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ÏÐÎ ÃÎÌÅÎÌÎÐÔIÇÌÈ Ç IÍÒÅÃÐÀËÜÍÈÌÈ ÎÁÌÅÆÅÍÍßÌÈ,

ßÊI ÄIÞÒÜ Â ÎÁËÀÑÒI Ç ÍÅÐIÂÍÎÑÒßÌÈ ÏÓÀÍÊÀÐÅ

Ìè äîñëiäæó¹ìî ãîìåîìîðôiçìè ç îäíîþ óìîâîþ íîðìóâàííÿ, ùî ïåðåâîäÿòü äåÿêó îáëàñòü åâ-
êëiäîâîãî ïðîñòîðó â îáëàñòü, ðåãóëÿðíó çà Àëüôîðñîì, òà ó ÿêié âèêîíó¹òüñÿ íåðiâíiñòü Ïóàí-
êàðå. Ìè ïðèïóñêà¹ìî, ùî ãîìåîìîðôiçìè çàäîâîëüíÿþòü âàãîâó ìîäóëüíó íåðiâíiñòü Ïîëåöü-
êîãî. Äîâåäåíî, ùî ÿêùî ìàæîðàíòà â öié óìîâi çàäîâîëüíÿ¹ äåÿêå ñïiââiäíîøåííÿ, çàïèñàíå â
òåðìiíàõ ñèíãóëÿðíèõ ïàðàìåòðiâ, òî âêàçàíi ãîìåîìîðôiçìè çàäîâîëüíÿþòü âiäïîâiäíó îöiíêó
ñïîòâîðåííÿ âiäñòàíi ó ìåæîâèõ òî÷êàõ, çàïèñàíó â ¨õ òåðìiíàõ. Áiëüø äîêëàäíî, ðóêîïèñ íà-
ïèñàíèé ó ðóñëi äîñëiäæåíü âiäîáðàæåíü ç îáìåæåíèì i ñêií÷åííèì ñïîòâîðåííÿì, ÿêi àêòèâíî
âèâ÷àþòüñÿ îñòàííiì ÷àñîì. Íà ðàçi îöiíêè ùîäî ñïîòâîðåííÿ âiäñòàíi âiäîáðàæåíü ç ïðÿìîþ òà
îáåðíåíîþ íåðiâíiñòþ Ïîëåöüêîãî ó âíóòðiøíiõ òî÷êàõ îáëàñòi ìîæíà ââàæàòè äîáðå âiäîìèìè,
îñêiëüêè òàêi îöiíêè áóëè îòðèìàíi ðiçíèìè àâòîðàìè ïðîòÿãîì îñòàííiõ 10-15 ðîêiâ. Ìè ìîãëè
á, çîêðåìà, âêàçàòè íà ðåçóëüòàòè Â. Ðÿçàíîâà, Î. Ìàðòiî, Ó. Ñðåáðî, Å. ßêóáîâà, Ì. Êðiñòi,
�. Ñåâîñòüÿíîâà, Ñ. Ñêâîðöîâà òà Î. Äîâãîïÿòîãî ç öüîãî ïðèâîäó. Ñëiä âiäçíà÷èòè, ùî çà ïåâ-
íèõ äîäàòêîâèõ ïðèïóùåíü âiäîáðàæåííÿ ç ïðÿìîþ íåðiâíiñòþ Ïîëåöüêîãî âêëþ÷àþòüñÿ â êëàñ
âiäîáðàæåíü çi ñêi÷íåííèì ñïîòâîðåííÿì çà Iâàíöåì-Ìàðòiíîì. Ó òîé æå ñàìèé ÷àñ, çãàäàíi âèùå
îöiíêè ñïîòâîðåííÿ âiäñòàíi ó ìåæîâèõ òî÷êàõ îáëàñòi âèâ÷åíi íå â äîñòàòíié ìiði. Íàø ðóêî-
ïèñ ïðèñâÿ÷åíî ñàìå îòðèìàííþ òàêîãî ðîäó îöiíîê. Çâiñíî, ìè âèìàãà¹ìî, ùîá ìàæîðàíòà ó
íåðiâíîñòi Ïîëåöüêîãî çàäîâîëüíÿëà ïåâíi âèìîãè äëÿ ¨õ îòðèìàííÿ. Óìîâè, çàïèñàíi â òåðìi-
íàõ ñèíãóëÿðíèõ ïàðàìåòðiâ, ¹ ìàêñèìàëüíî çðó÷íèìè i îõîïëþþòü âàæëèâi ÷àñòèííi âèïàäêè.
Çîêðåìà, ôóíêöi¨ ñêií÷åííîãî òà îáìåæåíîãî ñåðåäíüîãî êîëèâàííÿ çà Äæîíîì-Íiðåíáåðãîì, à
òàêîæ ôóíêöi¨ ç iíòåãðàëüíîþ óìîâîþ ðîçáiæíîñòi òèïó Ëåõòî ìîæóòü áóòè îïèñàíi â òåðìiíàõ
ñèíãóëÿðíèõ ïàðàìåòðiâ, i öå áóäå âðàõîâàíî ó íàøèõ ìàéáóòíiõ äîñëiäæåííÿõ. Îêðiì ñèíãó-
ëÿðíèõ ïàðàìåòðiâ òà âèêîðèñòàííÿ ìîäóëüíî¨ òåõíiêè, êëþ÷îâèì ìîìåíòîì íàøîãî ðóêîïèñó ¹
ïðîñòîðè ç íåðiâíîñòÿìè Ïóàíêàðå. Çàóâàæèìî, ùî îäíi¹þ ç õàðàêòåðíèõ ðèñ òàêèõ ïðîñòîðiâ
¹ âèêîíàííÿ ó íèõ íåðiâíîñòåé òèïó Ëüîâíåðà, òîáòî, ìåòðè÷íèõ íèæíiõ îöiíîê ìîäóëÿ ñiìåé
êðèâèõ ÷åðåç äiàìåòð ìíîæèí, ÿêi âîíè ç'¹äíóþòü. Öÿ íåðiâíiñòü ¹ âèðiøàëüíîþ äëÿ îòðèìàííÿ
ðåçóëüòàòó ñòàòòi.

