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AHAJIOT TEOPEMBI JIABPEHTBEBA — 30PHUYA
O IJIOBAJIBHOM 'OMEOMOP®U3ME IJII OTOBPAJKEHUU
C HEOTPAHUYEHHOM XAPAKTEPUCTUKOH

E.A. Cesocmoanos, P.P. Carumos

Jnsi HekoToporo kJjacca otobpaxkeHHH, Gojee OOLIUX, YEM JIOKAJbHO KBAa3HWKOH-
(opMHBle, MOJYYeH aHAJOT XOPOILIO HM3BECTHOH TeopeMbl JlaBpeHTheBa — 3opuua o
rjo6anpHOM ToMeoMopdusMe. B gacTHOCTH, TOKa3aHO, UTO JIOKAJbHbBIE TOMEOMOP(HU3-
MBI KJjacca CoboJsieBa I/Vligl, n > 3, BHeluHsisl auaatauus Ko(z, f) KOTOPbIX JOKAIbHO
cymmupyema B R™ B crenenu n—1, HHbeKTUBHB B R™, KaK TOJbKO Kgfl(ac, f) <Qx)
TMOYTH BCIOAY NPH HEKOTOPOH H3MepUMOH PYHKLHH Q) (x), HMelolell KOHEUHOE CpefiHee
Kosie6anne (FMO) B okpecTHOCTH GECKOHEUHO yIaseHHOH TOUKH, JIUOO YHOBJIETBO-
psoLEed YCJAOBHIO PACXOAMMOCTH MHTerpaJsia ClelhanbHOro BUIa. YIOMSAHYTHIH BhILIE
pe3y/ibTaT BepeH TakKe U 1J51 HEKOTOPOro 0OoJiee LIKMPOKOrO KJjacca OToOparkKeHWH,

YAOBJETBOPAKIIHNX OINpeaeJeHHbIM reOMEeTPUHECKUM YCJOBHUAM.

Knrouesoie cnosa: keaszuxkongopmuole omobpascerusn u ux ob6obuenus, mooyiu cemeiicms
KpUBbLX, eMKOCMb.

BBenenue

OcHOBHBIE yTBepXKIEHHS] HACTOSILEH CTaTbU AaHOHCHPOBaHBI B padoTe [DH] Ge3 mpuse-
IeHHsl KaKoH-1160 aprymeHTauud. JloKa3aTesbCTBO OCHOBHOI'O pesy/bTaTa B JaHHOM TEKCTe
MPUBENEHO CXeMAaTUYHO, MIOCKOJIBKY 3[1eCh Mbl B 3HAUHTE/bHON Mepe OnupaeMcst Ha 3aMeyaHue
13 pabotel [2, c. 532, 2-i a63arn].

B 1938 r. M.A. JlaBpeHTbeBbIM OBbLJIO CAEJAHO MPETNOJIOKEHHE O TOM, YTO JIOKAJbHO
KBa3MKOH(pOPMHble 0TOOpa)keHHs MpocTpaHcTBa R3 ABsioTcs roMeoMopdusMaMu. Xopoluo
M3BECTHBIM MaTeMaTHKoM B.A. 3opuuem OblIO MOJNy4eHO CJeAyiollee pelleHHe MPOOIeMbl
M.A. JlaBpentbeBa (cm. [1]).

Ecau f:R™ — R" n > 3, 10ka1vH0 comeomoppHoe KsasupecyiapHoe omobpasceriue
R", mo f sasasemcs eomeomoppuszmom, npuwem Ha sce npocmparcmeso R™.

OcHoBHasi 1esb HaCTOsILlel 3aMeTKH 3akKJ/i4aeTcss B PACIPOCTPAHEHHH THIIOTE3HI
M.A. JlaBpeHTheBa 0 r06aJbHOM romeoMopdusme, nokasaHHoi B.A. 3opuuem B ero pa-
6ore [1], Ha Gosiee WIMPOKUE caydaii. Mbl mokaxkeMm, 4yTo oTobpaxenus f : R” — R" n > 3,
YIOBJIETBOPSIIOILIHE OTHOCUTEJNBHO OOLIMM TI'€OMEeTPUUECKHM COOTHOILEHUSIM B OKPECTHOCTH
6eCKOHEeUHO yIaJeHHOU TOUKH, SBJSIOLINECS JOKAJbHBIMU roMeoMop(ru3MaMHu MPOCTPAHCTBA
R™, n > 3, unbekTuBHb. Heobxonumo 3ameTtutb, uto B.A. 3opuuem OblL1 MOsNyueH U 6o-
Jee OoOIMH BapuaHT ero teopeMmbl (cM., Hamp.: [2]). YmomsiHeM TakxKe HeNaBHIOW paboOTy
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M. Kpuctu [12] o aTomy mnosony.

