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ÏÐÎ ÇÀÑÒÎÑÓÂÀÍÍß ÎÄÍÎ� ÌÎÄÓËÜÍÎ� ÍÅÐIÂÍÎÑÒI ÄÎ
ÒÅÎÐI� ÂIÄÎÁÐÀÆÅÍÜ

Âèâ÷àþòüñÿ âiäîáðàæåííÿ, ÿêi çàäîâîëüíÿþòü äåÿêó îöiíêó ñïîòâîðåííÿ ìîäóëÿ ñiìåé. Íàìè
âñòàíîâëåíî, ùî çà ïåâíèõ óìîâ íà îáëàñòi, ìiæ ÿêèìè äiþòü âiäîáðàæåííÿ, öi âiäîáðàæåííÿ
çàäîâîëüíÿþòü óìîâè òèïó ëîãàðèôìi÷íî¨ íåïåðåðâíîñòi çà Ãåëüäåðîì ó ìåæîâèõ òî÷êàõ. Íåïå-
ðåðâíiñòü çà Ãåëüäåðîì âñòàíîâëåíà äëÿ áàãàòüîõ êëàñiâ âiäîáðàæåíü, ñêàæiìî, äëÿ êâàçiêîí-
ôîðìíèõ i êâàçiðåãóëÿðíèõ âiäîáðàæåíü. Ç öüîãî ïðèâîäó ìîæíà âêàçàòè íà êëàñè÷íi îöiíêè
ñïîòâîðåííÿ òèïó Ìàðòiî�Ðiêìàíà�Âÿéñÿëÿ, à òàêîæ îöiíêè, ÿêi âiäíîñÿòüñÿ äî ñó÷àñíèõ êëàñiâ
âiäîáðàæåíü çi ñêií÷åííèì ñïîòâîðåííÿì. Çîêðåìà, Â.I. Ðÿçàíîâèì ðàçîì iç Ð.Ð. Ñàëiìîâèì òà
�.Î. Ñåâîñòüÿíîâèì âñòàíîâëåíi ëîêàëüíi îöiíêè ñïîòâîðåííÿ âiäñòàíi ïðè ïëîñêèõ i ïðîñòîðî-
âèõ âiäîáðàæåííÿõ çà óìîâè òèïó FMO, àáî iíòåãðàëüíî¨ óìîâè òèïó Ëåõòî ó ôiêñîâàíié òî÷öi.
Íåùîäàâíî äðóãèì ñïiâàâòîðîì îòðèìàíà ëîãàðèôìi÷íà íåïåðåðâíiñòü çà Ãåëüäåðîì äëÿ êëàñó,
ùî âèâ÷à¹òüñÿ, â òî÷êàõ îäèíè÷íî¨ ñôåðè. Â äàíié ñòàòòi ðîçãëÿäà¹òüñÿ ñèòóàöiÿ àíàëîãi÷íèõ
âiäîáðàæåíü ðiçíèõ îáëàñòåé, à íå òiëüêè îäèíè÷íî¨ êóëi. Ñàìå, â ïðîîáðàçi ïðè âiäîáðàæåííi
ìè ðîçãëÿíåìî îáëàñòi êâàçiåêñòðåìàëüíî¨ äîâæèíè, à â îáðàçi � îïóêëi îáëàñòi. Çàóâàæèìî, ùî
îáëàñòi êâàçiåêñòðåìàëüíî¨ äîâæèíè (ñêîðî÷åíî � QED-îáëàñòi), âïðîâàäæåíi Ãåðiíãîì i Ìàðòiî,
¹ ñòðóêòóðàìè, â êîòðèõ ìîäóëü ñiìåé êðèâèõ ìåòðè÷íî ïîâ'ÿçàíèé ç äiàìåòðîì ìíîæèí. Òàêîæ
ó ôîðìóëþâàííi îñíîâíîãî ðåçóëüòàòó çàäiÿíi îïóêëi îáëàñòi; ìè ðîçãëÿäà¹ìî âiäîáðàæåííÿ, ùî
ñþð'¹êòèâíî äiþòü íà íèõ. Êðiì òîãî, â ñòàòòi ñôîðìóëüîâàíi i äîâåäåíi äåÿêi iíøi ðåçóëüòàòè íà
öþ òåìó. Ìè äîêëàäíî ðîçãëÿäà¹ìî ùå äåêiëüêà âèïàäêiâ, çîêðåìà êîëè: 1) îáëàñòþ âèçíà÷åí-
íÿ âiäîáðàæåííÿ ¹ îáëàñòü ç ëîêàëüíî êâàçiêîíôîðìíîþ ìåæåþ, à îáëàñòþ çíà÷åíü ¹ îáìåæåíà
îïóêëà îáëàñòü; 2) îáëàñòþ âèçíà÷åííÿ âiäîáðàæåííÿ ¹ ðåãóëÿðíà îáëàñòü â ñåíñi ïðîñòèõ êií-
öiâ, à îáëàñòþ çíà÷åíü ¹ îáìåæåíà îïóêëà îáëàñòü; 3) âiäîáðàæåííÿ äi¹ ìiæ QED-îáëàñòþ òà
îáìåæåíîþ îïóêëîþ îáëàñòþ i ìà¹ ôiêñîâàíó òî÷êó. Â óñiõ òðüîõ âèïàäêàõ âiäîáðàæåííÿ ¹ ëî-
êàëüíî ëîãàðèôìi÷íî ãåëüäåðîâèì; ïðè÷îìó, ó âèïàäêó 2), ÿêèé âiäíîñèòüñÿ äî ïðîñòèõ êiíöiâ,
ëîãàðèôìi÷íó íåïåðåðâíiñòü òàê ñàìî ñëiä ðîçóìiòè â òåðìiíàõ ïðîñòèõ êiíöiâ.

MSC: Primary 30C65, Secondary 30C62, 31A15.

Êëþ÷îâi ñëîâà: êâàçiêîíôîðìíi âiäîáðàæåííÿ, âiäîáðàæåííÿ ç îáìåæåíèì i ñêií÷åííèì ñïî-

òâîðåííÿì, ìîäóëi ñiìåé êðèâèõ, îöiíêè òèïó Ëüîâíåðà, îïóêëi îáëàñòi

1. Âñòóï.
Äàíèé ðóêîïèñ ïðèñâÿ÷åíî âiäîáðàæåííÿì ç îáåðíåíîþ íåðiâíiñòþ Ïîëåöüêîãî.