MSC: Primary 30C65, Secondary 30C62, 31A15.

Êëþ÷îâi ñëîâà: êâàçiêîíôîðìíi âiäîáðàæåííÿ, âiäîáðàæåííÿ ç îáìåæåíèì i ñêií÷åííèì ñïî-
òâîðåííÿì, ìîäóëi ñiìåé êðèâèõ, ìåæîâà ïîâåäiíêà

1. Âñòóï. Òðàäèöiéíèì íàïðÿìîì äîñëiäæåííÿ â òåîði¨ ôóíêöié ¹ îòðèìàí-
íÿ îöiíîê ñïîòâîðåííÿ ïðè âiäîáðàæåííÿõ. Òàêi îöiíêè â áàãàòüîõ âèïàäêàõ çà-
áåçïå÷óþòü îäíîñòàéíó íåïåðåðâíiñòü âiäïîâiäíèõ ñiìåé i ìàþòü êîðèñíå çàñòî-
ñóâàííÿ, ó òîìó ÷èñëi, â îáëàñòi îòðèìàííÿ êîìïàêòíèõ/íîðìàëüíèõ êëàñiâ âiäî-
áðàæåíü, iñíóâàííi ðîçâ'ÿçêiâ äèôåðåíöiàëüíèõ ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè
òîùî (äèâ., íàïð., [4, 9]). Ñëiä âiäçíà÷èòè çíà÷íi ïðîñóíåííÿ ó âêàçàíié îáëàñòi,
îòðèìàíi âñåðåäèíi äîíåöüêî¨ òà æèòîìèðñüêî¨ íàóêîâèõ øêië, à òàêîæ âiäîìèõ
ñâiòîâèõ ñïåöiàëiñòiâ ç òåîði¨ âiäîáðàæåíü, äèâ. [2,7,8,10�12] i [13]. Ó äàíié ñòàòòi ìè
óçàãàëüíþ¹ìî äîñâiä, îòðèìàíèé ó çãàäàíié ðîáîòi [13], i ðîçïîâñþäæó¹ìî îöiíêè
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ñïîòâîðåííÿ âiäñòàíi ïðè ãîìåîìåîðôiçìàõ ç óçàãàëüíåíîþ íåðiâíiñòþ Ïîëåöüêîãî
íà ìåæîâi òî÷êè. Òî÷íiøå, ìîâà éäå ïðî âèêîíàííÿ ó äåÿêîìó êëàñi âiäîáðàæåíü
äåÿêî¨ âåðõíüî¨ îöiíêè, çàïèñàíî¨ â òåðìiíàõ ìîäóëÿ ñiìåé êðèâèõ. Ïðàâà ÷àñòè-
íà öi¹¨ îöiíêè õàðàêòåðèçó¹òüñÿ äåÿêîþ ìàæîðàíòîþ Q, i âèêîíàííÿ ñïîòâîðåííÿ
âiäñòàíi ïðè âiäîáðàæåííi çàëåæèòü âiä òîãî, ÿêi ñàìå óìîâè çàäîâîëüíÿ¹ öÿ ìà-
æîðàíòà. Â äàíîìó ðóêîïèñó ìè âèìàãà¹ìî âèêîíàííÿ ¾äîâîëi çàãàëüíèõ óìîâ¿
íà Q, ÿêi çàïèñóþòüñÿ â òåðìiíàõ òàê çâàíèõ ñèíãóëÿðíèõ ïàðàìåòðiâ I òà ψ. Òà-
êèé ïiäõiä íåîäíîðàçîâî âèêîðèñòîâóâàâñÿ â ðîáîòàõ Â. Ðÿçàíîâà òàê éîãî ó÷íiâ,
äèâ., íàïð., [9] òà [14]. Ðåçóëüòàò, ñôîðìóëüîâàíèé íèæ÷å, óçàãàëüíþ¹ âiäïîâiäíi
äîñëiäæåííÿ, ðîçïî÷àòi â [3, 12] òà [15].

