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Abstract—We consider the solvability problem for the equation f; = v(z, f(2))f., where the
function v(z,w) of two variables may be close to unity. Such equations are called quasilinear
Beltrami-type equations with ellipticity degeneration. We prove that, under some rather general
conditions on v(z,w), the above equation has a regular homeomorphic solution in the Sobolev

1,1 . . . . -1 1,2
class W, .. Moreover, such solutions f satisfy the inclusion f =% € W .
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1. INTRODUCTION

One of the first most informative works concerned with quasilinear Beltrami-type equations belongs
to the outstanding scientist, Academician Boyarskii; see [1]. In that paper, already classical in this field
of research, the author formulated several fundamental theorems, and a particular case of one of these
theorems is considered below. For a complex-valued function f: D — C defined on the domain D C C
and having partial derivatives with respect to x and y for almost all z = x 4 iy, we set

gf: E:M and 8f=fz=M-
2 2
A function v = v(z,w): D x C — D is said to satisiy the Carathéodory conditions if v is measurable
in z € D for each fixed w € C and continuous in w € C for almost all z € D. We consider the unit disk
D ={z e C:|z| < 1} and, in it, we study the equation

fE:V(Z7f(Z))fZ7 (11)

which will be called a guasilinear Beltrami-type equation below. We assume that the function v(z, w)
satisfies the Carathéodory conditions and

v(z,w)| <k <1 (1.2)

for almost all z € D for each fixed w € C. Then Eq. (1.1) has a homeomorphic solution f: D — C
satisfying the normalization conditions f(0) =0 and f(1) =1 (see Theorem 8.2 in [1]). From now
on, a solution of Eq. (1.1) is understood as a mapping f: D — C of class ACL satislying Eq. (1.1) for
almost all z € D. We recall that a mapping f: D — C, D C C, is said to be absolutely continuous on
the lines f € ACL if, in any rectangle P whose edges are parallel to the coordinate axes and P C D,
the function f is absolutely continuous on almost all (almost all) segments in P that are parallel to the
coordinate axes. It is well known that
ACPP =W, 1<p<oo,

loc
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432 SEVOST'YANOV

where ACPP _ denotes the class of all ACL-mappings whose first-order partial derivatives raised to
the corresponding power p are locally integrable (see, e.g., [2, p. 8]. In particular, Wl c ACL. Any

loc
homeomorphism f: D — C of class ACL is differentiable a.e. (see, e.g., [3, p. 128]). Thus, for
homeomorphisms of class ACL, the notation (1.1) is meaningful; in what follows, we shall consider
solutions of Eq. (1.1) in the above sense only in the class ACL of homeomorphisms.

The main goal of the present paper is to prove existence theorems for Eq. (1.1) without using
conditions of the form (1.2). As far as we know, degenerate Beltrami-type equations, i.e., equations
where the complex coefficient v may be close to unity, have been studied rather intensively (see, e.g.,[4]—
[8], etc.). At the same time, it is well known that, in the context of the solvability of Eq. (1.1) in the class
ACL of homeomorphisms and even in the simple case where v depends only on z, the condition that
the left-hand side of (1.2) is bounded cannot be replaced, for example, by the condition that v raised to
an arbitrarily large power p > 1 is locally integrable. The conditions for the existence of solutions to the
equation mentioned above require a more precise analysis related, in particular, to functions of bounded
mean oscillation, see[9], and to more general function classes that will be discussed later.

2. MAIN DEFINITIONS

From now on, D is a domain in the complex plane C, Q: D — [0,00] is a Lebesgue measurable
function, and m is the Lebesgue measure in C; for a set A C C, the notation m(A) stands for the
Lebesgue measure in C, and dist(A, B) is the Euclidean distance between the sets A, B ¢ C. The
notation f: D — C means that the mapping f is continuous. We also assume that the mapping
f: D — C preserves orientation, i.e., the topological index p(y, f, G) is positive for an arbitrary domain
G C D such that G C D and for an arbitrary y € f(G) \ f(0G). The Jacobian of an (orientation
preserving) homeomorphism f: D — C of class ACL is nonnegative a.e.:

Jr(z) = |f-I* = |f=* > 0, (2.1)

see[3, p. 10]. A homeomorphism f: D — C of class ACL is said to be regular if the inequality for this
homeomorphism in (2.1) is strict. Similarly, a solution f: D — C of Eq. (1.1) is said to be regular if,
for this solution, Jf(z) is positive a.e. in D. The complex dilatation of a homeomorphism f: D — C of
class ACL at a point z is defined as

W) =u) =% i L A0
and p(z) = 0 otherwise. The maximum dilatation is defined as
1+ [p(2)|
K, (z) = ———.
A = T)

We note that condition (2.1) always implies that |[p(2)] <1 a.e. and K, > 1 a.e. Moreover, we note
that any homeomorphism of class ACL satisfies Eq. (1.1), where v(z, f(2)) = pus(z). We shall say that

a homeomorphism f: D — C of class ACL is Q(z)-quasiconformal if K,(z) < Q(z) for almost all
z € D. In what follows, in the extended space C = C U {oo}, we use the spherical (chordal) metric

h(z,y) = |m(x) = =(y)l,
where 7 is the stereographic projection of C on the sphere S$3(e3/2,1/2), e3 = (0,0,1), in R3:
1 [z —y|

T h(x? y) =

1+ Jaf? Y1+ 2?1+ lyP
We let h(E) = sup,, ;e h(x,y) be the “chordal” (spherical) diameter of the set E € C. We recall that a
Borel function p: C — [0, o0 is said to be admissible for a family T of curves  in C if fv p(z)|dz| > 1
for all curves v € T'. In this case, we write p € admT'. The modulus of a family T of curves is

M) = peg&fnr/[)pz(z) dm(z).

h(z,00) =

;. TF0Fy.
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ON QUASILINEAR BELTRAMI-TYPE EQUATIONS 433

Let E,F c C be arbitrary sets. By I'(E, F, D) we denote the family of all curves 7: [a,b] — C
connecting F and F'in D, i.e.,

v(a) € E, ~(b)€F, and ~(t) e D for t € (a,b).
Let rg = dist(z9,dD), and let
A(ri,m2,20) ={2z € C: 11 < |z — 20| < 12}, Si = 8(z0,m) ={2 € C: |z — 2| =i}

A homeomorphism f: D — C is said to be an annulus Q-homeomorphism at a point zy € D (see,
e.g., Secs. 7 and 11 in [6], also see [8] and [10]) if the relation

M(f(T(S1, 52, A))) < /A Q2) - 12(|2 — 2]) dm(2) (2.2)

holds for any annulus
A:A(Tl,TQ,ZO), 0<r <re <y,
and for each measurable function n: (r1,79) — [0, 00] such that
T2
/ n(r)dr > 1. (2.3)
1

Moreover, the homeomorphism f: D — C is called a annulus Q-homeomorphism in the domain D
if relation (2.2) holds at each point zg € D and for each function n in (2.3). We need one more
definition. Let Q(z): D — [1,00] be a real-valued function. A homeomorphism f: D — C is called
a Q-homeomorphism if

M(f(D)) < /D Q(2) - p2(2) dm(2) (2.4)

for any family I" of paths v in D and for each admissible function p € admI'. We note that relations (2.2)
and (2.4) are a part of the definition of ¢g-quasiconformal mappings if Q(z) = ¢ = const. In the general
case, these “weighted” relations with weight Q(z) are not equivalent (see, e.g., [6]) and we need them as
an apparatus for studying equations of the form (1.1).

Proposition 1. Let f,,: D — C be a sequence of Q(z)-homeomorphisms in D, where Q(z) is a fixed
function, which is the same for all m. Assume that the sequence f,, converges to a mapping f in D
locally uniformly. Then f is either an annulus Q-homeomorphism or a constant in D under the
condition that Q(z) € Li (D) (see Theorem 7.7 in [6]).

loc

Remark 1. We note that, in the statement of Proposition 1, we generally cannot use a sequence of
“annulus” homeomorphisms, because the above statement is not generally proved in this case. Similarly,
we cannot state that the limit mapping f in Proposition 1 is a @-homeomorphism (for more details, see
Sec. 7in[6]).

Proposition 2. Let f: D — C be an annulus Q-homeomorphism at a point zy € D such that
h(C\ f(D)) > 6 > 0.

