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KOHTYPHO-TEJIECHBIE CBOMCTBA
TOHKO THIIOTAPMOHUYECKHX ®YHKIIHA*

We prove the contour-solid theorems for finely hypoharmonic functions defined in finely open sets of
the complex plane.

JIOBOASITLCST KOHTYPHO-TiJIECHT TEOPEMH /ISl TOHKO rinorapmoniunux (ynKiiiid, 3a/lanux 1a Torko
Bi/IKPUTHX MHOXKHMIIAX KOMIIJIEKCHOI TLJIOLLHIIH.

B npenpunTe [1] KOHTYpHO-TEJIECHBIE TEOPEMBI (a TaKKe JieMMa) paGoTsl [2] Gblim
NEepPEeHECeHbl Ha TOHKO THIIOrapMOHUYEcKHe (DYHKIINH, 3a[JaHHBIE B TOHKO OTKPBITBIX

MHOJKECTBaX Ha KommyekcHol mockoctd €. B HacTosmeil paboTe pesysibTaThl U3
[1] ycnnuBaroTcsi, a MIMEHHO: YCTaHABJIMBAIOTCS 60Jiee TOYHbIC OICHKH B KOHTYPHO-
TEJIECHBIX TEOPEMax U MCCJIEAYETCS BONIPOC O JOCTUZKEHUU 3HAKa PaBEHCTBA B 3THX
OLIEHKaX. -

A. KapTan onpeesiu TOHKYIO TOMOJIONHIO KaK caMylo cJj1abyio B3 BCeX TOIOJIO-
I, IJI KOTOPBIX BCE cybrapMonnyeckue (OYHKLUUH SBJISIOTCS] HENPEPHIBHBIMHE.
ToHKas TOMOJIOTUs CUJIBHEE, YEM CTaH/IapTHAsI eBKJIMIOBA TOMOJIOTHS. TOHKHE OK-
PECTHOCTH UMEIOT TAKJKE XapaKTepU3alHIO B TEPMUHAX ITOHATHS Pa3pe’KeHHOCTH,

BBegeHHoro paree M. Bpeno [3, c. 6, 9-17]. Ilycrts i pACIIMPEHHAS KOMILJIEKC-

Has II0CcKOCTh. MuoxectBo E C € Ha3pIBACTCS paspexeHHbir 6 MouKe X, €cJi
BBINOJIHSIETCSI OJ{HO M3 CJIEYIOINX YCJIOBHI: JINOO TOYKA X( HE SBJISETCS IDaHNY-
HoOM TouKoi MHOKecTBa E\{x(} (B cTaHmapTHOM TONOJIOrMU 3aMKHYTOM IJIOCKOC-
i C), /mbo Touka x, rpanuuHa mis muoxkecrsa E\{x;} u B okpecTHOCTH
TOYKH X CYIIECTBYET cyOrapMoHuucckast (pyHkips u(x) Takas, 9To

u(xg) > lim u(x).

x=xy, x€ E\{xy}

ITo ONpe/ICJICHUIO TOHKHE OKPECTHOCTH TOYKH X() € C 3a/1alI0TCsA KakK NKJO)KCCT =

Baputa C\E=:CE, rme E— MHOXKECTBO, Pa3peKeHHOE B TOUKE X H HE COmep-
Kance eell 3. e 1.

Tonkas TonoJiorus xaycaopdoBa u BIIOJIHE peryJsisipHa. BoJiee Toro, Te Tommme
OKPECTHOCTH, KOTOPBIE 3aMKHYTHI B CTaHJAaPTHOH TOIOJIOTHH, COCTABJISIOT Gazmec
TOHKHX OKpecTHOCcTel. Ho TOHKast TOMOJIOrHs He yHOBJETBOPSIET HU BTOPOI. m=w
IepBOI akcroMe cueTHocTH [4, c. 21].

MHOKECTBO BCEX TOUEK X € E B KOTOPBIX JaHHOE MHOKECTBO E He paspeme-
HO, Ha3bIBaeTCsA 6a3oii mHuoxecmea E 6 T u oGosnauaetcs yepe3s b(E). Muao-
xkectBo E :=EU b (E) Ha3bIBaeTCs MOHKUM 3aMbIKAHUEM MHOKecmeéa E = E
Ovuesuano, E C E. O6osnaunm yepes 3 G TOHKYyIO TpaHHMIly MHOJKECTBa & =

C. ITycts BJ-G:=¢ N SfG, a i(E):= E\b(E)— MHOXeCTBO BCex Hpperyasg-

HBIX TOYEK MHOXKecTBa E.
Crienchuyecky IBYMEPHBIMH SIBJISIOTCS CJIE/LyIolHe cBolicTBa. Ecim G — woe
KO OTKPBITOE, TOHKO CBSI3HO€ MHOXKECTBO ([PYTUMH CJIOBAMH, MOHKAA 06AGCHS " =%

*
Brinouinena npu nojyiepxke Mex tynapojuioro nayuiioro ¢horyia (rpait N UB 4000).
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KOHTYPHO-TEJIECHBIE CBOMCTBA TOHKO I'MITIOIAPMOHUYECKUX ®YHKLINHA 1115

Touka a € C sBusercs mouko enewneii ora G (T.e. a € CG) TOria ¥ TOJBKO
TOra, KOrja sTa TO4Ka ABJIs€TCs BHelIHel a1t G B CTaHAApTHOW TOMOJIOTHH (T. €.

a€ CG). DTo 03HAYaeT, YTO TOHKOE 3aMBIKaHHE TOHKOH 06JIaCTH 3aMKHYTO H B
CTaHAAPTHON TOMOJIOTHH.

Ecom muoxectBo E C € paspexeno B Touke xp€ €, To cymiecTByioT Kak

YrOHO MaJible OKPYXKHOCTH C ICHTPOM B TOUKE X, He nepecekawoupmecs ¢ E [3,
e.97L

Ona ze € 4epes €, Gymem o6Go3HauaTh Mepy JlMpaka, COCPEOTOYECHHYIO B
{z}. Mepy, nosnyuenHyio B pe3ysibTaTe BHIMETaHUA Mephl €, Ha MHOXecTBo WC C,

Oynem o603HauvaTh Yyepe3 a:v (nMeeTCsl B BH/y BHIMETAHUE HA NPOU3BO.AbHBIE MHO-
XKecTBa, cM. [5, c. 25]).

