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1. Introduction

It is well known that the real and imaginary parts of any holomorphic function are harmonic functions of two variables. In this paper,
we extend this idea to finite-dimensional commutative algebras; that is, we prove that if some basis of a subspace of a commutative
algebra satisfies a polynomial equation, then the components of a monogenic function on the subspace are solutions of the respective
partial differential equation (PDE). We illustrate these concepts with a few examples.

An algebra of analytical functions of complex variables is associated with the two-dimensional Laplace equation; that is, the real
and imaginary components of an analytic function are solutions of the two-dimensional Laplace equation. The algebra of functions
f: R3 — R, which is associated with the three-dimensional Laplace equation, was introduced by Ketchum [1, 2]. The so-called
biharmonic bases in commutative algebras and monogenic functions on these algebras associated with the biharmonic equation
are studied in [3, 4]. By using a similar technique, we study the biwave equation in Section 4.3. An interesting solution of the three-
dimensional Laplace equation has been elaborated in [5] by defining a related commutative and associative algebra over the field of
complex numbers, and other related developments can be consulted in [6-8]. In this work, we generalize these ideas.

In the paper [9], we study a one-dimensional random motion having a general m-Erlang distribution for the sojourn times. Let f(t, x)
be the probability density function (PDF) of a particle position at time t, provided that it exists. We obtained the following higher order

hyperbolic equations for f(t, x):
d ad mra d m
——v—+1 — —v—+1) f(t,x)—A2f(t,x) =0,
at ox

where v > 0 is the velocity of the particle and A is the parameter of the m-Erlang distribution. It is assumed that a particle started at
x = 0 and, hence, f(0,x) = §(x). For m = 1, this equation is the well-known telegraph equation, and its solution has been obtained
by using Riemann’s method. For m = 2, we have the so-called bi-telegraph equation, and up to our best knowledge, its solution is
unknown. By using our method, we obtain the solution up to the initial conditions. We also describe the algorithm for solving of PDEs
with non-constant coefficients.

2. Differentiability on finite-dimensional commutative algebras

Let A be a finite-dimensional commutative unitary algebra over K = R (or C); assume that the set of vectors g, €1, . . ., €, is a basis of A
and that g is the unit of this algebra. Suppose that B is an (m + 1)-dimensional subspace of A with the basis &g, €1, . . .,€m, m < n. Any
function f : B — A is of the form
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n
) = &uk®),
where ug(x) = uk(xo, X1, . .., Xm) are R-valued (or C-valued) functions of m + 1 variables x; € K.

Definition 1. 7‘(7() is called differentiable at a point xg € B if there exists a unique element 1?’()?0) € A such that for anyﬂ €B,

hf/(xo) _)0 w M

It should be kept in mind that ¢ € K in accordance with the algebra A.

The existence of the limit at the right-hand side is equivalent to the condition that the map f : B— A is Gateaux-differentiable along
any direction h. In addition, this definition includes another quite strong condition: the Gateaux derivative along his proportional to h.
In the case when the algebra A is over C, Definition 1 implies Gateaux differentiability along complex lines.

Furthermore, the proportionality coefficient is the same for any direction h. It is denoted by F/()?o) and called as the derivative of f at
the point Xo. For A = B = C, this definition is also equivalent to the (complex) differentiability of the complex function ?, and f’()?o)
becomes the usual complex derivative.

Thus, one can expect that the introduced functions inherit some important properties of holomorphic functions.

We say that f:B —> Ais differentiable (in B) or monogenic if it is differentiable at any point of B.

Definition 1 includes the existence of all (m + 1) partial derivatives. Indeed, it is enough to take h = ey, k € {0, 1,2, ..., m}. Moreover,
itimplies

of _ 5
——(Xo0) = exf’(xo) 2
Bxk

for all k but with the same coefficient f’()?o).

It turns out that Equation (1) is equivalent to the definition of differentiability.