Òàêi íåðiâíîñòi âñòàíîâëåíi äëÿ áàãàòüîõ êëàñiâ âiäîáðàæåíü (äèâ., íàïð., [5, òåî-
ðåìà 3.2], [6, òåîðåìà 8.5] òà [10, òåîðåìà 6.7.II]). Íåùîäàâíî äðóãèì ñïiâàâòîðîì
îòðèìàíà ëîãàðèôìi÷íà íåïåðåðâíiñòü çà Ãåëüäåðîì äëÿ âêàçàíîãî êëàñó â òî÷êàõ
îäèíè÷íî¨ ñôåðè (äèâ. [11]). Â äàíié ñòàòòi ðîçãëÿäà¹òüñÿ ñèòóàöiÿ àíàëîãi÷íèõ
âiäîáðàæåíü ðiçíèõ îáëàñòåé, à íå òiëüêè îäèíè÷íî¨ êóëi, ÿê â [11]. Ñàìå, â ïðî-

Ðîáîòà ïiäòðèìàíà ó ðàìêàõ âèêîíàííÿ íàóêîâîãî ïðîåêòó Ìiíiñòåðñòâà îñâiòè i íàóêè Óêðà¨-
íè ¾Ñó÷àñíi ïðîáëåìè ãåîìåòðè÷íî¨ òåîði¨ ôóíêöié i âiäîáðàæåíü¿ (2022�2024), � ðå¹ñòðàöi¨
ÓêðIÍÒÅI: 0122U000821.
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Ïðî çàñòîñóâàííÿ îäíî¨ ìîäóëüíî¨ íåðiâíîñòi äî òåîði¨ âiäîáðàæåíü

îáðàçi ïðè âiäîáðàæåííi ìè ðîçãëÿíåìî îáëàñòi êâàçiåêñòðåìàëüíî¨ äîâæèíè, à â
îáðàçi � îïóêëi îáëàñòi. Çàóâàæèìî, ùî îáëàñòi êâàçiåêñòðåìàëüíî¨ äîâæèíè (ñêî-
ðî÷åíî � QED-îáëàñòi) âïðîâàäæåíi Ãåðiíãîì i Ìàðòiî [2] òà ¹ ñòðóêòóðàìè, â
êîòðèõ ìîäóëü ñiìåé êðèâèõ ìåòðè÷íî ïîâ'ÿçàíèé ç äiàìåòðîì ìíîæèí. Òàêîæ ó
ôîðìóëþâàííi îñíîâíîãî ðåçóëüòàòó çàäiÿíi îïóêëi îáëàñòi; ìè áóäåìî ðîçãëÿäàòè
âiäîáðàæåííÿ, ùî ñþð'¹êòèâíî äiþòü íà íèõ.

Íàãàäà¹ìî äåÿêi îçíà÷åííÿ. Áîðåëåâà ôóíêöiÿ ρ : Rn → [0,∞] íàçèâà¹òüñÿ
äîïóñòèìîþ ùîäî ñiì'¨ Γ êðèâèõ γ ó Rn, ÿêùî

�

γ

ρ(x) |dx| ⩾ 1 (1)

äëÿ âñiõ (ëîêàëüíî ñïðÿìîâàíèõ) êðèâèõ γ ∈ Γ. Ó öüîìó âèïàäêó ìè ïèøåìî:
ρ ∈ admΓ. Ìîäóëåì ñiì'¨ êðèâèõ Γ çâåòüñÿ âåëè÷èíà

M(Γ) = inf
ρ∈ admΓ

�

Rn

ρn(x) dm(x) . (2)

Íåõàé Q : Rn → [0,∞] � âèìiðíà çà Ëåáåãîì ôóíêöiÿ. Áóäåìî ãîâîðèòè, ùî f
çàäîâîëüíÿ¹ îáåðíåíó íåðiâíiñòü Ïîëåöüêîãî, ÿêùî ñïiââiäíîøåííÿ

M(Γ) ⩽
�

f(D)

Q(y) · ρn∗ (y) dm(y) (3)

âèêîíó¹òüñÿ äëÿ áóäü-ÿêî¨ ñiì'¨ (ëîêàëüíî ñïðÿìëþâàíèõ) êðèâèõ Γ â D i äëÿ áóäü-
ÿêî¨ ρ∗ ∈ adm f(Γ). Çàóâàæèìî, ùî îöiíêè òèïó (3) äîáðå âiäîìi òà âèêîíóþòüñÿ ó
áàãàòüîõ êëàñàõ âiäîáðàæåíü (äèâ., íàïð., [5, òåîðåìà 3.2], [10, òåîðåìà 6.7.II] òà [6,
òåîðåìà 8.5]). Âiäîáðàæåííÿ f : D → Rn íàçèâà¹òüñÿ äèñêðåòíèì, ÿêùî ïðîîáðàç
{f−1 (y)} êîæíî¨ òî÷êè y ∈ Rn ñêëàäà¹òüñÿ ç içîëüîâàíèõ òî÷îê, i âiäêðèòèì,
ÿêùî îáðàç áóäü-ÿêî¨ âiäêðèòî¨ ìíîæèíè U ⊂ D ¹ âiäêðèòîþ ìíîæèíîþ â Rn.
Âiäîáðàæåííÿ f îáëàñòi D íà D ′ íàçèâà¹òüñÿ çàìêíåíèì, ÿêùî f(E) ¹ çàìêíåíèì
â D ′ äëÿ áóäü-ÿêî¨ çàìêíåíî¨ ìíîæèíè E ⊂ D (äèâ., íàïð., [15, ðîçä. 3]).

ÎáëàñòüD â Rn íàçèâà¹òüñÿ îáëàñòþ êâàçiåêñòðåìàëüíî¨ äîâæèíè (ñêîð.QED-
îáëàñòþ), ÿêùî çíàéäåòüñÿ òàêå ÷èñëî A0 ⩾ 1, ùî äëÿ áóäü-ÿêèõ êîíòèíóóìiâ
E,F ⊂ D âèêîíó¹òüñÿ íåðiâíiñòü

M(Γ(E,F,Rn)) ⩽ A0 ·M(Γ(E,F,D)) . (4)

Çàóâàæèìî, ùî îäèíè÷íà êóëÿ, ïiâïðîñòið àáî ïiâêóëÿ ¹ îáëàñòÿìè êâàçiåêñòðå-
ìàëüíî¨ äîâæèíè, äèâ. [16, ëåìà 4.3].

Ó ïîäàëüøîìó, â ðîçøèðåíîìó ïðîñòîði Rn = Rn ∪ {∞} âèêîðèñòîâó¹òüñÿ ñôå-

ðè÷íà (õîðäàëüíà) ìåòðèêà h(x, y) = |π(x)−π(y)|, äå π � ñòåðåîãðàôi÷íà ïðîåêöiÿ
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Rn íà ñôåðó Sn(12en+1,
1
2) â Rn+1, à ñàìå,

h(x,∞) =
1√

1 + |x|2
,

h(x, y) =
|x− y|√

1 + |x|2
√
1 + |y|2

, x ̸= ∞ ≠ y (5)

(äèâ., íàïð., [14, îçíà÷åííÿ 12.1]). Ó ïîäàëüøîìó, äëÿ ìíîæèí A,B ⊂ Rn ïîêëà-
äåìî

h(A,B) = inf
x∈A,y∈B

h(x, y) , h(A) = sup
x,y∈A

h(x, y) ,

äå h � õîðäàëüíàÿ âiäñòàíü, âèçíà÷åíà â (5).

Äëÿ ÷èñëà δ > 0, îáëàñòåé D,D ′ ⊂ Rn, n ⩾ 2, íåâèðîäæåíîãî êîíòèíóó-
ìà A ⊂ D ′ i âèìiðíî¨ çà Ëåáåãîì ôóíêöi¨ Q : D ′ → [0,∞] ïîçíà÷èìî ÷åðåç
Sδ,A,Q(D,D ′) ñiì'þ âñiõ âiäêðèòèõ äèñêðåòíèõ i çàìêíåíèõ âiäîáðàæåíü f îáëàñòi
D íà îáëàñòü D ′, ùî çàäîâîëüíÿþòü óìîâó (3) i òàêèõ, ùî h(f −1(A), ∂D) ⩾ δ. ßê
çâè÷íî, ïîêëàäåìî

B(x0, r) = {x ∈ Rn : |x− x0| < r} , Bn = B(0, 1) ,

S(x0, r) = {x ∈ Rn : |x− x0| = r} .

