi/íå ií'¹êòèâíi
âiäîáðàæåííÿ. Äëÿ ñïðîñòóâàííÿ ií'¹êòèâíîñòi, àáî ñþð'¹êòèâíîñòi äî-
ñòàòíüî ¾âãàäàòè¿ âiäïîâiäíi çíà÷åííÿ åëåìåíòiâ. Íàïðèêëàä, äëÿ òîãî,
ùîá äîâåñòè âiäñóòíiñòü ií'¹êòèâíîñòi âiäîáðàæåííÿ, äîñòàòíüî íàâåñòè
ëèøå ïàðó åëåìåíòiâ a, b ∈ A, a ̸= b, íà ÿêèõ f(a) = f(b). Ñêàæiìî,
f(x) = x2, A = [−1, 1], B = R, ìà¹ìî

a = −1 ∈ [−1, 1], b = 1 ∈ [−1, 1], f(a) = f(b) = 1 .

Ií'¹êòèâíiñòü ¾çàëåæèòü¿ âiä ìíîæèíè A : ÿêùî A = [0, 1], òî f(x) = x2

ií'¹êòèâíå (äîâåäiòü öå !). Ðîçãëÿíåìî òåïåð íàñòóïíèé

Ïðèêëàä 3.1. Ç'ÿñóâàòè, ÷è ¹ âiäîáðàæåííÿ f = 2x4 + x − 3 ìiæ
ìíîæèíàìè A = [−1, 0] i B = [−31

2
,−2] à) ií'¹êòèâíèì; á) ñþð'¹êòèâ-

íèì; â) ái¹êòèâíèì.

Ðîçâ'ÿçîê. Ó äàíîìó âèïàäêó äëÿ ðîçâ'ÿçàííÿ ïîñòàâëåíî¨ çàäà÷i
çíàéäåìî ïðîìiæêè ìîíîòîííîñòi òà äîñëiäèìî f(x) íà åêñòðåìóìè.

1. Øóêà¹ìî îáëàñòü âèçíà÷åííÿ f(x). ÎÂ: x ∈ R.
2. Çíàõîäèìî ïîõiäíó f ′(x) = 8x3 + 1.

3. Øóêà¹ìî êðèòè÷íi òî÷êè. Ïðèðiâíþ¹ìî ïîõiäíó äî íóëÿ òà ðîçâ'ÿ-
çó¹ìî îòðèìàíå ðiâíÿííÿ 8x3 + 1 = 0 ⇒ x3 = −1/8 ⇒ x = −1

2
.

Îòðèìàëè ðîçâ'ÿçîê: x = −1
2
. Òî÷êà x = −1

2
ðîçáèâà¹ A íà äâà

ïðîìiæêè ìîíîòîííîñòi A1 = [−1,−1
2
] òà A2 = [−1

2
, 0].

4. Ïåðåâiðèìî çíàê ïîõiäíî¨ íà êîæíîìó ç öèõ ïðîìiæêiâ. Ìîæíà
âçÿòè, íàïðèêëàä, x1 = −3

4
∈ A1 i x2 = −1

4
∈ A2. Ìà¹ìî: f ′(x1) = −23

8
<

0, îòæå f(x) íà A1 ñïàäà¹. Àíàëîãi÷íî f ′(x2) =
7
8
> 0, îòæå, f(x) çðîñòà¹

íà A2.

Äëÿ ç'ÿñóâàííÿ òîãî, ÷è ¹ f ñþð'¹êöi¹þ, çíàéäåìî f(A), äèâ. çàóâà-
æåííÿ 3.1. Äëÿ öüîãî çíàéäåìî åêñòðåìóìè íà çàäàíîìó ïðîìiæêó A.
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Ìàëþíîê 16: Ôóíêöiÿ f(x) = 2x4 + x− 3

Ïiäñòàâëÿþ÷è äî f(x) çíà÷åííÿ x = −1
2
i êiíöi ïðîìiæêó [−1, 0], ìà¹ìî:

f(−1) = −2, f

(
−1

2

)
= −3

3

8
, f(0) = −3 .

Òåïåð ñåðåä îòðèìàíèõ çíà÷åíü îáåðåìî íàéáiëüøå i íàéìåíøå, âîíè i
áóäóòü ìàêñèìóìîì i ìiíiìóìîì f(x) íà A, äèâ. ìàëþíîê 16. Ìà¹ìî:
fmin = −33

8
, fmax = −2. Çà òåîðåìîþ ïðî ïðîìiæíi çíà÷åííÿ f ïðèéìà¹

õî÷à á îäíîìó ðàçó âñi çíà÷åííÿ ìiæ fmin i fmax, òîìó f(A) =
[
−33

8
,−2

]
.

Îñêiëüêè −33
8
> −31

2
, f(A) ̸= B, îòæå, âiäîáðàæåííÿ f íå ¹ ñþð'¹êòèâ-

íèì.

Ïîêàæåìî òåïåð, ùî f(x) íå ¹ ií'¹êöi¹þ.

1 ñïîñiá. Âðàõîâóþ÷è çíàéäåíå âèùå i çàñòîñîâóþ÷è òåîðåìó ïðî
ïðîìiæíi çíà÷åííÿ íåïåðåðâíî¨ ôóíêöi¨, ìà¹ìî: f |A1,min = −33

8
, f |A1,max =

−2, îòæå, íà A1 âiäîáðàæåííÿ f ïðèéìà¹ âñi çíà÷åííÿ âiä −33
8
äî −2 õî÷à

á ïî îäíîìó ðàçó. Çâiäñè f(A1) =
[
−33

8
,−2

]
. Àíàëîãi÷íî, f |A2,min = −33

8
,

f |A2,max = −3, îòæå, íà A2 âiäîáðàæåííÿ f ïðèéìà¹ âñi çíà÷åííÿ âiä
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−33
8
äî −3 õî÷à á ïî îäíîìó ðàçó. Ìà¹ìî: f(A2) =

[
−33

8
,−3

]
. Âiçüìåìî,

íàïðèêëàä, òî÷êó

b = −3 ∈
[
−3

3

8
,−3

]
=

[
−3

3

8
,−2

]
∩
[
−3

3

8
,−3

]
.

Òîäi, çãiäíî çàçíà÷åíîãî âèùå, çíà÷åííÿ b = −3 âiäîáðàæåííÿ f ìà¹ ïðè-
éìàòè õî÷à á îäèí ðàç íà äåÿêîìó a1 ∈ A1 i õî÷à á îäèí ðàç íà äåÿêîìó
a2 ∈ A2, ïðè÷îìó a1 ̸= a2, a1 ̸= −1

2
̸= a2. Âiäñóòíiñòü ií'¹êòèâíîñòi f íà

A äîâåäåíî.

2 ñïîñiá. Âiçüìåìî íàâìàííÿ òî÷êó y = −3 ∈ f(A) òà ðîçâ'ÿæåìî
íàñòóïíå ðiâíÿííÿ −3 = 2x4 + x − 3 ⇒ 2x4 + x = 0, ðîçêëàäåìî íà
ìíîæíèêè:

2x4 + x = x(2x3 + 1) = 0 .

Ïðèðiâíþ¹ìî êîæåí ç ìíîæíèêiâ äî íóëÿ i ðîçâ'ÿçó¹ìî âiäïîâiäíi ðiâíÿ-
ííÿ. Ìà¹ìî: x1 = 0 ∈ A, x2 = − 1

3√2
∈ A. Ïiäñòàâëÿþ÷è òî÷êè x1 i x2 äî

f, ìà¹ìî: f(0) = f(− 1
3√2
) = −3, îòæå, f íå ií'¹êòèâíå.

Âiäïîâiäü íà òå, ÷è ¹ f ái¹êöi¹þ ìîæíà äàòè áåçïîñåðåäíüî çà îçíà-
÷åííÿì (ó íàøîìó âèïàäêó f íå ái¹êöiÿ). 2

Ïðèêëàä 3.2. Ç'ÿñóâàòè, ÷è ¹ âiäîáðàæåííÿ

f(x) =

{
x3 + 1, x ∈ [1, 2],

x+ 11, x ∈ (2, 4]

ìiæ ìíîæèíàìè A = [1, 4] i B = [2, 9] ∪ (13, 15] à) ií'¹êòèâíèì; á)
ñþð'¹êòèâíèì; â) ái¹êòèâíèì.

Ðîçâ'ÿçîê. Ïîêàæåìî, ùî f � ái¹êöiÿ. Äëÿ öüîãî ïîòðiáíî âñòàíî-
âèòè ií'¹êòèâíiñòü òà ñþð'¹êòèâíiñòü f ìiæ ìíîæèíàìè A òà B.

Çðîáèìî íàñòóïíi ïîçíà÷åííÿ: A1 = [1, 2], A2 = (2, 4], òîäi A = A1 ∪
A2; B1 = [2, 9], B2 = (13, 15], òîäi B = B1 ∪B2.

Ñïî÷àòêó ïåðåâiðèìî âiäîáðàæåííÿ f íà ií'¹êòèâíiñòü. Âiä ñóïðîòèâ-
íîãî, íåõàé f � íå ií'¹êöiÿ, òîäi çíàéäóòüñÿ x1, x2 ∈ A : x1 ̸= x2, f(x1) =
f(x2). Ìîæëèâi íàñòóïíi âèïàäêè:

1) x1, x2 ∈ A1 ⇒ x3
1 + 1 = x3

2 + 1 ⇒ x1 = x2,

2) x1, x2 ∈ A2 ⇒ x1 + 11 = x2 + 11 ⇒ x1 = x2,

3) x1 ∈ A1, x2 ∈ A2 ⇒ x3
1 + 1 = x2 + 11. Îñêiëüêè ôóíêöi¨ x3 + 1 òà

x+11 íåïåðåðâíi, ìîíîòîííî çðîñòàþ÷i íà R, òîìó 13+1 6 f(x1) 6 23+1,
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Ìàëþíîê 17: Ãðàôiê ôóíêöi¨ f(x)

çâiäêè ìà¹ìî: f(x1) ∈ C1 = [2, 9]. Àíàëîãi÷íî, 2 + 11 < f(x2) 6 4 + 11,
îòæå, f(x2) ∈ C2 = (13, 15]. Îñêiëüêè C1 ∩ C2 = ∅, òî f(x1) ̸= f(x2), äèâ.
ìàëþíîê 17.

4) Íàðåøòi, âèïàäîê x1 ∈ A2, x2 ∈ A1 çâîäèòüñÿ äî âèïàäêó 3),
îñêiëüêè x1 i x2 � ¾ðiâíîïðàâíi çìiííi¿, îòæå, ìè ìîæåìî ïåðåïîçíà÷è-
òè x̃1 := x2, x̃2 := x1 i ìiðêóâàòè äàëi òàê, ÿê â ïîïåðåäíüîìó ïóíêòi.

Â óñiõ ÷îòèðüîõ âèïàäêàõ ìà¹ìî f(x1) ̸= f(x2). Ñóïåðå÷íiñòü, îòðè-
ìàíà âèùå, âêàçó¹ íà òå, ùî f � ií'¹êöiÿ ìiæ ìíîæèíàìè A òà B.

Òåïåð ïåðåâiðèìî âiäîáðàæåííÿ f íà ñþð'¹êòèâíiñòü. Çàôiêñó¹ìî
y ∗ ∈ B i ïîêàæåìî, ùî äëÿ íüîãî çíàéäåòüñÿ ïðèíàéìíi îäíå çíà÷åí-
íÿ x ∗ ∈ A òàêå, ùî f(x ∗) = y ∗. Iíøèìè ñëîâàìè, íàì ïîòðiáíî äîâåñòè,
ùî ðiâíÿííÿ f(x) = y∗ ìà¹ ðîçâ'ÿçîê âiäíîñíî x ïðè êîæíîìó y ∗ ∈ B,
êðiì òîãî, öåé ðîçâ'ÿçîê íàëåæèòü A. Ìîæëèâi êiëüêà âèïàäêiâ:
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1) y∗ ∈ B1, òîäi ðîçâ'ÿæåìî ðiâíÿííÿ x3 + 1 = y∗. Çâiäñè x3 = y∗ − 1,
x = 3

√
y∗ − 1. Ïîêëàäåìî x ∗ := 3

√
y∗ − 1. Îñêiëüêè y∗ ∈ B1, òî 2 6 y∗ 6

9, çâiäñè 1 6 y∗ − 1 6 8 i, äîáóäåìî ç îáîõ ÷àñòèí êîðiíü êóái÷íèé,
îòðèìà¹ìî: 1 6 x ∗ := 3

√
y∗ − 1 6 2. Îòæå, x ∗ ∈ A1 ⊂ A, f(x ∗) = y ∗.