Theorem 1
A function f(x) = > k=0 ekuk(X) is differentiable at Xo if and only if it has all partial derivatives aa—xfk(}o) proportional, with the same
proportionality coefficient, to the respective basis vectors é:

37(20) = ek a(Xo); 3)
Xk

whenever it holds
(o) = /(o). 4

Proof
The necessary part is given already. The sufficient part is much the same as in [10], and we give it briefly for completeness. It follows
from Equation (3) that

- Buk
a(xo) = Z oo
aa(})—— Z D _ 5, 33,2 (5)
1 0 kax_l - 1k=0 k8X0:
- - 3Uk > i - 8uk
ena(Xo) = Z k3xn =én k=oek%-

n
Leth = Z hiéx, then it follows from Equation (5)
k=0

Copyright © 2013 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2013
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n
ha(xo) = ) hxéxe(Xo)
k=0

= hoz ek* + h1elzek7 +- 4 hnenz €k e 8uk

Buk

_hOZ hkek +h1thek87 + - —|—hnZ hkeka
Xn

TG0+ eh) 7o)

e—>0 &

Thus, we conclude that f is differentiable and & (Xo) = f/(Xo).

O
Equation (5) implies the following Cauchy-Riemann type of conditions for a differentiable function f:
> 8uk _é - auk
ko =€l o
k=0 3X1 0 aXO
" 3 auk z z Buk
ko =€ ko
o ox 8X0
(6)
n
L au . _ du
Zekiaxk =é€m ekaTk:
k=0 0
or in the vector form
Jaf . oOf
—=e—, k=0,1,...,m. (7)
oxy 0Xo
Remark 1. It is easily verified that Theorem 1 remains true even for B with basis gﬂ, g’z,. . g'm+1 that does not contain the unit &g
but having an invertible element among its basis vectors. In this case, the Cauchy-Riemann type of conditions can be stated as follows:
F - -—10f
— =elke/;, —, kI=0,1,...,m
axy k= ax;

3. Differentiable functions providing solutions to PDEs

Consider the two-dimensional Laplace equation

R2u  d%u
+-— =0, ®

Aryu=
TR T e

where u is an R-valued function of the two real variables xo and x;. Of course, Equation (8) makes sense even for functions u taking
values in a normed space, but we should remark that Equation (8) has a ‘real nature’ in a completely understandable meaning. At the
same time, it is trivial to say that solutions of Equation (8) can be provided by purely complex tools; for example, let f(z) = up(2) +iu1(2)
be a holomorphic function of the variable z = x¢ + ixy, then the functions ug and uy are solutions of Equation (8). That is, the real PDE
(8) has a commutative algebra on the complex numbers C such that complex holomorphic functions provide real solutions to it.

We will extend this idea to much more general situations. For given integers m, r > 1, let

P&, &1,. . Em) = Z Ciosirim EQET .. &I, 9
fo+it 4+ Fim=r
where Cj, j,.....i, are constant coefficients. Consider the following PDE
P(d0,01,...,0m) [u(xo,X1,...,Xm)] = 0. (10)
ak

where dy := Pl
X

Copyright © 2013 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2013
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Theorem 2 )

Let P be a polynomial as in Equation (10). Let a function f : B —> A and its derivatives f/, ", . . ., f' be differentiable, f(X) = Z kU (X).

Assume that the basis €, €1, . . ., ém of the subspace B of the algebra A is such that =
P(eg,e1,...,em) =0, (11

then the functions u,(x), k =0, 1, ..., n are solutions of Equation (10)

Proof
It follows from the Cauchy-Riemann type condition (7) that

onf . of
— = (e)"—, k=0,1,...,m. (12)
X dxo
k
This implies, forip + i1 + ... 4+ im <r, that
Jotitetimf L giotittimf
—— =(e)(e))" ... ()" ————. (13)
oxPaxl . ol ™ ottt
Therefore, we obtain
o i P = IF(X0 X1, -+ )X i i Y
Z Cigir i — XS OX] ... OXF (X0, X1, -+ ., Xm) = % Z Cioir...im (€0)°(€1)" ... (ém)'™ = 0.
ioti1d e tim=r 0 io+i+...+im=r
Hence, it follows that every component ux(x), k = 0,1,.. ., n, of the function fis a solution of Equation (10). O

Remark 2. Similarly to Theorem 1, Theorem 2 remains true even if B does not contain the unit €y, but among its basis vectors, there is
an invertible element.