[lepefinem Tenepb K omnpenesieHHI0 YIOMSIHYTBHIX Bblle KJaccOB oToOpakeHWH. Kak us-
BECTHO, B OCHOBY T'€OMETPHUYECKOr0 OIpelesieHUsi KBa3UKOH(OPMHBIX OTOOpaKeHWi, 3anaH-
HBIX B obsacti D u3z R™, n > 2, nojoxeHoO ycJ0BHE

M(f(I)) < K M(T) (1)

17151 TIpPOU3BOJIbHOrO ceMelcTBa I' KpuBbIX 7y B obnactu D, rie M — KOH(POPMHBIE MOAYJb
ceMeHCTBa KPUBBIX (BHEIIHSISI Mepa, OlpeesieHHasi Ha ceMeHcTBax Kpubblx B R"), a K > 1 —
HeKOTopasl MoCTosiHHasA. Jpyrumu cjoBaMM, MOLy/b J10O0ro ceMeHCTBAa KPHUBBIX MCKaXKaeT-
csi He Gosee, yeM B K pas. [lycTb Temepb B OCHOBe ompenesieHHUss OTOOpakeHHs [ JIEXKHT
HepaBeHCTBO BHJA

M) < [ Q@) (w)dim(a), @

rie m — Mepa JleGera B R", p — mnpousBoJsibHasi HeoTpullaTesbHasi OopesieBcKas (PYHKLHS,
TaKasi UTo MPOM3BOJIbHAS KpHBas 7y ceMeicTBa ' MMeeT A/1MHY, He MeHbIIYy0 1 B METPHKe p, TO

eCTb KPUBOJIMHEHHBIA HHTerpas nepsoro poaa [ p(x)|dx| mo kaxpoi kpusoit v € I' ynosJe-
ol
tBopsieT yeqosuio: [ p(x)|dx| > 1, a Q : D — [1,00] — HekoTopasi (3ajaHHas) BelleCTBEH-

0l

HosHauHasi pyHKuus (cM., Hamp.: [16]). M3ayuenuio oToOpakeHHH, YIOBJIETBOPSIIOUIHX COOTHO-
meHuio (2), MOCBSIIEHO 3HAYUTENbHOE KOJIMUYECTBO pabot (cM., Hamp.: [3;5-8; 11;12;16;17]).
Ormetum, yto B.M. MuK/IOKOB HCCJeI0Bal HEKOTOPblE KJacChl 0TOOpaKeHHH, YIOBJETBO-
PSIOLIMX aHAJOTHUHBIM OLlEHKaM B T€PMMHAX €MKOCTeH Ha MOoBepxXHOCTSAX (cM., Hamp.: [4]).
[Ipu aToM HepaBeHCTBO BHaa (2) aHOHCHpOBaHO 0Ge3 TPHBENEHHs A0Ka3aTe/JbCcTBa B pabo-
Te [8] nns Tak HaspiBaeMbIX O0TOOpaXKeHHH, KBa3MKOH(OPMHBIX B cpeiHeM. B yacTHoM ciy-
Yae, KOTJIa B COOTHOLIeHHH (2) nMeeT mMecTo ycsoBre (Q(z) < K m.B., Mbl CHOBA MPUXOAUM K
HepaBeHCTBY (1). B obuiem ciydae, Korma 310 He 00653aTesIbHO TaK, HepaBeHCTBO (2) o3Haua-
eT, YTO MCKa)KeHHe MOMYJsi HCXOMHOrO ceMeHdcTBa I MPOMCXOIUT ¢ HEKOTOPHIM BecoMm (),
M (f(T')) < Mg (') (cm. paGotsl A. Kasaky Kabepus [10] u M. Kpucru [12]).

Kak y»xe OblJIO OTMeUeHO BbIllle, JIOKaJbHble TOMEOMOP(PU3MBI f, YAOBJETBOPSIOIIHE CO-
oTHoLIeHUsIM BUja (1), Ha3bIBaeMble B 3TOM CJIy4yae L0KAAbHO KBA3UKOHDOPMHbIMU Omobpa-
oHeHUAMU, UHBbEKTUBHBI IpU 1 > 3 (cM., Hamp.: B [1]). HocTaTouHo npocToi mpumep oTobpa-
xenust f(z) = e ykasbiBaeT, BOOOIIEe TOBOPSI, HA HEBEPHOCTh MOCJEIHErO YTBEPKAECHHS IPH
n=2.

B nHacrosiiell pa6ote 0603HaUEHBl HEKOTOPblE aHAJHUTHUECKHE YCJOBHS Ha (PYHKIHIO ()
u3 6osee obuero, Hexenu (1), cooTHoleHus (2), oTMHUHBIe OT GaHAJBHOTO TPeGOBaHHUS ee
OTPaHHUYEHHOCTH, MPHU KOTOPBIX JIOKAaJbHble TOMeOMOP(HU3MBI f, yIOBJETBOPSIOIIHE HEPaBeH-
cTBY (2) n/isl MPOU3BOJILHOTO ceMeHcTBa KpUBbIX ' u jt060it p € adm ', unbekTHBHB B R"
npu n > 3. Bonpoc o TouHOCTH yc/n0BHH B paboTe He 06CYyKAaeTcsl, ONHAKO, KaK MOKAa3blBaeT
CXeMaTHYHO MOCTPOEHHBIH HaMu mpumep (CM. TeopeMmy 2), HU OIHO M3 3THX YCJOBHiH HeJb-
35 3aMeHHUTb Ha TpeboBaHue () € LP, p > 1. HekoTopele mpu/oKeHHUs HAIIEro OCHOBHOIO
pesysbrarta (Teopema l), oTHocsimuecs: K romeoMopduamam kKiaaccoB CoboseBa VVlzc", MOTYT
OBITb HaW/eHbl B 3aKJ/IOUNTEbHOH YacTH cTaTbhh (cjencTBHe 1).
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1. Onpenenenns u npeaBapuTebHbIe CBeIEHUS

