An algebraic approach for solving fourth-order partial differential

This report is devoted to the study of solutions of the following equation

94
+a—y4>u(x,y) =0, c>0.
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We consider two of three cases depending on the value of c: 1) the case, where
0 < ¢ < 1, which is said to be the c-biwave equation of the elliptic type; 2) the case,
where ¢ > 1, which is called the c-biwave equation of the hyperbolic type. If c =1
Eq. (1) is the well-known biwave equation. In order to obtain all solutions of Eqg. (1)
for 1 # ¢ > 0 we used the method developed in [1].
Hyperbolic case. Consider an associative commutative algebra as follows
A, = {xu+ yf + ze + vfe|x,y,z,v € R},
where {u,f, e, fe} is a basis of A, with the identity element u and with the following
Cayley table: fe = ef, f2 = u, > = u — mfe, m = {/2(c — 1).
Let B, be a subspace of A of the following form
B, = {xu+ ye|x,y € R}.
It is easily verified that for ¢ > 1 algebra A, has the following idempotents
k1 V2 , k, V2
u-— e, l, =
kqi+k, kqi+k, kqi+k, kqi+k,
wherek; =vc+1—-+vVec—1,k, =\c+1++/c—1
Passing in B, from the basis {u, e} to the basis {i,, i,}, we have
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+(x+f— )i,Va)EIBB.
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w=xu+ye= (x—f— )i
y \/Ey 1
Definition. A function g: B, — A, is called differentiable (or monogenic) on B,
if for any B, 3 w = xu + ye there exists a unique element g'(w) € A, such that for

any h € B,

g9(w +¢eh) — g(w) ,
RS0 £ = hg'(@),
where hg'(w) is the product of h and g’ (w) as elements of A..
Lemma. A function g: B, — A, where ¢ > 1, is monogenic if and only if it can
be represented in the following form
g(w) = a(a)1)i1 + B(w3)iy, (2)

k
where w; = x — f-2

Ty’ W, = x+ffy and a(w,),B(w,) have continuous partial
derlvatlves—a(a)l) a(a)l) ,B(a)z) B(wz) and
kz 0 k1 a
Ea(wﬂ = _f\/— ax a(w 1) .3(0)2) \/— axﬁ( w5).
Hence, considering variables x, y; = _«/_’y and X, Y, = Ty’ we have
ga(wl) =f —a(wl) B(wz) =f —B(wz) 3

Theorem. A function u(x,y) is a SO|UtI0n of Eq. (1) for ¢ > 1 if and only if for
some i, j € {1,2} it can be represented in the following form
u(x,y) = aj(wy) + Bj(w,),
where a;(w;),Bj(w,) are four times continuous differentiable components of a(w;)
and B(w,) of monogenic function g(w) in the decomposition (2), and a(w,) =
a;(wq) + fay(wq), B(wy) = B1(wy) + £, (w,) satisfy Eq. (3).
Much in the same way all solutions of Eg. (1) can be obtained for 0 < ¢ < 1 [2].
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