Âèñíîâîê: çíàéøîâñÿ åëåìåíò x ∗ ∈ A òàêèé, ùî f(x ∗) = y ∗.

2) y∗ ∈ B2, òîäi ðîçâ'ÿæåìî ðiâíÿííÿ x+11 = y∗. Çâiäñè x = y∗ − 11.
Ïîêëàäåìî x ∗ := y ∗ − 11. Îñêiëüêè y∗ ∈ B2 = (13, 15], òî 2 < x ∗ :=
y ∗ − 11 < 4, òàê ùî x ∗ ∈ A2 ⊂ A i f(x ∗) = y ∗.

Â îáîõ âèïàäêàõ 1) i 2) ðiâíÿííÿ f(x) = y∗ ìà¹ ðîçâ'ÿçîê âiäíîñíî x,
îòæå, f � ñþð'¹êöiÿ ìiæ A òà B. Êðiì òîãî, îñêiëüêè çãiäíî äîâåäåíîãî
âèùå f � ií'¹êöiÿ ìiæ A òà B, òî òàêîæ f � ái¹êöiÿ A íà B, ùî i ïîòðiáíî
áóëî äîâåñòè. 2

Ïðèêëàä 3.3. Ç'ÿñóâàòè, ÷è ìîæíà âiäîáðàçèòè íàïiââiäêðèòèé
iíòåðâàë [7, 8) íà âiäðiçîê [7, 8] îäíî÷àñíî çà äîïîìîãîþ ái¹êòèâíîãî i
íåïåðåðâíîãî âiäîáðàæåííÿ f : [7, 8) → [7, 8].

Ðîçâ'ÿçîê. Ìîæëèâiñòü âiäîáðàçèòè [7, 8) íà [7, 8] ái¹êòèâíî âèïëè-
âà¹ ç òîãî, ùî îáèäâi ìíîæèíè ìàþòü ïîòóæíiñòü êîíòèíóóì (ïîáóäóéòå
öå âiäîáðàæåííÿ !). Ïîêàæåìî, ùî îäíî÷àñíî ái¹êòèâíèì i íåïåðåðâíèì
âiäîáðàæåííÿ iíòåðâàëó [7, 8) íà âiäðiçîê [7, 8] áóòè íå ìîæå. Äëÿ öüîãî
äîâåäåìî íåâåëè÷êå äîäàòêîâå

Òâåðäæåííÿ 3.1. Íåõàé −∞ < a < b < ∞, −∞ < c < d < ∞,
f : [a, b) → [c, d] � íåïåðåðâíà ií'¹êöiÿ, òîäi iñíó¹ lim

x→b−0
f(x), ïðè÷îìó

c 6 lim
x→b−0

f(x) 6 d.

Äîâåäåííÿ. Ïðîâåäåìî äîâåäåííÿ âiä ñóïðîòèâíîãî. Ïðèïóñòèìî,
ùî ãðàíèöÿ lim

x→b−0
f(x) íå iñíó¹. Òîäi çà êîìïàêòíiñòþ âiäðiçêó [c, d] çíà-

éäóòüñÿ ïðèíàéìíi äâi ïîñëiäîâíîñòi xk
k→∞→ b − 0 i yk

k→∞→ b − 0 òà-

êi, ùî f(xk)
k→∞→ A, f(yk)

k→∞→ C, A ̸= C. Íåõàé 0 < ε < |A−C|
2

, òîäi
çà íåðiâíiñòþ òðèêóòíèêà îêîëè B(A, ε) := {x ∈ R : |x − A| < ε} i
B(C, ε) := {x ∈ R : |x−C| < ε} íå ïåðåòèíàþòüñÿ. Çà îçíà÷åííÿì ãðàíè-
öi iñíó¹ k0 ∈ N òàêèé, ùî |f(xk)−A| < ε i |f(xk)−C| < ε ïðè âñiõ k > k0.
Áåç îáìåæåííÿ çàãàëüíîñòi ìîæíà ââàæàòè, ùî A < C. Ðîçãëÿíåìî åëå-

ìåíò xk0 ∈ [a, b). Îñêiëüêè yk
k→∞→ b − 0, iñíó¹ íîìåð k1 > k0 òàêèé, ùî

yk1 > xk0 . Àíàëîãi÷íî, îñêiëüêè xk
k→∞→ b− 0, iñíó¹ íîìåð k2 > k1 òàêèé,

ùî xk2 > yk1 .

Çàóâàæèìî, ùî f(xk0), f(xk2) ∈ B(A, ε) i, âîäíî÷àñ, f(yk1) ∈ B(C, ε).
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Áiëüøå òîãî, îñêiëüêè B(A, ε)∩B(C, ε) = ∅, 0 < ε < |A−C|
2

i çà ïðèïóùå-
ííÿì A < C, òî

max{f(xk0), f(xk2)} < A+ ε < C − ε < f(yk1) ,

àáî áiëüø êîðîòêî

max{f(xk0), f(xk2)} < f(yk1) ,

äå
a < xk0 < yk1 < xk2 < b .

Çà òåîðåìîþ ïðî ïðîìiæíi çíà÷åííÿ âiäîáðàæåííÿ f ïðèéìà¹ âñi çíà÷å-
ííÿ ìiæ f(xk0) i f(yk1) íà âiäðiçêó [xk0 , yk1 ] õî÷à á ïî îäíîìó ðàçó, òàê
ñàìî f ïðèéìà¹ âñi çíà÷åííÿ ìiæ f(yk1) i f(xk2) íà âiäðiçêó [yk1 , xk2 ] õî-
÷à á ïî îäíîìó ðàçó. Òîäi f ïðèéìà¹ ïðèíàéìíi îäèí ðàç âñi çíà÷åííÿ
ç âiäðiçêó [max{f(xk0), f(xk2)}, f(yk1)] íà [xk0 , yk1 ] i âñi çíà÷åííÿ ç òîãî
æ âiäðiçêó [max{f(xk0), f(xk2)}, f(yk1)] íà [yk1 , xk2 ]. Îñòàíí¹ ñóïåðå÷èòü
ií'¹êòèâíîñòi f íà [a, b).

Íåðiâíîñòi c 6 lim
x→b−0

f(x) 6 d âèïëèâàþòü ç òåîðåìè ïðî ãðàíè÷íèé

ïåðåõiä ó íåðiâíîñòÿõ ç êóðñó ìàòåìàòè÷íîãî àíàëiçó 2

Ïîâåðíåìîñÿ òåïåð äî ïðèêëàäó 3.3. Ïðèïóñòèìî ñóïðîòèâíå, à ñà-
ìå, ùî iñíó¹ òàêå âiäîáðàæåííÿ f : [7, 8) → [7, 8], ÿêå îäíî÷àñíî ái¹-
êòèâíå i íåïåðåðâíå. Çà òâåðäæåííÿì 3.1 iñíó¹ ãðàíèöÿ D := lim

x→8−0
f(x),

ïðè÷îìó 7 6 D 6 8. Ïîçíà÷èìî ÷åðåç f : [7, 8] → [7, 8] íåïåðåðâíå âiä-
îáðàæåííÿ, ÿêå ¹ ïðîäîâæåííÿì f äî çàìêíåíîãî âiäðiçêó [7, 8]. Îñêiëü-
êè çà ïðèïóùåííÿì f([7, 8)) = [7, 8], iñíó¹ òàêîæ x0 ∈ [7, 8) òàêå, ùî
f(x0) = f(x0) = D. Îñêiëüêè f � ái¹êöiÿ, òî iñíó¹ x1 ∈ (x0, 8) òàêå, ùî
f(x1) ̸= D. Íåõàé f(x1) > D, òîäi íà ïðîìiæêó [x0, x1] âiäîáðàæåííÿ
f ïðèéìà¹ õî÷à á ïî îäíîìó ðàçó âñi çíà÷åííÿ ìiæ D i f(x1), êðiì òî-
ãî, âiäîáðàæåííÿ f ïðèéìà¹ õî÷à á ïî îäíîìó ðàçó âñi çíà÷åííÿ ìiæ D
i f(x1) íà ïiâïðîìiæêó [x1, 8), ùî ñóïåðå÷èòü ií'¹êòèâíîñòi f. Âèïàäîê
f(x1) < D ðîçãëÿäà¹òüñÿ àíàëîãi÷íî. Îòæå, ïðèïóùåííÿ ùîäî íàÿâíîñòi
ái¹êöi¨ ïiâiíòåðâàëó [7, 8) íà âiäðiçîê [7, 8] áóëî íåâiðíèì. 2
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3.2 Çàâäàííÿ äëÿ ñàìîêîíòðîëþ

1. Ïîáóäóéòå ïðèêëàä ái¹êòèâíîãî âiäîáðàæåííÿ f : [0, 1] → [0, 1],

ÿêå ¹: à) ðîçðèâíèì â êîæíié òî÷öi îáëàñòi âèçíà÷åííÿ; 2) íåìà¹ ïîõiäíèõ
â êîæíié òî÷öi îáëàñòi âèçíà÷åííÿ (÷è iñíóþòü òàêi âiäîáðàæåíííÿ ?
Âiäïîâiäü îá ðóíòóéòå).

2. Âiäîáðàæåííÿ f −1 : B → A íàçèâà¹òüñÿ îáåðíåíèì äî âiäîáðàæå-
ííÿ f : A → B, ÿêùî f −1(f(x)) = x äëÿ êîæíîãî x ∈ A i f(f −1(y)) = y
äëÿ êîæíîãî y ∈ B. Íåõàé f : A → B � ií'¹êöiÿ. ×è iñíó¹ â öüîìó âèïàäêó
f −1? Ùî ìîæíà ñêàçàòè, ÿêùî f � ñþð'¹êöiÿ, àáî f � ái¹êöiÿ ?

3. ×è iñíó¹ âiäîáðàæåííÿ f ìíîæèí A i B, ÿêå ¹ íåïåðåðâíèì íà A
i ÿêå ìà¹ îáåðíåíå âiäîáðàæåííÿ f −1, àëå f −1 ¹ ðîçðèâíèì ?

4. ×è iñíó¹ ái¹êöiÿ: à) [0, 1] íà (0, 1]; á) [0, 1] íà R ?

5. ×è iñíó¹ ái¹êöiÿ: à) R íà R2; á) [0, 1] íà R2 ?

6∗.×è iñíó¹ ó ïèòàííÿõ 4 òà 5 íåïåðåðâíà ái¹êöiÿ âiäïîâiäíèõ ìíîæèí
â ðàçi ïîçèòèâíî¨ âiäïîâiäi íà íèõ ?

7. Âiäîáðàæåííÿ f : A → f(A), f(A) ⊂ B, íàçèâà¹òüñÿ ãîìåîìîð-
ôiçìîì A â B, ÿêùî f âçà¹ìíî îäíîçíà÷íå, íåïåðåðâíå, ìà¹ îáåðíåíå
f −1 : f(A) → A i, êðiì òîãî, f −1 ¹ íåïåðåðâíèì íà f(A). ×è ¹ â öüîìó
âèïàäêó f ái¹êöi¹þ A íà B ? Â ðàçi íåãàòèâíî¨ âiäïîâiäi, ÿêó äîäàòêîâó
óìîâó äëÿ âiäïîâiäi ¾òàê¿ òóò ïîòðiáíî íàêëàñòè ?

8. ×è ¹ ái¹êòèâíå âiäîáðàæåííÿ f : [0, 1] → R îáìåæåíèì ?

9. Íåõàé f1, f2 : [a, b] → R � äâà ñþð'¹êòèâíèõ âiäîáðàæåííÿ. ×è ¹
ñþð'¹êòèâíèì âiäîáðàæåííÿ: à) f1 ± f2; á) f1 · f2 ?

10. Íåõàé f1, f2 : [a, b] → R � äâà ií'¹êòèâíèõ âiäîáðàæåííÿ. ×è ¹
ií'¹êòèâíèì âiäîáðàæåííÿ: à) f1 ± f2; á) f1 · f2 ?