Ïåðåéäåìî äî îçíà÷åíü. Íåõàé D � îáëàñòü â Rn, n ⩾ 2, Mp(Γ) � p-ìîäóëü ñiì'¨
êðèâèõ Γ â Rn (äèâ., íàïð., [16, ðîçä. 6]). Òóò i íàäàëi M(Γ) = Mn(Γ), äå n �
ðîçìiðíiñòü ïðîñòîðó Rn. Ïîêëàäåìî

S(x0, r) = {x ∈ Rn : |x− x0| = r} , B(x0, r) = {x ∈ Rn : |x− x0| < r} ,

Bn := B(0, 1) , Sn−1 := S(0, 1) , Ωn = m(Bn) , ωn−1 = Hn−1(Sn−1) ,

äå Hn−1 ïîçíà÷à¹ (n− 1)-âèìiðíó ìiðó Õàóñäîðôà â Rn. Íåõàé, êðiì òîãî,

A = A(x0, r1, r2) = {x ∈ Rn : r1 < |x− x0| < r2} .

Äëÿ ìíîæèí E, F ⊂ Rn i îáëàñòi D ⊂ Rn çàïèñ Γ(E,F,D) ïîçíà÷à¹ ñiì'þ óñiõ
êðèâèõ γ : [a, b] → Rn òàêèõ, ùî γ(a) ∈ E, γ(b) ∈ F i γ(t) ∈ D ïðè t ∈ (a, b).
Íåõàé Q : Rn → [0,∞] � âèìiðíà çà Ëåáåãîì ôóíêöiÿ, ðiâíà íóëþ çîâíi D. Ç
îãëÿäó íà [9, ðàçä. 7.6], âiäîáðàæåííÿ f : D → Rn íàçèâà¹òüñÿ êiëüöåâèì Q-
âiäîáðàæåííÿì ó òî÷öi x0 ∈ D âiäíîñíî p-ìîäóëÿ, x0 ̸= ∞, p ⩾ 1, ÿêùî iñíó¹
r0 = r(x0) > 0 òàêå, ùî äëÿ äîâiëüíèõ 0 < r1 < r2 < r0 âèêîíó¹òüñÿ íåðiâíiñòü

Mp(f(Γ(S(x0, r1), S(x0, r2), D))) ⩽
�

A(x0,r1,r2)

Q(x) · ηp(|x− x0|) dm(x) , (1)

äå η : (r1, r2) → [0,∞] � äîâiëüíà íåâiä'¹ìíà âèìiðíà çà Ëåáåãîì ôóíêöiÿ, òàêà ùî

r2�

r1

η(r) dr ⩾ 1 . (2)

Áîðåëåâà ôóíêöiÿ ρ : D → [0,∞] íàçèâà¹òüñÿ âåðõíiì ãðàäi¹íòîì ôóíêöi¨ u : D →
R, ÿêùî äëÿ âñiõ ñïðÿìëþâàíèõ êðèâûõ γ, ÿêi ç'¹äíóþòü òî÷êè x i y ∈ D, âèêî-
íó¹òüñÿ íåðiâíiñòü |u(x) − u(y)| ⩽

�
γ
ρ |dx| (äèâ. [5, ðîçäië 7.22]). Ãîâîðèìî, ùî â

îáëàñòi D âèêîíó¹òüñÿ (1; p)-íåðiâíiñòü Ïóàíêàðå, p ⩾ 1, ÿêùî âiäøóêàþòüñÿ ñòàëi
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Ïðî ãîìåîìîðôiçìè ç iíòåãðàëüíèìè îáìåæåííÿìè