Yucnosas Gyskumsa f: D — [—oo, +00), ompe/iesicHHAasi B TOHKO OTKPHITOM MHO-

xkectBe D C €, HasbIBaeTCsA MOHKO 2UNOZAPMOHUYECKOLI, ECJIU BHITIOJIHSIOTCS CJie-
AYIOIIHE YCTIOBHSL:

i) f TOHKO noJIyHenpephIBHA CBepXy B D ;
ii) MHAIMPOBaHHAs TONOJIOTHA B D uMeeT 6as3uc, COCTOSIINIA U3 OrPaHHYEHHBIX

TOHKO OTKPBITBIX MHOKECTB V' C TOHKHM 3aMbiKanueM V C D Takux, 4TO

f) < [ fde Vzev,

rge j MTOHHUMAaeTCs KaK HUXKHUK HHTErpaJl (OTHOCHTCHBHO HHU2KHUX W BEPXHHUX
*

HHTErpaJioB /1JIs 3HaKolepeMeHHBIX (pyHKIMIA M. [6, c. 163, 164]).
Tonko runorapmonndeckas (pyHKIMS, 3ajaHHasi HA TOHKO OTKPBITOM MHOXKECTBE

D u KoHe4Has Ha TOHKO IIJIOTHOM B D MHOXECTBE, Ha3bIBACTCSI MOHKO CYO2apmo-
HU4€eCKOI.

ITycts L — BBenennsiit B [7] kyace Bcex dyukumii A : (0, +00) — [—oo, +00),
[UIs KaX/I0i M3 KOTOPBIX MHOXKeECTBO [ = {x: A(x) > —co} CBSI3HO U CyXKeHHE

¢ynkimn A(x) Ha /; BOTHYTO OTHOCHTEJILHO log x.

Mycts L™ — kiacc Beex A € L, /U1 KOTOPHIX MHOXeECTBO [; He mycto. s
Le L” uepes xj M Xx; OGO3HAYMM COOTBETCTBEHHO JIEBBII M IIPaBbIii KOHIIbI IPO-
MexyTKa [;. Ouenmno, 0 < x; < xj < +oo. Korma A(-) mpoGeraer kyacc L uim
L*, dyskums expA(-) mpoberaeT cooTBeTCTBEHHO Kytace ¢ mmn IN* U3 paboThl
[8]. Mpu x3 < X3 YNOMSAHYTOE BBIIIE YCJIOBUE BOFHYTOCTH PABHOCHJIBHO TOMY, UTO

dbynkums A (x) Ha uHTepBase (xj, x;:) BOTHY%a OTHOCHTEJIbHO logx (a mosromy
HENpepBIBHA), a Ha [; MoJjiyHenpephiBHA CHU3Y. [Jisi A € L CylIecTBYIOT HpeaeJibl

A% wvilin M, e ()
x—0logx x— +eo lOgx
U BHBIITOJIHEHBI COOTHOILIICHU A
i WV Sas e i ' (1)

ITycTh B TOHKO OTKpbITOM MHOXKecTBe G C € 3amaHa TOHKO TMIIOrapMOHHYEC-
Kad pyukima u. Ecim u umeer B G TOHKO CyleprapMOHHYECKYIO MasKOpPaHTY, TO
s e G obozHauum

Yo, §) := inf{6(): 6 Touko cyneprapmonnunas G, 62 u B G}.
0

OueBnagHo, u(-) < Yo, ). Ecom T (4, -) < +o, TO Ha ocHOBaHuu [5, c. 96, 103]
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1116 " T1. M. TAMPA3OB, A. A. CAPAHA

MOKHO MOKa3aTh, YTO Y, (u, ) ToHKO rurorapMoHnyHa B G, a 11 KaX /ol TOHKO
CBSI3HOU KOMITOHEHTH G j MHOXecTBa G cmpaBe/l/IMBa a/IbTepHATUBA: JIMGO T (u,
E)=su(l)=— B G;, ymbo pyHKuuu Yo, §) u u(8) ToHKO cybrapMonuunbi B

G, npuYeM Yg @, §) ToHKo rapmonmuna Ha muoxectBe {({ € Gj: vy, €)#

gk,
Ous a €e C\G u r>0 BBeneM BEJIYMHbI
lim s npu aeafG;
ué = z—)a,zeGllOglz—a||<
0 npH aeafG,
m¥ 42 1pu 00631“0;
u°G° = 2,76 lOg]zI
0 npu ooest,

M, (u,r) = inf{plogr+g: pe (=, +00),ge (=s, +o],
¢ P4

u(z)<ploglz—al+q Vze G}.

OueBupHo, BepHa ajlbTepHaTHBA: JTHG0 M G )=+ Vr>0, mGo M G,“( u,
r)<+e Vr>0. EcmiuMeeT MeCTO BTOpas U3 yKa3aHHBLIX BO3MOJKHOCTEH#, TO IpU
(HUKCHPOBAHHOM @, paccMaTpHBasi MG,a(u, r) Kak (byHKIHMIo oT r, umeeMm M G‘a(u,
-) € L. Ipenmonoxum, uro M G,a(u’ ) # —o0, WM INYCTh r*, r~ — KOHIBI MaKCH-
MAaJIbHOrO HHTEpBasIa, Tie 3Ta QPyHKUUA He obpaiaeTcs B —oo. Toraa (yHK L
MG,“(u, |z=al) cyneprapmonmuna o z npu r~<|z-a|<r* u MG'a(u, |z =
~al|)=-co mpu |z-a|<r- unpu [z-a|> r+. Kpome Toro, B 3TOM cJyydae
dyskuust u umeeT B G TOHKO FapMOHHYCCKYIO MaKOPAHTY H BEPHBI COOTHOIIEHU 51

u(z) £ Y (u2)is MG.a(”’ |z=al) VzeG.