Ñïðàâåäëèâî íàñòóïíå òâåðäæåííÿ.

Òåîðåìà 1. Íåõàé Q ∈ L1(D ′), D ¹ îáëàñòþ êâàçiåêñòðåìàëüíî¨ äîâæèíè, à

D ′ ¹ îáìåæåíîþ îïóêëîþ îáëàñòþ. Òîäi áóäü-ÿêå âiäîáðàæåííÿ f ∈ Sδ,A,Q(D,D ′)
ïðîäîâæó¹òüñÿ äî âiäîáðàæåííÿ f : D → D ′, ïðè öüîìó, äëÿ êîæíî¨ òî÷êè x0 ∈
∂D, x0 ̸= ∞, çíàéäóòüñÿ îêië U öi¹¨ òî÷êè i ñòàëà C = C(n,A,D,D ′) > 0 òàêà,

ùî

|f(x)− f(y)| ⩽ C · (∥Q∥1)1/n

log1/n
(
1 + δ

|x−y|

) (6)

äëÿ âñiõ x, y ∈ U ∩D, äå ∥Q∥1 � íîðìà ôóíêöi¨ Q â L1(D ′).
2. Äîïîìiæíi ëåìè.
Ïåðåä äîâåäåííÿì îñíîâíîãî òâåðäæåííÿ äîâåäåìî íàñòóïíó âàæëèâó ëåìó,

ÿêà ó âèïàäêó îäèíè÷íî¨ êóëi äîâåäåíà â [11, ëåìà 2.1].

Ëåìà 1. Íåõàé D i D ′ � îáëàñòi, ÿêi çàäîâîëüíÿþòü óìîâè òåîðåìè , i íåõàé

E � äîâiëüíèé êîíòèíóóì, ùî íàëåæèòü îáëàñòi D ′, Q ∈ L1(D ′). Òîäi iñíó¹ δ1 >
0 òàêå, ùî Sδ,A,Q ⊂ Sδ1,E,Q. Iíøèìè ñëîâàìè, ÿêùî f � âiäêðèòå äèñêðåòíå i çà-

ìêíåíå âiäîáðàæåííÿ îáëàñòi D íà D ′ ç óìîâîþ (3), òàêå, ùî h(f −1(A), ∂D) ⩾ δ,
òî iñíó¹ δ1 > 0, íå çàëåæíå âiä f òàêå, ùî h(f −1(E), ∂D) ⩾ δ1.

Äîâåäåííÿ. Áóäåìî çàãàëîì âèêîðèñòîâóâàòè ñõåìó äîâåäåííÿ [11, ëåìà 2.1].
Äîâåäåìî ëåìó âiä ñóïðîòèâíîãî. Ïðèïóñòèìî, ùî ¨¨ âèñíîâîê íå ¹ âiðíèì. Òîäi
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çíàéäóòüñÿ ïîñëiäîâíîñòi ym ∈ E, fm ∈ Sδ,A,Q i xm ∈ D òàêi, ùî fm(xm) = ym
i h(xm, ∂D) → 0 ïðè m → ∞. Áåç îáìåæåííÿ çàãàëüíîñòi ìîæíà ââàæàòè, ùî
xm → x0 ïðè m → ∞, äå x0 ìîæå íàáóâàòè çíà÷åííÿ ∞ ó âèïàäêó, ÿêùî îáëàñòü
D íåîáìåæåíà. Çàóâàæèìî, ùî ç òåîðåìè 3.1 â [12] âèïëèâà¹ ìîæëèâiñòü íåïåðå-
ðâíîãî ïðîäîâæåííÿ âiäîáðàæåííÿ fm â òî÷êó x0, áiëüøå òîãî, ñiì'ÿ {fm}∞m=1 ¹
îäíîñòàéíî íåïåðåðâíîþ â òî÷öi x0 (äèâ., íàïð., [12, òåîðåìà 1.2]). Òîäi äëÿ áóäü-
ÿêîãî ε > 0 çíàéäåòüñÿ m0 ∈ N òàêå, ùî h(fm(xm), fm(x0)) < ε ïðè m ⩾ m0. Ç
iíøîãî áîêó, îñêiëüêè fm � çàìêíåíå, fm(x0) ∈ ∂D ′. Ç îãëÿäó íà êîìïàêòíiñòü
ïðîñòîðó Rn òà çàìêíåíiñòü ∂D ′, ìîæíà ââàæàòè, ùî fm(x0) çáiãà¹òüñÿ äî äåÿêîãî
åëåìåíòà B ∈ ∂D ′ ïðè m → ∞. Îòæå, çà íåðiâíiñòþ òðèêóòíèêà,

h(fm(xm), fm(x0)) ⩾ h(fm(xm), B)− h(B, fm(x0)) ⩾
1

2
· h(E, ∂D ′)

äëÿ äîñòàòíüî âåëèêèõm ∈ N.Îñòàòî÷íî, ìà¹ìî ñóïåðå÷íiñòü: h(fm(xm), fm(x0)) ⩾
δ0, δ0 := 1

2 · h(E, ∂D ′) i îäíî÷àñíî h(fm(xm), fm(x0)) < ε ïðè m ⩾ m0. Îòðèìàíà
ñóïåðå÷íiñòü ñïðîñòîâó¹ âèõiäíå ïðèïóùåííÿ. Ëåìó äîâåäåíî. □

Íàñòóïíà ëåìà áóëà äîâåäåíà â âèïàäêó, êîëè îáëàñòü D ′ ¹ îäèíè÷íîþ êóëåþ
(äèâ. õiä äîâåäåííÿ òåîðåìè 1.1 â [11]). Äëÿ äîâiëüíî¨ âèïóêëî¨ îáëàñòi ¨¨ âñòàíîâ-
ëåííÿ ¹ iñòîòíî ñêëàäíiøèì, îñêiëüêè ïîïåðåäíÿ ìåòîäîëîãiÿ iñòîòíî ñïèðàëàñÿ íà
ãåîìåòðiþ êóëi.

Ëåìà 2. Íåõàé D ′ � îáìåæåíà îïóêëà îáëàñòü â Rn, n ⩾ 2, i íåõàé B(y∗, δ∗/2)
� êóëÿ ç öåíòðîì â òî÷öi y∗ ∈ D ′, äå δ∗ := d(y∗, ∂D

′). Íåõàé z0 ∈ ∂D ′. Òîäi äëÿ
áóäü-ÿêèõ òî÷îê A,B ∈ B(z0, δ∗/8)∩D ′ çíàéäóòüñÿ òî÷êè C,D ∈ B(y∗, δ∗/2), äëÿ
ÿêèõ âiäðiçêè [A,C] i [B,D] ¹ òàêèìè, ùî

dist ([A,C], [B,D]) ⩾ C0 · |A− C| , (7)

äå C0 > 0 � äåÿêà ñòàëà, ÿêà çàëåæèòü òiëüêè âiä δ∗ i d(D ′).