C ⩾ 1 i τ > 0 òàêi, ùî äëÿ âñÿêî¨ êóëi B ⊂ D, áóäü-ÿêî¨ îáìåæåíî¨ íåïåðåðâíî¨
ôóíêöi¨ u : D → R i äîâiëüíîãî ¨¨ âåðõíüîãî ãðàäi¹íòà ρ âèêîíàíî ñïiââiäíîøåííÿ

1

m(B)

�

B

|u(x)− uB| dm(x) ⩽ C · (diamB)

 1

m(τB)

�

τB

ρp(x) dm(x)

1/p

,

uB := 1
m(B)

�
B

u(x) dm(x). Îáëàñòü D ðåãóëÿðíà çà Àëüôîðñîì, ÿêùî äëÿ âñÿêîãî

x0 ∈ D, äåÿêî¨ êîíñòàíòè C ⩾ 1 i âñÿêîãî 0 < R < diamD âèêîíó¹òüñÿ ñïiââiäíî-
øåííÿ

1

C
Rn ⩽ m(B(x0, R) ∩D) ⩽ CRn.

Äëÿ A,B ⊂ Rn ïîêëàäà¹ìî:

diamA = sup
x,y∈A

|x− y| , dist (A,B) = inf
x∈A,y∈B

|x− y| .

Äëÿ ñêîðî÷åííÿ ìè iíîäi âèêîðèñòîâó¹ìî çàïèñè d(A) i d(A,B) çàìiñòü diamA i
dist (A,B).

Îáëàñòü D ⊂ Rn íàçèâà¹òüñÿ ëîêàëüíî çâ'ÿçíîþ â òî÷öi x0 ∈ ∂D, ÿêùî äëÿ
áóäü-ÿêîãî îêîëó U òî÷êè x0 çíàéäåòüñÿ îêië V ⊂ U òî÷êè x0 òàêèé, ùî ìíîæèíà
V ∩D ¹ çâ'ÿçíîþ. Îáëàñòü D ëîêàëüíî çâ'ÿçíà íà ∂D, ÿêùî âîíà ëîêàëüíî çâ'ÿçíà
â êîæíié òî÷öi x0 ∈ ∂D.

Çàôiêñó¹ìî δ > 0 i p ⩾ 1, îáëàñòi D,D ′ ⊂ Rn, n ⩾ 2, åëåìåíòè a ∈ D, x0 ∈ ∂D,
i ôóíêöiþ Q : D → [0,∞]. Ïîçíà÷èìî ñèìâîëîì Fp,x0Q,a,δ(D,D

′) ñiì'þ âñiõ êiëüöå-
âèõ Q-ãîìåîìîðôiçìiâ f ó òî÷öi x0 âiäíîñíî p-ìîäóëÿ, ùî ái¹êòèâíî äiþòü ìiæ
îáëàñòÿìè D i D ′ i çàäîâîëüíÿþòü óìîâó d(f(a), ∂D ′) ⩾ δ. Âèêîíó¹òüñÿ íàñòóïíèé
ðåçóëüòàò.

Òåîðåìà 1. Íåõàé x0 ∈ ∂D, x0 ̸= ∞, n− 1 < p ⩽ n, D ¹ ëîêàëüíî çâ'ÿçíîþ íà

ñâî¨é ìåæi, D ′ ¹ ðåãóëÿðíîþ çà Àëüôîðñîì îáìåæåíîþ îáëàñòþ ç (1; p)-íåðiâíiñòþ
Ïóàíêàðå. Ïðèïóñòèìî, ùî âèêîíàíi íàñòóïíi óìîâè:

1) iñíó¹ r ′0 = r ′0(x0) > 0 òàêå, ùî ìíîæèíà B(x0, r) ∩ D ¹ çâ'ÿçíîþ ïðè âñiõ

0 < r < r ′0;
2) iñíóþòü 1 ⩽ q < n, ε0 > 0, K0 > 0, i âèìiðíà çà Ëåáåãîì ôóíêöiÿ ψ :

(0, ε0) → [0,∞] òàêi, ùî äëÿ äîñòàòíüî ìàëèõ ε > 0 âèêîíó¹òüñÿ ñïiââiäíîøåííÿ

0 < I(ε, ε0) :=

ε0�

ε

ψ(t) dt <∞ , (3)