Bcerony nanee D — obaactb B R™, n > 2. 3anuck [ : D — R” npenmnosaraet, 4to 0T00-
paxkenue [ HermpepbiBHO. B naspreiimem R?” = R"U{oo} — ogHoTOYeuHasT KOMITAKTH(PUKALIUS
R"™,

B(zg, ) ={x e R": |z — x¢| < 1}, B" = {z e R": |z| < 1},

S(or)={e € R':fe—aol =1}, S = 5(0,1),

m — wmepa Jlebera B R". Ilycets @ : D — [0, 00] — usmepumasi no Jlebery dyHKuusi, Toraa
Gz () — cpemHee wHTerpasbHOe 3HaueHue (Q(x) Han cdepoi |z — xo| = 7,

)= —— [ Qus, @

|x—xo|="

rae dS — 3/eMeHT MJIOIAAH TMOBEPXHOCTH S, w, | O03HayaeT maomanb chepsr S*1 B R"
), — obbeM emuHHUHOrO 1apa B" B R, dist(A, B) — eBKJIJI0BO PACCTOSIHUE MeXK1y MHO-
xectBaMu A, B C R". Bopenesa ¢yHkuus p : R" — [0, 00| HasbiBaeTcss donycmumorl s
cemerictBa I' kpuBbIX v B R™ | ecau

[ ola) 1ol =1 @

v

115 Bcex KpuBbIX Y € I'. B atom cayuae mbl nuwem: p € adml'. Modysem cemelicTBa KPUBBIX
[" HaseiBaeTcs BeMUMHA

M(T) = inf p"(x) dm(zx).

p€admT
D

Cao#icTBa MOyl B HEKOTOPOH Mepe aHaJorH4yHbl cBoicTBaM Mephl Jlebera m B R™. MIMeHHO
MOJyJib MyCTOr0 CeMeHCTBA KPUBBIX paBeH Hymw, M (&) = 0, momnyab obiafaet CBOHCTBOM
MOHOTOHHOCTH OTHOCHTeJbHO ceMedcTB KpuBbix I'y u 'y : I'y C Ty = M(T') < M(Ty), a
TaK>Ke CBOUCTBOM TMOJIyaAAUuTHBHOCTH (cM. Teopemy 6.2 B [18]):

M (fj n-) S 6

['oBopAT, uTO cemericTBO KpuBbIX ['y murnopupyemcs cemeiictBom I's, mumem I'y > 'y, ecau
A7 KaXXI0H KpUBoH v € [’y cyliecTByeT NoaKpUBasi, KOTopas NMpHHAANEKHUT ceMeHcTBy I's.
B stom cayuae M (I'y) < M(Ty) (cm. Teopemy 6.4 B [18]).

[ycts E, I C R" — npousBo/ibHble MHOxkecTBa. O603HauuM depes I'(E, F, D) cemeii-
CTBO BceX KpUBBIX 7 : [a,b] — R™ koropwle coemunsiior £ u F B D, To ecTb
v(a) € E,y(b) € Fu~(t) €D npu t € (a,b). Crenyioliee MoHsITHE MOTHBHPOBAHO
ONHUM M3 BaKHEHIIUX omnpeneseHud KBasukoHhopmHocTu no @. [epuHry, onpenesuBiieMy
KBa3HKOH(OPMHOEe 0TOOpaXkeHHe Kak roMeoMoppuaM f, HCKaXKarll1i eMKOCTh KoJiblla B KO-
neunoe ynciio pa3 K, 1 < K < oo (em. 06 atom pasmen 13 B [13]). [Tycts rg = dist (g, 0D),
Q : D — [0,00] — usmepumas 1o Jlebery QpyHKIus,

A(ry,re,z0) = {x € R":ry < |x — 29| < 12}, (6)
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S; = S(xo,r;). ToBopart, uto f : D — R™ spnsieTcs kosvuesvim (Q—omobparceruem 8 mouxe
To € D, ecqu COOTHOLIEHHE

M (f (T (S, Sa, A)) < / Q) - 17" (|z — zo]) dm(x) ()

BBIMOJIHEHO Jisi Jio6oro kosbua A = A(r,79,%0), 0 < 11 < ry < 79 ¥ AT KaXKIOH
u3MepuMolt GyHKUHHU 7 : (11, 79) — [0, 00| Takoi, uto

T2

/n(r)dr >1. (8)