Äîâåäåííÿ ëåìè 2 ó ïîâíié ìiði äàíî â [1, ëåìà 1].
3. Äîâåäåííÿ òåîðåìè 1. Ìîæëèâiñòü íåïåðåðâíîãî ïðîäîâæåííÿ âiäîáðà-

æåííÿ f íà ìåæó îáëàñòi D âèïëèâà¹ ç òåîðåìè 3.1 â [12]. Çîêðåìà, ñëàáêà ïëîñ-
êiñòü ∂D ¹ íàñëiäêîì òîãî, ùî D ¹ QED-îáëàñòþ (äèâ., íàïð., [13, ëåìà 2]), à òå,
ùî îïóêëà îáëàñòü ¹ ëîêàëüíî çâ'ÿçíîþ íà ñâî¨é ìåæi ¹ î÷åâèäíèì íàñëiäêîì òîãî,
ùî ¨¨ ïåðåòèí ç êóëåþ ç öåíòðîì ó ìåæîâié òî÷öi òàêîæ ¹ îïóêëîþ ìíîæèíîþ.

Äîâåäåìî ëîãàðèôìi÷íó íåïåðåðâíiñòü çà Ãåëüäåðîì (6). Çàôiêñó¹ìî òî÷êó x0 ∈
∂D, i íåõàé y∗ ∈ D ′ � äîâiëüíà òî÷êà îáëàñòiD ′. Ïîêëàäåìî δ∗ := d(y∗, ∂D

′). Íåõàé
E = B(y∗, δ∗/2) ⊂ D ′. Çà ëåìîþ iñíó¹ òàêå δ1 > 0 òàêå, ùî h(f −1(E), ∂D) ⩾ δ1 äëÿ
âñiõ f ∈ Sδ,A,Q. Êðiì òîãî, îñêiëüêè çà òåîðåìîþ 1.2 â [12] ñiì'ÿ âiäîáðàæåíü Sδ,A,Q

¹ îäíîñòàéíî íåïåðåðâíîþ â D, äëÿ ÷èñëà δ∗/8 çíàéäåòüñÿ îêië U ⊂ B(x0, δ1/2)
òî÷êè x0, òàêèé ùî |f(x)−f(x0)| < δ∗/8 äëÿ âñiõ x ∈ U ∩D i âñiõ f ∈ Sδ,A,Q. Íåõàé
x, y ∈ B(x0, δ1/2)

ε0 := |f(x)− f(y)| < δ∗/4 .
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Çàñòîñó¹ìî äëÿ òî÷îê A = f(x), B = f(y) i z0 = f(x0) ëåìó . Çãiäíî öi¹¨ ëåìè,
çíàéäóòüñÿ âiäðiçêè I ⊃ A i J ⊃ B â îáëàñòi D ′ òàêi, ùî I ∩ E ̸= ∅ ̸= J ∩ E,
ïðè÷îìó

dist (I, J) ⩾ C0 · |f(x)− f(y)| , (8)

äå ñòàëà C0 çàëåæèòü ëèøå âiä êîíòèíóóìó E i îáëàñòi D ′.

Íåõàé α1, β1 � ïîâíi f -ïiäíÿòòÿ êðèâèõ I i J ç ïî÷àòêàìè â òî÷êàõ x i y,
âiäïîâiäíî (âîíè iñíóþòü çà [15, ëåìà 3.7], äèâ. ìàëþíîê 1). Òîäi çà îçíà÷åííÿì

Ðèñ. 1. Äî äîâåäåííÿ òåîðåìè 1

|α1|∩f −1(E) ̸= ∅ ̸= |β1|∩f −1(E). Îñêiëüêè h(f −1(E), ∂D) ⩾ δ1 i x, y ∈ B(x0, δ1/2),
òî

d(α1) ⩾ δ1/2 , d(β1) ⩾ δ1/2 . (9)

Íåõàé

Γ := Γ(α1, β1, D) .

Òîäi ç îäíîãî áîêó çà íåðiâíiñòþ (4)

M(Γ) ⩾ (1/A0) ·M(Γ(α1, β1,Rn)) , (10)

à ç iíøîãî áîêó, çà [17, ëåìà 7.38]

M(Γ(α1, β1,Rn)) ⩾ cn · log
(
1 +

1

m

)
, (11)

äå cn > 0 � äåÿêà ñòàëà, ÿêà çàëåæèòü ëèøå âiä n,

m =
dist(α1, β1)

min{diam (α1),diam (β1)}
.
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Òîäi ïî¹äíóþ÷è (9), (10) i (11) i âðàõîâóþ÷è, ùî dist (α1, β1) ⩽ |x− y|, ìè îòðèìó¹-
ìî, ùî

M(Γ) ⩾ c̃n · log
(
1 +

δ1
2dist(α1, β1)

)
⩾ c̃n · log

(
1 +

δ1
2|x− y|

)
, (12)

äå c̃n > 0 � äåÿêà ñòàëà, ÿêà çàëåæèòü òiëüêè âiä n i ñòàëî¨ A0 ç îçíà÷åííÿ QED-
îáëàñòi.

Âñòàíîâèìî òåïåð âåðõíþ îöiíêó äëÿ M(Γ). Ïîêëàäåìî

ρ(y) =

{ 1
C0ε0

, y ∈ D ′,

0, y ̸∈ D ′ .

Çàóâàæèìî, ùî ρ çàäîâîëüíÿ¹ ñïiââiäíîøåííÿ (1) äëÿ ñiì'¨ êðèâèõ f(Γ) â ñèëó
ñïiââiäíîøåííÿ (7). Òîäi çà îçíà÷åííÿ ñiì'¨ Sδ,A,Q ìè îòðèìà¹ìî, ùî

M(Γ) ⩽
1

Cn
0 ε

n
0

�

D ′

Q(y) dm(y) = C −n
0 · ∥Q∥1

|f(x)− f(y)|n
. (13)

Ç (12) i (13) âèïëèâà¹, ùî

c̃n · log
(
1 +

δ1
2|x− y|

)
⩽ C −n

0 · ∥Q∥1
|f(x)− f(y)|n

.

Ç îñòàííüîãî ñïiââiäíîøåííÿ âèïëèâà¹ íåðiâíiñòü (6), äå C := C −1
0 · c̃n−1/n ç δ1/2

çàìiñòü δ. Çàóâàæèìî, ùî ìè ìîæåìî ââàæàòè δ1/2 = δ, áî ç îãëÿäó íà ïðàâèëî
Ëîïiòàëÿ log

(
1 + 1

nt

)
∼ log

(
1 + 1

kt

)
ïðè t → +0 äëÿ äîâiëüíèõ ôiêñîâàíèõ k, n > 0.

Ìè äîâåëè òåîðåìó 1 äëÿ âíóòðiøíiõ òî÷îê x, y ∈ U∩D. Äëÿ òî÷îê x, y ∈ U∩D
öå òâåðäæåííÿ âèïëèâà¹ çà äîïîìîãîþ ãðàíè÷íîãî ïåðåõîäó x → x i y → y, x, y ∈
D. 2

Ñïðàâåäëèâèé òàêîæ àíàëîã òåîðåìè 1 äëÿ âiäîáðàæåíü iç ôiêñîâàíîþ òî÷êîþ
îáëàñòi D. Äëÿ òîãî, ùîá ñôîðìóëþâàòè i äîâåñòè âiäïîâiäíå òâåðäæåííÿ, âïðîâà-
äèìî òàêå îçíà÷åííÿ. Äëÿ åëåìåíòiâ a ∈ D, b ∈ D ′ i âèìiðíî¨ çà Ëåáåãîì ôóíêöi¨
Q : D ′ → [0,∞] ïîçíà÷èìî ÷åðåç Fa,b,Q ñiì'þ âñiõ âiäêðèòèõ äèñêðåòíèõ i çàìêíå-
íèõ âiäîáðàæåíü f îáëàñòi D íà D ′ ç óìîâîþ (3) òàêèõ, ùî f(a) = b. Ñïðàâåäëèâî
íàñòóïíå òâåðäæåííÿ.