4. Examples

4.1. The Laplace equation

Given a polynomial P as in Equation (10), Theorem 2 suggests to look for non-real solutions of Equation (11). For instance, for the
two-dimensional Laplace equation, Equation (8), one has that P(&, &1) = Eg + 512; hence, Equation (11) becomes

2 2 _ 0.
ey +er=0;

thatis, 1 +e% = 0,and we arrive predictably at the field C of complex numbers. It is easy to see that, given a functionf = u+iv: C — C,
it is differentiable in a sense of Definition 1 if it is holomorphic. And, of course, its components u, v provide solutions to Equation (8).

4.2. The wave equation

It is given by

02 92
(3~ 37 ) wxn =0, (9

Thus, we have P(&o, £1) = €2 — £2. Hence, Equation (11) becomes

because we are interested in non-real solutions, then we arrive to the algebra of hyperbolic numbers D = {ap+aje| ag,a; € R}, where
e?=1,e#+1;see[11].
A function f(x,y) = u(x,y) + ev(x,y), where u,v : R? — R, is differentiable if the following Cauchy-Riemann conditions are fulfilled:

Jau ov
&(X:}’) = a*y(X:)/):

0 ad
@u(x,y) = &V(X,y). (15)

Therefore, the functions u, v are solutions to the wave equation.

Copyright © 2013 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2013
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For hyperbolic functions f = u+ev, an analogue of the complex holomorphic function theory is known, see [11], where the derivative
of f is introduced in the usual way; that is, if z = x + ey, h = hy + ehy, then

f(zo + h) — f(2)

f =i
(20) h@o h

without intersecting zero divisors of D. The function f is hyperbolic holomorphic (that is, it has a derivative everywhere) if and only if

o g—keg =0 (16)
az" \oax ' ay)

which is equivalent to Equation (15). Thus, the differentiability in hyperbolic number’s case turns out to be equivalent to a more classic
approach.

Remark 3. Using hyperbolic numbers, the wave operator in Equation (14) admits a factorization

92 92 (9 ‘e d d . d
ax2  ay2 \ax oy \oax ay)’
in a similar manner as the Laplace operator in complex case.

4.3. The biwave equation

The biwave equation is given by

2 2\
(3 52) v =0 v

and it has been obtained in [9] in the context of random evolutions and studied in [12]. In this case, we have P(&y, &1) = (53 — 512)2.
It is easy to see that for this case, we can consider the algebra of dual numbers [13], P = {ag + ai€ | dg, a; € R}, where €2 = 0.

. . Sy o on2 o ) - - 5
According to Theorem 2, we have to find a basis éj, €, such that (> —€?)° = 0. For this purpose, the case &2 — 7 # 0
results interesting.
Let us define é; = a1 + e and é; = B1 + Bae, then we obtain

el =a? 4 2uaze, ef =B +2B1Bae. (18)
Now, suppose that &> — &7 = e. Then, it follows from Equation (18) that
o=+ p4
(2 ton) = %

or

é1 =1 +aze

N 1
e2::t|:a1+(a2_7)i|.
207

f(x,y) = u1(xy)er + ua(x,y)é, xy €R.

Assume a function f: P — P, such that

In accordance to Remark 1, the function ?(x,y) is monogenic if

.0 _ 0 SR )
e1—u1(x,y) + ea-—ua(x,y) = eze; o =utoy) +E—uixy) ) .
ay ay ox ax

For the particular case a1 = a2 = 1, we have é; = 1 +¢, €, = 1 + €/2, and consequently
0 0 0 0
@m >y + @Uz(x,y) =3.u xy) + 5Uz(x,y):
0 10 10
@W (xy) + 5@“2()(:)’) = E&W X y).