T1

He numuum 6Gyner 3amerutb, 4To ycjoBue (8) 3ameHsieTr Gosee obiiee TpeboBaHHe
pomycTuMocTH (4) 1Jsisi crennanbHOro cemedctBa KpuBbix ' (Sy, So, A). 3ameTuM Takxke,
yTto ecau f sABJaseTcss K -KBasUKOH(MOPMHBIM, TO [ yIOBJETBOpsieT cooTHoueHuto (7) mpu
Q(zr) = K € [1,00). Ucxonst u3 cka3aHHOTO BbIllle, NJisI HAC B MEPBYH Ouepeib Mpei-
CTaBJIIeT MHTEPeC CJydyaill HeorpaHUUeHHBIX (), W60 CUTyallUsi OrPaHHUUEHHOCTH MOCJEIHUX
MOJIHOCThIO HccsenoBaHa B pabdorte [1]. Ilyetb xg € D. Ilo ananoruu, 6yneM roBOpUTb, UTO
f: D\ {xo} — R" aBaserca xoavyesoin (Q-omobpascenuem 6 mouxke xo € D, ecan
cooTHoIIeHHe (7) BBIMOJHEHO MJIsi KaXKA0H HEeOTpHULaTeJbHOH H3MepUMOH (DYHKLHH 7), YHIO-
BJIeTBOpsifollel cooTHoteHuo (8). [Ipu aToM, 3mech npeanosaraeTcsi, UTo caMo 0TOOpaXKeHHe
f Gyner ompepesieHO JIUIIb B MPOKOJOTOH OKPECTHOCTH TOUKU Xy.

[ns orobpaxenust f : D — R”, umerotiero B [) 4acTHble MPOXU3BOAHBIE MOUTH BCIOAY,
nyctb f’(x) — sikoOueBa marpuiua otodpaxkenusi f B Touke x, ||f'(x)|| = he%%%o}v](%'
Brewnss dusramayus otobpaykeHusi f B TOUKe T ONpelesisieTCss KaK BeJHYMHA

T J(x, f) #0,

Ko(,f) = - L J(@) =0,

00, B IPYTHX CJydasix

2. BcnomorareqbHble pe3yJbTaThbl

Ilpennoxenue 1. [Ipednososxcum, umo obaacme D codepxicum Hauaro KoopouHam,
f:D\{0} = R* n > 2 — koavyesoe Q-omobpascenue 6 nyae. [Tycmv, Kpome mo-
eo, Hatdymes gy > 0, €9 < dist (0,0D), u 6opesresckas pyukyus P(t) : (0,00) — (0, 00),
y0084eMmB0PAIOULASL YCAOBUIO

0< ](61,62) = /’(/}(t)dt < o0 (9)

€1

0451 npoussonvHblx 1,9 € (0,€¢), makue umo npu € — 0
Q(x) - " (|z]) dm(x) = o(I"(e,€0)) - (10)
e<|z|<eo

O6osnauum uepes I' cemeticmso ecex omkpoimoix kpusoix (t) : (0,1) — R™, makux umo
v(tx) — 0 npu nekomopoii nocaedosamenvrocmu t, — 0 u (t) #Z 0. Toeda M(f(I")) = 0.
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Hokazamenbcmeo. 3aMeTuM, 4TO

r>J .. (1)
=1

rne I'; — cemefictBo kpuBbIX «;(t) : (0,1) — R™ rakux, uto o;(1l) € S(0,7;), tme r; —
HEKOTOpasi MOCJ/IeI0BATENbHOCTD, YAOBJIETBOPSIOLIAS YCIOBHAM 1; < £¢, 7; — 0 1pu ¢ — 00,
1 o;(ty) — 0 mas toil xke mocsenoBaresabHocTH t, — 0. 3adukcupyem i > 1, u € € (0,7).
Beuny coornowenust (9) umeem I(e,7;) > 0 mpu Bcex € € (0,7;), rne Beauunna I(g,7;)
Takxe onpenesasiercs U3 (9). 3ameTum, 4To QyHKIHS

w(t)/I(e,r;), te (e, ),
i = { "OET L ST

YIOBJIETBOPSIET YCJIOBHIO HOPMHUPOBKH BHa (8) B Koublie A(e, r;,0) = {x € R 1 e < x| < r;}
U, CJIe0BaTebHO, B CHUJY COOTHOIIEHHS (7)

M (f (T (5(0,¢), S(0,73), A(g,7:,0)))) < / Qz) - n"(|z]) dm(z) <File), (12)
A(er:,0)

&4

e 56 = 7 [ Q) (ol) dm(e). Yarman (10), uveen Fi(=) - 0. Sane-
T e<al<eo
THM, 4TO nipH Jo6oM € € (0, 7;)

Pi >T (5(075)7 S(Oari)a A(E,T‘i,O)) : (13)
Takum o6paszom, mpu KaxaoM ¢pukcupoBanHoM ¢ = 1,2, ..., u3 (12) u (13) nomyuaem, 4to
M(f(T)) <Fi(e) =0 (14)

npu ¢ — 0 u Kaxjaom ¢ukcupoanHoMm ¢ € N. OpgHako JieBasi yacTbh HepaBeHcTBa (14) He
zaBucut ot € u nostomy M(f(I';)) = 0. Hakonew, u3 (11) u cBoiicTBa mo/yanInTHBHOCTH
monyJst, cm. (5), crenyer, utro M (f(I")) =0. O

Kak u B pabore [3], BBeieM ciienyioliee onpeseseHne, oboduiarliee NOHATHe QyHKINUHA
OrpaHHuYeHHOro cpenHero Kosebanus no xxkony — Hupenbepry (cm. [14]). Bynem roBopurts,
yto QyHKUHUsA ¢ : D — R uMeeT Koneunoe cpeduee Koaebarue B TOUKe Ty € D, u mucathb
¢ € FMO B g, ecau