YKasaHHbIE COOTHONIEHUS BEPHBI 1 B TOM CJTyyae, Korga M G ot )= — ooz
3y 4

Teopema 1. ITycmv a € C — ¢purcuposannas moura, G C C \ {a'} — monxo
OMKPLIMOe MHOKECME0, MOHKO CBA3NbIE KOMINOHEHMbl KOMOPO2ZO 0003HAYAIOMCA
uepes G;; A € L u— monko eunozapronuueckas 6 G pynxyus, 02PAHUHEHHAA
Ce8epxy Ha Kaxxooli oepanuyennoii uacmu ynoxecmea G. omodesumoii om mouku a.
ITyemy

finelim u(C) < A(|]z-a|) Vze (0;G)\{a}. (2)
{—>:CeG
Obosnauun z | i=a, 2, i=00. [lpednoaoxun, ymo npu kaxdom s = 1,2 (nezaéu-

cuMo Opyz om dpyea) 041 Kaxooii mouko ¢ea3noii koxnouenmvr G

i+ 044 Komopoii

z, € b(G)), evinoansemes 00no u3 dayx ycaoeuii:
1)z, & b(CGj) u ugj <+4oo;

2)0nn § e G; pymkyus u() = A (|§—al) oepanuuena ceepxy 6 HeKkomopoii
OKpecmHocmu mouku 7.

Toz0a eepro caedyouee.

Ecau A=~o0, mo u=—-oo, Y (u, ) =—os, Mg fu,-)=—co. Ecru e L" u

Xy = X5, MO u=—oo, Yo ') ==, M, (u,r) =—co Y r# x3. Ecauxe A e
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KOHTYPHO-TE/IECHBIE CBOMCTBA TOHKO M'MITOTAPMOHUYECKUX ®YHKLMIHA 1117

* — +
€L u x3 < x3, mo u umeem 6 G MOHKO 2apMOHUUECKYIO MAKOPAHMY U 6bi-

., 0 =
NOAHAEMC A OOHA U MOALKO 00HA U3 DBYX 803MOKHOCMEI: AUbO Ul < — A, ug <A
u

"‘(C) = Yc(uv C) = MG",(L"IC~aI) & X(IC"GD

V{e G: x3#|l-al# x3, 3
u(@ = v, = - VEeG:|{-al|e (x),x7), @)
M, (mr)=s—=" Yre L2y ,%3], (5)

AUDO UMeem Mecmo cAeOYIOUULi UCKAIOHUMENLHDIL CAYHQIL:

G =C\{a}, A(x)=log(Bx") Vx>0,
u(@) = vow.8) = Mg (u|8~-al) = log(c|¢-al’) Ve,

c>B20,v, B, c — nocmosnnvie.
st pacematpuBaembix G, a, u, A npu s = 1,2 BBeeM Besmunnsl 6° =6*(G, a,
u, ), onpezesseMsle cye/yiomMu yesoBusaMu. Econ A e L, To moJioxum

uC)=M]--al))g upu x3 =0;
0 npH x; >0,

g =

) (U()‘—X(I '—[ll));; Ipu XX = +4o0;
) a—

0 MpH X3 < +oo,

Ecomm A= —oo, TO IIoJIaraem Gl = (52 =

, 0
Ons A€ L™ 09eBHAHBI CACAYIONUIE COOTHOMICHHS: €CI A # + o0, To O =

0 oo oo o -
=ug+ A, aecilu A #-o0, T0 62=uf — A™. B e .

st Touko oTKpbiToro Muoxkecta G C € ¢ HenosiApubM onosHenneM CG
nmpu w,Le €, w={ cymecryer Tonkas dynkuus Ipuna:

cG o
s NN g6 0) = [log(lw-z|/|w-E|) defO). __——
— ! -
Bo3MOKHBIM HEOIPE/IC/ICHHBIM BBIPAJKEHH M yCJIOBUMCS MPHITHCHIBATL CJIE/YIG-
1He 3HaYeHHsA: oo - 0 =0, —oco 4 00 = — oo,
Teopema 1 ABJIAETCS YACTHLIM CIlyYaeM CJICAYIONIETO GoJiee CHIIBHOTO YTBEPIK-
MCHU 5.
Teopema 2. IlIyemv a € C — ¢urcuposannas mouva, G C € \{a} — monko
OMEKPLIMOE MHOKECMBO, MOHKO CBA3HbIC KOMNOHEHMBL KOMOPO2ZO 0O03HAUAIOMC A He-
pe3 Gj; Q— mnowecmeo, komopoe codeprumcs 6 CG, codepium mouxu Z, =

=a, z,=°°, HO HE¢ COOEPKRUM HU 0OHOZO HENOAAPHO0 KoMnakma, A€ L; u —
momnko eunozapMonideckas 6 G (PYUKUUA, 02PAHUMEHHAA CEEPXY HA KAKOOI 0zpa-

HU4eHHOU yacmu mnoRecmeéa G. omdeausoii om mouku a. Ilycmo dasa Kaxooii
MONKO C8A3N0U Konnonenmol G;

finelim u(f) < A(|z-a|) Vze (9,G)H\Q. (6)

C—z.0eG;

IIpednoaoxun, umo npu kaxoom s =1, 2 (nesasucuso dpyz om dpyza) dan kaxdoii
MONKO C8A310l Kornonenmvt G, 0aa kKomopoli 7, € b(G)), evinoanaemca 0dro
U3 CAe0YI0UUX 08yX Ycaoeuii meopemvl 1: aubo 1), auéo 2). Tozda 8CPHO €Ne0YI0-
uee.
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1118 [1. M. TAMPABOB, A. A. CAPAHA

Ecau A =-c0, mo u =—oo, Y, (U, +) =—oo, Mgifa,-)s~co. Ecmti h e L' u
Xy = X3, MO U=—oo, Yot ") ==oo, M (u,r) =—o0 V r# x3. Ecauxe A €
€L u xy< x5, mo u umeem 6 G monxo 2aPMOHUMECKYIO MAKOPAHMY U 6bi-