If we consider distinct real numbers o1 # 0 and 3, then we can obtain different systems of first-order linear PDEs whose solutions
are solutions of the biwave equation (17).
|
Copyright © 2013 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2013
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4.4. The three-dimensional Laplace equation

The three-dimensional Laplace equation is given by

92 92 02
(ﬁ+a 82)u(xy,z)—O (19)
This equation implies the polynomial P(§o, €1, &2) = £2 + &7 + &3, and Equation (11) has the following view 1 + e? 4 €3 = 0. In this
case, we can use the bicomplex algebra B = {ap + aji + azj + aze| a; € R}.
It is easy to see that 1 + % 2+ %jz = 0. So, we should consider B with the basiséy = 1,81 = —= i, e = ——j 83 = -
Now, suppose B, = {ao€o + a1é1 + a2€| ax € R} is a subspace of B.

Consider a function f : B, — B, namely,

7

ﬁ/,andeg— ﬁe.

- 1
f(x,y,2) = uo(x,y,2) + ui(x,y,2)

JJ+W@%3JJ+%U%H

J’

wherex,y,ze Randu,: R - R, k=0,1,2,3.

According to Theorem 2, if the function fis monogenic, then ug(x, y, z) are solutions of Equation (19).
So, let us write the Cauchy-Riemann type of conditions for f:

iu (x, z)—|——l 0 u x,y,z)+ 2 —u(x,y,2) + ! eiu x,¥,2)
dy oX, Y, \/i 1Y, ﬁ dy 20X, Y, \/5 dy 3(X, Y,
8 18 1 0 1 .0
[ 8 —uo(x,y,z) — u1(x,y,z)+2 o —u(X,y,2) — 3 8 —us(x,y,2);

iuo(xy,z)+7,%1(xy, )+f > uz(xy,z)+fe3u3(xy,z)

f 3 uo( Y,2) + ﬁeim(x y,2) — J uz(x y,2) — fliuﬂx Y, 2).

Therefore, we have four pairs of equations:

1. %uo(x,y,z) = —%%m x,y,2), 88 ui(x,y,z) = iuo(x Y,2);

ad
—u3(x,y,z) =

2. (%uz(x,y,z) U3(X Y,2), 3y f o u2(x Y, 2);

fa

d 0 0 ad
3. éuo(x,y,z) = —5u2(x,y,z), &uZ(X'y'Z) = &UO(X,%Z)?

d d d d
4. &l‘“ (lelz) - _87U3(X:yrz): EUB(XIYIZ) - &U‘] (X’y’z)'

It is interesting to observe that cases (3) and (4) are Cauchy-Riemann conditions with respect to the corresponding variables. For

instance, case (3) is a Cauchy-Riemann condition for ug(x, y, z) and u1 (x, y, z) with respect to the variables x and z. Hence, we obtain the
two-dimensional Laplace equations

92 9
320y 2) + 5 uo(x,y,2) =0,
2 2

0 0
o 2uz(xy,z)—I— uz(x y,z) =0.
Furthermore, it follows from case (1) that

2 32
o 2uo(x Y, 2) +2 02 uo(x y,2) =0,

2 32
u(x,y,2) + ——ui(x,y,z) = 0.
8 ox2 dy?

In addition, from case (2), we have

2 82
™ = U2(x,y,2) +2 uz(x y,2) =0,
92 82
o 2U3(x y.z) + 28 2U3(x,y,z) =0.

Copyright © 2013 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2013
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Much in the same way, we can study the four-dimensional Laplace equation.
Now, let us consider the example of a complex differential equation.

