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Abstract. We study mappings differentiable almost everywhere, possessing the N-Luzin property, the

N~l-property on the spheres with respect to the (n — 1)-dimensional Hausdorff measure and such that the
image of the set where its Jacobian equals to zero has a zero Lebesgue measure. It is proved that such
mappings satisfy the lower bound for the Poletsky-type distortion in their definition domain.

1. Introduction

The present article is devoted to the establishment of a distortion inequality for the modulus of families
of paths under mappings. As is well known, such inequalities are often assumed to be the definition
of quasiconformal mappings and some more general classes, and they may also be useful in describing

various classes of mappings, cf. [1], [2], [3], [4], [5], [6], [7]-[8], [9] and [10]. In particular, the definition of
K-quasiconformal mappings may be given by the relation

M)

o < M(FD) < K-M(D),

where M(I') denotes the conformal modulus of a family I' and f is assumed to be a homeomorphism (see [9,
Definition 13.1]). Moreover, a part of a definition of K-quasiregular mappings contains the inequality

M(T) < N(f, D)Ko(/)M(f(I)),

where 1 < Ko(f) < oo is some number, and N(f, D) denotes the multiplicity function (see below), see [11,
Theorem 3.2].

In this occasion, we also note our recent publication [12], where an inequality of the form

Mo(T(yo, 11,72)) <

N*(f,D)- K{;’,;“ W, @) - 1*(ly = yol) dm(y)
A(yo,r1,12)Nf(D)

1)
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was established, where M, denotes the a-modulus of families of paths, a > 1, p = a(n-1) Kop(y, f71) =

a-1 "7
Y, K, f),
xef ~U(y)

oy, o) #0,

Kl,p(xl f) = 1, f’(x) = 0, ’ (2)
0o, otherwise

ILf" GolP
K;(i,f)‘ 7 I(x/ f) * O/
KO,p(x/ f) = ]-/ f/(x) = 0/ 4
oo, otherwise

respectively, besides that,

i) = min LN

her\jo} ||

"(x)h
@i = max L )

ern\0)  |H]

are the operator minimum and operator maximum (norm) of the derivative f’(x), J(x, f) = det f'(x) is a Jacobian
of the mapping f at the point x,

N(f,D) = sup N(y,f,D), N(y,f,D) = card {x € D: f(x) = y}
yeR”

are multiplicity functions of the mapping f,
A=Ay, r, 1) ={y € R": 1 <|y—yol <12} (4)

is a spherical ring centered at yo of the radii r; and r, I's(yo, 71, 72) denotes the family of all paths y in D such

that f(y) join S(yo,71) and S(yo, 72) in A(yo,71,72)), S(yo,7) := {y € R" : |y — yol = r}, and 1 : (r1,72) — [0, 0]
may be chosen as arbitrary Lebesgue measurable function in (1) such that

2

fr}(r) dr=1. (5)
n
This article is devoted to a significant improvement of this result, namely, under similar conditions, we

will establish a similar inequality, but with a more appropriate function Q., see below. In addition, we will
show this result without one rather cumbersome and difficult-to-verify condition

f1(SWo, 1)) N f1(S(o,12) = 2, (6)

present in [12]. It should be noted that the research methodology here is approximately the same as in [12],
however, the main results of the article require significant efforts to establish them and cannot be obtained
from [12] as direct consequences. With all this, the “uncomfortable condition” (6), as we shall see, is rather
easily overcome.