Òåîðåìà 2. Íåõàé Q ∈ L1(D ′), D ¹ îáëàñòþ êâàçiåêñòðåìàëüíî¨ äîâæèíè, à

D ′ ¹ îáìåæåíîþ îïóêëîþ îáëàñòþ. Òîäi áóäü-ÿêå âiäîáðàæåííÿ f ∈ Fa,b,Q ïðîäî-

âæó¹òüñÿ äî âiäîáðàæåííÿ f : D → D ′, ïðè öüîìó, äëÿ êîæíî¨ òî÷êè x0 ∈ ∂D,
x0 ̸= ∞, çíàéäóòüñÿ îêië U öi¹¨ òî÷êè i ñòàëà C = C(n,A,D,D ′) > 0 òàêà, ùî

âèêîíàíî ñïiââiäíîøåííÿ (6).

Äîâåäåííÿ. Ìîæëèâiñòü íåïåðåðâíîãî ïðîäîâæåííÿ âiäîáðàæåííÿ f íà ∂D âèï-
ëèâà¹ ç òåîðåìè 3.1 â [12]. Äîâåäåìî ëîãàðèôìi÷íó íåïåðåðâíiñòü çà Ãåëüäåðîì ñiì'¨
ïðîäîâæåíèõ âiäîáðàæåíü.
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Ïîêëàäåìî E = B(b, ε∗), äå ε∗ = dist (b, ∂D ′). Ìîæëèâi äâà âèïàäêè:

1) iñíó¹ δ > 0 òàêå, ùî dist (f −1(E), ∂D) ⩾ δ äëÿ âñiõ f ∈ Fa,b,Q. Â öüîìó
âèïàäêó áàæàíå òâåðäæåííÿ âèïëèâà¹ ç òåîðåìè 1;

2) Çíàéäåòüñÿ ïîñëiäîâíiñòü âiäîáðàæåíü fm ∈ Fa,b,Q i òî÷îê xm ∈ D, ym ∈ D ′,
m = 1, 2, . . . , òàêèõ, ùî fm(xm) = ym, ym ∈ E i dist (xm, ∂D) → 0 ïðè m → ∞. Òîäi
ìiðêóþ÷è òàê ñàìî, ÿê i ïðè äîâåäåííi ëåìè 1, äîõîäèìî äî âèñíîâêó, ùî ñiì'ÿ
âiäîáðàæåíü Fa,b,Q íå ¹ îäíîñòàéíî íåïåðåðâíîþ ïðèíàéìíi â îäíié òî÷öi x0 ∈ ∂D,
ïðîòå, öå ñóïåðå÷èòü òâåðäæåííþ òåîðåìè 7.1 â [12].

Îòæå, âèïàäîê 2) ¹ íåìîæëèâèì, à â âèïàäêó 1) ìà¹ìî áàæàíå òâåðäæåííÿ
òåîðåìè. □

4. Ëîêàëüíî êâàçiêîíôîðìíi ìåæi. Ðîçãëÿíåìî íàñòóïíå îçíà÷åííÿ, ÿêå
áóëî çàïðîïîíîâàíî Íÿêêi [9], äèâ. òàêîæ [4]. Ìåæà îáëàñòi D â Rn íàçèâà¹òüñÿ
ëîêàëüíî êâàçiêîíôîðìíîþ, ÿêùî êîæíà òî÷êà x0 ∈ ∂D ìà¹ îêië U, äëÿ ÿêîãî
iñíó¹ êâàçiêîíôîðìíå âiäîáðàæåííÿ φ îêîëó U íà îäèíè÷íó êóëþ Bn ⊂ Rn òàêå,
ùî φ(∂D ∩ U) ¹ ïåðåòèíîì îäèíè÷íî¨ êóëi Bn ç êîîðäèíàòíîþ ãiïåðïëîùèíîþ
xn = 0, äå x = (x1, . . . , xn.) Ñïðàâåäëèâà íàñòóïíà

Òåîðåìà 3. Íåõàé Q ∈ L1(D ′), D ¹ îáëàñòþ ç ëîêàëüíî êâàçiêîíôîðìíîþ

ìåæåþ, à D ′ ¹ îáìåæåíîþ îïóêëîþ îáëàñòþ. Òîäi áóäü-ÿêå âiäîáðàæåííÿ f ∈
Sδ,A,Q(D,D ′) ïðîäîâæó¹òüñÿ äî âiäîáðàæåííÿ f : D → D ′, ïðè öüîìó, äëÿ êîæ-

íî¨ òî÷êè x0 ∈ ∂D çíàéäóòüñÿ îêië U öi¹¨ òî÷êè i ñòàëi C = C(n,A,D,D ′) > 0
i 0 < α = α(x0) ⩽ 1 òàêi, ùî

|f(x)− f(y)| ⩽ C · (∥Q∥1)1/n

log1/n
(
1 + δ

|x−y|α

) (14)

äëÿ âñiõ x, y ∈ U ∩D, äå ∥Q∥1 � íîðìà ôóíêöi¨ Q â L1(D ′).

Äîâåäåííÿ. Ìîæëèâiñòü íåïåðåðâíîãî ïðîäîâæåííÿ âiäîáðàæåííÿ f íà ìåæó
îáëàñòi D âèïëèâà¹ ç òåîðåìè 3.1 â [12]. Çîêðåìà, ëîêàëüíî êâàçiêîíôîðìíi ìå-
æi îáëàñòåé ¹ ñëàáêî ïëîñêèìè (äèâ. [3, Proposition 2.2], äèâ. òàêîæ [14, òåîðå-
ìà 17.10]), à îïóêëi îáëàñòi, î÷åâèäíî, ¹ ëîêàëüíî çâ'ÿçíèìè íà ñâî¨é ìåæi.

Çàôiêñó¹ìî òî÷êó x0 ∈ ∂D. Íåõàé y∗ ∈ D ′ � äîâiëüíà òî÷êà îáëàñòi D ′,
δ∗ := d(y∗, ∂D

′) i E = B(y∗, δ∗/2) ⊂ D ′. Çà ëåìîþ 1 iñíó¹ òàêå δ1 > 0 òàêå,
ùî h(f −1(E), ∂D) ⩾ δ1 äëÿ âñiõ f ∈ Sδ,A,Q. Òîäi i d(f

−1(E), ∂D) ⩾ δ1 äëÿ âñiõ
f ∈ Sδ,A,Q. Êðiì òîãî, îñêiëüêè çà òåîðåìîþ 1.2 â [12] ñiì'ÿ âiäîáðàæåíü Sδ,A,Q

¹ îäíîñòàéíî íåïåðåðâíîþ â D, äëÿ ÷èñëà δ∗/8 çíàéäåòüñÿ îêië U ⊂ B(x0, δ1/2)
òî÷êè x0, òàêèé ùî |f(x)− f(x0)| < δ∗/8 äëÿ âñiõ x, y ∈ U ∩D i âñiõ f ∈ Sδ,A,Q.