4.4.1. The two-dimensional complex wave equation. The two-dimensional complex wave equation is given by

92 2
( 2) u(zi,22) = 0, 20)

87212_ 0z5

where z1, z; are complex. Thus, we have P(§g, §1) = gg — 512, and Equation (11) has the following view 1 — e% = 0. For this case, we can
use the bicomplex algebra as a two-dimensional commutative algebra over C of the following presentation {a + eb}, where a,b € C,
e? = 1, ie = ei. By stating that e; = e, we obtain a function f(z1,22) = u(z1,22) + ev(z1,22), where u,v : C?> — C, is monogenic if the
following Cauchy-Riemann conditions are fulfilled:

0 0

e u(z1,22) = e v(z1,22);
0 d

PP u(z1,z2) = 9 v(z1,22).

We should recall that these are complex derivatives.

5. Infinite-dimensional case

Let us consider the case when A is an infinite-dimensional commutative unital algebra over K, with the basis e, k =0,1,2...,and B is
an (m + 1)-dimensional subspace of A (similarly to the finite-dimensional case).
Now, consider a function f : B — A of the following form

F) =) uk®) e,
k=0

where u(xX) = uk(xo, X1, . . ., Xm) are real or complex functions.
Similarly to Theorem 1, it can be proved that the function f is monogenic if and only if
of  of

—=e——, k=01,2.... 21
3Xk ekBXo 1)

5.1. Example: Fourier algebra

Suppose that A is the R-algebra of Fourier series with the basis ey = coskt, k = 0,1,2,..., and B is the following subspace
B= {ZZLO Xk ek, Xk € R}. Itis easily verified that exe,, = %(ek_m ~+ ek+m), k> m.
The Cauchy-Riemann type conditions for this case follows from Equation (21)

duo 1 duy duy  dup | 10uz
0X1 T2 X’ 0X1 - axg 2 0xo
and
aUk 1 BUk_1 8uk+1
— == , k=23,...;
0X1 2 ( 0Xo + 0Xo
similarly,
dug _ 1 duy duq _ 1 [ duy ous
0x2 ) axo 0Xx2 ) 0Xo axo )’
dup _ dug | 1 0us Qug _ Yk T kta oo
3X2_3X0 2 dxo’ axy 0Xo 2 Oxg | CoTe
and so on.

Now, let us consider the case when m = 1, hence B = {x + y cost, x,y € R}. Then,

oo
f(w) =f(x +ycost) = up(x,y) + Z uk(x,y) cos kt.
k=1

Copyright © 2013 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2013
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Therefore,
2 T
ug(x,y) = — / f(x + ycost) cosktdt (22)
7 Jo

and the Cauchy-Riemann conditions can be written as

dup  Tdur  dur  dup  1duy  dug 1 (dug_q D
L e ﬂ——(”“+”k+‘),k=2,3,....

Ty 2 ok T2 Ty 2\ Tax ox

In order to find the solutions for ug and uj, let us define

yui(x.y)

p(x,y):=uo(x,y) and q(x,y):= 5

Hence, we have

ply) _ 99(x.y)

. 23
ay ox 3)
Next, let us show that
dup _duy _un (24)
ax ajy y
Indeed, taking into account Equation (21), we have to show that
2 (7, 2 (7, ) 2 k4
— f'(w) cos 2tdt — — f'(w)cos“tdt + — f(w)costdt =0.
T Jo 7 Jo yr Jo
Integrating by parts, we have
2 (7 2 (T,
— f(w)costdt = — f'(w)sin“ tdt
ym Jo T Jo
that proves Equation (23).
Substituting Equation (24) in the second equation of the Cauchy-Riemann conditions, we have
oun dug U
— —2— 4+ —=0.
ay ax * y
Whence
d (2 pxy) 2
— =gy ) -2 =q(x,y) =0
3y (yq(x y)) o J2 q(x.y)
or
ap(x, )
p(x.y) _ 9qxy) 25)
ax ay
It follows from Equations (24) and (25) that
2 2
pxy) pxy)\ _dpxy) _ 26)
0x2 dy2 dy
and
Pqly) P9y | 99(xy)
— =0. 27
(52 -52)+ %5, @

Thus, by defining f(w) = " = e*T¥ <%t we obtain the following solution for Equation (26)

T
p(x,y) = eX[ e Ostdt
0
and
b1
qx,y) = eX/ &St costdt
0

for Equation (27).