Let us turn now to definitions. Let X and Y be two spaces with measures ;1 and pu’, respectively. We say
that a mapping f : X — Y has N-property of Luzin, if from the condition u(E) = 0 it follows that u’(f(E)) = 0.
Similarly, we say that a mapping f : X — Y has N’-Luzin property, if from the condition u’(E) = 0 it follows
that u(f ~1(E)) = 0. Let A be a set where f does not have a total differential, and let y ¢ f(A). If N(f, D) < o,
then we set

QW) = Kialy, f ) = ), Koalx f). 7)
xef~1(y)

Observe that, N(f, D) < oo for open, discrete and closed mappings of D, see [13, Lemma 3.3].
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Given sets E, F ¢ R" and a domain D ¢ R” we denote by T'(E, F, D) a family of all paths y : [a,b] — R"
such that y(a) € E,y(b) € F and p(t) € D for t € [a,b]. Let I'¢(yo,71,72) a family of all paths y in D such
that f(y) € I'(S(yo, 1), S(yo, 12), A(Yo, 11, 12)). Let Q. : R" — [0, o0] be a Lebesgue measurable function, and
M, (T’) denotes the @-modulus of a family I' (see, e.g., [9, section 6]). We say that f satisfies the inverse Poletsky

inequality at a point yo € f(D) \ {oo} with respect to a-modulus if there is ro > 0 such that, the relation

Ma(T (Yo, 11,72)) < f Q.0 1°(y - yob dm(y) ®)
A(yo,r,2)Nf(D)

holds for any 0 < r; < 1, < 1y and any Lebesgue measurable function n with (5). The following statement
holds.

Theorem 1.1. Let n —1 < a < n,let yo € f(D)\ {0}, 1o = sup |y — yol > 0, and let f : D — R" be an open,
yef(D)
discrete and closed mapping that is differentiable almost everywhere and has N-Luzin property with respect to the

Lebesgue measure in R". Suppose that D is a compact set in R", and, in addition,

m(f(fxeD:J(x f)=0})=0. ©)

Suppose that f has N ~L-property on S(yo,r) N f(D) for almost all r € (¢, o) relative to the Hausdorff measure H"~!
on S(yo, r). If the function Q which is defined in (7), belongs to the class L*(f(D)), then the mapping f satisfies the
inverse Poletsky inequality with respect to a-modulus with Q.(y) :== N*(f, D) - Q(y), more precisely,

Mo(Ti(yor 1,72)) < f N(F, DYKra(y, f ) - 71y = yol) dm(y) (10)
A(yo,r1,72)Nf(D)

Corollary 1.2. The assertion of Theorem 1.1 holds if instead of the condition (9) a stronger condition is required:
J(x, f) # 0 almost everywhere.

Remark 1.3. Observe that, the inequality (10) implies the relation (1). Indeed, let us to show that, at the points of
non-degenerate differentiability of f,

n-1 p

Koa(x, /) <K (x, f), p—— p>n—1. (11)
To prove the inequality (11), we use the relations

e, Al = A(x) - Au(x),  If @Il = An(x), (12)

H(f'(x) = (x), (13)

Koalt, /)= Toyta—, Kiplof) = % 1)
where

A(x), ..., Ap(x), A(x) <...< Au(x)

are the so-called main stretchings see ([14, Lemma 4.2.1]). Using the relations (12)—(14), the inequality (11) may be
rewritten as

Aﬁ(x) < A1(x) -+ Au(x) P
M)A T A ’

ot, equivalently,

A (x) - An(x)
/\n(X) < W
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and
Au() - A1) < Aq(x) - Au().
But the latter is obvious, because A1(x) < ... < A, (x).

The inequality (11) yields

_n=1_
Koy, f)= Y. Koawf)< Y. K" (x ). (15)
xef1(y) xef 1(y)

Using the inequality (1 +t)Y 2 1+, t > 0, y > 0, which may be established, for example, using the differentiation

apparatus, it may be shown that x¥ + y” < (x + y)” for any x, y > 0. Then, putting y := pf;}rl, we obtain that

n=1

n=1

¥ K;if,”ll<x,f><[ 2, Kl,p(x/f)] =Koy S "

xef~1(y) xef1(y)
Due to (15) and (16), we obtain that

n-1
-1 p—n+l -1 — p
Kia(y, f )<Ko,p Y. £, a_p—n+1.

Thus, if the relation (10), then the inequality (1) holds, as well.