ïðè÷îìó �

ε<|x−x0|<ε0

Q(x) · ψn(|x− x0|) dm(x) ⩽ K0 · Iq(ε, ε0) (4)
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ïðè ε→ 0. ßêùî |x− x0| ⩾ |y− x0| i I(ε, ε0) → ∞ ïðè ε→ 0, I(r1, r2) > 0 ïðè âñiõ

0 < r1 < r2 < ε0, òî iñíó¹ 0 < ε̃ = ε̃(x0) < ε0, êîíñòàíòà C̃ = C̃(x0, p, n,K0, D
′) >

0 i äåÿêà ôóíêöiÿ ω = ω(x, x0), ω → 1 ïðè x→ x0, òàêi ùî îöiíêà

|f(x)− f(y)| ⩽ C̃ω · Iq−n(|x− x0|, ε0) (5)

âèêîíó¹òüñÿ äëÿ âñiõ x, y ∈ B(x0, ε̃(x0)) ∩D i âñiõ f ∈ Fp,x0Q,a,δ(D,D
′).

2. Äîâåäåííÿ òåîðåìè 1.

Îñêiëüêè îáëàñòü D ′ � îáìåæåíà, iñíó¹ R0 > 0 òàêå, ùî D ′ ⊂ B(0, R0). Ñïî-
÷àòêó ïðîâåäåìî äåÿêi äîïîìiæíi ìiðêóâàííÿ, äèâ. [3] i [15]. ßêùî ∂D ìiñòèòü
ïðèíàéìíi îäíó ñêií÷åííó òî÷êó, îêðiì x0, ïîçíà÷èìî ¨¨ ÷åðåç y0. Ó ïðîòèâíîìó
âèïàäêó, ïîêëàäåìî y0 := ∞. Îñêiëüêè D ëîêàëüíî çâ'ÿçíà íà ñâî¨é ìåæi, òî÷êó a
ìîæíà ïî¹äíàòè ç òî÷êîþ y0 êðèâîþ, êîòðà íàëåæèòü D öiëêîì, çà âèêëþ÷åííÿì
ñàìî¨ òî÷êè y0 (äèâ. [9, Proposition 13.2]). Ïîçíà÷èìî öþ êðèâó ÷åðåç E. Äîâåäåìî
iñíóâàííÿ òî÷êè af ∈ E, òàêî¨, ùî

|f(a)− f(af )| ⩾ (1/2) · d(f(a), ∂D ′) ⩾ δ/2 . (6)

Äiéñíî, íåõàé zk ∈ E, k = 1, 2 . . . , � äîâiëüíà ïîñëiäîâíiñòü òàêà, ùî zk → y0 ïðè
k → ∞. Îñêiëüêè ïðîñòið Rn ¹ êîìïàêòíèì, ìîæíà ââàæàòè, ùî ïîñëiäîâíiñòü
f(zk) òàêîæ çáiãà¹òüñÿ äî äåÿêîãî y ′

0 ïðè k → ∞. Çàóâàæèìî, ùî ¹ ñïðàâåäëèâèì
âêëþ÷åííÿ: C(y0, f) ⊂ ∂D ′, äå C(y0, f) � ãðàíè÷íà ìíîæèíà âiäîáðàæåííÿ f ó
òî÷öi y0 (äèâ., íàïð., [9, Proposition 13.5]). Îñêiëüêè f(zk) → y ′

0 ïðè k → ∞, äëÿ
÷èñëà δ/2 çíàéäåòüñÿ k0 = k0(f) ∈ N òàêå, ùî

|f(zk)− y ′
0| < δ/2 (7)

ïðè âñiõ k ⩾ k0. Ïîêëàäåìî af := zk0 . Òîäi çà íåðiâíiñòþ òðèêóòíèêà i ç îãëÿäó íà
ñïiââiäíîøåííÿ (7), âèêîðèñòîâóþ÷è îçíà÷åííÿ êëàñó Fp,x0Q,a,δ(D,D

′), ìà¹ìî:

δ ⩽ d(f(a), ∂D ′) ⩽

⩽ |f(a)− y ′
0| ⩽ |f(a)− f(af )|+ |f(af )− y ′

0| ⩽ (8)

⩽ |f(a)− f(af )|+ δ/2 ,

àáî, ïåðåíîñÿ÷è δ/2 ó ëiâó ÷àñòèíó (8),

δ/2 ⩽
1

2
· d(f(a), ∂D ′) ⩽ |f(a)− f(af )| .

