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ABSOLUTE CONTINUITY AND SINGULARITY OF A QUATERNIONIC MEASURE

Kolomiiets Tamila

Doctor of Philosophy, Senior Lecturer at the Department of
of Mathematical Analysis, Business Analysis and Statistics
Zhytomyr Ivan Franko State University

Abstract

In this paper the concepts of absolutely continuous w, and singular ws quaternion-valued
measures relative to the classical real-valued measure u are introduced and their properties are
presented. Analogues of Lebesgue decomposition theorem, Radon-Nikodym theorem and one of
its consequences for the quaternion-valued measure w are proved.

Keywords: quaternion algebra, quaternion-valued measure, absolutely continuous
quaternionic measures, singular quaternionic measures, Lebesgue theorem, Radon-Nikodym theo-
rem.

Introduction

Recently, the real-valued measure theory [1] has many generalizations, in particular to complex
and hypercomplex measure theories. For example, the seminal paper [2] generalized the notion of a
classical real measure u to a complex measure w and studied its properties. The generalization of some
of the ideas of [2] to a quaternion-valued measure, i.e., a measure with values in the algebra of
quaternions [3], is the subject of publications [4-5]. In this article, we highlight some properties of a
quaternion-valued measure.

Main part

Let X be a non-empty set and let M be a o-algebra of subsets of X.

Definition 1. Let I be ao-algebra of subsets of a set X. A quaternionic measure w on a measurable
space (X, M) is a quaternion-valued function on M such that for any collection of sets {A,,,n € N} c M
that A,, n A,, = @ whenevern + m we have

1) (0 An> = i w(4,). ®
n n=1

=1
Since the union of sets A,, is not changed if the subscripts are permuted, every rearrangement of

w (l | An)-
n=1

For this reason, we assume that the series converges absolutely.

Let u be a positive measure on a measurable space (X,M) and w be a quaternionic measure on
X, M).

Definition 2. We say that w is absolutely continuous with respect to u if u(A) = 0 implies w(A) = 0
for A € M. We write w < u.

Definition 3. Given a quaternionic measure w on a measurable space (X, ), assume that there is
a set F € M such that w(A) = w(ANF) for every A € M, we say that w is concentrated on F. This is
equivalent to say that w(A) = 0 whenever AN F = 0.

Let w,, w, be quaternionic measures on M and suppose there exist a pair of disjoint sets F, G such
that w4 is concentrated on F and w, is concentrated on G. Then we say that w, and w, are mutually
singular, and write w, L w,.

Theorem 1. Properties of mutually singular quaternionic measures. Suppose w, w4, w, are
quaternionic measures and u is a positive measure, then:

1. If w is concentrated on F, so is var|w].

2. If wy L w, thenvar[w,] L var[w,].

3. lfw; Luandw, Ly, then (wy + wy) L .

4 Ifw, K pand w, K w, then (wq + wy) K U.

5 Ifw < u, thenvar|w] < p.



6. Ifw, K uandw, L p, then w, L w,.

7. fw < pandw L p then w = 0 identically.

Proof.

1. IFANF = @ then for any partition {A,,,n € N} of A we have w(A,) =0 for everyn € N and
hencevar[w](A) = 0 for any A.

2. This follows from 1.

3. There is a set B € M on which u is concentrated. There are F, G € M such that w, is
concentrated on F and w, is concentratedon G. If A c (F U G)¢ = F° N G° then

(w1 + w2)(A) = w1 (A) + w,(4) = 0.
This means that w; + w, s concentrated on F U G, but it is clear that B c (F U G)¢, hence
(w1 + wy) L.
4. Follows directly from the definitions.
5. Suppose u(A) = 0 and {A,,n € N} is a partition of A. Then u(A,) = 0 and since w < u then

w(A4,) = 0 foreveryn € N, hence
> el =o.
n=1

This implies that var[w](A) = 0.

6. Since w, L u thereis aset E € M such that u(E) = 0 and w, is concentrated on E. Since w, <K 1,

then w,(A) = 0 for every A € M such that A c E and hence w, is concentrated on E°.