3 0 oo oo
NOAHAEMC A OOHA U MOALKO OOHA U3 D8YX B03MOKHOCMEL: AUOO ug S -\, ug A7,
~0<0!<0, ~0<62<0 u sepmv coomnowenua (3), (4) u(5), aubo ureem mec-
Mo CAeOYIOUULE UCKAIOHUUMeNbHBIET CAYYQiL:
G=C\0; Mx)=log(Bx¥y ¥x>0,

u(®) = 1 8) = Mg (u15-al) = log(cl¢-al') Ve,

c>B20,v, B, c — nocmosannvie.
Ecau mnoxecmeo 0 G He noaapro, mo 041 Kaxdoii MOHKO C8A3HOli KoMNOHe-

mol G; mnoxecmea G eepho caedyiowee: aubo u(f) = YoW,8) =~ 6 G Er

Aub0 npu Kaxoom s = 1,2, 0aa komopozo G* = —oo, @epHo Z. B CGj), g G(zs,
§)=0 Ve G u
VL0 < W€ vud) 4o nplpiov pegiig gy Y9 ERG, %)

s zxel;(CGj)

s
MG,u “() B Z ch(ZS,C),|§—a| = 7~(|§—a|) VCG G. (8)
§: 0% #£—o
Teopemsi 1 1 2 ABJIAIOTCS TOHKMMH aHasioramMu TeopeM | u 2 u3 paGoTs [2] u
OIHPAIOTCS HA CJCAYIOMIYIO JIEMMY, KOTOpasi SIBJISIETCS TOHKHMM aHAJIOTOM JIEMMDI
u3 [2].
Iycts B C € — TOHKO OTKPBITOE OrPaHHYEHHOE MHOXKECTBO, € € (0, | ), w,z €
€ C. Baegem dynkumo / (w, z) =log max {g, |[w-z|} u oGosnaunm

Hylw,),8) := [ 1 (w,-)def®. )
Jlemma. /[[ns nbou%onwwx Ce B u we C cywecmeyem npeden
Tim Hy (0w, ), 8) == hyw. ) - (10)

Komopuiii (monko) cybeapmonuven no w e € u ydoenemeopsaem coommomenuio
hyw. )~ loglw-C] = g,(w,{) V{eB, weC. (11)
Hoxasameascmeo. [Ina {,we € mpu € - 0 dynknus [ (w, C) monoToHHO

y6uiBaeT 1 crpemutes K log |w—C|. B cuny (9) cymecTByeT npezes (10), koropsii
YAOBJIETBOPSIET PABEHCTBY

hyw,0) = [loglw-z|def®z) V{eB, weC.

Orciopa u u3 onpenesienus (ToHkoi) dbyukuuu I'puna caenyer (11). Jlemma o-
KaszaHa.

[oxasameavcmeo meopemot 2. O603Ha4uNM
GIL:I8~al<1} = D,, GN{C |t-d|s1}=: D"
3adukcupyeM NPOU3BOJIBHBIE G, V € (—o0; +0) Takue, 4TO
A(x) £ viogx+o Vx>0. (12)
3T0 BO3MOXHO B cuJly ycJioBust A € L. IycTs g >0 TakoBo, uTo
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KOHTYPHO-TEJIECHBIE CBOVICTBA TOHKO 'MITOITAPMOHUYECKUX ®YHKLUI 1119

u@ <q VEe M{{:|{-a|=1} (13)
Hokaxem, uto u(f)<vlog|-a|+q V { e G Buauase mokaxem, 4To
u(§) < viog|lt-al+q VieD. 4

Ipennosioxum, uto (14) He BhMONHsAETCA. TorJa CymecTBYeT TOHKO CBA3HAS KOM-
noxenTa D mHoxkectBa D, ntouka (' € D, B xotopoit u({’) > vlog|l —al + q.
O6o3nauyum yepe3 D, MHOXKecTBO Bcex ( € D, B KOTOPBIX

u(€) 2 viog|{-al+gq. (15)

Torma D, — HemycToe TOHKO 3aMKHYToe B D MHOXKECTBO, cofiepKaiee Touky
a D\D, — HenmycToe TOHKO OTKPBITOE MHOXKeCTBO. IToaTomy 0 DD Uo D, a
nockossky D (19D =@, 1o (9;D,) N 9D = (d;D,)\D. U3 ycnosuii (6), (12) n
(13) cepyet

fine lim u({) < vioglz—a|l+q Vze (9,D)\Q,

{—z,LeD
amosromy d;D, C DU Q. Otciona u u3 cootsomenns D () Q =@ (koTopoe sB-
Jigercs cyeacTBHeM cooTHomennit Q (1 G =@ u D C G) cunegyer Q) d D, =
=(d¢D,)\D. Takum o6pasom, Q () d;D, =(9;D)( 0 ;D,. CnenosateJsbHo,
muoxecTBo Q (19D, Tonko 3amknyTo B € motomy sB/IAeTCS 06beIMHEHNEM

6QPEJIEBCKOTO U MOJIAPHOI0 MHOKECTB [3, ¢. 76]. OHO NOJISIPHO, TaK KaK COACPXKHUT-
ciB ( U IOITOMY HE COJAEPXKHT B cebe HelmoJIsApHBIX KoMIakToB. Ha Hemycrom

mroxectse (9,D)\(QNd;D,) = (3,D)\((3;D) N 3,D,) = (3,D)\d;D, BepHo
HEPAaBEHCTBO
finelim u({) < vloglz—al+g Vze (9;D)\(QN({a}Ua;D,)). (16)
{—>z.LeD
Ecsm Touka z, =a ToHKo oTaesmMa oT D, TO OYHKIMS # OTPaHHYEHA CBEPXY
B D corJiacHo ycJioBHio TeopeMbl. Torza us (16) u npUHIKIIA MAKCUMYyMa JIJIs1 TOH-
KO IHMOrapMOHHYECKHX (DYHKLMIL C yueTOM nosiipHOcTH MHOXKecTBa Q (1 d,D, u
TOHKO¥ cBA3HocTH D cnenyet, yto u({)<vlog|{-a|+q V { € D. Ho sto npo-
THBOPEYHT cooTHoIeHuo {'e D, C D u npeanosiokKeHHoi oleHke B Touke (' €

D. 3uayuT, B JaHHOM cJlyyae olcHka (14) BepHa.
ITycTe Temeps TOYKAa @ €CTh TOHKO rpaHHYHas Touka ajis D (u oTciofna a €
€ b(D)). Torpa To e camMoe BEPHO JJIs TOW KOMIIOHEHTBI Gj mHOXKecTBa G,

KoTopasi cofiepkuT D, T.e. a € b(Gj).
Ecrm pnist z | = a BepHo ycyosue 2) TeopeMsl 1, To u3 (12) BUAHO, 4TO (DYHKIIH A
u(§)-vlog|{—al orpannyena crepxy 8 D, us D. Tlockomky @ 9,D, —