Îñòàíí¹ ñïiââiäíîøåííÿ äîâîäèòü (6). Ïîêëàäåìî

ε̃ = min{r ′0, d(x0, E), 1} ,

äå r ′0 � ÷èñëî ç ôîðìóëþâàííÿ òåîðåìè 1. Íåõàé Af � êîíòèíóóì ó D, ÿêèé ¹
÷àñòèíîþ êðèâî¨ E âiä òî÷êè a äî òî÷êè af . Íåõàé òàêîæ f ∈ Fp,x0Q,a,δ(D,D

′) i
x, y ∈ B(x0, ε̃). Çà âèçíà÷åííÿì ε̃,

Af ⊂ D \B(x0, ε̃) . (9)
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Ìîæíà ââàæàòè ε̃ > 0 íàñòiëüêè ìàëèì, ùî ñïiââiäíîøåííÿ (3) i (4) âèêîíàíi äëÿ
áóäü-ÿêèõ ε ∈ (0, ε̃). Íåõàé ε1 > 0 i ε2 > 0 òàêi ÷èñëà, ùî çàìêíåíi êóëi B(x, ε1) i
B(y, ε2) ëåæàòü óD. (ßêùî y ¹ òàêîþ, ùî |y−x0| < |x−x0|, òî ìè, çâè÷àéíî, ìîæåìî
ïîêëàñòè y∗ := y). Íåõàé x∗ ∈ B(x, ε1)∩B(x0, |x−x0|) i y∗ ∈ B(y, ε2)∩B(x0, |x−x0|).
Îñêiëüêè ìíîæèíà B(x0, r)∩D ¹ çâ'ÿçíîþ ïðè âñiõ 0 < r < r ′0, òî÷êè x∗ i y∗ ìîæíà
ç'¹äíàòè êðèâîþ γ∗, ÿêà ïîâíiñòþ íàëåæèòü êóëi B(x0, |x− x0|) i ëåæèòü ó D. Â
ñâîþ ÷åðãó, ìíîæèíè B(x0, |x− x0|)∩B(x, ε1) i B(x0, |x− x0|)∩B(x, ε2) ¹ îïóêëèìè
ÿê ïåðåòèí äâîõ îïóêëèõ ìíîæèí, òîìó òî÷êè x i x∗ ìîæóòü áóòè ç'¹äíàíi âiäðiçêîì
γ1 â B(x0, |x− x0|) ∩ B(x, ε1) ⊂ B(x0, |x− x0|) ∩D, à òî÷êè y i y∗ � âiäðiçêîì γ2 â
B(x0, |x− x0|)∩B(y, ε2) ⊂ B(x0, |x− x0|)∩D. Íåõàé K � êðèâà, ÿêà ¹ ïîñëiäîâíèì
ïî¹äíàííÿì êðèâèõ γ1, γ∗ i γ2. Òîäi êðèâàK ç'¹äíó¹ òî÷êè x i y ó B(x0, |x− x0|)∩D.

Íåõàé |K| � íîñié (îáðàç) êðèâî¨ K. Çàóâàæèìî, ùî ìíîæèíè f(|K|) i f(Af ) ¹
êîíòèíóóìàìè ÿê íåïåðåðâíèé îáðàç êîíòèíóóìiâ ïðè âiäîáðàæåííi f. Òîäi çà [1,
Proposition 4.7]

Mp(Γ(f(|K|), f(Af ), D ′)) ⩾
1

M
·
min{diam f(|K|),diam f(Af )}

R1+p−n
0

. (10)

Çàóâàæèìî, ùî

Γ(|K|, Af , D) > Γ(S(x0, |x− x0|), S(x0, ε̃), D) . (11)

Äiéñíî, íåõàé γ ∈ Γ(|K|, Af , D), γ : [0, 1] → D, γ(0) ∈ |K| i γ(1) ∈ Af . Íàãàäà¹ìî,