2. Distortion of families of sets under mappings

In what follows, we will need basic facts about the relationship between families of paths and separating
sets, see [15]. Let G be abounded domain in IR”, and Cy, C; are disjoint compact sets in G.PutR=G \(CoU(Cy)
and R* = RU Cy U C;. For a number p > 1 we define a p -capacity of the pair Cy, Cy relative to the closure G by
the equality

GylG, Co, Ci] = inffquI’” dm(x),
R

where the infimum is taken for all functions u, continuous in R*, u € ACL(R), such that u = 1 on C; and
u = 0 on Co. These functions are called admissible for C,[G, Co, C1]. We say that a set 0 C R" separates Cy
and C; in R, if 0 N R is closed in R and there are disjoint sets A and B, open relative R* \ g, such that
R*\o=AUB,Cyc Aand C; C B. Let £ denotes the class of all sets that separate Cy and C; in R*. For the
number p’ = p/(p — 1) we define the quantity

@) = int [ primeo 17)

where the notation p € adm X denotes that p is nonnegative Borel function in IR” such that

fpd?‘(”_1>1 YoeX. (18)
oNR

Note that,
My/(Z) = Gy[G, o, C1]707D, (19)

see [15, Theorem 3.13] for p = n and [16, p. 50] for 1 < p < oo, in addition, by the Hesse result
M,(I'(E,E D)) = G)[D, E, F], (20)
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where (EU F) N dD = @ (see [17, Theorem 5.5]). Shlyk has proved that the requirement (EUF) NdD = @
can be omitted, in other words, the equality (20) holds for any disjoint non-empty sets E,F C D (see [18,
Theorem 1]).

Let S be a surface, in other words, S : D; — R” be a continuous mapping of an open set D; C R""1.
We put N(y,S) = card S™!(y) = card{x € D, : S(x) = y} and recall this function the multiplicity function of
the surface S with respect to a point y € IR". Given a Borel set B C R”, its (n — 1)-measured Hausdorff area
associated with the surface S is determined by the formula As(B) = ﬂg‘l(B) = f N(y, S)dH" 1y, see [19,

B
item 3.2.1]. For a Borel function p : R" — [0, o0] its integral over the surface S is determined by the formula
f pdA = f p(y)N(y, S) dH"'y. In what follows, Ji f(x) denotes the k-dimensional Jacobian of the mapping f
S R

at a point x (see [19, §3.2, Ch. 3]).

Let 7 > 2, and let T be a family of surfaces S. A Borel function p: R" — R* is called an admissible for T,
abbr. p € admT, if

f p"tdA =1 (21)

S

forany S € I'. Given p € (1, o), a p-modulus of I is called the quantity

MyD)= inf f 0P (x) dm(x).

R"

We also set M(T') := M,,(I). Let us say that some property P holds for p-almost all surfaces of the domain D,
if this property holds for all surfaces in D, except, maybe be, some of their subfamily, p -modulus of which
is zero. If we are talking about the conformal modulus M(T) := M, ('), the prefix "n” in the expression
"n-almost all”, as a rule, is omitted. We say that a Lebesgue measurable function p: R" — R* is p-extensively
admissible for the family I' of surfaces S in IR", abbr. p € ext, admT, if the relation (21) is satisfied for p-almost
all surfaces S of the family I'.

Below we give a statement about the distortion of the modulus of families of sets (surfaces) under
the pre-image of a mapping, related to the “inner” dilatation Kjo(y, f ') (see (2)). Similar Ko ,-version is
published in [12, Lemma 2.1], cf. [5, Theorem 5] and [20, Theorem 4].