NOJISIPHOE MHOXKECTBO, TO, KaK M BhIILE, U3 (16) Ha OCHOBAaHUM IPUHIMIIA MAKCHMyMa
[J1s1 TOHKO TMIIOrapMOHUYECKHX (DYHKIIHI TPUXOIUM K IIPOTHBOPEUHIO C IIPE/INOJIO-

JKEHHOM o1eHKO# B Touke (' € D. Takum 06pa3om, H B 3TOM CJlydae BEpHA OLEHKA
(14).
PaccMoTpuMm Teneps cityyaii, Korjga aJisi TOYKU 7, = a HMEEeT MeCTO ycJioBue 1)

TeopeM 1u2,1.¢e. a € b(CG)) n UG, < +oo. Tak Kak B HEKOTOPOH OKPECTHOCTH
J
V| Toukm a

il ki
¢eg,nv llogIC~all
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TO CyIIeCTBYeT nocTosinuas A > |v| Takas, uro dpynkuma 0(L):=u({) + Alog|{ -
—a| orpanmyena cBepxy B D, M Ha OCHOBAHHM [AHHOTO BHIIIE ONPEICIICHUS TOUKHU
€' u cootHomenus (16) TI0JIy4aeM

8(C) 2 (v+A)log|L-al+gq, (7n
finelim 0({) < (v+A)log|lz—al+q Vze @;D)\ (2N ({a} U9,D,)). (18)
{—z,LeD
Hycts €€ (0, 1). U3 onpenenenus [ u (18) cienyer onenka
Tine lim 0(5) < (v+A)l(a,2)+q Vze (3,D)\(QN({a}Ud,D,). (19)
{—z.LeD
B D (yskuus 6 orpaHuyeHa cBepXy M TOHKO I'MIIOIapMOHMYHA, (DYHKIW S
Hp(l (a,-),w) orpanuueHa CHu3Y i TOHKO FapMOHHYHA IO W NpH KaxaoM € € (0,
1). ITostomy u3 (19) u Toro, yro MHOKecTBO Q () 0 D, mosspHO, HA OCHOBAHHU
NpUHIHIIA MaKCHMYyMa CJIC[YeT, 4To Npu Kaxaom € € (0, 1) Bepuo 6 (L) < (v +
+A)Hp(l (a,-),8)+q Ve D.
[lepexons K npeziesty o € — 0, Ha OCHOBaHHH JIEMMBI T10JTyYaEM

8(C) < (v+A)hy(a, ) +q = (v+A)(log|l-al+g,a. L) +q V{eD.

U3 ycnoBust ae b (CG;) cnenyet, uto a € b(CD), a nostomy g @, €)=
3HauuT,

8() < (v+A)log|l-al+q Ve D.

Ho sTo npotusopeuur (17).

CrenosatesibHoO, npu ycsioBuH 1) Teopem 1 1 2 cHoBa BepHO (14).

Takum oGpasom, 10Ka3aHO, YTO NPH YCJIOBUSIX TEOPEMbI 2 BCET/Ia BEPHA OLIEHKA
(14). Hcnosbayem 10T (hakT AJISA OKA3ATE/ILCTBA AHAJIOTHYHOM OLEHKH [IJISI MHO-

xectsa D“. PaccmoTpum 06passl Muoxkects D, O, G npu otobpaxenun (, =
=1/(C - a) nnpuMeHHM U3JI0KEHHBIE BbILITE PACCYKICHUS K TOUKE a ; =0, dyuk-
wasM u, (§)=u(C), A (x)=A(1/x) u yucaam V,=-V, 6,=0, g, =¢q (370 3a-
KOHHO BCJIC/ICTBUE MHBADUAHTHOCTH YCJIOBHH TE€OPEMBbI OTHOCHTEJILHO YKAa3aHHORH

3aMenbl). Tor/a noJiydum aHasior oueHkH (14), H3 KoToporo npu o6paTHOH 3aMeHe
OO'BEKTOB MOJIy4YaeM

u(@) < vlogl-al+q V(e D" (20)
CiietoBateJibHO,
u(@) < viog|{-al+q Ved. (21)
[peanonoxum, uto B G OlEHKA
u(@) < viogl|l-al+o (22)
He BBINOJHsAETCsA. Tor/ia nnpu HEKOTopoM 0’ >G B G e BepHa TaKKe OlleHKa
u(€) < viog|{-al|+0o". (23)

IToaTomMy B 3TOM cJly4ae CyleCTBYeT TOHKO CBsi3Hasi KoMrioHenTa G’ MHoXecTsa G
uTouka ' € G, BKoTOpOI (23) He BHIOMHsETCSH. O6O3HAYUM yepe3d G, MHOXKe-

crBo Beex Tex § € G, Bkotopeix u({)2vlog|l—al+ o’
Ilo anasioruu ¢ 10Ka3aTe/CTBOM COOTBETCTBYIOIMX CBOHCTB MHOKecTBa 04D,

(CcM. BBIIIE) MOXKHO yGeqUTBCS, YTO MHOXKecTBO Q) 9 G« TOHKO 3aMKHYTO H
NOTOMY MoJIApHO. [Ipu sTOM HMeem
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finelim (u(§)-viog|z—al-06) <0 Vze (0;GHI\(QNG,). (24

{—z.leC’
@ynkuus @(0) :=u(f)-vlog|z-a|- o6 Tonko runorapMoHHYHa U OrpaHUYEHA
cepxy B G'. Tlpeanosoxum, uro (9,G)\(Q N0 1G.) # @ Torpa x dynkuum
@({) npuMeHHMM NpPHHIMII MaKCHMyMa, U Ha ocHoBaHuM (24) monyuaem u({) <
<vlog|l-a|+0c ¥V { e G, uro nporuBopednT onpeaeseHnio G’, OCHOBAHHOMY
Ha MPEAINOJIOKEeHHH 0 HapyuleHun B G' onenku (22). CrexoBaTesbHO, (a,.G' )\
\(Q@NJsG,) =@, nmnoTomMy MHOXKECTBO d;G' copepxutca B Q, a Tak Kak OHO
TOHKO 3aMKHYTO. TO OHO SBJISETCS NOJIApHBIM MHOXKecTBOM. Torna G'=C\d,G' C