. ______________________________________________________________________________________________________|
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6. The bi-telegraph equation

Consider the following equation

2

32 2
(ﬁ - W) ge(t,y) — A49c (t,y)=0, (28)

This equation is called the bi-telegraph equation, and it was obtained in [9] after finding the distribution of the position of a particle
that moves on the line driven by a point process with two-Erlang sojourn times.
By applying the transformation f (t,x) = e)“g (t,x) and changing the variable y = ¥, we reduce Equation (28) to

92 92
(ﬁ - 872)
We will seek for solutions of Equation (29) by using the theory of differentiable functions on commutative algebras.
Let Ap be a four-dimensional commutative algebra over R, assume that the set {eo, e1, €3, e3} is a basis of Ag with the Cayley table,

f(tyz)— @f (t,y,zy=0. (29)

€i €j = €ig),

wherei @ j =i+ j(mod 4).
The algebra Ag has the following matrix representation:

ex — Py =P,

where the basis e, = !,/ = 0,1,2, 3, and e has the following matrix representation

e—>P1 =

- O O o
[« e
o O —= O
o = O O

Let us state
=6, 1=0,1,2,3,
r{ =egjisins, 1=0,1,2,3,
ré:e,coss, 1=0,1,2,3,
rék:e,cosks, T£k+1 =eisintk+1)s, 1=0,1,2,3,
k=0,1,2,....
Thus,

1
0_0 _ 0 0
TnTok =5 (Tz(n—k) + Tz(n+k)>' nzk

h Lo _ V(i n®hn LDh
Tnt1 k41 = 5 (TZ(n—k) ~Dinth) N2 k,

h L _ 1 ndh heh
Tn+1%2k = 5 (Tz(n—k)+1 + Oati+1) M=k

Let us introduce the following algebra

+oo 3
_ I I I /
A= § : § :(azkfzk+azk+1fzk+1) ageRy,
k=0 /=0

2 2 I . . .
where Y0 Y0 (|a’2k| + ‘a’zk“ ‘ ) < +oo. Itis easily verified that A is commutative.

Copyright © 2013 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2013
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We consider the subspace B = {aot; + a17; + 27§ | ai € R} of the algebra A.
Let us introduce the function

f:-B—A

(f(t,y,z) =f(e1 (tcoss+ yisins) + z)) as follows
+oo 3
f(t,y,z) = Z Z (Vlzk (t,y,2) Th + Vyey 1 (6,Y,2) r£k+1).
k=0 /=0

The function f is called B/A differentiable at xo € B if there exists f (xg) € A such that forany h € B,

f (x0) h= Iimo f(xo + ¢h) —f(x0) )
£—>

&
It is easily seen that if f is B/A differentiable, then

d d
—f= —f 30
T e1Cos s % (30)

and

d d

@fzeﬂsins&f. (31)

In this case, all v’2k (t,y, z) are solutions of Equation (29). Indeed,

9 2\ 9* 4 2 i a2)?
(ﬁ_ﬁ) f—@f=e1(cos s—(isins) ) —1=0.