Lemma2.1. Let p > n—1, f : D — R" be a sense-preserving mapping that is differentiable almost everywhere

and has N-Luzin property with respect to the Lebesgue measure in R", let N(f, D) < oo and let yy € f(D) \ {00},
ro = sup |y —yol, 0 < &g < 19,0 < & < &9. Suppose that the condition (9) is also satisfied. Fix ¢ > 0, and denote by

yef(D)
L, the family of all sets of the form
{71 Swo, N fD), 1€ (en). (22)

Suppose, in addition, that f has N ~'-property on S(yo,) N f(D) for almost all r € (¢, o) relative to the Hausdorff
measure H"* on S(yo, r). Then

1 PP (y)

M () > — inf —m—dm(y), (23)
n-1 NiT ,D peext,adm f(Z,) pngl
(f, D) peexs FONA0,70) Y)
where
QW) = Kialy, f ) = ) Koalx, f), (24)
xef1(y)
and o = —L

p—n+l°
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Proof. Without loss of generality, we may assume that g > 0. We will generally follow the methodology set
forth in proving [5, Theorem 5] (see also [6, Theorem 8.6]).

Denote by B a Borel set of all points x € D, where the mapping f has a total differential f’(x) and
J(x, f) # 0. By Kirsbraun’s theorem and by the unity of the approximate differential (see, for example, [19,
2.10.43 and Theorem 3.1.2]) it follows that the set B is a countable union of Borel sets B, k = 1,2,..., such
that the mappings fi = flp, are Bilipschitz homeomorphisms (see [19, Lemma 3.2.2 and Theorems 3.1.4 and
3.1.8]). Without loss of generality, we may assume that the sets By are disjoint. We also denote by B, the set
of all points x € D, where f has a total differential, but J(x, f) = 0.

Since the set By := D \ (B U B,) has a Lebesgue measure zero, and the mapping f has N-Luzin property,
then m(f(Bg)) = 0. By [6, Theorem 9.3] As,(f(By)) = 0 for p-almost all spheres S, := S(yo, ) N f(D) centered
at a point o, where ”almost all” is understood in the sense of p-modulus of families of surfaces. Note that,
the function ¢(r) := H"1(f(By) N S,) is Lebesgue due to the Fubini theorem ([21, Section 8.1, Ch. III]). Thus,
the set E C R of all € R such that H"}(f(By) N S,) = 0 is Lebesgue measurable. Then by [2, Lemma 4.1]
As,(f(By)) = 0 for almost all spheres S, := S(y, ) centered at the point vy, where “almost all” is understood
in the sense of a one-dimensional Lebesgue measure with respect to the parameter r € (g, p). Now, by the
assumption of Lemma,

H"(f7(S;) N By) =0 (25)
for almost all r € (g, €p). Arguing similarly, we obtain that

H™(fF1(S)NB.)=0 (26)
for almost all 7 € (¢, &p).

Let p"~! € adm £, and let

sup px), yef(D)\f(BNB.)

py) = Jxe DIy , 27)
0, y€ f(BNB.)
where
If @/ =
pu(x) = p®-(Tp)  xe€D\By, (28)
0, otherwise.

Observe that p = sup px, where

0, otherwise

sz{mgw».wﬂw, 29)

and, moreover, each mapping fx = flg,, k = 1,2,..., is injective. Thus, a function p is Borel (see, e.g., [21,
Theorem I (8.5)]).
Let f71(S;) := S;. Then

f p" Ny dA. = fﬁ”‘l(y))(s,mf(o)(y) dH" 'y >

5:Nf(D) R"
1 = i ) |
> . n N : ,B msy d.}_{n —
N(/,D) ;P WXsnro) YN, f,BcN'S;) y

1 3 o o
= N(f,D);. ]Rf AT WINCY, f, BN S dH™ 1y = 0
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Mﬂwz p T ) AH Y.