CG, uorciopa G CGCC\QC a:\afc' © G, 1. e GmiCE 0= cc\afcr,
O= 3 G = F) ¢ G. Ha ocuoBanuu TeopeMsl 9.14 u3 [5, ¢. 96] nosisipHoe MHOKECT-
B0 0 7 G =0 ycrpauumo ana HyHKUMH @, T. €. HyHKUUs @ TOHKO THIOrapMo-

HHYECKH NMPO0JIAKNMa Ha MHOXKeCTBO "€ [0 (TOHKO IrHIIOrapMOHUYECKOi H) orpa-

nuyenHol ceepxy B € (ynkumu ¢ coxpanenuem nepasernctsa @({) < ¢ — . Ios-
TOMY 3%a npojoJixennas OyHKUus nocrosinna. Ona KomedHa, H60 B MPOTHBHOM

Cjlyyae OHa TOXIAECTBEHHO oOpallaiach Obl B —oo M OBIJIO OBl U4 = —oco, YTO
MIPOTHBOPEYHT MPE/NOJIOKCHHIO O HApYUICHHH oleHKHU (22). Cule1oBaTeJIHO, BEPHO
u() = viog|l—al|+p Ve G (25)

C HEKOTOPO# NOCTOAHHOH p € (0, ¢]. Tak Kak MHOXKECTBO afc =.CG = 0 nojsp-
HO, TO TOYKH @ H ° NpUHAJICXKAT MHOXKeCTBY b(G) U He NpUHAAJICKAT MHO-
xectBy b(CG). Tostomy BenosmseTCs ycopne 2) TeopeM 1 u 2 1 Todek z, = a
u z, =co. Ilpn sTom Besenctaue (25) u ycnosuss G U 0 fG= C Bepno ciuepyioniee:
e L, I;=(0, +e), dyukuns A(|z—-a|) koHedHa u cymeprapMOHMUHA B
C\{a}, a dynkmas y({):=u({)-A(]{-a|) xoneuna, orpanuyeHa cBepxy H
TOHKO runorapmonnyna B G = G'. Ilpumensis k Gyukimn y({) paccyxaeHus,
NpUBE/ICHHbBIE Bhillle 0THOCHTEJIbHO yHkunn ¢ (), mosiydaem

W)= Y{e G (26)
¢ HekoTopoit noctosHuoi & € R. U3 (25) u (26) BuTekaer Ax)=viogx+p — 3
V xe (0, +c0), ans(12) caenyer, yto 62 p—98. Ilosromy &> 0. Takum obpazom,
JOKa3aHo, yTo ecsiM B G oneHka (22) He BepHa, TO UMEET MECTO MCKJIIOYUTEILHBII
CJlyyail yTBepK/IeHHs TeopeMbl 2, npudeM ¢ > >0, a MocTosiHHAsi V. OHO3HAYHO

onpenesisiercst pyukumeii u(l). 2
Tenephb NPeANoIoKIM, YTO HCKJIOUHTEIIBHBIN CITydail TEOpeMbl 2 He HMEET Mec-

Ta. Torma npu ynobeix o, v € R, ynoBnersopsiomunx ycaoBuio (12), 8 G BepHO
(22) u pyskmmus u umeet B G TOHKO rapMoHHYecKylo Maxopanty. Ilycts (, € G

u G({,) — TOHKO cBsA3HAs KOMIOHEHTa MHOXKecTBa G, comepxamas .
Cnavana npumem, uto A€ L*. Ecm x; < |{,—-a| < x{, To MOKHO BbiGpaTh

o,ve R Takue, uro Bemosmeno (12) u A(|{,—-al) = vlog|{,-a| + . Orciona,
U3 ornpenaesienus: M G a(u, r) U (22) cnenyioT OUEHKH

u(Gy) < Yo Gp) < MG,t,(“’lg()"al) = M| Co=2al): (27)

Ecmi |{,—al| ue nexur na cermente [x;j,x;: ], TO 3a cueT Bhibopa O,V € R

MOJKHO 10GHTHCs TOTO, 4To yncsio vlog|l,—a|+ o craner Menblue moGoro Hare-
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pell 3alaHHoOr o Yncsia M > —eoo, a ycyosue (12) coxpanutcs. ITostomy us cripasesn-
JmBoCTH (22) B G caenyert, 4To

u(t.n()) = YG(u7 cO) = MG", u9|C0—a|) Y (28)
H IIOTOMY HJIs BCEX CG G, nns KOTOPHIX |§—a| 3 [x;t,x;t], BEPHO
(@) = 75 §) = —eos. (29)

N3 (27)—~(29) nony4uaem (3) u (5).

Ecm xe |{y~al| pasno xy wm xy, ToB G({,) Gaaromaps (29) momxHO
6eITh 4 (L) = —co, amoToMy U Yo, §)= —o V § eG({,). Takum obpasom, pa-
BeHCTBa (29) BepHBl 1A Beex € G miist KoTophix ymbo | —al < Xy, Jmbo
|C-al 2 x{. CrnenoBaresnsho, mpu _xj < xi BepHo u (4), a mpu xj = xi BepHO
u=—oo, Yo(u,-)= =0, M (u,r)=~o0 Vrz x.

M3 (3) c yueTom orpesiesieHui CIIeAYIOT OLEHKH

ug =0, uF S AT Leo's 190, 200 G2 <0

BoabmeMm f1Ba uncsia T, T, Takue, YTO NPU KaxaoM s = 1, 2 (He3aBHCHUMO APy

oT apyra) ym6o T, =0°=0, mbo ¢°<1 <0. 3aduKcupyeM MPOU3BOJILHEIE V,0€

€ R, nmns koropwix Bepro (12). Cormacho JIOKa3aHHOMY BBILIE UMEET MecTO (22).
HOna r>0 umoboit GyHKIMH 0: G — [—oo, +00) 0603HAYUM

sup. . 06) = mg (8,7).
CeG,|C-al=r 1

Teneps NpeAnos0XuM, 4To MHOKECTBO 0 ;G He OJISIPHO, U 0603HAYMM
V1:l,1,'2 (C) = M(C) ™ (V IOgIC—a I + G) i tlgc(a’ g) 7 ngc(m, c)