ùî |K| ⊂ B(x0, |x− x0|). Ç îãëÿäó íà (9), ìè îòðèìà¹ìî, ùî Af ⊂ D\B(x0, |x−x0|).
Òîäi |γ| ∩ B(x0, |x− x0|) ̸= ∅ ̸= |γ| ∩ (D \ B(x0, |x − x0|)). Çà [6, òåîðåìà 1.I.5.46]
iñíó¹ t1 ∈ [0, 1) òàêå, ùî γ(t1) ∈ S(x0, |x − x0|). Ðîçãëÿíåìî êðèâó γ1 := γ|[t1,1].
Íàãàäà¹ìî, ùî |K| ⊂ B(x0, ε̃), êðiì òîãî, çàâäÿêè (9), Af ⊂ D \ B(x0, ε̃). Òîäi
|γ1|∩B(x0, ε̃) ̸= ∅ ̸= |γ1|∩(D\B(x0, ε̃)). Çà [6, òåîðåìà 1.I.5.46] iñíó¹ t2 ∈ (t1, 1) òàêå,
ùî γ1(t2) = γ(t2) ∈ S(x0, ε̃). Ïîêëàäåìî γ2 := γ|[t1,t2]. Òîäi γ2 ¹ ïiäêðèâîþ γ i γ2 ∈
Γ(S(x0, |x− x0|), S(x0, ε̃), D). Öå äîâîäèòü (11). Â öüîìó âèïàäêó, çà ìiíîðóâàííÿì
ìîäóëÿ ñiìåé êðèâèõ (äèâ., íàïð., [16, òåîðåìà 6.4]), ç îãëÿäó íà (1) i (11) ìè
îòðèìà¹ìî, ùî

Mp(Γ(f(|K|), f(Af ), D ′)) =Mp(f(Γ(|K|, Af , D))) ⩽

⩽Mp(f(Γ(S(x0, |x− x0|), S(x0, ε̃), D))) ⩽ (12)

⩽
�

A(x0,|x−x0|,ε0)

Q(z) · ηp(|z − x0|) dm(z) ,

äå η � äîâiëüíà âèìiðíà çà Ëåáåãîì ôóíêöiÿ, ùî çàäîâîëüíÿ¹ óìîâó (2) ïðè r1 =
|x− x0| i r2 = ε̃. Ïîêëàäåìî

η(t) :=


(ψ(t))n/p

(I(|x−x0|,ε̃))n/p , t ∈ (|x− x0|, ε̃) ,

0 , t ̸∈ (|x− x0|, ε̃) .
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Çàóâàæèìî, ùî

ε̃�

|x−x0|

ψ(t) dt

I(|x− x0|, ε̃)
=

1

I(|x− x0|, ε̃)
·

ε̃�

|x−x0|

ψ(t) dt = 1 .

Òîäi çà íåðiâíiñòþ Ãåëüäåðà ìè îòðèìà¹ìî, ùî

1 =

ε̃�

|x−x0|

ψ(t) dt

I(|x− x0|, ε̃)
⩽

⩽

 ε̃�

|x−x0|

(
ψ(t)

I(|x− x0|, ε̃)

)n
p

dt


p
n

· (ε̃− |x− x0|)
n−p
n ⩽ (13)

⩽

 ε̃�

|x−x0|

(
ψ(t)

I(|x− x0|, ε̃)

)n
p

dt


p
n

=

 ε̃�

|x−x0|

η(t) dt


p
n

.

Ç îãëÿäó íà (13) âèïëèâà¹, ùî ôóíêöiÿ η çàäîâîëüíÿ¹ óìîâó (2) ïðè r1 = |x−x0| i
r2 = ε̃. Â öüîìó âèïàäêó, ç îãëÿäó íà (12) òà âðàõîâóþ÷è (3) i (4), ìè îòðèìà¹ìî,
ùî

Mp(Γ(f(|K|), f(Af ), D ′)) ⩽
1

In(|x− x0|, ε̃)

�

A(x0,|x−x0|,ε0)

Q(z) · ψn(|z − x0|) dm(z) =

=

(
I(|x− x0|, ε0)
I(|x− x0|, ε̃)

)n
· 1

In(|x− x0|, ε0)

�

A(x0,|x−x0|,ε0)

Q(z) · ψn(|z − x0|) dm(z) ⩽ (14)

⩽

(
1 +

I(ε̃, ε0)

I(|x− x0|, ε̃)

)n
·K0I

q−n(|x− x0|, ε0) .

Ç (14) ìà¹ìî:

Mp(Γ(f(|K|), f(Af ), D ′)) ⩽

(
1 +

I(ε̃, ε0)

I(|x− x0|, ε̃)

)n
·K0I

q−n(|x− x0|, ε0) . (15)

Ïî¹äíóþ÷è (10) i (15), ìè îòðèìà¹ìî, ùî

1

M
·
min{diam f(|K|), diam f(Af )}

R1+p−n
0

⩽ ωK0I
q−n(|x− x0|, ε0) , (16)

äå

ω = ω(x, x0) :=

(
1 +

I(ε̃, ε0)

I(|x− x0|, ε̃)

)n
→ 1 , x→ x0 .
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Ç îãëÿäó íà (6),

min{diam f(|K|), diam f(Af )} ⩾ min{diam f(|K|), δ/2} .