If, for some positive €y not greater than dist(zy, 0D),
/<| ~ Q(2) - v*(|z — 20|) dm(z) < ¢ IP(e) forall ¢ € (0,ep), (2.5)
e<|z—z0|<e0
where p < 2 and (t) is a nonnegative measurable function on (0,00) such that
0<I(e) = /EO Wt dt < oo Jorall =€ (0,2),

then, for z € B(zo, <o),

h(f(2). F(0)) < S exp{=BI(|z = z0])}, (2.6)
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where o, 3, and vy, are some constants, the first two of which are absolute constants and the last
depends only on p (see Lemma 7.6 in [6]).

Remark 2. In particular, by the well-known Arzela—Ascoli theorem, an estimate of the form (2.6)
implies that the class of all annulus @-homeomorphisms $o s = {f: D — C} in D satisfying the
inequality

WC\ f(D) =35>0 (2.7)

and condition (2.5) for @ is a normal family of mappings with respect to the metric i provided I(¢) — oo
ase — 0, i.e., from any sequence f,, € H¢, it is possible to choose a subsequence f,,, such that

sup h( fm, (2), f(2)) = 0 as k — oo
zeE

for a continuous mapping f: D — C and any compact set E C D (for more details, see Sec. 7.5
in [6]). Finally, it is easy to see that the conclusion that the corresponding family of homeomorphisms is
equicontinuous and normal remains valid if the condition of the form (2.7) in Proposition 2 is replaced
by the condition that f(z1) = y1 and f(z2) = ys for some fixed (independent of f) elements 21, y1, 22,
and ys.

Proposition 3. Let D C C, and let f,,: D — C be a sequence of homeomorphisms of class ACL
that have complex dilatations uy(z) satisfying the condition

1+ |pn(2)]
1- ‘,un(z)
If fn, — fis locally uniform in D as n — oo and f is a homeomorphism in D, then f € ACL and

the sequences df, and df, converge weakly in Li . to 8f and df, respectively. In this case, the

mapping f is Q(z)-quasiconformal. Moreover, if yi, — pasn — oo, then df = pdf a.e. (see, e.g.,
Theorem 3.1 and Remark 3.1 in [8]).

<Q(2) €Ly, forall n=1,2,....

3. MAIN LEMMA

Lemma 1. Assume that a functionv = v(z,w): D x C — D satisfies the Carathéodory conditions
and

14 |v(z,w)]
K,(z,w) := w < Q(z) € Ly, (D) (3.1)

for almost all z € D and for any w € C. Assume also that, for any zo € D and some number
o < dist(zg, D),

/ QR = 2l dm() e 1), (32)
e<|z—20|<eE0

where I(e) — oo as € — 0, p is a constant such that 0 <p <2, and (t) is a nonnegative
measurable function on (0,00) such that

0<I(e) = /80 Yt dt < oo, € (0,2p).

Then Eq. (1.1) has a regular homeomorphic solution f of class Wlfml in D such that f~' ¢
Wiee (f (D).
Proof. We consider the sequence of functions
I/n(Z,'U)) — V(Z,'U)), Q(Z) S n7w e (Ca (33)
0, Q(z) >n,w e C.
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We note that K, (z,w) < n for almost all z € D and for all w € C. Therefore, we have

-1
vn(z,w) € = < 1,
n

and hence Eq. (1.1), where v in the right-hand side is replaced by v := v, and v, is defined by rela-
tions (3.3), has a homeomorphic solution f,,: D — C satisfying the normalization conditions f,,(0) =0
and f,(1) = 1. This solution is n-quasiconformal in D (see Theorem 8.2 in[1]). At the same time, the f,,
are Q(z)-quasiconformal because of relation (3.1) and the fact that

K, (z,w) < K,(z,w).

Therefore, according to relation (6.6) in Chap. V in [3], each f, is a @Q-homeomorphism and hence an
annulus @-homeomorphism. By Proposition 2, Remark 2, and relation (3.2), we see that the sequence
{fn}o2, has asubsequence f,, thatlocally uniformly converges to a mapping f. By Propositions I and 3
and the normalization conditions f,,(0) = 0 and f,,(1) = 1, the limit mapping f is Q(z)-quasiconformal.
We note that, for almost all z € D, there exists a number ky = ko(z) such that

Un, (2,w) = v(z,w) for ng >ng(z) andall weC.
Therefore, for almost all z,
o (2) = Vg (21 fo (2)) = (2, £ () as k — oo.