OyHKIMA Vi1, (€) ToHKo runmorapmonnyna B G ¥ OrpaHHYeHa CBEpXY Ha JIo6oi

OrpaHUYeHHOH YacTh MHOXKecTBa G, OTHEMMON OT Touku a. KpoMe Toro, Bo Bcex
KOHEYHBIX TOYKax z € b(0 G)\{a} umeem

finelim V; . (w) < 0.
w—oz,welG

CymecTByIOT KOHCYHBIE IOCTOSHHBIE C |, ¢, TaKHe, 9To npu | — a| =1 BepHo
8@ 8)<cy, go(=,8)<c,+log|{-al. TMostomy c yueTom (22) umeem cieayio-
wee. Ecom 1,=0, To

mG,a(Vr]’Tz,r) ST VR

Ecsiu Xe G2

<1,<0, Tonpu r21 cnpaBesymBo
mG,a(Vr],tz,r) S mg (U r)=(viegr+o) -
— tc; = T(logr+c,) £ O(1),  r— +oo,
TaK KaK JIM60 Ug =—c0 U m ¢ fu, r) < (v +1,)logr npu Bcex AOCTATOYHO 6OJIb-

oo oo
WIHX 7, JMOO UG #—o0, A" #—co M NPHU BCEX JOCTATOYHO GOJIBIIAX 7 HA OCHOBA-
HuH (1) cnpaBenIMBO

MG, 1) = (v +7y)logr < (ug —-v-0%)logr = (A*-v)logr < 0.

CirenoBaresibHo, pyHKums mg, a( Vet r) OrpaHMYeHa CBepXy IpH Bcex r > 1.
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Cy1IecTBYIOT KOHEYHbIE MOCTOSHHBIE C4, €, Takue, uTo npu 0 < |E=a] <1
BEpHO g, (>, ()< c3, 8,5, §)<c,-log|C—al. MosTomy no aHaIOrKK € OKA3aH-

HBIM BhillIe HMeeM creaytomee. Ecom 1, =0, To
mg,a(Ve, v, 7) S —Ta¢5 Vre (0,11
Ecom xe o"<‘c|<0, Tonpu 0<r<1 cnpaBenyiuso
mG,a(th,Tz,r) < mG’a(u, r) — (viogr+o) -
1 (=logr+c,)—Tycy € O(1), 10,
TaK KaK JMb0 ug =—o° H mG,a(u, r)< (v -1,)logr npu Bcex AOCTATOYHO MaJIbIX

r, Jmbo u‘(’; #—oo, A 0% 0o n TIpU BCEX JIOCTaTOYHO MaJIbIX 7 Ha ocHoBaHuH (1)
CIIpaBEe/JIMBO

mg (u,r)=(v=1)logr < (- ub -v+ol)logr = (A°-v)logr < 0.

Takum obpasom, QyHKIMA Mg a(VTl‘TZ ; r) orpaHHYeHa CBEpXy TaKKe IpU BCeX

re (0, I].
CrnepoBatesibHo, pyHKuMs Vy o~ OrpaHHyeHa CBEpXy B G ¥ MOTOMY Ha OCHO-

BaHHMH MPUHIIMIA MAKCUMyMa [IJIs1 TOHKO FHIorapmMoHnyeckux dbynkuuii [S, c¢. 76]
OJIy4acM

Veury @ S0 Ve,

u(§) < viogll-al+0 +1,8,@ ) + 1,8, 8) VieG.

Yerpemnss T K O [ s = 1, 2, B npefiesie noJtyyaeM

u() € viog|l-al+0o + c{gc(a, £) + ong(o,o, &y WEeGy (30)

rze npu KaxkaoM (€ G mpuHATH cieftyiomue coryamenns. Ecom g -(a, C)Y=0, 7o

G'gc(a, {)=0 (maxe npu o' = —o0), a ecJii gG(oo, £)=0, 10 ng(;(oo, £)y=0
(maxe rpu 62 = —co). EcJiM IIpH HEKOTOPOM Co € G BHIIOJIHSCTCS yCJIOBUE
6'gg(a §p) + 078 (0, §g) = — (31)
(PaBHOCHJILHOE TOMY, UTO TIPH HEKOTOPOM s = 1, 2 BepHo G = - u Z €
g b(CG(L,))), To umeem o i
u(§) = Y5, §) = —oF Ve G(§y).
Ecom ke (31) He BBIMOJIHAETCS, TO NPU KaxaoM s = 1, 2, NpH KOTOPOM 0’ = —oo,

posxkHo 66iTe z, €b(CG(Ly)) n g, ) =0 B G(£,). B aTom ciyuae u3

HepaBeHcTBa (30) ¢ y4eToM TOHKOM rapMOHMYHOCTH B G BCEX CJlaraeMbiX B €ro
IIpaBOi YacTH CJIeMyioT cooTHomenus i § e G(L,):

Yo, §) < viog|C-al + o + h 0’8, O, (32)
st z, € b(CG(Lp))
u(@) - Y, 0.k, 0 < vieg|{-al + o (33)
5:0° #—o0 .

Ouenka (32) gt (e G(CO) BepHAa Tak ke B cuyvae (31), 4To JIErKo yBUOCTH U3
yKa3aHHbIX Bbillie CJIACTBHI aTOro yesoBus. C yyetom (22) ouenka (33) BepHa /11
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€ e G(§,) umnpu ycnosun (31); nosTomy ona BepHa AJis Ce G(§,) npu mobom
Co€ G wu, 3Haunr, BepHa 1715 Beex € G. Orciona ciiefyeT oneHKa

Mg 4| u(-) - Z 0°86(z;, ) [C-al| < viog|{-al +06 V(e G (34)
§:0% #—c0
Hycts {ye G. Ecu xy <|{,~al< xy, ToMoxHo BEGpats G,ve R Takue,
YTO BhINOJIHsAETCA (12) 1

A(lCy-al) = viog|C,-a| + o.