11. Íåõàé f1, f2 : [a, b] → R � äâà ái¹êòèâíèõ âiäîáðàæåííÿ. ×è ¹
ái¹êòèâíèì âiäîáðàæåííÿ: à) f1 ± f2; á) f1 · f2 ?

12. Íåõàé f : A → B i g : B → C � äâà äîâiëüíi âiäîáðàæåííÿ.
Ïîêëàäåìî F (x) := g(f(x)). ×è ¹: à) âiäîáðàæåííÿ F : A → C ñþð'¹êòèâ-
íèì, ÿêùî f i g � ñþð'¹êòèâíi ?; á) âiäîáðàæåííÿ F : A → C ií'¹êòèâíèì,
ÿêùî f i g � ií'¹êòèâíi ?; â) âiäîáðàæåííÿ F : A → C ái¹êòèâíèì, ÿêùî
f i g � ái¹êòèâíi ?
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3.3 Çàâäàííÿ äëÿ ñàìîñòiéíî¨ ðîáîòè � 4

Çàäà÷à 4. Ç'ÿñóâàòè, ÷è ¹ âiäîáðàæåííÿ f = ìiæ ìíîæèíàìè A i B
äëÿ êîæíîãî ç âàðiàíòiâ: à) ií'¹êòèâíèì; á) ñþð'¹êòèâíèì; â) ái¹êòèâ-
íèì.

Âàðiàíò Ìíîæèíà A Ìíîæèíà B Âiäîáðàæåííÿ f

1 A = [0, 2] B = [4, 33] f(x) = 14x+ 5

2 A = [−2, 1] B = [−65, 0] f(x) = 3
2x

2 + 3x− 5

3 A = [−3π
4 , 0] B = [4, 6] f(x) = cos(43x) + 5

4 A = [12 , 3] B = [2, 31
2 ] f(x) = x+ 1

x

5 A = [−1, 1] B = [23 , 4
2
3 ] f(x) = 2x3 + 8

3

6 A = [π6 ,
π
2 ] B = [0, 2] f(x) = 2 tan(x2 )

7 A = [25 ,
4
5 ] B = [−10 9

10 ,−103
5 ] f(x) = 5

8x
2 − 11

8 A = [24
5 , 3

1
4 ] B = [42

5 , 4
19
25 ] f(x) = −4

5x+ 7

9 A = [ π14 ,
3π
14 ] B = [−1, 1] f(x) = 1

14 cos 7x

10 A = [−2
5 ,

4
3 ] B = [12 , 2] f(x) = 2

11x
3 + 1

11 A = [π3 ,
π
2 ] B = [0, 1] f(x) = sin(3x− π

2 )

12 A = [12 , 2] B = [11
2 , 3

1
2 ] f(x) = ln 5x+ 1

13 A = [−2,−1] B = [21
2 , 3

1
2 ] f(x) = 3

8x
3 − 3x

14 A = [0, 1] B = [−69
52 , 3] f(x) = 13x2 − 11x+1

15 A = [4, 6] B = [2, 31
2 ] f(x) = 3 ln x

2

16 A = [−1
2 , 1] B = [4, 46

7 ] f(x) = 6
7x

2 + 4

17 A = [4π7 , 6π7 ] B = [−1, 1] f(x) = − cos 7
2x

18 A = [−2, 2] B = [−2,−1] f(x) = 1
16x

4 − 2

19 A = [0, 6] B = [−9, 3] f(x) = −3
4x

2 + 3x

20 A = [−1, 0] B = (−21
2 , 2) f(x) = 11

3 x+ 14
9

21 A = [1, 2e] B = [0, 14
5 ] f(x) = lnx3

22 A = [3π2 , 3π] B = [−1
4 , 0] f(x) = 1

4 cos
x
3

23 A = [π, 3π2 ] B = [−2, 0] f(x) = 2 cos(−x
2 )

24 A = [2, 3] B = [13, 211
4 ] f(x) = 1

8x
2 + 7x− 2

25 A = [−1, 2] B = [0, 4] f(x) = −x3 + 2x2

26 A = [e−2, 1] B = [−1
2 , 0] f(x) = x lnx

27 A = [2π3 , 4π3 ] B = [−3, 0] f(x) = ln sin x
2

28 A = [π2 ,
4π
3 ] B = [0, 1] f(x) = 2 cos2 x

2

29 A = [−1, 12 ] B = [−155
6 , 0] f(x) = 5

6x
3 − 15x2

30 A = [−1, 1] B = (0, 65) f(x) = (5x+ 3)2 + 1
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4 Ç÷èñëåííi ìíîæèíè

4.1 Çàãàëüíà òåîðiÿ i ïðèêëàäè

Îçíà÷åííÿ 4.1. Ìíîæèíè A i B íàçèâàþòüñÿ åêâiâàëåíòíèìè, ïèøóòü

A ∼ B ,

ÿêùî iñíó¹ ái¹êöiÿ (âçà¹ìíî îäíîçíà÷íà âiäïîâiäíiñòü) f : A → B ìíîæè-
íè A íà ìíîæèíó B. Â öüîìó âèïàäêó òàêîæ ãîâîðÿòü, ùî A i B ìàþòü
îäíàêîâó ïîòóæíiñòü, àáî ùî ìíîæèíè A i B ¹ ðiâíîïîòóæíèìè. Äëÿ
ñêií÷åííèõ ìíîæèí åêâiâàëåíòíiñòü äâîõ ìíîæèí îçíà÷à¹ îäíàêîâó êiëü-
êiñòü ¨õ åëåìåíòiâ (îá ðóíòóéòå !).

Îçíà÷åííÿ 4.2. Ìíîæèíà A íàçèâà¹òüñÿ ç÷èñëåííîþ, ÿêùî A ∼ N,
òîáòî, iñíó¹ ái¹êöiÿ (âçà¹ìíî îäíîçíà÷íà âiäïîâiäíiñòü) f : A → N, N =
{1, 2, 3, . . .}. Iíøèìè ñëîâàìè, A � ç÷èñëåííà òîäi i òiëüêè òîäi, êîëè âñi
åëåìåíòè ìíîæèíè A ìîæóòü áóòè ïðîíóìåðîâàíi.

Çàóâàæèìî, ùî A � ç÷èñëåííà ⇔ A = {an}∞n=1, ai ̸= aj, i ̸= j.

Ïðèêëàäè ç÷èñëåííèõ ìíîæèí:

1) Ìíîæèíà íàòóðàëüíèõ ÷èñåë N = {1, 2, 3, . . . , }.
2) Ìíîæèíà öiëèõ ÷èñåë Z = {0,±1,±2, . . .}.
3) Ìíîæèíà ðàöiîíàëüíèõ ÷èñåë Q =

{
x = a

b
, a ∈ Z, b ∈ N

}
.

4) Ìíîæèíà àëãåáðà¨÷íèõ ÷èñåë. Äiéñíå ÷èñëî a íàçèâà¹òüñÿ àëãåáðà-
¨÷íèì, ÿêùî âîíî ¹ êîðåíåì äåÿêîãî ìíîãî÷ëåíà f(x) = anx

n+an−1x
n−1+

. . .+ a1x+ a0, äå ai ∈ Z, i = 0, 1, 2, . . . , n− 1, n.

Ïîêàæåìî ñïîñiá äîâåäåííÿ àëãåáðà¨÷íîñòi ÷èñëà, øëÿõîì çíàõîäæå-
ííÿ ìíîãî÷ëåíà, ÿêîìó âîíî çàäîâîëüíÿ¹. Ðîçãëÿíåìî íàñòóïíèé

Ïðèêëàä 4.1. Äîâåñòè, ùî äàíå ÷èñëî α =
√√

6−
√
3 ∈ R ¹ àëãå-

áðà¨÷íèì.

Ðîçâ'ÿçîê.Ùîá çíàéòè ìíîãî÷ëåí, êîðåíåì ÿêîãî ¹ çàäàíå ÷èñëî α

ðîçãëÿíåìî ðiâíÿííÿ x =
√√

6−
√
3. ×èñëî α ¹ êîðåíåì öüîãî ðiâíÿííÿ.

Òåïåð ïåðåòâîðèìî éîãî, ïiäíåñåìî äî êâàäðàòó òà ïîçáàâèìîñü âiä
iððàöiîíàëüíèõ êîåôiöi¹íòiâ. x2 =

√
6 −

√
3 ⇒ x4 = 9 − 2

√
18 ⇒ 72 =

(9− x4)2. I, íàðåøòi, îòðèìàëè ðiâíÿííÿ x8 − 18x4 + 9 = 0.

Â ðåçóëüòàòi çðîáëåíèõ ïåðåòâîðåíü íå âiäáóëîñÿ âòðàòè êîðåíiâ. Îò-
æå, ÷èñëî α =

√√
6−

√
3 ¹ êîðåíåì îäåðæàíîãî ðiâíÿííÿ àáî ìíîãî÷ëåíà

f(x) = x8 − 18x4 +9, à öå îçíà÷à¹, ùî ÷èñëî α ¹ àëãåáðà¨÷íèì ÷èñëîì. 2



30

Âèäàòíèé ìàòåìàòèê Ãåîðã Êàíòîð äîâiâ, ùî ìíîæèíà [0, 1] íå ¹ ç÷è-
ñëåííîþ, òîáòî, ïðè áóäü-ÿêié ïåðåíóìåðàöi¨ âiäðiçêó [0, 1] çíàéäåòüñÿ
ïðèíàéìíi îäíå ÷èñëî, ÿêå ¾íå îòðèìà¹ ñâié íîìåð¿. Çâiäñè íåñêëàäíî
îòðèìàòè òâåðäæåííÿ ïðî òå, ùî ÷èñëîâà ïðÿìà R òà íàïiâïðÿìà (0,∞)
íåç÷èñëåííi. Íåç÷èñëåííèìè ¹ òàêîæ ìíîæèíè âñiõ iððàöiîíàëüíèõ ÷è-
ñåë i ÷èñåë, ùî íå ¹ àëãåáðà¨÷íèìè (¨õ íàçèâàþòü òðàíñöåíäåíòíèìè
÷èñëàìè).

Îñíîâíi âëàñòèâîñòi ç÷èñëåííèõ ìíîæèí

i1) ßêùî A � ç÷èñëåííà ìíîæèíà i B ⊂ A, òî ìíîæèíà B ¹ àáî
ïîðîæíüîþ, àáî ñêií÷åííîþ, àáî ç÷èñëåííîþ.

i2) ¾Äîäàâàííÿ íóëÿ¿. ßêùî A � íåñêií÷åííà i B � ç÷èñëåííà, òî A ∼
A∪B. ßêùî A � íåñêií÷åííà, B � ç÷èñëåííà i A \B òàêîæ íåñêií÷åííà,
òî A \B ∼ A.

i3) Áóäü ÿêà íåñêií÷åííà ìíîæèíà C ìiñòèòü â ñîái ïðèíàéìíi îäíó
ç÷èñëåííó ïiäìíîæèíó A.

i4) ßêùî Ai, i = 1, 2, . . . � ïîñëiäîâíiñòü ç÷èñëåííèõ ìíîæèí, òî

A :=
∞∪
i=1

Ai

� ç÷èñëåííà ìíîæèíà.

i5) ßêùî A1, A2, . . . , An � ç÷èñëåííi ìíîæèíè, òî äåêàðòiâ äîáóòîê
A := A1 × A2 × · · · × An � ç÷èñëåííà ìíîæèíà.

Ïðèêëàä 4.2. Íåõàé

A := {x ∈ R : ∃ k ∈ N : x = 6k − 7}, B := {y ∈ R : ∃m ∈ N : y = 5m− 6} .

Äîâåñòè, ùî ìíîæèíà A ∪ B ¹ ç÷èñëåííîþ i âñòàíîâèòè ái¹êöiþ
f : A ∪B → N.

Ðîçâ'ÿçîê. Ïåðåäóñiì, ìíîæèíà A ∪ B ¹ ç÷èñëåííîþ çà âëàñòèâi-
ñòþ i1) ó íàâåäåíîìó âèùå ïåðåëiêó, áî A ∪ B ⊂ Z, Z ç÷èñëåííà, êðiì
òîãî, ñêií÷åííîþ/ïîðîæíüîþ ìíîæèíà A ∪B áóòè íå ìîæå.