Let ps(z) be a characteristic of the limit mapping f. Again, it follows from Proposition 3 that
v(z, f(2)) = ps(2) a.e. But this just means that the mapping f is a solution of the initial equation (1.1).

It remains to show that the mapping is f-regular and f=! € WI})CQ Since f is a homeomorphism,

f 1 converges to f~! locally uniformly as n — co. We write g,, = f,,1. Now we note that the complex
characteristic of the inverse mapping g = f~! is related to the characteristic of f as uy = —ps o g, (see,
e.g., relation 4 in Sec. C in Chap. I'in[11]). Then, for sufficiently large n, we have

_ |0gn (w)|* dm(w)
Agn (w)|? dm(w) = Ogn(w)|* = [Ogn(w)|?) - 3
[ 0w amtu) = [ Q@) - By Ll

B w) - 1 () — dm(z)
B /B Jon () 1 — [0gn(w)/0gn (w)|? dm(w) /gn(B) L —|pn(2)?

< [ Q(z)dm(z) < oo,
B

where B and B* are relatively compact domains in D and f(ID), respectively, and satisfy the condition
g(B) C B*. The change of variables in the integrals is valid, because g, f,, € VVI%)(? [t follows from
the last estimate that f~! ¢ W172(f(]]]>)) (see[12, Chap. I1I, Lemma 3.5]). This implies that f has the

loc

(N~1)-property (see Remark 8.4(3) in Sec. 8.4 in [6]), which, in turn, is equivalent to the fact that
J¢(z) # 0 a.e. (see[13]). Finally, for an arbitrary compact set C' C I, it follows from the Schwartz

inequality that the norm of the derivatives df and df in L'(C) can be estimated as follows:
O£ < 1OF1 < QI - 1T < Q)Y - m(f(C)),
which implies that f € WLl(]D) (see[2, p. 8]). The proof of Lemma 1 is complete. O

loc

4. IMPORTANT CONSEQUENCES

Lemma 1 formulated and proved above is one of the most important tools that now allows us to
state the main results of the present paper. First, we formulate sufficient conditions for the existence of
homeomorphic solutions to Eq. (1.1) on the basis of the condition that a certain integral diverges. Such

a condition is considered not at random. The divergence conditions for integrals of the form [ tl?#,

where K (t) is a certain function, were considered by many prominent scientists, for example, by Shabat
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and Zorich (see, e.g., [14], [15]; also see Secs. 11.4—11.6 in [6]). By g, (r) we denote the mean value of
a function Q(z) over the circle {|z — zo| = 1}:

1 2w

Qo (7) Q(z0 + r€') do.

:%0

Theorem 1. Assume that a function v(z,w): D x C — D satisfies the Carathéodory conditions
and K, (z,w) < Q(z) € Li (D). Assume also that

/5(‘30) dr
= 007
0 Tdx(r)

where §(zy) is a positive number and 6(zp) < dist(zo, D). Then Eq.(1.1) has a regular homeomor-
phic solution f of class VVlicl inD such that f~1 € W172(f(]D))).

loc

Proof. We note that Q(z) is no less than 1, because, by definition, K, (z,w) > 1 for almost all z and
each fixed w. Therefore, we have g,,(t) > 1 for almost all £. We set

1
(t) = {tq(t) t € (0,8(=0)),
0 t ¢ (0,6(20)),

and note that ff(zo) Y(t)dt > 0 forall e € (0,d(z0)), because, otherwise, g, (t) = oo for almost all ¢ €
(0,9(z0)), which is impossible, because Q(z) € Li (D) by the assumptions of the theorem. Moreover,

loc

d(20) 6(z0) ¢
/ P(t)dt < / - < 00 forall €€ (0,6(z0)).
€ £

Thus, it is possible to apply Lemma 1 to the function ¢) mentioned above and to obtain the desired
conclusion. O

In the next important section of the present paper, we consider some functions of a special form. We
recall that a function p: D = R, p € L%OC(D), is of bounded mean oscillation in the domain D, which
can be written as p € BMO, if