Çà îçíà÷åííÿì ëîêàëüíî êâàçiêîíôîðìíî¨ ìåæi iñíó¹ îêië U ∗ òî÷êè x0 i êâà-
çiêîíôîðìíå âiäîáðàæåííÿ φ : U ∗ → Bn, φ(U ∗) = Bn, òàêå ùî φ(D ∩ U ∗) = Bn

+,
äå Bn

+ = {x ∈ Bn : x = (x1, . . . , xn), xn > 0} � ïiâêóëÿ, äèâ. ìàëþíîê 2. Ìîæíà ââà-
æàòè, ùî φ(x0) = 0, ïðè÷îìó U ∗ ⊂ B(x0, δ1/4) (äèâ. õiä äîâåäåííÿ òåîðåìè 17.10
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Ðèñ. 2. Äî äîâåäåííÿ òåîðåìè 3

ó [14]). Íåõàé V � ïiäîêië U ∗ òàêèé, ùî V ⊂ U ∗, i íåõàé

δ2 := dist (∂V, ∂U ∗) . (15)

Ðîçãëÿíåìî äîïîìiæíå âiäîáðàæåííÿ

F (w) := f(φ−1(w)) , F : Bn
+ → U ∗ . (16)

Íåõàé x, y ∈ U ∗ ∩D i

ε0 := |f(x)− f(y)| < δ0 := δ∗/4 .

Çàñòîñó¹ìî äëÿ òî÷îê A = f(x), B = f(y) i z0 = f(x0) ëåìó 2. Çãiäíî öi¹¨ ëåìè,
çíàéäóòüñÿ âiäðiçêè I ⊃ A i J ⊃ B â îáëàñòi D ′ òàêi, ùî I ∩ E ̸= ∅ ̸= J ∩ E,
ïðè÷îìó

dist (I, J) ⩾ C0 · |f(x)− f(y)| , (17)

äå ñòàëà C0 çàëåæèòü ëèøå âiä êîíòèíóóìó E i îáëàñòi D ′.

Íåõàé α1, β1 � ïîâíi f -ïiäíÿòòÿ êðèâèõ I i J ç ïî÷àòêàìè â òî÷êàõ x i y,
âiäïîâiäíî (âîíè iñíóþòü çà [15, ëåìà 3.7]). Òîäi çà îçíà÷åííÿì |α1| ∩ f −1(E) ̸=
∅ ̸= |β1| ∩ f −1(E). Òîäi

|α1| ∩ U ̸= ∅ ̸= |α1| ∩ (Rn \ U )

i
|β1| ∩ U ̸= ∅ ̸= |β1| ∩ (Rn \ U ) .
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Òîäi ç îãëÿäó íà [8, òåîðåìà 1.I.5.46]

|α1| ∩ ∂U ̸= ∅ , |β1| ∩ ∂U ̸= ∅ . (18)

Àíàëîãi÷íî,

|α1| ∩ ∂V ̸= ∅ , |β1| ∩ ∂V ̸= ∅ . (19)

Ç îãëÿäó íà (18), α1 i β1 ìiñòÿòü ó ñîái ïiäêðèâi α ∗
1 i β ∗

1 ç ïî÷àòêàìè ó òî÷êàõ x i
y, ÿêi íàëåæàòü U ∗ i ìàþòü êiíöåâi òî÷êè â ∂U ∗. Çàâäÿêè (15), (18) i (19), áóäåìî
ìàòè, ùî

d(α ∗
1 ) ⩾ δ2 , d(β ∗

1 ) ⩾ δ2 . (20)

Ðîçãëÿíåìî êðèâi φ(α ∗
1 ) i φ(β

∗
1 ). Îñêiëüêè φ � êâàçiêîíôîðìíå âiäîáðàæåííÿ, âi-

äîáðàæåííÿ φ−1 òàêîæ ¹ êâàçiêîíôîðìíèì. Îòæå, φ−1 ¹ ëîêàëüíî íåïåðåðâíèì
çà Ãåëüäåðîì ç äåÿêîþ ñòàëîþ C̃ > 0 i ñòåïåíþ 0 < α ⩽ 1 (äèâ., íàïð., [10, òåîðå-
ìà 1.11.III]). Ìîæíà ââàæàòè, ùî φ−1 ¹ íåïåðåðâíèì çà Ãåëüäåðîì ó Bn. Òîäi

1(
C̃
) 1

α

|x− y|
1
α ⩽ |φ−1(x)− φ−1(y)| ⩽ C̃ · |x− y|α ∀ x, y ∈ Bn . (21)

Íåõàé x, y ∈ U ∗ ¹ òàêèìè åëåìåíòàìè, ùî d(α ∗
1 ) = |x− y|. Ïîêëàäåìî x ∗ = φ(x) i

y ∗ = φ(y). Òîäi ç (21) âèïëèâà¹, ùî

|x ∗ − y ∗|α ⩾
1

C̃
· |x− y| = 1

C̃
d(α ∗

1 ) ⩾
1

C̃
δ2 ,

àáî

|x ∗ − y ∗| ⩾
(
1

C̃
δ2

)1/α

. (22)

Çi ñïiââiäíîøåííÿ (22) âèïëèâà¹, ùî d(φ(α ∗
1 )) ⩾

(
1

C̃
δ2

)1/α
. Àíàëîãi÷íî d(φ(β ∗

1 )) ⩾(
1

C̃
δ2

)1/α
. Íåõàé

Γ := Γ(φ(α ∗
1 ), φ(β

∗
1 ),Bn

+) .

Çàóâàæèìî, ùî Bn
+ ¹ îáìåæåíîþ îïóêëîþ îáëàñòþ, òîìó âîíà ¹ îáëàñòþ Äæî-

íà (äèâ. [7, çàóâàæåííÿ 2.4]), îòæå, ¹ ðiâíîìiðíîþ îáëàñòþ (äèâ. [7, çàóâàæåí-
íÿ 2.13(c)]), òîìó ¹ òàêîæ i QED-îáëàñòþ ç äåÿêèì A ∗

0 < ∞ ó (4) (äèâ. [2, ëå-
ìà 2.18]). Òîäi ç îäíîãî áîêó çà íåðiâíiñòþ (4)

M(Γ) ⩾ (1/A ∗
0 ) ·M(Γ(φ(α ∗

1 ), φ(β
∗
1 ),Rn)) , (23)

à ç iíøîãî áîêó, çà [17, ëåìà 7.38]

M(Γ(φ(α ∗
1 ), φ(β

∗
1 ),Rn)) ⩾ cn · log

(
1 +

1

m

)
, (24)
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äå cn > 0 � äåÿêà ñòàëà, ÿêà çàëåæèòü ëèøå âiä n,

m =
dist(φ(α ∗

1 ), φ(β
∗
1 ))

min{diam (φ(α ∗
1 )),diam (φ(β ∗

1 ))}
.

