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0. Introduction

The Fibonacci numbers was introduced by Leonardo of Pisa (1170-1240)
in his book Liber abbaci, book published in 1202 AD (see [Ko; 01], p. 1, 3).
These numbers was used as a model for investigate the growth of rabbit
populations (see [Dr, Gi, Gr, Wa; 03]). The Latin name of Leonardo was
Leonardus Pisanus, also called Leonardus filius Bonaccii, shortly Fibonacci.
This name is attached to the following sequence of numbers

0,1,1,2,3,5,8,13,21, ...,
with the nth term given by the formula:
fn = fn—l + fn—2, n > 27
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where fo =0, f; = 1.

Fibonacci numbers was known in India before Leonardo’s time and used
by the Indian authorities on metrical sciences (see [Pa; 85], p. 230). These
numbers have many properties which was studied by many authors (see [Ho;
61], [Cu; 76], [Pa; 85], [Ko; 01]).

Narayana was an outstanding Indian mathematician of the XIV century.
From him came to us the manuscript ”Bidzhahanity” (incomplete), written
in the middle of the XIV century. For Narayana was interesting summation
of arithmetic series and magic squares. In the middle of the XIV century he
proved a more general summation. Using the following sums

14243+...+n=2SY,
S 45 445 = 5@
SP 48P 4 48P =50

Narayana calculated that

m_ nm+1)n+2).. . (n+m) .
S s meD )

Narayana applied its rules to the problem of a herd of cows and heifers
(see [Yu; 61], [Si; 36], [Si; 85], [Al, Jo; 96 ]).

Narayana problem ([Al, Jo; 96 ]). A cow annually brings heifers. Every
heifer, beginning from the fourth year of his life also brings heifer. How many
cows and calves will be after 20 years?

Narayana’s calculation is in the following:

1) a cow within 20 years brings 20 heifers of the first generation;

2) the first heifer of the first generation brings 17 heifers second genera-
tion, the second heifer of the first generation brings 16 heifers second gener-
ation etc. The total in the second generation will be 17+ 16+...4+1 = Sg)
cows and calves;

3) the first heifer of the seventeen heifers of the second generation brings
14 heifers of the third generation, the second heifer of the seventeen heifers
of the second generation brings 13 heifers of third generation, etc. The total
heifers of the first generation bring 13 + 124 ... +1 = Sg) heads. Now, all
heifers of the second generation brings S&) + Sg) +...+ SF) = Sfi) heads
in the third generation.




Similarly, Narayana calculated total number in the herd after 20 years:
n=1+20+8% +8% + 45
Using formula (*), he obtained:
8

6-7-
= 2745.
5-6-

n=1+4+20+ 7

17-18 14-15-16 2-3-4-5-
1.2 * 1-2-3 1-2-3-4-

This problem can be solved in the same way that Fibonacci solved its
problem about rabbits (see [Ka; 04], [Ko; 01], [Si; 36], [Si; 85]).

In the beginning of the first year was 1 cow and 1 heifer which born. That
is had 2 heads. In the beginning of the second year and in the beginning of
the third year the number of heads increased by one. Therefore the number
of heads are 3 and 4, respectively. From the fourth year, the number of heads
in the herd is defined by recurrence formulae:

Ty =23+ 21,T5 =T4+ To,...,Tnp = Tp_1+ Tpy_3,

since the number of cows for any year is equal with the number of cows of
the previous year plus the number of heifers which was born (= number of
heads that were three years ago) (see [Al, Jo; 96 ]).

We have the sequence

2,3,4,6,9,. .., Upi1 = Up + Up_2.

Computing, we obtain that ugy = 2745 (see [Ka; 04], [Ko; 01], [Si; 36], [Si;
85], [Al, Jo; 96 |).
Now, we can consider the sequence

1a1>1a273a4>6a9>"'a Up+1 = un+un—2>

with n > 2,u9 = 0,u; = 1,uy = 1. These numbers are called the Fibonacci-
Narayana numbers (see [Di, St; 03]).

In the same paper [Di, St; 03], authors proved some basic properties of
Fibonacci-Narayana numbers, namely:

Doug+us+ .o+ upy = uprs — 1.
2) UL+ Ug + U7+ .00+ Ugp—9 = U3p—_1-
3) ug + us +ug + ... + Usp_1 = Usp.
4) Uz + Ug +Ug + ... + U3y = U3gp+1 — 1.



5) Uptm = Up—1Umt2 T Up—2Upm + Up—3Um41-

6) Uz = Uy + UL — ULy,

7) If in the sequences {u,}, n = Tk +4,n = 7Tk + 6, n = Tk, when
k=0,1,2,..., then u, is even.