1
« = SUp ——~ z) — dm(z) < oo, 4.1
el = sup —=s | 1o(2) = sl dm(:) (4.1)
where sup is taken over all circles B C D and
5,
pp=——— [ w(z)dm(z
B, 22 dm)

is the mean value of the function ¢ over the circle B (see, e.g., [9]). [t is well known that
L>*(D) c BMO(D) c IF (D)

loc
(see, e.g.,[9]). We consider the following definition generalizing the notion of bounded mean oscillation
to the case in which the variable in the sup symbol in (4.1) is not “uniform” over a given domain (see,
e.g., Sec. 6.1 in [6]). We shall say that a function ¢: D — R is of finite mean oscillation at a point
29 € D and write ¢ € FMO(z) if

lim sup % lo(2) — .| dm(z) < oo, (4.2)
e—0 TE B(Z(),E)
where
_ 1
e = 2 B0.c) ¢(z) dm(2).
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We note that if condition (4.2) is satisfied, then it is possible that @, — oo as ¢ — 0. We shall also say
that ¢: D — R is a function of finite mean oscillation in the domain D and write p € FMO(D)
if ¢ is of finite mean oscillation at each point zyp € D. Obviously, BMO C FMO. We note that
FMO # BMO. (see, e.g., Sec. 11.2in[6]).

Proposition 4. Assume that 0 € D C C and ¢: D — R is a nonnegative function of finite mean
oscillation at a point zy = 0. Then

¢(z) dm(z) < 1>
_PEIME) 0 loglog -
/€<z<eo (|2 log(1/]2))? €
as e — 0and for some gy < dist(0,0D) (see Corollary 6.3 in [6]).

In particular, we note that each constant function p(z) = c always satisfies a relation of the form (4.2).
At the same time, functions of finite mean oscillation are generally integrable only in the first power; it is
possible to construct an example of a function of class FMO that is locally integrable in the first power
and is not locally integrable in any power p > 1 (see, e.g., Sec. 11.3in[6]).

Theorem 2. Assume that a function v(z,w): D x C — D satisfies the Carathéodory conditions.
Assume also that K,(z,w) < Q(z) € FMO(D). Then Eq. (1.1) has a regular homeomorphic

solution f of class VVI})Cl inD such that = € WE2(f(D)).

loc

Proof. Let 29 € D, and let g < min{dist(z9,dD), e~1}. By Proposition 4, for the function t(¢),

1

0<v) = oea/n

we have

/ Q=) - 021z — ) dm(z) = o<1og10gl>.
e<|z—z0|<e0 €

We also note that

log(1/<)
o= [ v <log<1/50>
Now the statement of Theorem 2 follows from Lemma 1. O
Corollary 1. /n particular, if
1
lim sup — Q(z)dm(z) < 00

€0 €™ JB(20,)

at each point zy € D, then Eq.(1.1) has a regular homeomorphic solution f of class W m D such
that f~1 € WE2(F(D)).

loc

Theorem 3. Assume that a function v(z,w): D x C — D satisfies the Carathéodory conditions.
Assume also that K, (z,w) < Q(z), where

0z (1) = O(log %) forall zyeD as r—0. (4.3)

Then Eq. (1.1) has a regular homeomorphic solution f of class VVliCl in D such that
71 € Wie ((D)).
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Proof. To prove the theorem, it suffices to choose an arbitrary g9 < dist(z9, D) and the function
P(t) = 1(tlog(1/t)) in Lemma 1. We note that

[ Q=) dm(2)
e noten (7 =0l log (117 — 202
e Q=) dm(2) i
= / </||: (=~ ol log(1/]z — )2 > a

€0 dr log(1/e)
<2 —— =2nlog————= =2n-1
<2 | i R iy 26 0)
€0
where I(g,¢p) = / ¥(t) dt. The statement of the theorem now follows from Lemma 1. O
£

Corollary 2. Condition (4.3) and the statement of Theorem 3 are satisfied if it is required that, at
each point zp € D,

1

Q(2) < C-log ——
|z — 20|

for some constant C (that can depend on zy) as z — zg.

Remark 3. We note that the solutions of the quasilinear Beltrami equation studied in the present paper
are generally not unique. The uniqueness of solutions of the Beltrami equation requires a separate study
based on the use of different methods that are not related to the theory of convergence of mappings.
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