Òîäi ïî¹äíóþ÷è (23) i (24) i âðàõîâóþ÷è, ùî dist (φ(α ∗
1 ), φ(β

∗
1 )) ⩽ |φ(x)−φ(y)|, ìè

îòðèìó¹ìî, ùî

M(Γ) ⩾ c̃n · log

(
1 +

δ
1/α
2

(4C̃)1/αdist(α ∗
1 , β

∗
1 )

)
⩾

⩾ c̃n · log

(
1 +

δ
1/α
2

(4C̃)1/α|φ(x)− φ(y)|

)
, (25)

äå c̃n > 0 � äåÿêà ñòàëà, ÿêà çàëåæèòü òiëüêè âiä n i ñòàëî¨ A ∗
0 ç îçíà÷åííÿ QED-

îáëàñòi.

Âñòàíîâèìî òåïåð âåðõíþ îöiíêó äëÿ M(Γ). Çàóâàæèìî, ùî âiäîáðàæåííÿ F

ó (16) çàäîâîëüíÿ¹ ñïiââiäíîøåííÿ (3) ç ôóíêöi¹þ Q̃(x) = K0 ·Q(x) çàìiñòü Q, äå
K0 ⩾ 1 � ñòàëà êâàçiêîíôîðìíîñòi âiäîáðàæåííÿ φ−1. Ïîêëàäåìî

ρ(y) =

{ 1
C0ε0

, y ∈ D ′,

0, y ̸∈ D ′ ,

äå C0 � óíiâåðñàëüíà ñòàëà ó íåðiâíîñòi (17). Çàóâàæèìî, ùî ρ çàäîâîëüíÿ¹ ñïiââiä-
íîøåííÿ (1) äëÿ ñiì'¨ êðèâèõ F (Γ) â ñèëó ñïiââiäíîøåííÿ (7). Òîäi çà îçíà÷åííÿì
ñiì'¨ Sδ,A,Q i ç óðàõóâàííÿì îçíà÷åííÿ F ó (16) ìè îòðèìà¹ìî, ùî

M(Γ) ⩽
1

Cn
0 ε

n
0

�

D ′

K0Q(y) dm(y) = C −n
0 K0 ·

∥Q∥1
|f(x)− f(y)|n

. (26)

Ç (25) i (26) âèïëèâà¹, ùî

c̃n · log

(
1 +

δ
1/α
1

(4C̃)1/α|φ(x)− φ(y)|

)
⩽ C −n

0 K0 ·
∥Q∥1

|f(x)− f(y)|n
.

Ç îñòàííüîãî ñïiââiäíîøåííÿ ç îãëÿäó íà ãåëüäåðåâiñòü âiäîáðàæåííÿ φ âèïëèâà¹,
ùî

|f(x)− f(y)| ⩽ C −1
0 c̃n

− 1
nK

1
n
0 · (∥Q∥1)

1
n

log
1
n

(
1 +

δ
1/α
1

(4C̃)1/α|φ(x)−φ(y)|

) ⩽

⩽ C −1
0 c̃n

− 1
nK

1
n
0 · (∥Q∥1)

1
n

log
1
n

(
1 +

δ
1/α
1

41/α(C̃)(1/α)+1|x−y|α

) ,
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ùî i ¹ áàæàíîþ íåðiâíiñòþ (14), äå C := C −1
0 · c̃n−1/n ·K

1
n
0 i r0 =

δ
1/α
2

(C̃)1/α+1
çàìiñòü

δ. Ïðîòå, ìîæíà çàìiíèòè r0 íà δ, áî ç îãëÿäó íà ïðàâèëî Ëîïiòàëÿ log
(
1 + 1

nt

)
∼

log
(
1 + 1

kt

)
ïðè t → +0 ðiçíèõ (ôiêñîâàíèõ) k, n > 0.

Ìè äîâåëè òåîðåìó 3 äëÿ âíóòðiøíiõ òî÷îê x, y ∈ U∩D. Äëÿ òî÷îê x, y ∈ U∩D
öå òâåðäæåííÿ âèïëèâà¹ çà äîïîìîãîþ ãðàíè÷íîãî ïåðåõîäó x → x i y → y, x, y ∈
D. □

5. Ïðîñòi êiíöi. Îçíà÷åííÿ ïðîñòîãî êiíöÿ, ÿêå âèêîðèñòîâó¹òüñÿ íèæ÷å, ìî-
æå áóòè çíàéäåíî â [4]. Òóò i äàëi DP ïîçíà÷à¹ ïîïîâíåííÿ îáëàñòi D ¨ ¨ ïðîñòèìè
êiíöÿìè, à ED = DP \D � ìíîæèíà âñiõ ïðîñòèõ êiíöiâ â D. Ãîâîðèìî, ùî îáìå-
æåíà îáëàñòü D â Rn ðåãóëÿðíà, ÿêùî D ìîæå áóòè êâàçiêîíôîðìíî âiäîáðàæåíà
íà îáëàñòü ç ëîêàëüíî êâàçiêîíôîðìíîþ ìåæåþ, çàìèêàííÿ ÿêî¨ ¹ êîìïàêòîì â
Rn, êðiì òîãî, êîæåí ïðîñòèé êiíåöü P ⊂ ED ¹ ðåãóëÿðíèì. Çàóâàæèìî, ùî çàìè-
êàííÿ DP ðåãóëÿðíî¨ îáëàñòi D ¹ ìåòðèçîâíèì, ïðè öüîìó, ÿêùî g : D0 → D �
êâàçiêîíôîðìíå âiäîáðàæåííÿ îáëàñòi D0 ç ëîêàëüíî êâàçiêîíôîðìíîþ ìåæåþ íà
îáëàñòü D, òî äëÿ x, y ∈ DP ïîêëàäåìî:

ρ(x, y) := |g−1(x)− g−1(y)| , (27)

äå äëÿ x ∈ ED åëåìåíò g−1(x) ðîçóìi¹òüñÿ ÿê äåÿêà (¹äèíà) òî÷êà ìåæi D0, êî-
ðåêòíî âèçíà÷åíà ç îãëÿäó íà [9, òåîðåìà 4.1]. Ìà¹ ìiñöå íàñòóïíèé ðåçóëüòàò.

Òåîðåìà 4. Íåõàé Q ∈ L1(D ′), D ¹ ðåãóëÿðíîþ îáëàñòþ, à D ′ ¹ îáìåæåíîþ

îïóêëîþ îáëàñòþ. Òîäi áóäü-ÿêå âiäîáðàæåííÿ f ∈ Sδ,A,Q(D,D ′) ïðîäîâæó¹òüñÿ

äî âiäîáðàæåííÿ f : DP → D ′, ïðè öüîìó, äëÿ êîæíî¨ òî÷êè P0 ∈ ED çíàéäóòüñÿ

îêië U öi¹¨ òî÷êè ó ìåòðè÷íîìó ïðîñòîði (DP , ρ) i ñòàëi C = C(n,A,D,D ′, P0) >
0 i 0 < α = α(P0) ⩽ 1 òàêi, ùî

|f(P1)− f(P2)| ⩽
C · (∥Q∥1)1/n

log1/n
(
1 + δ

ρα(P1,P2)

) (28)

äëÿ âñiõ P1, P2 ∈ U, äå ∥Q∥1 � íîðìà ôóíêöi¨ Q â L1(D ′).