— 1
ll—% Q, e

[ leta) ~ 7l dmia) < . (15)

B(:Bo,e)

me . =g J @) dn(@)

B(l‘o,&‘)

Ipenaoxenune 2. [Tycmo QQ : D — [0,00] — usmepumasn no Jlebeey ¢ynxyus, D C R",
n > 2, xg € D, makue, umo evinoareno xoms 6ol 00HO U3 CAe0YOUWUX YCAOBULL:
1) Q € FMO(xo);

29 Q) < € (log )
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2) ¢y (1) = O ([log ﬂn_1> npu r — 0;
3) npu nexomopom §(xg) > 0, 0(xg) < dist (xg, D) u npoussosvrvix & € (0,(x0))

6(zo)
/ % < 00 (16)
c taiy (1)

u
6(xo)
/ % =00. (17)
0 tqlgo_1 (t)

Toeda moxcro ykazamo o € (0,1) u ¢yukyuio 1p(t) > 0 makue, umo 8 mouke Ty 86LnOA-
Herol ycaosus (10) u (9) npedroxcenus 1.

Pasywmeetcs, 2*) siBjisieTcst MPOCTO YACTHHIM cyiydaeM 2). OTMeTUM, uTo ecsid f sBJsieTCs
K-xBasuperyssipubiM otToGpaxenueM, To ecTb Q(z) = K B (7) mjsi HEKOTOPOH MOCTOSIHHOM
K > 0, kaxpoe u3 ycjaoBui 1)-3) npensokeHus 2 aBTOMaTUYeCKH BbIToNHEHO. OTMETHM TaK-
e, uTo cooTHolleHHe (16) Bbipaxkaet co60i HHTErpasjbHOE YCJIOBHE PACXOIMMOCTH, KOTOpPOE
MCII0/Jb30BaJIOCh U paHee GOJBIIMM YKCJIOM aBTopoB (cMm., Hamp.: [15], [9] u [2]).

Hokazamenscmeo. He orpaHuunBasi OOIIHOCTH, MOXKHO CUYHTaTh, uTo Ty = (. 3akJwoue-
HUe TpenJoxkeHus: 2 B caydae () € FMO cnenyer us caeactsusi 6.3 ra. VI [16], koTopoe
yTBepxaaeT, 4to ycaosue ) € FMO(0) npu HekoTOpoM £¢ > () BJleUeT COOTHOLIEHHE

Q) 0" (al) dim(z) = O (loglog - ) (18

e<|z|<eq

rie 0 < (t) =

—L . 3amerum Taxxke, uTo B 0603HAUEHHAX NpPENJIOKeHHs 1 I(g,g9) =
t log ’

log 1
= [(t)dt = log hjggi. Takum o6pasom, cooTHolieHue (18) ¢ yueTom mocJieqHero 3aBepiiaer
€0

paccmotperne caydas 1). [lycts Teneps ¢, (r) = O ([log ﬂn_1> npu r — 0. @ukcupyem
g0 < min { dist (0, D), 1}. INonaraem ¢(t) =

L 3amerum, uTo
tlog ¢

Quidn(x) _ [ Q@dn@) o\ 4o e,
H/ (1108 7) / m/r CE) N

rie, Kak npexnue, I(e,e9) = fz/z t)dt u C > 0 — HekoTOpasi mocTosiHHasA. TakuM 06pasoM,
caydal 2) paccMOTpEH. OCTa.HOCb paccMorpeth caydait 3). Ilpu Ka}KILOM (PMKCHPOBAHHOM

g0 < d(xp) ¥ mpousBoOJILHOM € < £¢ paccMoTpuM pyHkunw I (g, ) fz/) (t)dt, roe

_ 1 tél%lt , tel(eg ),
o) - { (0] te e 19)
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rae qo(7) = Guy (1), o := 0. 3ametum, uto I(e, &) < oo npu Beex € € (0,£¢) B cHay npearo-

noxenust (16). Torna BBumy (17) moxHO cuutath, uto I(£,0) > 0 V (g,¢p). B Takom ciyuae

¢yukuus (t), onpenenennas cootHouenuem (19), ynonerBopsier coorHoumenuo (9) mpea-

noxenust 1. Kpome toro, ¢ ynoBnerBopsieT Takxke cooTHolieHHIO (10), MOCKONBKY HeCJ0XK-

Hblfl momcuer nokaseiBaer, uto [ Q(z) - ¥"(|z]) dm(z) = w,_1 - I(e, &), npuuem
e<|z|<eo

I(g,e0) = 0(I"(g,e0)) BBUAy (17). [IpennoxeHne 2 MOJTHOCTbIO A0Ka3aHo. [

3ameuanue. OTMETHM, 4TO [J/I5 JOKAJIbHBIX TOMEOMOP(HHU3MOB, yIOBJIETBOPSIOMIUX YCAOBHUAM
6(xo)

tuna (7), uHterpan suga [ d__ pcerja KOHeueH [/ MPOU3BOJBHBIX CKOJb YTOIHO
e tggs (1)

Masbix €. [lonpo6HocTH MOryT ObITH HalieHbl, HanpUMep, B pabdote [7], cM. 3amedaHue 3.

