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This report is devoted to the study of solutions of the following equation 

              (
𝜕4

𝜕𝑥4 − 2𝑐
𝜕4

𝜕𝑥2𝜕𝑦2 +
𝜕4

𝜕𝑦4) 𝑢(𝑥, 𝑦) = 0, 𝑐 > 0.                          (1) 

We consider two of three cases depending on the value of 𝑐: 1) the case, where 

0 < 𝑐 < 1, which is said to be the 𝑐-biwave equation of the elliptic type; 2) the case, 

where 𝑐 > 1, which is called the 𝑐-biwave equation of the hyperbolic type. If 𝑐 = 1 

Eq. (1) is the well-known biwave equation. In order to obtain all solutions of Eq. (1)    

for 1 ≠ 𝑐 > 0 we used the method developed in [1].  

Hyperbolic case. Consider an associative commutative algebra as follows  

𝔸𝑐 = {𝑥𝐮 + 𝑦𝐟 + 𝑧𝐞 + 𝑣𝐟𝐞|𝑥, 𝑦, 𝑧, 𝑣 ∈ ℝ}, 
where {𝐮, 𝐟, 𝐞, 𝐟𝐞} is a basis of 𝔸𝑐 with the identity element 𝐮 and with the following 

Cayley table: 𝐟𝐞 = 𝐞𝐟, 𝐟2 = 𝐮, 𝐞2 = 𝐮 − 𝑚𝐟𝐞, 𝑚 = √2(𝑐 − 1). 
Let 𝔹𝑐 be a subspace of 𝔸𝑐 of the following form  

𝔹𝑐 = {𝑥𝐮 + 𝑦𝐞|𝑥, 𝑦 ∈ ℝ}. 
It is easily verified that for 𝑐 > 1 algebra 𝔸𝑐 has the following idempotents 

𝑖1 =
𝑘1

𝑘1+𝑘2
𝐮 −

𝐟√2

𝑘1+𝑘2
𝐞, 𝑖2 =

𝑘2

𝑘1+𝑘2
𝐮 +

𝐟√2

𝑘1+𝑘2
𝐞,  

where 𝑘1 = √𝑐 + 1 − √𝑐 − 1, 𝑘2 = √𝑐 + 1 + √𝑐 − 1. 
Passing in 𝔹𝑐 from the basis {𝐮, 𝐞} to the basis {𝑖1, 𝑖2}, we have 

𝜔 = 𝑥𝐮 + 𝑦𝐞 = (𝑥 − 𝐟
𝑘2

√2
𝑦) 𝑖1 + (𝑥 + 𝐟

𝑘1

√2
𝑦) 𝑖2, ∀𝜔 ∈ 𝔹𝑐. 

Definition. A function 𝑔: 𝔹𝑐 → 𝔸𝑐 is called differentiable (or monogenic) on 𝔹𝑐 

if for any 𝔹𝑐 ∋ 𝜔 = 𝑥𝒖 + 𝑦𝒆 there exists a unique element 𝑔′(𝜔) ∈ 𝔸𝑐 such that for  

any ℎ ∈ 𝔹𝑐 

𝑙𝑖𝑚
ℝ∋𝜀→0

𝑔(𝜔 + 𝜀ℎ) − 𝑔(𝜔)

𝜀
= ℎ𝑔′(𝜔), 

where ℎ𝑔′(𝜔) is the product of ℎ and 𝑔′(𝜔) as elements of 𝔸𝑐. 

Lemma. A function 𝑔: 𝔹𝑐 → 𝔸𝑐, where 𝑐 > 1, is monogenic if and only if it can 

be represented in the following form 

                                     𝑔(𝜔) = 𝛼(𝜔1)𝑖1 + 𝛽(𝜔2)𝑖2,                                                        (2) 

where 𝜔1 = 𝑥 − 𝐟
𝑘2

√2
𝑦, 𝜔2 = 𝑥 + 𝐟

𝑘1

√2
𝑦 and 𝛼(𝜔1), 𝛽(𝜔2) have continuous partial 

derivatives 
𝜕

𝜕𝑥
𝛼(𝜔1),

𝜕

𝜕𝑦
𝛼(𝜔1),

𝜕

𝜕𝑥
𝛽(𝜔2),

𝜕

𝜕𝑦
𝛽(𝜔2) and 

𝜕

𝜕𝑦
𝛼(𝜔1) = −𝐟

𝑘2

√2
 

𝜕

𝜕𝑥
𝛼(𝜔1), 

𝜕

𝜕𝑦
𝛽(𝜔2) = 𝐟

𝑘1

√2
 

𝜕

𝜕𝑥
𝛽(𝜔2). 

Hence, considering variables 𝑥, 𝑦1 = −
𝑘2

√2
𝑦 and 𝑥, 𝑦2 =

𝑘1

√2
𝑦, we have 

                             
𝜕

𝜕𝑦1
𝛼(𝜔1) = 𝐟 

𝜕

𝜕𝑥
𝛼(𝜔1), 

𝜕

𝜕𝑦2
𝛽(𝜔2) = 𝐟 

𝜕

𝜕𝑥
𝛽(𝜔2).                              (3) 

Theorem. A function  𝑢(𝑥, 𝑦) is a solution of Eq. (1) for 𝑐 > 1 if and only if for 

some 𝑖, 𝑗 ∈ {1,2} it can be represented in the following form 

𝑢(𝑥, 𝑦) = 𝛼𝑖(𝜔1) + 𝛽𝑗(𝜔2), 

where 𝛼𝑖(𝜔1), 𝛽𝑗(𝜔2) are four times continuous differentiable components of 𝛼(𝜔1)  

and 𝛽(𝜔2) of monogenic function 𝑔(𝜔) in the decomposition (2), and 𝛼(𝜔1) =
𝛼1(𝜔1) + 𝐟𝛼2(𝜔1), 𝛽(𝜔2) = 𝛽1(𝜔2) + 𝐟𝛽2(𝜔2) satisfy Eq. (3). 

Much in the same way all solutions of Eq. (1) can be obtained for 0 < 𝑐 < 1 [2]. 
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