In the sequel, we denote by e the element e;.
We will seek for a solution of Equation (29) in the following form

e(tcoss+yisins)

gc(e(tcoss+yisins)) =e
Because f (e (tcoss + yisins) + z) = gc(e (tcoss + yisins)) €, we have
Vi (ty,2) = U, (ty)&,1=0,1,2,3,k=0,1,2,...,

where ge (t,y) = Y355 Yio (“’zk (t.Y) Tope + Uer () Ty )
Therefore, we obtain functions u{) (t,y) for t > |y| from the following equation

3 3
1 = -
/ | / / f
E ug (ty) g = E up(ty)e = E/_ﬂ e(tcoss+tyisins) ds = Jo (e, /yz_tz) =1 (e /t2_y2),

=0 1=0

where /i (respectively, Ji) is the modified Bessel (respectively, Bessel) function of the first kind and kth order.
It follows from Equations (30) and (31), the following Cauchy-Riemann type conditions

D@,
DU =,
% ! =+ %”i" (32)
% “12?—11 = % (“IZk—s + “/2k+1) '
%“2?1 = % (“Iz(k—n + “’z(k+1))f
k=23,...;

. ______________________________________________________________________________________________________|
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I ——

and
3(/691 :—lu’
dy © 2"
0 1M1 1
@UT@ —UI Eua,
e 1y
dy 2 23 (33)

@1 _ Vg
gy ‘21T 5 ( 2k_u2(k+2))'

9 11 1(/ | )

2k+2 = 5 (Y2k—1 7 Uok+3

By using Equations (32) and (33) and functions ug (t,y), we can obtain recursively function uf( (t,y) for any k > 1, which will be used
for solution of Equation (28). N
Taking into account that g (e (t cos s 4 yisins)) = e®(tcosstyising e have

1 (7 -
ud (t,y) + eu (t,y) + e?uf (ty) + 3] (t,y) =5 / ge(tcosstyising g — jg (e‘/t2 —y2) )
—TT
Itis easily seen that

o (o) - VAL A (’°< ) (fm))

2 2

i R i WA i o i)
2 2

Therefore, for t > |y|, we have u(1) (ty)= ug (t,y) =0and

ud (ty) =

U% (t,y) =

It follows from the first two equations of Equation (33) that

I 2_2) _ 2 _ 2

u} __Ziu(z)__a[o(\/t y) Jo (\/t y )] _ y (11 ( t2—y2)+J1 ( tz—y2))

dy dy 2 —y2 '

oo (V) (7]

u3——23u°—— = 4 ! t2—y2)—J t2 —y2
1= 3y 0= ay = t2—y2 1 y 1 y f
u?:—Z%ué:O,
u%:—Z%ug:O

Then it follows from the Cauchy-Riemann type conditions (32) that

aul (t,

ug (ty) = 2% =0;

| 1wy _ (b (VE=57)—h (VF-y?)) t

up(ty) =2—"7 — = T = =y (h (,/tz—y2)+J1( t2—y2));
dug (t,y)

u% (ty) = 2087)/ =0;

2 (ty) :zauga(tt,y) _ 8[/0 (\/tZ—y2);—Jo( t2—y2)] ) tzt_yZ (11 ( tz_yz) . ( tz_yz)).
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Similarly, for u’3, we have
d d y 2ty
0 _ 1T _ 2 2 2 2 — 2 2 2 2
=28 =28 [ (0 () o (V)| =2 (1 (V) o ()
81‘ 81‘ t2 _y2 (tz _y2)3

|
25 (7)o () (7))
28 [ () ()] 2 ) )

y 2 _y2)

P2 () ()4 () ()

Itis easily seen that u} = u3 = 0.
Next, it follows from Equation (32) that

aul 9 t -2y
0_»>""2 90_po-"_ 22 2 _2)) —o9 = 2 _\2 22
Uy =2 P 2u0_28t z 2 (11 (,/t y ) + (\/t y )) 2uy = 5 (11 (,/t y ) + ( te—y ))

(2 -y?)

) ) 7)) o) 4 (575)
uj =2 (a;t%—ug) = (_2}/23 (/1 (\/ﬁ) ) ( tz—yz))

2 —y?)
5 () () () () () o (),

In addition, it is easily verified that uy = u3 = 0.
Continuing this process, we can calculate u’, m = 0,1,2,3 for any k > 1. The number of u} in the extension of a solution of the
equation depends on the initial conditions for the solution.
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