3. OcHoOBHOM pe3yJbTaT

Byznem roBopuThb, uTo oTobpaxenue f : R™ — R™ ecTb Kosbiesoe (Q-omobpadcenie

8 mouke xry = 00, ecad oTobOpaxkeHue [ = f (@) SIBJISIETCSI KOJIbIIEBBIM ()-0TOOpake-

HHUeM B Touke zg = 0 mpu Q) = @) (ﬁ) . IIpu aToM, Hcno/b3ysl 3aMeHy NepeMeHHBIX Y =

= ﬁ B MHTerpajie B MPaBOH 4YaCTH HepaBeHCTBA (7), MOXKHO repedOopMynHPOBaTh NAaHHOE

ornpese/eHye caeayiomumM o6pasom. Otobpaxkenue f : R™ — R™ Gynem HasblBaTh KOAbYEEbIM
Q-omobpascenuem 8 mouke xry = 0O, €CJHU COOTHOLIEHHE

M (f (T (S(0, R1),S(0, Ry), A(Ry, Ry, 0)))) < / Qy) - 1" (ly))dm(y) (20)
A(

R17R270)

BBIMIOJIHEHO /i1 MPOM3BOJBHBIX 0 < R; < Ry < 00 W NPOHU3BOJILHOM HEOTPULATEJbHOH
u3MepuMod GyHKUHH 7 : (R, Re) — [0, 00] Takoi, uto

/n(r)dr >1, (21)

R’

rae muoxkecTBo A(Ry, Ry, 0) = A(Ry, R, xo) npu xy = 0 3amaercsi coorHouenuem (6). By-
JieM TOBOpUTb, uTo (pyHKUUS ¢ : R™ — R nMeeT KOoHeuHOe cpelnHee KojebOaHHE B TOUYKe OO,

ecau dyHKUUs ©*(z) = ¢ #) MMeeT KOHeuHoe cpefnHee kosnebGaHue B Touke (). 3ameTHM,

4To oTOOpaxenue YP(r) = T TONOCHO oTOOpaxkaeT cepy S(0,7) Ha chepy S(0,1/7),
otkyza caenyer, uro |J(z,v)| = (1/|z])**. CorsacHo ckasanHoMy, TpuGeras K 3aMeHe
TepeMeHHOH B HMHTerpaje B NPaBOH 4yacTH cooTHomeHHs (15), Mbl cHoBa MoxeM mepedop-
MYJHpOBaTh OMpeJe/ieHHe KOHEUYHOro CpefHero kojeGaHHs B TOUKe OO B CJENYIOLIEM BHIE.
Bynem roBoputh, uto (yHKuMs @ : D — R uMeeT KoHeuHoe cpelHee KojeGaHHe B TOUKe OO,
nuiem ¢ € FMO(o0), ecan npu R — oo

d
lo(x) — @Rl %‘(ﬁ) = O<%), (22)
|lz| > R
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n

rie op = g— - [ e(x) d"j‘gﬁ). AnanoruuHo nis1 6€CKOHEYHOCTH MOXKHO Tepedopmy-
|z| > R

JIMPOBATb YCJOBHS BUIA 2), 2¥) U 3) npelsoKeHNs 2 TpebIyLIero pasaena, COOTBETCTBEHHO:

1 n—1\ .
T / Qz) dS = O ([1ogR] 1), (23)
5(0,R)
Q(x) = O ([log |:E|]"_1) npy T — 00; (24)
/# =00 (25)

5 tag (1)

1Jsl HeKoToporo dg > 0.
OnuH nosie3HbId pe3ysbTat, UCMONb3yeMbIH HAMU HHXKe, 3aKJI04YaeT B cebe Cieayoliee.

Ipenaoxenue 3. [Ipoussorvroe comeomopproe omobpancenue f: D\ {0} — R, ydose-
meopsaroujee ycaosuio suda (7) 8 mouke xg =0 € D, umeem koHeunovitl uru 6ecKOHeUHbLL
npeden 6 amotl mouke, Kak moavko ¢yukyus Q(x) ydosremsopsem mpebosaruro (10)
npedaoxcernus 1 npu nekomopoii ¢pyukyuu V(t) ¢ ycrosuem (9), cm. remmy 4.1 u caeo-
cmeue 5.2 6 [3]. IIpu amom npodoaxcenroe no nenpepvlerocmu omobpaycenue f : D — Rn
asasemcs comeomopguamon 8 D.

OcHoBHOH pesyJbTat HaCTOSIIIIEH CTaTbH 3aKJUYaeT B cede cjeayrouias TeopemMa.

Teopema 1. [Ipednonroxcum, umo rokarvroiti comeomopdpusm [ : R" — R™ n > 3, asarsem-
csi konrvyesoim (Q-omobpasceruem Ha beckoHeunocmu, mo ecmo omobpasxcenue [ ydosie-
meopsiem ycaosuro suda (20) oas npoussosvroix 0 < Ry < Ry < 00 u awboil Heompuya-
meavrol uamepumoti no Jlebeey pynkyuu 1, 019 KOMOPOL 8bINOAHEHO COOMHOULeHUE 8UOQ
(21). Ipednonoxcum, umo ¢ynkyus Q(x) aubo umeem Komeunoe cpednee Koaebauue Ha
beckoneurnocmu, cm. (22), subo yoosremsopsem xoms 6v. 00HOMY U3 COOMHOWEHUL 8uda
(23)-(25). Toeda f ssasemcs comeomoppusmom 8 R™, npuuem f (R™) = R™.