Âñòàíîâèìî òåïåð ái¹êöiþ f : A ∪ B → N. Âñå áóëî á äîñòàòíüî
ïðîñòî, ÿêùî á ìíîæèíè A i B íå ïåðåòèíàëèñÿ, àëå, íà æàëü, â äàíîìó
âèïàäêó ïåðåòèí A i B íå ¹ ïîðîæíiì. Îòæå, äëÿ ïîäàëüøîãî ðîçâ'ÿçàííÿ

I. Ç'ÿñó¹ìî, ÷îìó äîðiâíþ¹ A∩B. Äëÿ öüîãî ðîçãëÿíåìî ðiâíÿííÿ
6k − 7 = 5m− 6, àáî åêâiâàëåíòíå äî íüîãî

6k − 5m− 1 = 0 . (4.1)



31

Öå äiîôàíòîâå ðiâíÿííÿ ç äâîìà çìiííèìè, ÿêå ìà¹ ðiøåííÿ çà âiäïî-

âiäíîþ òåîðåìîþ ç òåîði¨ ÷èñåë, áî Í.Ñ.Ä. (6, 5) = 1 i 1
... Í.Ñ.Ä. (6, 5).

Ðîçâ'ÿæåìî öå ðiâíÿííÿ ñòàíäàðòíèì ñïîñîáîì (íàïðèêëàä, çà äîïîìî-
ãîþ àëãîðèòìó Åâêëiäà). Ìà¹ìî: 6 = 5 ·1+1, çâiäêè 6 ·1−5 ·1 = 1. Îòæå,
ïðè êîæíîìó t ∈ Z îòðèìà¹ìî î÷åâèäíó ñèñòåìó ðiâíÿíü{

6 · 1− 5 · 1 = 1
−6 · 5 · n+ 6 · 5 · n = 0

. (4.2)

Äîäàþ÷è öi ðiâíÿííÿ, ìà¹ìî 6(1− 5n)− 5(1− 6n) = 1, çâiäêè âèïëèâà¹,
ùî çàãàëüíèé ðîçâ'ÿçîê ðiâíÿííÿ (4.1) ìà¹ âèãëÿä{

k = 1− 5n
m = 1− 6n

, n ∈ Z . (4.3)

Ìîæíà ïîêàçàòè, ùî iíøèõ ðîçâ'ÿçêiâ, êðiì (4.3), íåìà¹. Çàóâàæèìî, øî
k > 1 ó (4.3) ìîæëèâi ëèøå ïðè n 6 0. Òàêèì ÷èíîì,

A ∩B = {x ∈ R : ∃n ∈ {0,−1,−2, . . .} : x = 6(1− 5n)− 7} =

= {x ∈ R : ∃n ∈ {0} ∪ N : x = 30n− 1} .

II. Âñòàíîâèìî òåïåð ái¹êöiþ A ∩B íà B çà ïðàâèëîì:

f1(x) = 5(m+ 1)− 6 , x = 30m− 1 , m = 0, 1, 2, . . . .

Ëåãêî áà÷èòè, ùî f1 � ái¹êòèâíå âiäîáðàæåííÿ (îá ðóíòóéòå öå !). Äèâ.
ìàëþíîê 18 äëÿ iëþñòðàöi¨.

Ìàëþíîê 18: Ái¹êöiÿ A ∩B íà B

III. Âñòàíîâèìî òåïåð ái¹êöiþ A íà A∪B íàñòóïíèì ÷èíîì (äèâ.
ìàëþíîê 19), äå I ïîçíà÷à¹ òîòîæíå âiäîáðàæåííÿ. Çàïèøåìî âêàçàíå
âiäîáðàæåííÿ àíàëiòè÷íî:

g(x) =

{
x, x = 6k − 7, k ̸= 5m+ 1,

5(m+ 1)− 6, x = 6k − 7, k = 5m+ 1
, (4.4)
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Ìàëþíîê 19: Ái¹êöiÿ A íà A ∪B

k ∈ N, m ∈ N∪{0} . Ç îçíà÷åííÿ âèïëèâà¹, ùî âiäîáðàæåííÿ g ¹ ái¹êöi¹þ.
Òåïåð, çà ñïiââiäíîøåííÿì (4.4) îòðèìà¹ìî, ùî

g−1(y) =

{
y, y = 6k − 7, k ̸= 5m+ 1,

6k − 7, y = 5(m+ 1)− 6, k = 5m+ 1
, (4.5)

k ∈ N, m ∈ N ∪ {0} . Çðîçóìiëî, ùî g−1 âiäîáðàæà¹ A ∪ B ái¹êòèâíî íà
A.

IV. Âñòàíîâèìî ái¹êöiþ A íà N. ßêùî x = 6k − 7, çíàéäåìî k :
k = (x + 7)/6. Âiäîáðàæåííÿ h : A → N, âèçíà÷åíå ÿê h(x) = (x + 7)/6,
âiäîáðàæà¹ A íà N ái¹êòèâíî.

V. Áàæàíå ái¹êòèâíå âiäîáðàæåííÿ A∪B íà N âèçíà÷èìî òàê:
f(y) := h(g−1(y)), äèâ. ìàëþíîê 20 äëÿ iëþñòðàöi¨.

Ìàëþíîê 20: Ái¹êöiÿ A ∪B íà N

Àíàëiòè÷íî f çàïèøåòüñÿ òàê:

f(y) = (h ◦ g−1)(y) =

{
(y + 7)/6, y = 6k − 7, k ̸= 5m+ 1,

k, y = 5(m+ 1)− 6, k = 5m+ 1
,
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k ∈ N, m ∈ N ∪ {0} . Òðîõè ñïðîùóþ÷è öåé âèðàç, ìè îòðèìà¹ìî, ùî

f(y) = (h ◦ g−1)(y) =

{
k, y = 6k − 7, k ̸= 5m+ 1,
k, y = 5(m+ 1)− 6, k = 5m+ 1

,

k ∈ N, m ∈ N ∪ {0} . 2
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4.2 Çàâäàííÿ äëÿ ñàìîêîíòðîëþ

1. ×è ¹ ïåðåòèí äâîõ ç÷èñëåííèõ ìíîæèí ç÷èñëåííîþ ìíîæèíîþ ?

2. Äîâåäiòü, ùî ìíîæèíà âñiõ äiâ÷àò íà ñâiòi ¹ ç÷èñëåííîþ.

3. ×è ¹ ç÷èñëåííîþ ìíîæèíà:

à) âñiõ ñêií÷åííèõ ïîñëiäîâíîñòåé íàòóðàëüíèõ ÷èñåë;

á) âñiõ ïîñëiäîâíîñòåé íàòóðàëüíèõ ÷èñåë;

â) âñiõ ìîæëèâèõ ïîñëiäîâíîñòåé, ñêëàäåíèõ ç åëåìåíòiâ 0 i 1 ?

4. Íåõàé ìíîæèíà A � ç÷èñëåííà, B � äåÿêà çàäàíà ìíîæèíà i f :
A → B � âiäîáðàæåííÿ A â B. ×è áóäå B ç÷èñëåííîþ ìíîæèíîþ, ÿêùî:
à) f � ií'¹êöiÿ; á) f � ñþð'¹êöiÿ; â) f � ái¹êöiÿ ?

5∗. Íåõàé Q � ìíîæèíà âñiõ ðàöiîíàëüíèõ ÷èñåë âiäðiçêó [a, b], Q =
{xk}∞k=1, hk � äåÿêà ïîñëiäîâíiñòü ïîçèòèâíèõ ÷èñåë hi > 0 òàêèõ, ùî
∞∑
i=1

hi < ∞, h(x) =
∑
xi<x

hi, x ∈ (a, b], h(a) = 0 -âiäïîâiäíà ôóíêöiÿ

ñòðèáêiâ. ßêó ïîòóæíiñòü ìà¹ ìíîæèíà çíà÷åíü ôóíêöi¨ h � ç÷èñëåííà,
àáî êîíòèíóóì ?

Âêàçiâêà. Òóò ìíîæèíîþ ïîòóæíîñòi êîíòèíóóì íàçèâà¹òüñÿ ìíîæèíà, êiëü-

êiñòü åëåìåíòiâ êîòðî¨ äîðiâíþ¹ êiëüêîñòi åëåìåíòiâ â R, àáî, ùî ¹ òå æ ñàìå, êiëüêîñòi

åëåìåíòiâ âiäðiçêó [a, b]. Äîâåäiòü, ùî ôóíêöiÿ h áóäå ñòðîãî çðîñòàþ÷îþ, à çà öèì

ñêîðèñòàéòåñÿ òèì, ùî ìíîæèíà iððàöiîíàëüíèõ ÷èñåë âiäðiçêó [a, b] ìà¹ òó æ ñàìó

ïîòóæíiñòü, ùî i ìíîæèíà âñiõ òî÷îê âiäðiçêó [a, b.]
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4.3 Çàâäàííÿ äëÿ ñàìîñòiéíî¨ ðîáîòè � 5

Çàäà÷à 5. Äîâåñòè, ùî äàíå ÷èñëî α ∈ R ¹ àëãåáðà¨÷íèì äëÿ êîæíîãî
ç âàðiàíòiâ.

Âàðiàíò ×èñëî Âàðiàíò ×èñëî

1 α =
√√

7−
√
5 16 α =

√
3−

√
6

2 α =
√√

8−
√
5 17 α =

√√
10−

√
5

3 α =
√
2 +

√√
2− 1 18 α =

√√
6− 4

4 α =
√

25−
√
5 19 α =

√√
11−

√
10

5 α =
√√

10−
√
5 20 α =

√
18−

√
5

6 α =
√√

12−
√
5 21 α =

√√
7−

√
5

7 α =
√√

13 +
√
5 22 α =

√√
7 +

√
5

8 α =
√√

17−
√
5 23 α =

√
3 +

√
2 +

√
3

9 α =

√
4 +

√
2 +

√
3 24 α =

√
1 +

√
1 +

√
2

10 α =

√
3 +

√
2 +

√
3 25 α =

√
1 +

√
2 +

√
3

11 α =

√
1 +

√
1 +

√
3 26 α =

√
2 +

√
1 +

√
2

12 α =

√
4 +

√
1 +

√
2 27 α =

√
3 +

√
2 +

√
3

13 α =

√
3 +

√
2 +

√
3 28 α =

√
1 +

√
1 +

√
3

14 α =

√
1 +

√
2 +

√
3 29 α =

√
3 +

√
1 +

√
2

15 α =

√
4 +

√
3 +

√
3 30 α =

√
3 +

√
3 +

√
3
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4.4 Çàâäàííÿ äëÿ ñàìîñòiéíî¨ ðîáîòè � 6

Çàäà÷à 6. Äîâåñòè, ùî ìíîæèíà A ∪ B ¹ ç÷èñëåííîþ i âñòàíîâèòè
ái¹êöiþ f : A ∪B → N äëÿ êîæíîãî ç âàðiàíòiâ.