Lr@ins;)
Let A1(x), A2(x), ..., Au(x), A1(x) < Aa(x) < ... < Au(), I/l = Ay(x) are the main stretchings of the
mapping f, see e.g. [14, Lemmas 4.1.1, 4.2.I]. Due to (12), J(x, f) = A1(x) - - - Au(x) and

Jae1f(x) = A (x) -+ Aa(x), (31)
where
A1(x) < A1(x) < Aa(x) < Aa(x) < A1) < - < A1 (6) < A1 (6) < An(x). (32)

Due to (12), (31) and (32), we obtain that

1

wvmW”_( 1 yl( 1)*
(](X,f)) @) A ) g Ju-1f(x) ' 33)

Due to (25), (26) and (33), by [19, Corollary 3.2.20] for m = n — 1, we obtain that

(]

Z f ST ) dH Yy = Z f P Tyt f(2) dH 1 =

k=1 ¢(Bens;) k=1p As;

nl
Z:]‘ (»V(mhﬁwwﬂm%>

Z fp (x) dH"x = fp” L) dH" x> (34)

k=1pAs: 1650

for almostany S, = f o S; € f(Z,). It follows from (30) and (34) that Nﬁ(f, D)p € p € extyadm f(Z;) (see [2,
Lemma 4.1]).

Recall that Q(y) := Kia(y, f71) = g( )KOa(x , f). Since pP(y) = sup pL(y) < ki p.(y) and m(f(B.)) =
m(f(Bo)) = 0, then !

~p ) p 0 P
PO iy <Y [ < Y —mﬁﬂL—ww» 35)
D) Q1 (v) 1, Q1 (v) Sy Kol (F72@), f)

Using the change of variables formula on each By, k = 1,2,..., see, for example, [19, Theorem 3.2.5], we
obtain that .
Pe(y)

1— dm(y) =
sz Kow BT )
W%%Wﬁl%%wﬁIVAVWWT

pnil dm(y) = (36)
”f (fk 1(]/) ”’ T (](fk 1(]/) f =

f(Bx)

=fmuﬂmwﬁﬂmw=fwmmw.

f(Br) By
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The relations (35) and (36) imply that

Py
PN dm(y) < pf (x) dm(x) . (37)
i QW Z‘f

Summing (37) over k = 1, 2, ... and using the countable additivity of the Lebesgue integral (see, for example,
[21, Theorem 1.12.3]), we obtain that

fﬁér—wwmu fwmmm (38)
iy QW) b

Going in the ratio (38) to inf over all functions p"~! € adm X, we obtain that

f PO ) <L (5,
in QW)

whence we obtain that

N#1(f,D , _
kf—?gjlﬁwwww<NmerMﬁ@J

f(D) Q n—1 y
Put p1(y) := N#1(f, D) - p(y). Due to the latter relation, we obtain that
~
f Yy <N (D) I (). (39)
f(D) n—-1 y

Since by the above pi(y) = N ﬁ( f,D)p € ext,adm f(Z.), it follows from (39) that the relation (23) holds.
Lemma is proved. [

We have the following simple consequence.

Corollary 2.2. Let f : D — R" be a sense-preserving map which is differentiable almost everywhere, and has N

and N1 Luzin properties with respect to the Lebesgue measure. Let yo € f(D) \ {oo}, o = sup |y — yol- We fix
yef(D)

€ > 0, and denote by L. the family of all sets of the form (22). In addition, suppose that f has N ~'-Luzin property on

S(yo,7) N f(D) for almost all r € (g, &9) with respect to H"™' on S(yo, r). Then the relation (23) is fulfilled, where Q

is defined by the relation (7).

Proof. Since f has N ~'-Luzin property, by Ponomarev’s theorem we have that J(x, f) # 0 almost everywhere
(see, for example, [22, Theorem 1]), we may assume that J(x, f) # 0 on any By, k = 1,2,.... Then, since the
mapping f has N-property, the condition (9) is also fulfilled. The desired statement, in this case, follows
from Lemma 2.1. [J

3. Proof of the main result

Let Q. : D — [0, c0] be a Lebesgue measurable function. Denote by g,(7) the integral average of Q.(x)
under the sphere |x — x| =7,

Juo(r) = j‘Q@MW“ (40)

Ix xol=r
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where w;,_1 denotes the area of the unit sphere in IR”. Below we also assume that the following standard
relations hold: a/co = 0 fora # o0,a/0 = oo fora > 0 and 0-co = 0 (see, e.g., [21, § 3, section I]). The following
conclusion was obtained by V. Ryazanov together with the second author in the case p = n, see, e.g., [6,
Lemma 7.4]. In the case of an arbitrary p > 1, see, for example, [23, Lemma 2] and [12, Remark 3.1].