7. It follows from 6 that w 1 w. Hencew = 0.M

Theorem 2 (Lebesgue). Decompostition of a quaternionic measure. Let A be a signed real o-finite
measure on a measurable space (X, M) and letw be a quaternionic measure on (X, M). Then there exists
a unique pair of quaternionic measures w, and wg such that

w=w, +ws,w, KA4ws LA 2

The pair w,, wy is called the Lebesgue decomposition of w w.r.t. A, where w, is the absolutely

continuous part and w is the singular part of the decomposition.

Proof. Sincew is a quaternionic finite measure on (X, M), we havew = Ay + [A; + JA, + K213, with
Ak, k = 0,1,2,3 real finite signed measures. By applying Lebesgue’s decomposition theorem to each A,
we obtain A, = )lflk) + /12") , Where /18‘) & A and /12") L1 A. By putting
wy =12 + W + 12D 4 g2®
and
ws = 29 + 120 + 129 4 k2@
we conclude the proof of the existence of the pair w,, wg. Suppose that there is another pairw',, w's,
which satisfies (2), then
W, —wg =w, —ws.
It is easily seen thatw', — w, < A andw, —w'g L A.
Hence, considering item 7 of Theorem 1 we havew', —w, = wg, —w's = 0.1
Theorem 3 (Radon-Nikodym). Let u be a positive a-finite measure on a measurable space (X, M),
let w be a quaternionic measure on (X,9) and let w, be absolutely continuous part of the Lebesgue
decomposition of w w.r.t. u. Then there is a measurable quaternionic function h on X such that for every
setA e M
wad) = [ h
A
where h is uniquely defined up to a u-null set.

Remark 1. Recall that a quaternionic function is measurable if the preimage of any borelian set
belongs to M.

Proof. Since w, < u, taking into account that wa(-):= AL ) + AP ) + 722 ) + kA® (),
where Ag‘) are signed measures, we have that Aflk) & u foreachk = 0,1,2,3. Taking into account Radon-
Nikodym Theorem for signed measures there exist measurable functions hy, such that

2% = f hedy, VAEM,  k=0123.
Hence A
We(A) = f (ho() + Thy () + o () + Kha(x))du(x). m
A



Remark 2. The function h(x):= hy(x) + Ihy(x) + Jh,(x) + Kh3(x) will be called the Radon-

Nikodym derivative of w, w.r.t u and it is denoted by dw,, /du
In the quaternionic case the Radon-Nikodym theorem has many corollaries and we give one of

them.
Theorem 4. Let w be a quaternionic measure on a measurable space (X, M). Then there exists a

measurable function h such that |h(x)| = 1 forallx € X and
dw

dvar[w] -
Proof. Sincew « var[w] it follows from Theorem3 that there is a measurable function h such that

dw/dvar[w] = h.
For a positive realp let us consider S,: = {x € X: |h(x)| < p}. Then for any partition {A,} of S,, we
have:
<p z var[w](4,) = pvar[w] (Sp).
n=1
(S,) = 0. Therefore, |h(x)| = 1 a.e. On

Z w4 = 2 | neavarlwico

Hence var|[w (S ) < pvar ](Sp). Ifp <1 then var|w]
the other hand for A € M such that var[w](4) > 0 we have:
lw(A4)]

fh(x)dvar[ 160)| = <1

var[w](4) =

var|w (A)

Thus, the integral
L(h) = —w f h(x)dvar[w] (x)

lies in a 4-D ball B,(0) of radius 1 for each A € M such that var[w](4) > 0. Suppose B,(a) is a ball of
radius r and with center at the point a such that B,.(a) n B;(0) = @. Let us show that var[w](C) = 0,

where C = h™(B,(a)).
Indeed, if var[w](C) > 0 then
1
[Ic(h) —a| = Tl © (h(x) — a)dvar[w](x)| <

which is impossible since I-(f) € B;(0) and we conclude that |h(x)| < 1 (a. e.) Therefore
|lh(x)| =1 (a.e.).
LetN:= {x € X:|h(x)| # 1}. Since as it is shownvar[w](N) = 0 we redefineh on N so that h(x)=1

for allx € N and obtain a function with the desired properties. ®

Var—l(C)fC |h(x) — aldvar[w](x) <,

Conclusion
The obtained results can be used in the course of research for problems of measure theory, random

process theory, and statistical physics.
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