Âàðiàíò Ìíîæèíà A Ìíîæèíà B

1 A := {x ∈ R : ∃ k ∈ N : x = 3k − 7} B := {y ∈ R : ∃m ∈ N : y = 2m− 6}
2 A := {x ∈ R : ∃ k ∈ N : x = 3k − 6} B := {y ∈ R : ∃m ∈ N : y = 5m− 1}
3 A := {x ∈ R : ∃ k ∈ N : x = 3k + 1} B := {y ∈ R : ∃m ∈ N : y = 2m− 8}
4 A := {x ∈ R : ∃ k ∈ N : x = 3k + 2} B := {y ∈ R : ∃m ∈ N : y = 2m+ 4}
5 A := {x ∈ R : ∃ k ∈ N : x = 4k + 3} B := {y ∈ R : ∃m ∈ N : y = 2m− 8}
6 A := {x ∈ R : ∃ k ∈ N : x = 10k} B := {y ∈ R : ∃m ∈ N : y = 2m− 1}
7 A := {x ∈ R : ∃ k ∈ N : x = 1/k} B := {y ∈ R : ∃m ∈ N : y = 5m}
8 A := {x ∈ R : ∃ k ∈ N : x = 1/k2} B := {y ∈ R : ∃m ∈ N : y = 4m− 1}
9 A := {x ∈ R : ∃ k ∈ N : x = 2k − 3} B := {y ∈ R : ∃m ∈ N : y = 7m}
10 A := {x ∈ R : ∃ k ∈ N : x = 7k + 1} B := {y ∈ R : ∃m ∈ N : y = 7m− 3}
11 A := {x ∈ R : ∃ k ∈ N : x = 15k} B := {y ∈ R : ∃m ∈ N : y = 4m− 2}
12 A := {x ∈ R : ∃ k ∈ N : x = 6k − 7} B := {y ∈ R : ∃m ∈ N : y = 5m+ 8}
13 A := {x ∈ R : ∃ k ∈ N : x = 6k − 1} B := {y ∈ R : ∃m ∈ N : y = 5m− 4}
14 A := {x ∈ R : ∃ k ∈ N : x = 6k} B := {y ∈ R : ∃m ∈ N : y = 7m}
15 A := {x ∈ R : ∃ k ∈ N : x = 7k + 9} B := {y ∈ R : ∃m ∈ N : y = 8m}
16 A := {x ∈ R : ∃ k ∈ N : x = 8k + 1} B := {y ∈ R : ∃m ∈ N : y = 3m+ 2}
17 A := {x ∈ R : ∃ k ∈ N : x = 5k + 3} B := {y ∈ R : ∃m ∈ N : y = 6m− 4}
18 A := {x ∈ R : ∃ k ∈ N : x = 7k − 1} B := {y ∈ R : ∃m ∈ N : y = 8m+ 2}
19 A := {x ∈ R : ∃ k ∈ N : x = 8k − 1} B := {y ∈ R : ∃m ∈ N : y = 9m+ 2}
20 A := {x ∈ R : ∃ k ∈ N : x = 8k − 2} B := {y ∈ R : ∃m ∈ N : y = 9m+ 3}
21 A := {x ∈ R : ∃ k ∈ N : x = 9k − 1} B := {y ∈ R : ∃m ∈ N : y = 10m−2}
22 A := {x ∈ R : ∃ k ∈ N : x = 10k + 2} B := {y ∈ R : ∃m ∈ N : y = 9m− 3}
23 A := {x ∈ R : ∃ k ∈ N : x = 3k + 4} B := {y ∈ R : ∃m ∈ N : y = 9m− 5}
24 A := {x ∈ R : ∃ k ∈ N : x = 9k − 6} B := {y ∈ R : ∃m ∈ N : y = 7m− 7}
25 A := {x ∈ R : ∃ k ∈ N : x = 9k + 8} B := {y ∈ R : ∃m ∈ N : y = 6m+ 2}
26 A := {x ∈ R : ∃ k ∈ N : x = 5k + 2} B := {y ∈ R : ∃m ∈ N : y = 9m+ 4}
27 A := {x ∈ R : ∃ k ∈ N : x = 8k} B := {y ∈ R : ∃m ∈ N : x = 9m}
28 A := {x ∈ R : ∃ k ∈ N : x = 9k + 2} B := {y ∈ R : ∃m ∈ N : y = 8m+ 3}
29 A := {x ∈ R : ∃ k ∈ N : x = 8k + 3} B := {y ∈ R : ∃m ∈ N : y = 5m+ 6}
30 A := {x ∈ R : ∃ k ∈ N : x = 5k + 8} B := {y ∈ R : ∃m ∈ N : y = 4m+ 1}
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5 Ìíîæèíè ïîòóæíîñòi êîíòèíóóì

5.1 Çàãàëüíà òåîðiÿ i ïðèêëàäè

Îçíà÷åííÿ 5.1. Ãîâîðÿòü, ùî ìíîæèíà A ìà¹ ïîòóæíiñòü êîíòèíóóì,
ÿêùî A ∼ [0, 1]. Åêâiâàëåíòíå îçíà÷åííÿ: ìíîæèíà A ìà¹ ïîòóæíiñòü
êîíòèíóóì, ÿêùî A ∼ R.

Äåÿêi ïðèêëàäè ìíîæèí ïîòóæíîñòi êîíòèíóóì

1) Ìíîæèíà äiéñíèõ ÷èñåë R, ïëîùèíà R2 òà òðèâèìiðíèé ïðîñòið
R3 ìàþòü ïîòóæíiñòü êîíòèíóóì.

2) Áóäü-ÿêèé âiäðiçîê [a, b] òà áóäü-ÿêèé âiäêðèòèé/íàïiââiäêðèòèé
iíòåðâàë (a, b), (a, b], [a, b) ìàþòü ïîòóæíiñòü êîíòèíóóì.

3) Ìíîæèíà iððàöiîíàëüíèõ ÷èñåë íà ïðÿìié ìà¹ ïîòóæíiñòü êîíòè-
íóóì.

4) Ìíîæèíà âñiõ ïîñëiäîâíîñòåé äiéñíèõ ÷èñåë òà ìíîæèíà âñiõ ïî-
ñëiäîâíîñòåé íàòóðàëüíèõ ÷èñåë ìàþòü ïîòóæíiñòü êîíòèíóóì.

5) Ìíîæèíà âñiõ íåïåðåðâíèõ ôóíêöié ìà¹ ïîòóæíiñòü êîíòèíóóì.

Ïîçíà÷åííÿ

ℵ0 � ïîòóæíiñòü ìíîæèíè íàòóðàëüíèõ ÷èñåë (÷èòà¹òüñÿ: ¾àë¹ô-
íóëü¿)

C � ïîòóæíiñòü êîíòèíóóì

Ïîòóæíiñòü ñêií÷åííî¨ ìíîæèíè � öå êiëüêiñòü ¨¨ åëåìåíòiâ. Õî÷à
äëÿ äîâiëüíèõ ìíîæèí ¨õ ïîòóæíîñòi íå ¹ äiéñíèì ÷èñëîì, ïîòóæíîñòi
ìîæíà ïîðiâíþâàòè ìiæ ñîáîþ. ßêùî ìîâà éäå ïðî ñêií÷åííi ìíîæèíè,
ïîðiâíÿííÿ ¨õ ïîòóæíîñòåé çâîäèòüñÿ äî áàíàëüíîãî ïîðiâíÿííÿ êiëü-
êîñòi åëåìåíòiâ öèõ ìíîæèí. Ïî-iíøîìó âèãëÿäà¹ ñïðàâà ç ìíîæèíàìè
íåñêií÷åííèìè, îñêiëüêè, ÿê âiäîìî, ñåðåä íèõ ìîæóòü áóòè ÿê ðiâíîïî-
òóæíi, òàê i íå ðiâíîïîòóæíi ìíîæèíè. Íàïðèêëàä, êiëüêiñòü åëåìåíòiâ
ìíîæèí íàòóðàëüíèõ i öiëèõ ÷èñåë ¹ íåñêií÷åííîþ; ¨õ ïîòóæíîñòi ñïiâïà-
äàþòü i äîðiâíþþòü ℵ0. Ç iíøîãî áîêó, íååêâiâàëåíòíi ìiæ ñîáîþ ìíîæè-
íè íàòóðàëüíèõ i äiéñíèõ ÷èñåë ìàþòü íåñêií÷åííó êiëüêiñòü åëåìåíòiâ.
Äëÿ òîãî, ùîá ôîðìàëüíî âèçíà÷èòè ñïiââiäíîøåííÿ ìiæ ïîòóæíîñòÿìè
äîâiëüíèõ ìíîæèí A i B, ðîçãëÿíåìî íàñòóïíå

Îçíà÷åííÿ 5.2. Ãîâîðÿòü, ùî ìíîæèíà A ìà¹ ïîòóæíiñòü, ìåíøó
çà ïîòóæíiñòü ìíîæèíè B, ïèøåìî m(A) < m(B), ÿêùî A ∼ A ′ ⊂ B
i, îäíî÷àñíî, A ̸∼ B.
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Çà òåîðåìîþ Êàíòîðà ïðî íåç÷èñëåííiñòü ìíîæèíè ÷èñåë âiäðiç-
êó [0, 1], ìà¹ìî:

ℵ0 < C .

Ìîæå ñòàòè ïèòàííÿ ïðî òå, ÷è iñíó¹ ÿêàñü ìíîæèíà, ÿêà ìà¹ ¾íàé-
áiëüøó¿ ïîòóæíiñòü. Ç öüîãî ïðèâîäó íàâåäåìî íàñòóïíó òåîðåìó.

Òåîðåìà 5.1. Íåõàé A � äîâiëüíà íåïîðîæíÿ ìíîæèíà i 2A � öå
ìíîæèíà âñiõ ïiäìíîæèí A. Òîäi

m(2A) > m(A) .

Ç òåîðåìè 5.1 âèïëèâà¹, ùî íå iñíó¹ ìíîæèíè, ÿêà á ìàëà ¾íàéáiëü-
øó¿ ïîòóæíiñòü.

Äåÿêi âëàñòèâîñòi ìíîæèí ïîòóæíîñòi êîíòèíóóì

i1) Îá'¹äíàííÿ ñêií÷åííî¨ àáî ç÷èñëåííî¨ êiëüêîñòi ìíîæèí ïîòóæíî-
ñòi êîíòèíóóì ìà¹ ïîòóæíiñòü êîíòèíóóì

i2) Äåêàðòîâèé äîáóòîê ñêií÷åííî¨ àáî ç÷èñëåííî¨ êiëüêîñòi ìíîæèí
ïîòóæíîñòi êîíòèíóóì ìà¹ ïîòóæíiñòü êîíòèíóóì

i3) Òåîðåìà Êàíòîðà-Áåðíøòåéíà. Íåõàé A ∼ A ′ ⊂ B i B ∼ B′ ⊂
A, òîäi A ∼ B. Çîêðåìà, ÿêùî A ∼ A ′ ⊂ B i B ∼ B′ ⊂ A, ïðè÷îìó A ìà¹
ïîòóæíiñòü êîíòèíóóì, òî i B ìà¹ ïîòóæíiñòü êîíòèíóóì.

Ïðèêëàä 5.1.Ïîáóäóâàòè ái¹êöiþ ìíîæèíè A = [3, 6] íà ìíîæèíó
B = [11, 18].

Ðîçâ'ÿçîê. Âèïàäîê, êîëè ìåæi ó ìíîæèí A òà B ìàþòü ¾îäíàêîâèé
âèãëÿä¿, äîñèòü ïðîñòèé. Ìàéæå î÷åâèäíî, ùî îäíèì ç âiäîáðàæåíü, çà
äîïîìîãîþ ÿêîãî ìîæíà ðîçâ'ÿçàòè äàíó çàäà÷ó, ¹ ëiíiéíà ôóíêöiÿ y =
kx+ b. Òîáòî, â òàêîìó âèïàäêó äîñòàòíüî ðîçâ'ÿçàòè ñèñòåìó:{

3k + b = 11,

6k + b = 18
⇒

{
k = 7

3
,

b = 4.

Îòæå, øóêàíå âiäîáðàæåííÿ ìàòèìå âèãëÿä: f(x) = 7
3
x + 4 (äèâ.

ìàëþíîê 21). 2

Ïðèêëàä 5.2. Ïîáóäóâàòè ái¹êöiþ ìíîæèíè A = [1, 2) íà ìíîæè-
íó B = [6, 7].
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Ìàëþíîê 21: Ôóíêöiÿ f(x) = 7
3x+ 4

Ðîçâ'ÿçîê. Âèäiëèìî ç÷èñëåííi ïiäìíîæèíè â [1, 2) i [6, 7]. Íåõàé öå
áóäóòü yn = 1 + 1

n
òà xn = 6 + 1

n
, n ∈ N.

Òåïåð âñòàíîâèìî ìiæ íèìè âiäïîâiäíiñòü íàñòóïíèì ÷èíîì:
xn → yn+1 : 7 → 3

2
, 13

2
→ 4

3
, 19

3
→ 5

4
. . . . Òîáòî, f(6 + 1

n
) = 1 + 1

n+1
.

I, íàðåøòi, ïîêëàäåìî:

f(x) =

{
1 + 1

n+1
, x = 6 + 1

n
,

x− 5, x ̸= 6 + 1
n

, n ∈ N .

Âñi ÷èñëà, ÿêi íàëåæàòü íàïiâiíòåðâàëó [1, 2), äîñÿãàþòüñÿ ïðè ïåâ-
íèõ çíà÷åííÿõ x.