Òîäi ç (16) áóäåìî ìàòè:

min{diam f(|K|), δ/2} ⩽ ωMR1+p−n
0 K0I

q−n(|x− x0|, ε0) . (17)

Çàóâàæèìî, ùî ωMR1+p−n
0 K0I

q−n(|x − x0|, ε0) → 0 ïðè x → x0, áî I(ε, ε0) → ∞
ïðè ε → 0 çà óìîâîþ òåîðåìè, òà q < n çà ïðèïóùåííÿì. Òîäi iñíó¹ 0 < σ =
σ(x0,M,R0, n, p, δ) òàêå, ùî

ωMR1+p−n
0 K0I

q−n(|x− x0|, ε0) < δ/2, ∀ x ∈ B(x0, σ) . (18)

Íåõàé |x− x0| < σ, òîäi ç îãëÿäó íà (17) i (18), ìè îòðèìà¹ìî, ùî

|f(x)− f(y)| ⩽ diam f(|K|) ⩽ ωMR1+p−n
0 K0I

q−n(|x− x0|, ε0) . (19)

Çàóâàæèìî, ùî çà íåðiâíiñòþ òðèêóòíèêà |f(x)−f(y)| ⩽ 2R0, òîìó ïðè |x−x0| ⩾ σ
ìà¹ìî:

Iq−n(|x− x0|, ε0) ⩾ Iq−n(σ, ε0) := P0 , (20)

ω = ω(x, x0) =

(
1 +

I(ε̃, ε0)

I(|x− x0|, ε̃)

)n
⩾

(
1 +

I(ε̃, ε0)

I(σ, ε̃)

)n
:= Q0 .

Îòæå,

|f(x)− f(y)| ⩽ 2R0 ⩽
2R0

Q0P0
· Iq−n(|x− x0|, ε0)ω . (21)

Ïîêëàäåìî C̃ := max
{
MR1+p−n

0 K0,
2R0
Q0P0

}
. Ñòàëà C̃ çàëåæèòü òiëüêè âiä K0, x0,

p, n i D ′, áî M i R0 öiëêîì âèçíà÷àþòüñÿ ïî îáëàñòi D ′, à ÷èñëî ε0 > 0 çà óìîâîþ
çàëåæèòü òiëüêè âiä x0. Äîâåäåííÿ çàâåðøåíî. 2
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Oleksandr Sarana

On homomorphisms with integral constraints acting in a domain with Poincare inequa-

lities.

We study homeomorphisms with one normalization condition that transform some domain of the

Euclidean space onto a domain which is Ahlfors regular and supports Poincare inequality. We assume

that, the homeomorphisms satisfy the weighted modulus Poletsky condition. If the majorant in this

condition satis�es some relation written in terms of singular parameters, then the speci�ed homeomor-

phisms satisfy the corresponding distortion estimate at the boundary points written in their terms. In

more detail, the manuscript is written in the vein of research on mappings with bounded and �nite

distortion, which have been actively studied recently. Observe that, for mappings with direct and

inverse Poletsky inequality, the estimates of the distortion under the mappings at the inner points of

a domain may be considered known, since such estimates have been obtained by various authors over

the last 10-15 years. We could, in particular, point to the results of V. Ryazanov, O. Martio, U. Srebro,

E. Yakubov, M. Cristea, E. Sevost'yanov, S. Skvortsov, and O. Dovhopiatyi in this regard. It should

be noted that, under certain additional assumptions, mappings with a direct Poletsky inequalities are

included in the class of mappings with �nite distortion by Iwaniec-Martin. At the same time, the

above-mentioned estimates of distance distortion at the boundary points of the domain have not been

su�ciently studied. Our manuscript is dedicated to obtaining such estimates. Of course, we require that

the majorant in Poletsky's inequality satisfy certain requirements for obtaining them. The conditions

written in terms of singular parameters are the most convenient and cover important partial cases. In

particular, functions of �nite and bounded mean oscillation by John-Nirenberg, as well as functions

with the Lehto integral divergence condition can be described in terms of singular parameters, and

this will be taken into account in our future research. In addition to singular parameters and the use

of modulus techniques, the key point of our manuscript is spaces with Poincare inequalities. Note that

one of the characteristic features of such spaces is their ful�llment of Loewner-type inequalities, i.e.,

metric lower bounds of the modulus of families of curves through the diameter of the sets they join.

This inequality is crucial for obtaining the result of the paper.

Êëþ÷îâi ñëîâà: quasiconformal mappings, mappings with bounded and �nite distortion, moduli of

families of paths, boundary behavior.
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