Hokasamenscmeo. OrpaHUUUMCS 31€Chb CXeMOH I0KA3aTeNbCTBa, OMyCcKasi MoapodHoCTH. H3-
BECTHBIM MaTeMaTHKoM B.A. 3opuyeM, yCTaHOBUBLIMM CIPaBeIJUBOCTb NAaHHOTO YTBep:Kje-
HUS JJIsT CJydasi OrpaHHYeHHBIX (), OblI0 3ameueHo (cM. 2-i ab63ai Ha c¢. 532 B [2]), uTo
JI0Ka3aTeJbCTBO FOMEOMOP(PHOCTH OTOOpaXKeHHUsT [ HCMOJb3yeT JIUIIb TOT (haKT, YTO MOAYJb
cemeicTBa KpUBBHIX [, yXOASIIMX HAa OECKOHEUHOCTD, MIPH pPacCMaTPUBAEMOM OTOOpaXKeHUH f
nepexonut B cemerctBo ['/) Takoe uto M (I'') = 0. Bocrnosnbayemcsi Ternepb 5THM 3aMedaHHEM.

W3 npennoxenuit 1 u 2 caenyer, uto otobpakenue f = f (#) MepeBOIUT CeMeHCTBO

['y, cocTosiliee U3 BCeX KPUBBIX, Jexamux B R™ U CTpeMsILKUXCS 10 HEKOTOPOH MOCjen0Ba-
TEJBHOCTH K TOUKe Ty = () B ceMeHCTBO KPHUBBIX, MOAYJb KOTOPOro paBeH Hymw. O6o3Hayas
o(zr) = # u uyepe3 [, ceMeHCcTBO BceX HeOrpaHHYeHHBIX KPUBHIX B R™, Mbl HMeeM, UTO

I'w = ¢ (Iy), u, 3Hauwur,

M (f(Tse)) = M ((f o) To) = M ((To)) =0.

Takum o6pasomM, romeoMophHOCTb OTOOpaXKeHUs [ CJIeayeT U3 CIeJaHHOTO BhILIEe 3aMeYaHus,
Ha OCHOBe pacCyXIeHHH u3 paboTsl [1].
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[Tockonbky f — romeomop¢usm B R"™, MOXKHO NPUMEHHUTH NpeoKeHHe 3 OTHOCUTENBHO
uHBepcuu f = f (#) B Hyse, f : R"\{0} — R". Torna f — romeomoptusm B R”, npu 3T0M
MHOXeCTBO f (W) ONHOBPeMEHHO OTKPHITO M 3aMKHYTO B R” (kak romeoMopdHbIH 06pas

KOMIIAKTHOTO M OTKPBITOro MHOXkecTBa B R"), 10 ectb f (R") = R™ u, snaunur, f(R") =
=R". O

4. O mMeToe NMOCTPOEHHS JOKAJIBLHOTO roMeoMopdu3mMa, AJs KOTOPOro HapylieHa
teopema tuna JlaBpentbeBa — 3opuua

[Ipexxae Bcero xoTenochb Obl OTMETHThb, YTO [Jisl JIOKAJbHBIX TOMEOMOP(H3MOB, YI0-
BJIETBOPSIIOIIMX cooTHoweHuo (1), ycnoBusi Bupa (22)—(25) aBTOMaTHYECKH BBINOJHSIOTCS,
MOCKOJIBKY YKa3aHHBIH c/yuai cooTBeTcTByeT HepaBeHCTBY (7) mpu Q(x) = K.

Crienyroui mpumep MmokasblBaeT, 4To ycJaoBHst Ha QyHKIHO (), chopmyaupoBaHHbIe
B TIpeNbIAylIeM pas3fiesie, SBJSIOTCS TOYHBIMM B HEKOTOPOM cMbicje. VIMeHHO ycjioBHs Ha

Q(z) Hesb3si 3aMeHHTb Gojiee MPOCTHIM YCJOBHEM () (#) € LP uu nna kakoro (CkoJb
yTofHo 6oJblioro) p > 1.

Teopema 2. [{1s kaxdozo p > 1 Haildemcs arokasbHoil eomeomoppusm [ : R — R™,
n > 3, ydosaemsopsroujuil coomuoutenuro suda (20) ¢ nekomopoim Q(x), makum umo

Q'(x) =Q (#) € LP(B™), npu amom [ He a645emcs UHDEKMUBHLIM 0MOGpAceHUem 8
R™.
Hoxazamenscmeo. 3ananum romeomopdusm g : R™ \ {0} — R” caenyroumum o6pazom:

T
||

g(x)