Äîâåäåííÿ. Íåõàé f ∈ Sδ,A,Q(D,D ′). Äîñòàòíüî îáìåæèòèñÿ âèïàäêîì P1, P2 ∈
U ∩D. Îñêiëüêè D � ðåãóëÿðíà îáëàñòü, iñíó¹ êâàçiêîíôîðìíå âiäîáðàæåííÿ g−1

îáëàñòi D íà îáëàñòü D0 ç ëîêàëüíî êâàçiêîíôîðìíîþ ìåæåþ, ïðè÷îìó, çà îçíà-
÷åííÿì ìåòðèêè ρ â (27),

ρ(P1, P2) := |g−1(P1)− g−1(P2)| . (29)

Ðîçãëÿíåìî äîïîìiæíå âiäîáðàæåííÿ

F (x) = (f ◦ g)(x) , x ∈ D0 . (30)

Îñêiëüêè âiäîáðàæåííÿ g−1 ¹ êâàçiêîíôîðìíèì, òî iñíó¹ ñòàëà 1 ⩽ K1 < ∞ òàêà,
ùî

1

K1
·M(Γ) ⩽ M(g(Γ)) ⩽ K1 ·M(Γ) (31)

114



Ïðî çàñòîñóâàííÿ îäíî¨ ìîäóëüíî¨ íåðiâíîñòi äî òåîði¨ âiäîáðàæåíü

äëÿ áóäü-ÿêî¨ ñiì'¨ êðèâèõ Γ â D0. Ç îãëÿäó íà íåðiâíîñòi (31) òà ç óðàõóâàííÿì
òîãî, ùî f çàäîâîëüíÿ¹ ñïiââiäíîøåííÿ (3), ìè îòðèìà¹ìî, ùî òàêîæ F çàäîâîëü-
íÿ¹ ñïiââiäíîøåííÿ (3) ç íîâîþ ôóíêöi¹þ Q̃(x) := K1 ·Q(x). Êðiì òîãî, îñêiëüêè g
� ôiêñîâàíå âiäîáðàæåííÿ, ÿêå ¹ ãîìåîìîðôiçìîì, òî h(F −1(A), ∂D) ⩾ δ0 > 0, äå
δ0 > 0 � äåÿêå ôiêñîâàíå ÷èñëî. Òîäi äî âiäîáðàæåííÿ F ìîæíà çàñòîñóâàòè òåî-
ðåìó 3. Çàñòîñîâóþ÷è öþ òåîðåìó, ìè îòðèìà¹ìî, ùî äëÿ áóäü-ÿêî¨ òî÷êè x0 ∈ D0

çíàéäóòüñÿ îêië V öi¹¨ òî÷êè i ñòàëi C ∗ = C ∗(n,A,D0, D
′) > 0 i 0 < α = α(x0) ⩽ 1

òàêi, ùî

|F (x)− F (y)| ⩽ C∗K
1
n
1 · (∥Q∥1)1/n

log1/n
(
1 + δ0

|x−y|α

) (32)

äëÿ âñiõ x, y ∈ V ∩D0, äå ∥Q∥1 � íîðìà ôóíêöi¨ Q â L1(D ′). Íåõàé V = g−1(U),
P0 := g(x0). Òîäi çà îçíà÷åííÿì U ¹ îêîëîì ïðîñòîãî êiíöÿ P0 ∈ ED. ßêùî
P1, P2 ∈ DP ∩ U, òî P1 = g(x) i P2 = g(y) äëÿ äåÿêèõ x, y ∈ V ∩ D0. Ç îãëÿäó íà
ñïiââiäíîøåííÿ (32) òà âðàõîâóþ÷è òå, ùî |x−y| = |g−1(P1)−g−1(P2)| = ρ(P1, P2),
ìè îòðèìà¹ìî, ùî

|F (g−1(P1))− F (g−1(P2))| ⩽
C∗K

1
n
1 · (∥Q∥1)1/n

log1/n
(
1 + δ0

ρα(P1,P2)

) ,

àáî, ç îãëÿäó íà (30),

|f(P1)− f(P2)| ⩽
C∗K

1
n
1 · (∥Q∥1)1/n

log1/n
(
1 + δ0

ρα(P1,P2)

) .

Îñòàíí¹ ñïiââiäíîøåííÿ i ¹ áàæàíèì, ÿêùî â íüîìó ïîêëàñòè C := C∗K
1
n
1 . □
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O. Dovhopiatyi1, E. Sevost'yanov1,2

On the application of one modulus inequality to the mapping theory.

The authors study mappings that satisfy some estimate of the distortion of the modulus of families

of paths. Under certain conditions on the domains between which the mappings act, we established

that, these mappings are H�older logarithmic continuous at the boundary points. It is known that, the

H�older continuity is established for many classes of mappings, say quasiconformal and quasiregular

mappings. In this regard, it is possible to point to the classical distortion estimates by Martio-Rickman-

V�ais�al�a type, as well as the estimates related to the modern classes of mappings with �nite distortion.

In particular, V.I. Ryazanov together with R.R. Salimov and E.O. Sevost'yanov established local

distortion estimates for plane and spatial mappings under FMO condition, or under the Lehto-type

integral condition. Recently, the second co-author have obtained H�older logarithmic continuity for the

studied class at points of the unit sphere. This article considers the situation of similar mappings of

di�erent domains, not only the unit sphere. Namely, we consider mappings between quasiextremal

distance domains (QED-domains) and convex domains. Note that, quasiextremal distance domains

introduced by Gehring and Martio are structures in which the modulus of families of paths is metrically

related to the diameter of sets. Also, convex domains are involved in the formulation of the main result;

we consider mappings that surjectively act onto them. In addition, the article contains the formulations

and proofs for some other results on this topic. We consider several more cases in detail, in particular

when: 1) the de�nition domain is a domain with a locally quasiconformal boundary, and the image

domain is a bounded convex domain; 2) the de�nition domain is a regular domain in the sense of prime

ends, and the image domain is a bounded convex domain; 3) the mapping acts between the QED-

domain and the bounded convex domain and has a �xed point. In all three cases, the mapping is H�older

logarithmic continuous; moreover, in case 2), which refers to prime ends, logarithmic continuity should

also be understood in terms of prime ends.

Êëþ÷îâi ñëîâà: quasiconformal mappings, mappings with bounded and �nite distortion, moduli of

families of paths, Loewner type estimates, convex domains.

Æèòîìèðñüêèé äåðæàâíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà1,

Ií-ò ïðèêë. ìàòåìàòèêè i ìåõàíiêè ÍÀÍ Óêðà¨íè, Ñëîâ'ÿíñüê2

Alexdov1111111@gmail.com

Îòðèìàíî 03.12.2023

117



THE NATIONAL ACADEMY OF SCIENCES OF UKRAINE

Volume 37, No. 2

Slavyansk, 2023

Founded in 1997.

Proceedings

of the Institute

of Applied

Mathematics

and Mechanics

of the NAS of Ukraine

C O N T E N T S

Yu.M. Kononov On the stability of rotation in an environment with

resistance of a free system of two elastically connected rigid bodies . 75

O. Rovenska Asymptotic estimates for deviations of Fejer means on

Poisson integrals . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85

O. Sarana On homomorphisms with integral constraints acting in a

domain with Poincare inequalities . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95

O. Dovhopiatyi, E. Sevost'yanov On the application of one modulus

inequality to the mapping theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104

S.M. Chuiko, O.S. Chuiko, V.O. Kuzmina Equilibrium positions of

nonlinear integral-di�erential boundary value problems unsolved with

respect to the derivative . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118

V.F. Shcherbak Parameter estimation of biased harmonic signal . . . 134


	Cover_IAMM_V37_2023_N2.pdf
	Страница 1
	Страница 2