Proposition 3.1. Letp>1,n>2,x € R", r,r2 € R, 11,12 > 0, and let Q.(x) be a Lebesgue measurable function,
Q. :R" = [0,00], Q. € L} (IR"). We put

]

IZI(xOIrler)sz/

Wl o)
and let gy, (r) be defined by (40). Then

Wy

vt < [ Qe xahdm(r 1)
A

for any Lebesgue measurable function 1 : (r1,12) — [0, oo] such that

r2

fr](r) dr>1, (42)

n

where A = A(xo, 11, 12) is defined in (4).

Proof of Theorem 1.1. Fix yo € f(D) \ {oo}, 0 <11 <1 <1y = sup |y — yol, C1 € B(yo, 1) N f(D) and

yef(D)
Cz C f(D) \ B(yo, 1’2). Set
Co=f1C1), Cy:=fC)

(see Figure 1).

[ S, 1)

Figure 1: To the proof of Theorem 1.1
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Given a mapping f : D — R", a point yg € f(D) \ {0}, and 0 < r; <1y <79 = sup |y — yol, we denote by
yef(D)
I'¢(yo, C1, C2) a family of all paths y in D such that f(y) € I'(Cy, Cy, A(yo, 11, 72))- Let us firstly prove that

Ma(Ti(yo, C1, C) < f Q.(9) - (1  ol) dm(y) (43)
A(yo,r1,m2)Nf(D)

for any Lebesgue measurable function 7 : (r1,72) — [0, o0] such that the relation (5) holds, where Q.(y) :=

N*(f,D) - Kia(y, f ') = N*(f, D) - le( )Ko,a(x,f)-
xef Wy
Observe that Cy and C; are disjoint compact sets in D, see [10, Theorem 3.3]. Besides that, Cy and C;j are

non empty by the choose of rg, r1 and r».

Let us to show thataseto, := f -1 (S(yo, 1)) separates Cy from C; in D for any r € (r1, 12). Indeed, o, is closed
in D as a preimage of a closed set S(yo, ¥) under the continuous mapping f (see, e.g., [24, Theorem 1.IV.13,
Ch. 1]). In particular, o, is also closed with respect to R := D \ (Co U C[}). We put

A= f7H(B(yo, 1)

and
B:=D\ f~1(B(yo,1))-
Observe that, A and B are not empty by the choice of ¢, 71, > and r. Since f is continuous, f ‘1(B(yo, r)) and
D\ f~Y(B(yo,r)) are open in D. In other words, A and B are open in
R*:==RUCyuUC(C;=D.

Note that ANB = @,and R*\ 0, = AUB. Let Zec; be the family of all sets separating Cy and Cjj in R". In
this case, by the equations of Ziemer and Hesse, see (19) and (20), respectively, we obtain that

M,(T'(Co, Cy, D)) = (Mp/(n—l)(zco,cg))l_“ , (44)
where a = #. Then by Lemma 2.1 and by the relation (44), we obtain that

Ma(T(yo, C1, C2)) <
==

P
S t irdlf f(Ze) v P pon+l dm(y) ’ (45)
peex adm e -1 . n—
P HD)NAlyorr) N 1(f, D) Q7w (}/)

where Q is defined by (7). Using the second remote formula in the proof of Theorem 9.2 in [6], we obtain

that ')
inf f O dm(y) =

peext, adm f(Z;) N,,% D) - P
’ fonAon s N D) QET )

r2

_ f inf f () ()| dr, (46)

ael(r) n% . =
p swornfm) 1(f,D)- Q7+ (y)

where g = %, and I(r) denotes the set of all measurable functions on S(yo, r) N f(D) such that

a()H" 1 =1.