9

rie o € (0,n/p) (cm. npenmoxkenne 6.3 ra. VI B [16]). D10 oT0oGparkeHue siBJISETCS TOMEO-
Mopduamom, otobpaxaromum R” \ {0} Ha mHOoxkectBO {y € R™ : |y| > 1} B R™, npu artom,
MOXKHO I0Ka3aTh, YTO ¢ YAOBJETBOPSIET COOTHOIIEHHI Buaa (7) B HyJe ¢

ow - (L)

alz|®

(cm. [ram xe]). 3ametum, uto npu |x| < 1 mast Hekotopoil nocrosiHHOH C' > 0 BHIMOJHEHO
Qq(x) < \x\“(%” ", cllefoBatesibHo, (Qy(x) € LP (B"), nockoabky ap < n. [lonaraem

h(z) = I\RE) <xi‘2> 5 -
9 ()

3amertum, 4To h — romeomopduaM mpoctpaHcTBa R"™ Ha enuHUuHbIH wap B, ynoneTBops-
o cootHomenuio Buna (20) ¢ HekoTopod (yHKIme#d (QQp(z), MpHUEM MO MOCTPOEHHIO

cooTBeTcTByWOIIAsA (QYyHKUUA @ (#) = @Q4(x) cymmupyema B crenenu p B B". fcHo,

4TO eIUMHMYHBIH 1ap MOXKHO OTOOpPasHUTb Ha HEKOTOPYI0 00/acTb MOCPEACTBOM JIOKAJbHOIO
¢-KBa3uKOH(OPMHOTO 0TOOpaXKeHUs1 S(x), KOTOPOe MpeaHAMEPEHHO MOXKHO BbIOPATh HE WHb-
ektuBHbIM. [lostaraem f(x) = soh(x). [locTpoeHHoe TakuM 06pa3om 0TOOparXkeHHe, OYEBHIHO,
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He SIBJII€TCS UHBEKTHUBHBIM B R™, omHako ynoBJjeTBopsieT cooTHolleHHio Buaa (20) Ha Gec-
KOHEUHOCTH C HEKOTOpOH ¢yHKUMell ()f(r), B TO BpeMs KaK COOTBETCTBYIOUIAs (YHKIUS

Qy (#) = q - Qq(x) cymmupyema co crernenbio p B B". O

Hanomuum, 4to yy € D — mouka semsnenus otobpaxkenus f : D — R™ ecau HU B
OIHOH OKpecTHOCTH U TOUKH Yy CyxKeHHe 0TOOpaxeHHs f|y He siBJIseTCS rOMEOMOP(HU3MOM.
CoBOKYMHOCTb BCeX TOueK BeTBJEeHHUs f NMPUHATO 0603HauyaTh Bj.

Ipenmnoxkenune 4. [Tycmo xg € D, f: D\{zo} — R" — omkpoimoe duckpemroe omobpace-
nue xaacca W,o" (D \ {xo}), das komopoeo K5 (z, f) € LL.(D\ {xo}) u m(By) = 0.
Toeda f ydosiemeopsem coomuouieruro (7) 8 mouke xoy npu Kaxncool Heompuyamens-

HOLL usmepumoil Qyuxyuu 1, yoosremsoparoweii (8), U BnOAHE KOHKDEMHOM 3HAYeHUU
Q = K} ' (z, f) (cm. meopemy I 6 [6]).

Ha ocHoBanuu npenJioxkenusi 4 u TeopeMbl 1 mosydyaem cjencTBHe.

Caencteue 1. [Tycmo f: R" — R", n > 3, — 10KaAbHbLL coMmeomophudm Kiacca I/Vim"(R”),
das komopoeo Ko(z, f) € L)v. ' (R™). Ipednorosxun, umo gyuryus Q = Ky '(x, f) une-
em Koneunoe cpedree Koarebarue Ha beckoneurocmu, cm. (22), aubo yoosiemaopsem xoms.
66. 00HOMYy u3 coomrnowenuil (23)—(25). Toeda f seasemcs ecomeomopgpusmom 6 R", npu-

yem f(R™) =R".

3ameuanue. dnemeHTapHbIH npumep orobpaxenus f(z) = e*, meicryiomero u3 C B C u
SIBJISIIOLIETOCST JIOKAIbHO KBa3HKOH(MOPMHBIM ()(z) = 1, mokassiBaeT, uTo mpu n = 2 Teopema
1 v cnenctBre 1 He HMelOT MecTa.
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THE ANALOGUE OF THE LAVRENT'EV — ZORICH
GLOBAL HOMEOMORPHISM THEOREM FOR THE MAPPINGS
WITH NON-BOUNDED CHARACTERISTICS

E.A. Sevost’yanov, R.R. Salimov

[t is obtained the analogue of the well-known Lavrent’ev — Zorich global homeomorphism
theorem for some sufficiently wide class of mappings which are more general than locally qua-
siconformal. In fact, it is shown that the local homeomorphisms of the Sobolev class VVliC",
n > 3, whose outher dilatation Ko(x, f) is locally integrable in R™ in the degree m — 1, are
injective in R™ provided that the inequality Kg’l(a:,f) < Q(x) take a place at some function
Q(z), having a finite mean oscillation (FMO) in the neighborhood of the infinity, or satisfying
some integral divergence condition. Moreover, the result mentioned above take a place for more
general class of mappings satisfying some general geometrical conditions.

Key words: quasiconformal mappings and it’s generalizations, moduli of families of
curves, capacity.
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