Orciona n u3 (32), (34) caenyioT HepaBeHCTBa

'YG(M, go) S ;"(Igo“al) Hid ¢ z G"gG(Z_‘,,CO),

Pk 2y 3 I)(CG(C()))
Mool uO) - X 086Gz )lGo-al| < A(|Cy~al).
5107 # o0
a orciofa cyenyior oueHku (7) u (8). Takum obpasom, B ciyyae A e L' Bee yTBEp-
XKACHU S TEOPEMBI 2 JOKa3aHbl.
Ecim xe A =—-c, T0 npn mobbix. o, v € R Bepro (12), OTKY/la CJIEAVIOT CO-

OoTHOUIEHUS (28) M5l KaXKa0ro Co € G, aTakXkKe COOTHOIICHHE M G a(-”’ ) =—oo,

Teopema 2, a BMecTe ¢ Heil 1 Teopema 1 joKaszanbL.
Peleniie Bonpoca 0 BO3MOXKHOCTH 3HaKa PABEHCTBA B OlEHKAX TeopeM 1 u 2 ma-
€TCA CJISAYIOUIEH TEOPEMOIL.

Teopema 3. [Iycmv a € C — ¢purcupoeannas mouxa, G C C \{a} — monko
omKpuimoe mnoxecmeo, A € L, u — monko eunozapmonuveckas ¢ G @yuryua,

0as Komopoii 6 G evinoansemcs nepasencmeo u(§) < A(|{-al); Co — Qurcu-
posannan 6 G mouka, G (§,) — monko ceasmas xomnonenma mmoxecmea G,
codepxawan mouxy G, . Toeda: :

D) ecau u(Cy) =1 (|Cy-al). mo cywecmeyiom nocmosmmwie veR u. c >0
makue, umo

u(C) = log(clg-al’) Ve G(g,y) ] (35)
u, Kpoate mozo, aubo ¢ =0, aubo
A(Ig-al) = log(clt-al*) Ve G(&Gy): (36)

2) ecau Y (u, §y) 2 A (|8 —al), mo cywecmeyiom nocmosnmie veR u ¢ >
20 maxue, ymo

Y C) = log(c|C-al") Ve G(E,) 37)

u, kpose mozo, auoo ¢ =0, aubo

AIG-al) =log(c|C-al") Ve G(Ly). (38)

Hokazameavcmeo. W3 ycnopuii TEOPEMBI CJICAIYET CYIECTBOBAHHE TOHKO Iap-
MOHHYECKOH Ma’KOpaHThI /IS & W CHIPaBeJJIMBOCTD ouenok (3) —(5) s pyHximu
u(Q). :

Ipepnonoxum, uro u(§y) = A(|L,~al), n moxaxem yrsepxnenue 1). s
3TOr0 0603HaAYNM

ry := inf IC—aI, VoY EE eSS |C—a|’
£eG&y) b §eG(&Gy)
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Gy :={8eC: r<|l-al<r,}.

Mpu A(|C,-al) #-c dynkmus u({)-A(]{-a|) ToHko cy6rapmonuuna B
G(§), HENOJNOKUTENbHA, B TOUKe ( MPUHMMAET 3Ha4YeHHe HyJIb i ( Ha OCHOBAHHU
M3BECTHOIO MPUHIMIIA /11 TOHKO I'MIIorapMoHuyYeckux ¢hynkuuii [5, c. 76]) Tox-
nectenHo pasHa Hymo B G (§;)). Crneposaresbho, B G({,) BEpHO TOXIECTBO

u(®) = A(|8-al),

u iotomy pynkums A (|- a|) Touko runorapmonnuna s G((,). Bosee Toro, ona

IHIOrapMOHHYHA B YKa3aHHOM KOJIbLIC M KOHEYHa B OJHOM u3 ero Touek. CJiemoBa-
TeJIbHO, OHa cyOrapMoHHyHa B HeM. K TOMy XKe OHa HMOCTOSIHHA Ha KaXIOH OKPYXK-
HOCTH C LIEHTPOM B TOYKe a, Jiexailei B Kosblie G,. BBHIy H3JI0XKEHHOTO €€ cpefi-

Hee 110 OKpy&HOCTH |{—a|=r ecTb KoHeuHas GHyHKIMS OT 7, BHIIYKJIasi OTHOCH-
TesbHO logr nmpu r € (r, ry) [9, c. 81]. Tak Kak 310 cpeaHee paBHO (hYHKIMH
A(r), BOTHYTOH OTHOCHTEJIBHO logr, TO mojy4aem, uto A(r) — JmHekHass QyH-
Kuus ot logr npu r € (r), r,). Otciona cienyer cootnourenue (36) ¢ OTJMYHOM OT
HYyJIs TIOCTOSAHHOH ¢, anoTtomy U (popmyia (35).

Mycts teneps A(|{, —a|) =—e. Torpma us cootHomenns A € L cyeayert, 4To
A(r)=—ce mmbo ps Beex r<|(y—al, mbo pnsvcex r2 |, —al. 3naunr, u=
=—c B G({,). 7. e. Bepuo (35) ¢ mocTosmHo ¢ = 0.

Tenepb npeAnosioxuM, 410 Y. (1, §5) 2 A (| —al), n mokaxem yreepxnenue

2). Ecm A(|Cy—al) ==, 10 u({,) =—co 1 HaocHOBaHMM yTBepKACHUs 1) u =
=-o B G({y). Torma v, (u, )=~ B G(§), T.e.BepHo (37) ¢ MOCTOAHHOH
e=u

[ycts Teneps A(| Co—a |) # . Torpma rouko runorapmonudeckas GHyHKIIs
Y . {) sBAsieTCs TOHKO CyOrapMOHHYECKOM B G(CO). Otclopa caenyer, 94To

dynkuns A (| -a|) xoneuna kpasusciony B G(§,). A Tak kak A € L TO yGex-

paemcs, uto (pyuxmms A(]C-a|) xomeuna B G({,), n moromy oHa TOHKO ruIo-
rapMOHHYHA (M JJaXKe TOHKO cybrapMoHuyHa) B G (CO). Benegcrsue aToro moJy-

uaem HepaseHcTBo Y, (1, §) SA(|~al) B G(§y), arTakxke pasenctso Y, (u, §y) =

=A(]{y—al). Takum obpasom, Ml npuuLM K ciydaio 1) ¢ muoxectBoM G (G,)
BMecTo G M ToHKO runorapmonuyeckoii B G (§;) dbynxumen 7y ¢ C) BmecTo

u(€). Orciopa cyienyeT CrpaBefJIMBOCTh YTBEPIKACHHS 2).
Teopema 3 mokaszana.
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