Îòðèìàëè âiäîáðàæåííÿ f : [6, 7] → [1, 2), òîäi ùîá îòðèìàòè øóêàíå
âiäîáðàæåííÿ, ïîòðiáíî çíàéòè îáåðíåíå (g = f −1). Ìà¹ìî:

g(y) =

{
6 + 1

n
, y = 1 + 1

n+1
,

y + 5, y ̸= 1 + 1
n+1

, n ∈ N . 2

Ïðèêëàä 5.3. Ïîáóäóâàòè ái¹êöiþ ìíîæèíè A = [3, 4) íà ìíîæè-
íó B = [0,∞).



40

Ðîçâ'ÿçîê. Ñïðîáó¹ìî ïiäiáðàòè øóêàíå âiäîáðàæåííÿ f. Çíàéäåìî
òàêå ìîíîòîííå âiäîáðàæåííÿ, ùîá f(3) = 0, à f(x)

x→4−0→ ∞. Ðîçãëÿíåìî
f(x) = log3

1
4−x

.

Öÿ ôóíêöiÿ ¹ ìîíîòîííî çðîñòàþ÷îþ íà [3, 4), ïðè÷îìó, òàêîæ ìî-
æíà ñòâåðäæóâàòè, ùî âñi ÷èñëà ïðîìiæêó [0,∞) äîñÿãàþòüñÿ ïðè ïåâíî-
ìó çíà÷åííi x. Äiéñíî, ÿêå á ìè íå âçÿëè a ∈ [0,∞) òàêå, ùî a = log3

1
4−x

,

ìà¹ìî: x = 4− 1
3a
, 3 6 x < 4 (ñþð'¹êòèâíiñòü).

Îñêiëüêè ëîãàðèôì - ôóíêöiÿ ìîíîòîííà, òî ìè ìîæåìî ñòâåðäæó-
âàòè, ùî öÿ ôóíêöiÿ ¹ ií'¹êöi¹þ.

Îòæå, f(x) = log3
1

4−x
� ái¹êöiÿ ìíîæèíè A = [3, 4) íà ìíîæèíó

B = [0,∞), äèâ. ìàëþíîê 22. 2

Ìàëþíîê 22: Ôóíêöiÿ f(x) = log3
1

4−x

Ïðèêëàä 5.4. Âiäîáðàçèòè äîâiëüíèé âiäðiçîê [a, b] íà äîâiëüíèé
iíòåðâàë (c, d), −∞ < a < b < ∞, −∞ < c < d < ∞, çà äîïîìîãîþ
ái¹êöi¨.

Ðîçâ'ÿçîê. ßê ìè çàðàç ïîáà÷èìî, ðîçâ'ÿçàííÿ äàíî¨ çàäà÷i ¹ äîñòà-
òíüî ëåãêèì i ðîáèòüñÿ çà äîïîìîãîþ äâîõ ¾ñòàíäàðòíèõ¿ êðîêiâ.

Ïåðøèé êðîê � öå âiäîáðàæåííÿ çàìêíåíîãî iíòåðâàëó [a, b] íà âiäði-
çîê [c, d]. Ìîæíà çðîáèòè öå çà äîïîìîãîþ ëiíiéíî¨ ôóíêöi¨ f(x) = kx+ l,
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äå êîåôiöi¹íòè a i b ìè ïiäáåðåìî òàê, ùîá f(a) = c i f(b) = d. Çâiäñè
ìà¹ìî ñèñòåìó ç äâîõ ëiíiéíèõ ðiâíÿíü:{

ak + l = c,
bk + l = d

.

Ç ïåðøîãî ðiâíÿííÿ l = c−ak, ïiäñòàâèìî ó äðóãå ðiâíÿííÿ: bk+c−ak = d,
k(b − a) = d − c. Îñêiëüêè çà óìîâîþ a ̸= b, ìà¹ìî: k = d−c

b−a
, êðiì òîãî,

çi ñïiââiäíîøåííÿ l = c − ak âèïëèâà¹, ùî l = c − a(d−c)
b−a

. Îòæå, íàøå
âiäîáðàæåííÿ f(x) ìà¹ âèãëÿä

f(x) =
d− c

b− a
· x+ c− a · d− c

b− a
,

äèâ. ìàëþíîê 23. Ìîæíà ïîêàçàòè, ùî f � ái¹êöiÿ [a, b] íà [c, d] (îá ðóí-
òóéòå öå!). Âiäîáðàçèìî òåïåð âiäðiçîê [c, d] íà iíòåðâàë (c, d) íàñòóïíèì

Ìàëþíîê 23: Îäíà ç ìîæëèâèõ ái¹êöié [a, b] íà [c, d]

÷èíîì. Ðîçãëÿíåìî äîïîìiæíó ïîñëiäîâíiñòü αk := c+d
2k

, k = 1, 2, . . . . Ïî-
áóäó¹ìî òåïåð âçà¹ìíî îäíîçíà÷íó (ái¹êòèâíó) âiäïîâiäíiñòü ìiæ åëåìåí-
òàìè ìíîæèí {c}∪{d}∪{αk}∞k=1 i {αk}∞k=1 òàê, ÿê ïîêàçàíî íà ìàëþíêó 24.
Àíàëiòè÷íî âiäîáðàæåííÿ, ÿêå âiäïîâiäà¹ ìàëþíêó 24, ìîæíà âèçíà÷èòè
òàê:

g(y) :=


c+d
2
, y = c,

c+d
4
, y = d,

c+d
2k+2 , y = c+d

2k
, k = 1, 2, . . . .

.
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Ìàëþíîê 24: Îäíà ç ìîæëèâèõ ái¹êöié {c} ∪ {d} ∪ {αk}∞k=1 íà {αk}∞k=1

Ïîêëàäåìî òåïåð g(y) = y ïðè y ∈ [c, d] \ {c, d, c+d
2k

}, k = 1, 2, . . . . Òîäi
âiäîáðàæåííÿ

g(y) :=


c+d
2
, y = c,

c+d
4
, y = d,

c+d
2k+2 , y = c+d

2k
, k = 1, 2, . . . ,

y, y ̸= c, d, c+d
2k

, k = 1, 2, . . .

.

ái¹êòèâíî (âçà¹ìíî îäíîçíà÷íî) ïåðåâîäèòü [c, d] íà (c, d) (ïåðåâiðòå öåé
ôàêò !).

Íàðåøòi, êîìïîçèöiÿ F (x) = g(f(x)) ïåðåâîäèòü [a, b] íà (c, d) ái¹-
êòèâíî. Çðîçóìiëî, ùî ïðè âiäîáðàæåííi F ìè ìà¹ìî: a 7→ c+d

2
i b 7→ c+d

4
.

Äëÿ òîãî, ùîá äiçíàòèñü, ÿêèì åëåìåíòàì x ∈ [a, b] âiäïîâiäàþòü òî÷êè
y = c+d

2k
, k = 1, 2, . . . , òðåáà ïðè êîæíîìó k ∈ N ðîçâ'ÿçàòè ðiâíÿííÿ

f(x) =
c+ d

2 k
,

àáî
d− c

b− a
· x+ c− a · d− c

b− a
=

c+ d

2 k
.

Çâiäñè ìà¹ìî:
d− c

b− a
· x =

c+ d

2 k
− c+ a · d− c

b− a
,

x =
b− a

d− c
·
(
c+ d

2 k
− c+ a · d− c

b− a

)
=

b− a

d− c
·
(
c+ d

2 k
− c

)
+ a .

Îòæå, àíàëiòè÷íèé âèãëÿä ôóíêöi¨ F : [a, b] → (c, d), ùî ¹ ái¹êöi¹þ [a, b]
íà (c, d), íàñòóïíèé:

F (x) =


c+d
2
, x = a,

c+d
4
, x = b,

c+d
2k+2 , x = b−a

d−c
·
(
c+d
2k

− c
)
+ a, k = 1, 2, . . . ,

x, x ̸= a, b, b−a
d−c

·
(
c+d
2k

− c
)
+ a, k = 1, 2, . . .

. 2
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Ïðèêëàä 5.5. Ïîáóäóâàòè ái¹êöiþ ìíîæèíè A = (0, 1) íà ìíîæè-
íó B = (0, 1) ∪ (1, 2).

Ðîçâ'ÿçîê. Çàóâàæèìî, ùî êîæíà ç ìíîæèí A i B ìà¹ ïîòóæíiñòü
êîíòèíóóì, áî, ïî-ïåðøå, A = (0, 1) âiäîáðàæà¹òüñÿ ái¹êòèâíî íà R çà äî-
ïîìîãîþ âiäîáðàæåííÿ f(x) = ctg (πx). Ïî-äðóãå, êîæíà ç ìíîæèí (0, 1)
i (1, 2) ìà¹ ïîòóæíiñòü êîíòèíóóì; çîêðåìà, äëÿ âiäðiçêó (0, 1) öåé ôàêò
âñòàíîâëåíî âèùå, êðiì òîãî, (1, 2) � ìíîæèíà ïîòóæíîñòi êîíòèíóóì, áî
φ(x) = x + 1 � ái¹êöiÿ (0, 1) íà (1, 2). Îòæå, B ìà¹ ïîòóæíiñòü êîíòèíó-
óì ÿê ìíîæèíà, ùî ¹ îá'¹äíàííÿì äâîõ ìíîæèí ïîòóæíîñòi êîíòèíóóì
(0, 1) i (1, 2). Îòæå, ïîñòàíîâêà çàäà÷i ¹ êîðåêòíîþ � âêàçàíå ái¹êòèâíå
âiäîáðàæåííÿ A íà B iñíó¹.

Ïîáóäó¹ìî öå âiäîáðàæåííÿ. Äëÿ öüîãî, ïî ïåðøå,

I. Âiäîáðàçèìî (1, 2) ái¹êòèâíî íà [1, 2). Öå ìîæíà çðîáèòè, íàïðè-
êëàä, íàñòóïíèì øëÿõîì. Âèäiëèìî ç (1, 2) ÿêó-íåáóäü ç÷èñëåííó ïîñëi-
äîâíiñòü, ñêàæiìî, xk = 1 + 1

k
, k = 2, 3, . . . . Âñòàíîâèìî ìiæ ìíîæèíàìè

{xk}∞k=2 i {xk}∞k=2 ∪ {1} âçà¹ìíî îäíîçíà÷íó âiäïîâiäíiñòü òàê, ÿê ïîêà-
çàíî ñòðiëî÷êàìè íà ìàëþíêó 25. Íåâàæêî âèïèñàòè öå âiäîáðàæåííÿ

Ìàëþíîê 25: Ái¹êöiÿ {xk}∞k=1 íà {xk}∞k=1 ∪ {1}

àíàëiòè÷íî. ßêùî f � öå âiäîáðàæåííÿ, ùî âiäïîâiäà¹ ñòðiëêàì íà ìà-
ëþíêó 25, òî f(3

2
) = 1 i f

(
k+1
k

)
= k

k−1
ïðè âñiõ k = 3, 4, 5, . . . . Ïîêëàäåìî

f(x) = x ïðè âñiõ x ∈ (1, 2) \ {1 + 1
k
}∞k=2. Òîäi âiäîáðàæåííÿ

f(x) =


x, x ∈ (1, 2) \ {1 + 1

k
}∞k=2,

1, x = 3
2
,

k
k−1

, x = k+1
k
, k = 3, 4, 5, . . .

(5.1)

ïåðåâîäèòü (1, 2) íà [1, 2) ái¹êòèâíî. Ðîçãëÿíåìî îáåðíåíå âiäîáðàæåííÿ
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g := f −1 : [1, 2) → (1, 2). Ëåãêî áà÷èòè, ùî öå âiäîáðàæåííÿ ìà¹ âèãëÿä

g−1(y) =


y, y ∈ (1, 2) \ {1 + 1

k
}∞k=2,

3
2
, y = 1,

k+1
k
, y = k

k−1
, k = 3, 4, 5, . . .