S(yo,r)Nf(D)
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Then, choosing in [6, Lemma 9.2] X = S(yo,7) N f(D), u = H"1 and Q= é|5(y0,r)m #(D), We obtain that

] r2

. w n—1 _ d]"
faz‘hfr) o = | Tane “

n S(yo,)Nf(D)

1/s
where ||Q||s(r) = [ f (%) d?—("l] and s := pf;}rl. Thus, by (45), (46) and (47) we obtain that
S(yo)Nf(D)

n-1

2 i Tl )
QI (r) -

n

Ma(Tf(yo, C1, C2)) < NU(f, D) -

— Na(f/D)'wn—l _ Na(f/D)'wn—l (48)

. , ;7:7,11 f . a-1"
___dr —__dr

rlf PR ; rEE gD

{Q(y), y € f(D),

where qy,(1) = 5= i QdH"™ " and Q(y) =
S(yo,7)
sition 3.1 that the relation

. Finally, it follows from (48) and Propo-
0, yefD) % P

Mo T Cue s [ NGD)-QW) a7y - vohdm(y
A(yo,r1,12)0f(D)
holds for a function Q(y) = Kia(y, f 1) := Y. Koa(x, f). Thus, the relation (43) is proved.
xefy)

Now, we take the increasing sequences of compacta Cl'and C},m =1,2,..., exhausting S(yo, 1) N f(D)
and S(yo, 2) N f(D), respectively. By the proving above,

Mo T Cr s [ NULD)-QW a = v ).
A(yo,r1,m2)Nf(D)

Letting here to the limit as m — oo and using the theorem on monotonicity of the modulus (see [6,
Theorem A.7]), we obtain that

Mz (Cy(yo,11,12)) < f N*(f,D)- Q) - n*(ly = yol) dm(y),
A(yo,r1,72)Nf(D)

that is desired conclusion. O

Proof of Corollary 1.2 immediately follows by Theorem 1.1 and additional arguments used under the
proof of Corollary 2.2. O

Remark 3.2. Observe that, the local and boundary behavior of mappings that satisfy condition (8) is described in
sufficient detail in [25], which makes it possible to transfer these results to mappings participating in Theorem 1.1.
Note also that the mappings with the inverse Poletsky inequality are part of the definition of quasiconformality in the
case of a bounded function Q (see [9, Ch. 13.1]), and in the unbounded case were obtained by different authors under
different conditions for Q (see, eg, [6, Theorem 8.5], [1, Lemma 3.1], [4] and [26, Theorem 1.3]). In particular, the
statement below follows directly from Theorem 1.1 and [27, Theorem 4.1].
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For domains D,D’ ¢ R", n > 2, a number N € N and a Lebesgue measurable function Q : R* — [0, o],

Q(y) = 0 for y € R" \ D’, we denote by Ron(D,D’) the family of all open discrete mappings f : D — D’ which

are

differentiable almost everywhere, have N-Luzin property with respect to the Lebesgue measure in R", satisfy

relation (9) and have N ~L-property on S(yo,r) N D’ for almost all r € (¢, ro) relative to the Hausdorff measure H"~*
on S(yo, 1) for any yo € D" and ro = sup |y — yo| such that

yeD’
1) N(f,D) <N,

2) Kz,n(]/,f_l) = fZ( )KO,n(x/f) < Q(]/)for any y € D’
xef Uy,

If Q € LY(D"), D’ is bounded and K is a compact set in D, then the inequality

C
_ <— = 49

2lx—yl

holds for any x,y € Kand all f € R, Ny(D,D’), where C = C(n,N, K, [|Qll1, D,D’) > 0 is some constant depending
only on n, N, K and ||Q|, ||Qll1 denotes L'-norm of Q in D’, and r. = d(K, dD).
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