. (5.2)

II. Ïîáóäó¹ìî òåïåð âiäîáðàæåííÿ (0, 1) íà (0, 2), ùî ðîáèòüñÿ åëå-
ìåíòàðíî: ïîêëàäåìî, íàïðèêëàä, h(x) = 2x.

III. Òåïåð âiçüìåìî F (x) := 2x ïðè x ∈ (0, 1
2
) i F (x) := g(h(x)).

Ïåðåêîíà¹ìîñü â òîìó, ùî öå i ¹ áàæàíå âiäîáðàæåííÿ. Äëÿ öüîãî, ïî
ïåðøå, âèïèøåìî F àíàëiòè÷íî:

F (x) =


2x, x ∈ (0, 1) \ {1

2
+ 1

2k
}∞k=2,

3
2
, x = 1

2
,

k+1
k
, x = k

2(k−1)
, k = 3, 4, 5, . . .

. (5.3)

Òóò ìè âðàõóâàëè, ùî ïðîîáðàçàìè òî÷îê y = k
k−1

ïðè âiäîáðàæåííi h
áóäóòü ¾âäâi÷i ìåíøi òî÷êè x¿, òîáòî òî÷êè âèãëÿäó x = k

2(k−1)
. Çîêðåìà,

òî÷öi 1 â òàêîìó êîíòåêñòi âiäïîâiäà¹ òî÷êà 1
2
. Âiäîáðàæåííÿ F ïåðå-

âîäèòü (0, 1
2
) íà iíòåðâàë (0, 1). Äàëi, F ïåðåâîäèòü [1

2
, 1) íà âiäêðèòèé

iíòåðâàë (1, 2), áî F � öå ïîñëiäîâíà äiÿ ñïî÷àòêó âiäîáðàæåííÿ h, ùî
ïåðåâîäèòü [1

2
, 1) íà [1, 2), à ïîòiì g, ùî ïåðåâîäèòü [1, 2) íà (1, 2). Òàêèì

÷èíîì, F ïåðåâîäèòü (0, 1) íà (0, 1) ∪ (1, 2). 2

Ïðèêëàä 5.6. Äîâåñòè iñíóâàííÿ ái¹êöi¨ âiäðiçêó [0, 1] íà ñåáå, ÿêà
¹ ðîçðèâíîþ â óñiõ òî÷êàõ ñâî¹¨ îáëàñòi âèçíà÷åííÿ.

Ðîçâ'ÿçîê. Íåõàé, ÿê çàâæäè, Q � ìíîæèíà ðàöiîíàëüíèõ ÷èñåë
íà R. Ïîêëàäåìî xk = 1

k
, k = 1, 2, . . . . Îñêiëüêè (Q ∩ [0, 1]) \ {xk}∞k=1 �

íåñêií÷åííà ìíîæèíà, òî âîíà òàêîæ ¹ ç÷èñëåííîþ, òîáòî, (Q ∩ [0, 1]) \
{ 1
k
}∞k=1 = {yk}∞k=1. Ïîêëàäåìî òåïåð

f(x) =

 x, x ∈ [0, 1] \Q ,
yk, x = 1

k
, k = 1, 2, . . . ,

1
k
, x = yk ∈ (Q ∩ [0, 1]) \ { 1

k
}∞k=1, k = 1, 2, . . .

. (5.4)

Âiäîáðàæåííÿ f ái¹êöi¹þ [0, 1] íà ñåáå, áî ðiçíi åëåìåíòè ïðè íüîìó ïå-
ðåõîäÿòü â ðiçíi, êðiì òîãî, çà ïîáóäîâîþ, êîæåí åëåìåíò y ∈ [0, 1] ìà¹
ñâié ïðîîáðàç x â [0, 1] ïðè âiäîáðàæåííi f, òîáòî, f(y) = x.

Äîâåäåìî, ùî f ¹ ðîçðèâíèì â êîæíié òî÷öi x ∈ [0, 1].Íåõàé x ∈ [0, 1],
òîäi çi ùiëüíîñòi ìíîæèíè Q íà [0, 1] âèïëèâà¹, ùî iñíó¹ ïîñëiäîâíiñòü
αn ∈ Q, n = 1, 2, . . . , òàêà ùî αn → x ïðè n → ∞.
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ßêùî x ̸= 0, òî ïîñëiäîâíiñòü αn ìîæíà îáðàòè òàê, ùî αn ̸∈ {xk}∞k=1.
Òîäi f(αn) =

1
kn
, äå kn � öå äåÿêà ïîñëiäîâíiñòü, òàêà ùî αn = 1

kn
= ykn .

Ïîêëàäåìî n = 1. Îñêiëüêè kn � íåñêií÷åííà ïîñëiäîâíiñòü íàòóðàëüíèõ
÷èñåë, çíàéäåòüñÿ íîìåð n1 > 1 òàêèé, ùî kn1 > k1. Îñêiëüêè ïîñëiäîâ-
íiñòü kn, n > n1, ¹ íåñêií÷åííîþ, çíîâó çíàéäåòüñÿ íîìåð n2 > n1 òà-
êèé, ùî kn2 > kn1 . I òàê äàëi. Â ðåçóëüòàòi íàìè îòðèìàíî ïîñëiäîâíîñòi
n1 < n2 < n2 < . . . i kn1 < kn2 < kn3 < . . . .

Îòæå, f(αnl
) = 1

knl
→ 0 ïðè l → ∞, õî÷à αnl

→ x ïðè l → ∞. Òàêèì
÷èíîì, âiäîáðàæåííÿ f ¹ ðîçðèâíèì â òî÷öi x, îñêiëüêè x ̸= 0.

Çàëèøèëîñÿ äîñëiäèòè ïîâåäiíêó ôóíêöi¨ f â òî÷öi 0. Äëÿ öüîãî ðîç-
ãëÿíåìî ïîñëiäîâíiñòü zk ∈ Q ∩

(
1
2
, 1
)
, zi ̸= zj ïðè i ̸= j, òàêó ùî zk → z0

ïðè k → ∞, 1
2
< z0 < 1. Íåõàé òàêîæ zk = ylk ∈ (Q∩ [0, 1])\{xk}∞k=1. Çàôi-

êñó¹ìî k = 1. Îñêiëüêè lk � íåñêií÷åííà ïîñëiäîâíiñòü íàòóðàëüíèõ ÷è-
ñåë, çíàéäåòüñÿ lk1 > 1. Òàê ñàìî, îñêiëüêè ïîñëiäîâíiñòü lk, k > k1, ¹ íå-
ñêií÷åííîþ ïîñëiäîâíiñòþ íàòóðàëüíèõ ÷èñåë, çíàéäåòüñÿ k2 > k1 òàêèé,
ùî lk2 > lk1 . I òàê äàëi. Â ðåçóëüòàòi îòðèìà¹ìî çðîñòàþ÷i ïîñëiäîâíîñòi

íîìåðiâ k1 < k2 < . . . i lk1 < lk2 < . . . , ïðè÷îìó f
(

1
lkm

)
= ylkm = zkm → z0,

m → ∞. Îòæå, 1
lkm

m→∞→ 0, ïðîòå f
(

1
lkm

)
m→∞→ z0, äå z0 ̸= f(0), áî çà ïî-

áóäîâîþ f(0) ⊂ { 1
k
}∞k=1 i 1

2
< z0 < 1. Òîìó âiäîáðàæåííÿ f òàêîæ ý

ðîçðèâíèì â òî÷öi 0. 2

Ïðèêëàä 5.7. Âiäîáðàçèòè âiäðiçîê [0, 1] íà êâàäðàò [0, 1] × [0, 1]
ái¹êòèâíî, äèâ. ìàëþíîê 26.

Ìàëþíîê 26: Ái¹êöiÿ [0, 1] íà [0, 1]× [0, 1]
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Ðîçâ'ÿçîê. Ñêîðèñòà¹ìîñÿ òèì, ùî êîæíå ÷èñëî x ∈ [0, 1], êðiì ÷è-
ñëà 1, ìîæå áóòè çîáðàæåíî ó âèãëÿäi íåñêií÷åííîãî äåñÿòêîãî äðîáó
x = 0, x1x2x2 . . . . Áåç îáìåæåííÿ çàãàëüíîñòi, ìîæíà ââàæàòè, ùî çî-
áðàæåííÿ êîæíîãî ÷èñëà x íå çàêií÷ó¹òüñÿ íåñêií÷åííîþ ïîñëiäîâíiñòþ
äåâ'ÿòîê â êiíöi. Ïåðåä óñiì, ïîêëàäåìî f(1) := (1, 1). Ïðèïóñòèìî òåïåð,
ùî x = 0, x1x2x2 . . . , x ∈ [0, 1), i âèêîíàíî äâi íàñòóïíi óìîâè:

à) xi íå ¹ ïîñëiäîâíiñòþ âèãëÿäó x = 0, x1 . . . x2k−19x2k+19x2k+39 . . .

i

á) xi íå ¹ ïîñëiäîâíiñòþ âèãëÿäó x = 0, x1 . . . x2k9x2k+29x2k+29 . . . . Â
òàêîìó âèïàäêó ïîêëàäåìî:

f(0, x1x2x3 . . .) = (0, x1x3x5 . . . ; 0, x2x4x6 . . .) . (5.5)

Çàóâàæèìî, ùî f âiäîáðàæà¹ ñþð'¹êòèâíî i ií'¹êòèâíî äåÿêó ïiäìíî-
æèíó âiäðiçêó [0, 1] íà [0, 1) × [0, 1). Íà æàëü, ìè íå ìîæåìî âèçíà÷èòè
íàøå âiäîáðàæåííÿ äëÿ âñiõ x ∈ [0, 1] ñïiââiäíîøåííÿì (5.5) ç íàñòóïíî¨
ïðè÷èíè: ÷èñëà â âèïàäêàõ à) i á) ìàþòü ¾ïîãàíi¿ îáðàçè i ñòâîðþþòü
íåîäíîçíà÷íiñòü. Íàïðèêëàä, çà ïðàâèëîì (5.5) ìè á ìàëè

f(0, 00292929 . . .) = (0, 02222 . . . ; 0, 09999 . . .) = (0, 02222 . . . ; 0, 1) ,

ïðîòå îäíî÷àñíî

f(0, 0120202020202 . . .) = (0, 02222 . . . ; 0, 1) .

Îòæå, ÿêùî âiäîáðàæåííÿ f âèçíà÷àòè çàãàëüíèì ïðàâèëîì (5.5), òî
ïîðóøó¹òüñÿ éîãî ñþð'¹êòèâíiñòü, áî

x1 = 0, 00292929 . . . ̸= 0, 0120202020202 . . . = x2 ,

ïðîòå, f(x1) = f(x2).

Äëÿ òîãî, ùîá ïîäîëàòè öþ ìàëåíüêó ¾íåïðè¹ìíiñòü¿, çðîáèìî íà-
ñòóïíå:

1) ó ïàðíîìó âèïàäêó à), òîáòî, êîëè äåâ'ÿòêè ïî÷èíàþòüñÿ ç
äåÿêîãî ïàðíîãî íîìåðó ïîñëiäîâíîñòi xi. ßêùî

x = 0, x1x2 . . . x2n−19x2n+19x2n+39x2n+5 . . . , n > 2 ,

ïîêëàäåìî

f(x) = (1; 0, 9 . . . 9︸ ︷︷ ︸
2n−2

x2n−2x1x2x3 . . . x2n−5x2n−4x2n−3x2n−1x2n+1x2n+3 . . .) .
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Ñëiä çàóâàæèòè, ùî çà îçíà÷åííÿì x2n−2 ̸= 9. Äàëi, ¹ ùå òî÷êè âèãëÿäó

x = 0, x19x39x59 . . . .

Ìîæëèâi äâà ïiäâèïàäêè:

1.1) x1 ̸= 9, òîäi ïîêëàäåìî

f(x) = (1; 0, x1x3x5 . . .) .

1.2) 2) x1 = 9, òîäi ïîêëàäåìî:

f(x) = (1; 0, 9 . . . 9︸ ︷︷ ︸
2n−1

x2n+1x2n+3 . . .) ,

äå n âiäïîâiäà¹ íàéìåíøîìó åëåìåíòó x2n+1, ùî íå äîðiâíþ¹ ÷èñëó 9.

2) ðîçãëÿíåìî íåïàðíèé âèïàäîê á).

Íåõàé ìè ìà¹ìî ïîñëiäîâíiñòü âèãëÿäó x = 0, x1x2 . . . x2n9x2n+29 . . . .
Ðîçãëÿíåìî âèïàäîê n > 2; çîêðåìà, x2n−1 ̸= 9 i ïðè n = 2 ìà¹ìî: x3 ̸= 9.
Â òàêîìó âèïàäêó, ïîêëàäåìî:

f(x) = (0, 9 . . . 9︸ ︷︷ ︸
2n−1

x2n−1x1x2 . . . x2n−3x2n−2x2nx2n+2x2n+4 . . . ; 1) .

Íåõàé òåïåð ó íàñ x = 0, 9x29x49x6 . . . . Ïðè x2 ̸= 9 ïîêëàäåìî

f(x) = (0, x2x4x6 . . . ; 1) .

ßêùî æ x2 = 9, òî ïîêëàäåìî

f(x) = (0, 9 . . . 9︸ ︷︷ ︸
2n−2

x2nx2n+2 . . . ; 1) ,

äå n � íàéìåíøå íàòóðàëüíå ÷èñëî n, ÿêå âiäïîâiäà¹ x2n ̸= 9. Ìîæíà
ïåðåâiðèòè, ùî âiäîáðàæåííÿ âiäîáðàæà¹ [0, 1] íà [0, 1]× [0, 1] i ¹ âçà¹ìíî
îäíîçíà÷íèì (òîáòî, ái¹êöi¹þ). 2



48

5.2 Çàâäàííÿ äëÿ ñàìîêîíòðîëþ

1. ×è ¹ âiäîáðàæåííÿ f, ïîáóäîâàíå â ïðèêëàäi 5.7, íåïåðåðâíèì ? ßêùî
¾íi¿, òî ÷è iñíó¹ òàêå âiäîáðàæåííÿ ?

2. ×è ìîæå áóòè íåïåðåðâíèì âiäîáðàæåííÿ, ÿêå ái¹êòèâíî âiäîáðà-
æà¹ (0, 1) íà (0, 1) ∪ (1, 2), äèâ. ïðèêëàä 5.5. Âiäïîâiäü îá ðóíòóâàòè.

3. Äîâåäiòü çà äîïîìîãîþ òåîðåìè Êàíòîðà-Áåðíøòåéíà, ùî ç÷è-
ñëåííå àáî ñêií÷åííå îá'¹äíàííÿ ìíîæèí ïîòóæíîñòi êîíòèíóóì ¹ ìíî-
æèíîþ ïîòóæíîñòi êîíòèíóóì.

4. Äîâåäiòü, ùî ìíîæèíè âñiõ ìíîæèí íå iñíó¹.

5. Íåõàé A ⊂ Rm, B ⊂ Rn, m, n > 2, f : A → B � íåïåðåðâíà ái¹êöiÿ.
×è çàâæäè iñíó¹ îáåðíåíå g = f −1 âiäîáðàæåííÿ äî f ?

6. Íåõàé A ⊂ Rm, B ⊂ Rn, m, n > 2, f : A → B � íåïåðåðâíà ái¹êöiÿ,
i íåõàé g = f −1 : B → A � îáåðíåíå âiäîáðàæåííÿ äî f. ×è çàâæäè g ¹
òàêîæ íåïåðåðâíèì âiäîáðàæåííÿì ? Äîâåäiòü öå, àáî ïîáóäóéòå êîíòð-
ïðèêëàä.

7. ×è ìîæíà âiäîáðàçèòè [0, 1] íà [0, 1]∪2 : à) ái¹êòèâíî; 2) ái¹êòèâíî
i íåïåðåðâíî ?

8. ×è iñíó¹ íà äiéñíié ïðÿìié ìíîæèíà, ÿêà ìà¹ ïîòóæíiñòü áiëüøó,
íiæ ïîòóæíiñòü êîíòèíóóì ? ×îìó ?

9. ×è âiðíî, ùî ìíîæèíà l2, ÿêà ñêëàäà¹òüñÿ ç íåñêií÷åííèõ ïîñëi-

äîâíîñòåé x = (x1, x2, . . . , xn, . . .) òàêèõ, ùî
∞∑
n=1

x2
n < ∞, ìà¹ ïîòóæíiñòü

êîíòèíóóì ? Äîâåäiòü, àáî ñïðîñòóéòå öå.

10 ∗. Äîâåäiòü, ùî íå iñíó¹ ñþð'¹êöi¨ f : X → 2X i íå iñíó¹ ií'¹êöi¨
g : 2X → X.

11. Ñêîðèñòàâøèñü ïðèêëàäîì 5.4, ïîáóäóéòå ái¹êöi¨ [a, b] íà (c, d] i
[a, b] íà [c, d).

12. Ïiäáåðiòü ó ïðèêëàäi 5.1 çàìiñòü ëiíiéíî¨ çàëåæíîñòi y = kx + b
êâàäðàòè÷íó ôóíêöiþ f(x) = ax2 + bx + c, a ̸= 0, òàê, ùîá f ái¹êòèâíî
âiäîáðàæàëà A = [3, 6] íà B = [11, 18].

13. Ïiäáåðiòü ó ïðèêëàäi 5.1 çàìiñòü ëiíiéíî¨ çàëåæíîñòi y = kx + b
êóái÷íó ôóíêöiþ f(x) = ax3 + bx2 + cx + d, a ̸= 0, òàê, ùîá f ái¹êòèâíî
âiäîáðàæàëà A = [3, 6] íà B = [11, 18].

14. ×è iñíó¹ íåïåðåðâíå âiäîáðàæåííÿ f : [0, 1] × [0, 1] → [0, 1] ?
×è ìîæå öå âiäîáðàæåííÿ áóòè: à) ñþðü¹êòèâíèì ? á) ái¹êòèâíèì ? â)
ñþðü¹êòèâíèì i ái¹êòèâíèì îäíî÷àñíî ?
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15. ×è iñíó¹ íåïåðåðâíå âiäîáðàæåííÿ f : [0, 1] → [0, 1] × [0, 1] ?
×è ìîæå öå âiäîáðàæåííÿ áóòè: à) ñþðü¹êòèâíèì ? á) ái¹êòèâíèì ? â)
ñþðü¹êòèâíèì i ái¹êòèâíèì îäíî÷àñíî ?
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5.3 Çàâäàííÿ äëÿ ñàìîñòiéíî¨ ðîáîòè � 7

Çàäà÷à 7. Ïîáóäóâàòè ái¹êöiþ ìíîæèíè A íà ìíîæèíó B äëÿ êîæíîãî
ç âàðiàíòiâ.

Âàðiàíò Ìíîæèíè

1 A = (0, 1], B = (2, 3] ∪ [4, 5)

2 A = [0, 1), B = [2, 3] ∪ [4, 5)

3 A = [0, 12), B = [2, 3] ∪ [4, 5)

4 A = (−1, 1), B = [−2, 2] ∪ {3}
5 A = [−1, 1], B = [−2, 2]

6 A = [0, 1], B = [−2, 2] ∪ { 1
n}

∞
n=1

7 A = [−1, 1], B = [−2, 2] ∪ [3, 4]

8 A = [−1, 1], B = [−3, 2]

9 A = [−4,−3], B = [1, 2] ∪ (3, 4)

10 A = [−5,−4], B = [0, 2] ∪ (3, 4)

11 A = [−2, 0], B = [0, 2) ∪ [3, 4]

12 A = [−1, 0] \ {− 1
n}

∞
n=1, B = [0, 1] ∪ (1, 2)

13 A = (−3
2 ,−1], B = (13 , 1] ∪ [4, 5)

14 A = (−4,−1], B = (2, 4] ∪ [92 , 5)

15 A = (−2, 0], B = {1} ∪ [4, 5)

16 A = (−1, 1], B = (1, 3] ∪ [4, 5)

17 A = [−1, 1), B = [1, 3] ∪ [4, 5)

18 A = [−1
2 ,

1
2), B = [1, 2] ∪ [3, 4)

19 A = [0, 1], B = [2, 3] ∪ [4, 5]

20 A = [−1, 1], B = [−2, 2] ∪ {3}
21 A = [0, 1], B = [−1, 1]

22 A = (0, 1], B = [−2, 2)

23 A = [−1, 1], B = [−2, 2] ∪ {2 + 1
n}

∞
n=1

24 A = [−3,−2], B = (1, 2] ∪ (3, 4]

25 A = [−5,−4), B = [0, 1] ∪ (2, 3)

26 A = [−1
2 , 0], B = [1, 2] ∪ (3, 4)

27 A = (−3,−2], B = (1, 3] ∪ [4, 5)

28 A = (−2
3 , 0], B = (0, 1] ∪ [2, 3)

29 A = (−5,−4], B = (1, 2] ∪ [4, 5)

30 A = (−2, 0], B = (1, 2] ∪ [3, 4)
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5.4 Çàâäàííÿ äëÿ ñàìîñòiéíî¨ ðîáîòè � 8

Çàäà÷à 8. Ïîáóäóâàòè ái¹êöiþ ìiæ âêàçàíèìè ìíîæèíàìè A i B äëÿ
êîæíîãî ç âàðiàíòiâ.

Âàðiàíò Ìíîæèíè

1 A = R1, B = {z ∈ C : z = x+ iy, |z| = 1, x > 0}
2 A = [0, 1], B = {z ∈ C : z = x+ iy, |z| = 1, x > 0}
3 A = [0, 1]× [0, 1], B = {z ∈ C : z = x+ iy, |z| 6 1}
4 A = [0, 1]× [0, 1], B = {z ∈ C : z = x+ iy, |z| 6 1, x > 0}
5 A = [0, 2]× [0, 1], B = {z ∈ C : z = x+ iy, |z| 6 1, x 6 0}
6 A = [−1, 1]× [−2, 1], B = {z ∈ C : z = x+ iy, |z| 6 1}
7 A = {z ∈ C : 1 < |z| < 2}, B = {z ∈ C : 3 < |z| < 5}
8 A = {z ∈ C : 1 < |z| < 2}, B = {z ∈ C : |z| < 1}
9 A = {(x1, x2) ∈ R2 : −1 < x1 < 1, x2 = x21}, B = {z ∈ C : z = x+ iy, |z| = 1}
10 A = {(x1, x2) ∈ R2 : −1 < x1 < 1, x2 = x31}, B = {z ∈ C : z = x+ iy, |z| = 1}
11 A = {(x1, x2) ∈ R2 : 0 < x1 < 1, x2 = x41}, B = {z ∈ C : z = x+ iy, |z| = 1}
12 A = [0, 1]× [2, 3], B = {z ∈ C : 3 < |z| < 5}
13 A = [0, 1]× [0, 1], B = (0, 1]

14 A = [0, 1)× [0, 1], B = [0, 1]

15 A = (0, 1)× (0, 1), B = [0, 1]

16 A = R1, B = {z ∈ C : z = x+ iy, |z| = 1
2 , x > 0}

17 A = [0, 12 ], B = {z ∈ C : z = x+ iy, |z| = 1, x > 0}
18 A = [0, 1]× [0, 12 ], B = {z ∈ C : z = x+ iy, |z| 6 1}
19 A = [0, 1]× [0, 1], B = {z ∈ C : z = x+ iy, |z| 6 1

3 , x > 0}
20 A = [0, 1]× [0, 12 ], B = {z ∈ C : z = x+ iy, |z| 6 1

2 , x 6 0}
21 A = [−1, 12 ]× [−2, 1], B = {z ∈ C : z = x+ iy, |z| 6 1

4}
22 A = {z ∈ C : 1 < |z| < 3}, B = {z ∈ C : 3 < |z| < 7

2}
23 A = {z ∈ C : 1

2 < |z| < 2}, B = {z ∈ C : |z| < 1}
24 A = {(x1, x2) ∈ R2 : −1 < x1 < 1, x2 = x21}, B = {z ∈ C : z = x+ iy, |z| = 1

2}
25 A = {(x1, x2) ∈ R2 : −1 < x1 < 1, x2 = x31}, B = {z ∈ C : z = x+ iy, |z| = 1

2}
26 A = {(x1, x2) ∈ R2 : 0 < x1 < 1, x2 = x41}, B = {z ∈ C : z = x+ iy, |z| = 1

2}
27 A = [0, 12 ]× [2, 3], B = {z ∈ C : 3 < |z| < 5}
28 A = [0, 12 ]× [0, 1], B = (0, 1]

29 A = [0, 12)× [0, 1], B = [0, 1]

30 A = (0, 1)× (0, 1), B = [0, 12 ]
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