8) If in the sequences {u,} n = 8k,n = 8k — 1, n = 8k — 3, when
k=0,1,2,..., then 3 | u,.
Another property of Fibonacci-Narayana numbers was proved in [Sh; 06].
For all natural n > 2, we have

[n/3]
Up = Z Em/g}un—[n/?)]—%nu

m=0
where [a] is an integer part of a and (¥ = Wlk)" Kl=1-2-3-...-kkeN.

Let H (f1, B2) be the generalized real quaternion algebra, the algebra of
the elements of the form a = a; - 1 + ases + azes + aseq, where a; € R,i €
{1,2,3,4}, and the basis elements 1, ey, e3, e4 satisfy the following multipli-
cation table:

1 €9 €3 €4
1 1 €9 €3 €4
eof €2 —fh €4 —pBies
€3 €3 —€4 —B Baes
eq es Prez —Pres —[1f

We denote by t (a) and n (a) the trace and the norm of a real quaternion
a. The norm of a generalized quaternion has the following expression n (a) =
a3+ a3+ Boai + 15203 For ) = By = 1, we obtain the real division algebra
H.

1. Preliminaries

In the present days, several mathematicians studied properties of the
Fibonacci sequence. In [Ho; 61], the author generalized Fibonacci numbers
and gave many properties of them:

h’n = hn—l + h’n—2a n > 27
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where hy = p, h; = q, with p, ¢ being arbitrary integers. In the same paper
[Ho; 61], relation (7), the following relation between Fibonacci numbers and
generalized Fibonacci numbers was obtained:

hp1 = pfn + qfngr- (1.1)

The same author, in [Ho; 63], defined and studied Fibonacci quaternions and
generalized Fibonacci quaternions in the real division quaternion algebra and
found a lot of properties of them. For the generalized real quaternion algebra,
the Fibonacci quaternions and generalized Fibonacci quaternions are defined
in the same way:

F, = fn- 14 fori€2 + foy2es + foisea,

for the nth Fibonacci quaternions, and
H,, = hy - 1+ hpqiep + hygoes + hyysey,

for the nth generalized Fibonacci quaternions.
In the same paper, we find the norm formula for the nth Fibonacci
quaternions:

n (Fn) - Fnﬁn = 3.f2n+3a (12)

where F,, = fo -1 — fui1€a — foi263 — faises is the conjugate of the F), in
the algebra H. After that, many authors studied Fibonacci and generalized
Fibonacci quaternions in the real division quaternion algebra giving more
and surprising new properties (for example, see [Sw; 73], [Sa-Mu; 82] and
[Ha; 12]).

M. N. S. Swamy, in [Sw; 73], formula (17), obtained the norm formula
for the nth generalized Fibonacci quaternions:

n(H,) = H,H,=
= 3(2pq — P°) fons2 + (0" + @) fanss,
where H, = hy, -1 — hyi1€9 — hypioes — hyigeq is the conjugate of the H,, in
the algebra H.
Similar to A. F. Horadam, we define the Fibonacci-Narayana quaternions

as
Up = tUp - 1 + Upq1€2 + Uppoe3 + Upisey,
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where u,, are the nth Fibonacci-Narayana number.
In this paper, we give some properties of generalized Fibonacci quater-
nions and Fibonacci-Narayana quaternions.

2. Generalized Fibonacci Quaternions

As in the case of Fibonacci numbers, numerous results between Fi-
bonacci generalized numbers can be deduced. In the following, we will study
some properties of the generalized Fibonacci quaternions in the generalized
real quaternion algebra H (1, f2). Let F, = fi- 1+ far1€2+ fai2es+ fuises
be the nth Fibonacci quaternion and H, = h,, -1+ h, 162+ hy, 23+ hpi3ey
be the nth generalized Fibonacci quaternion. A first question which can
arise is what algebraic structure have these elements? The answer will be
found in the below theorem, denoting first a nth generalized Fibonacci num-
ber and a nth generalized Fibonacci element with h?9, respectively H?4. In
this way, we emphasis the starting integers p and g¢.

Theorem 2.1. The set H,, = {H? / p,q € Z} U{0} is a Z—module.

Proof. Indeed, aHP9 + bHP @ = Hw+Waatbd’ ¢ 3(  where
a,b,p,q,p',q € Z.

Theorem 2.2. i) For the Fibonacci quaternion elements, we have

n

> ()™ Ey = ()" F + 1+ es +ea (2.1)

m=1
ii) For the generalized Fibonacci quaternion elements, the following rela-
tion 18 true

n

> (=)™ HRI=(—1)" HY, — ptqtpestgestpestqes (2.2)

m=1



Proof.
i) From [Cu; 76], we know that

n

Z (_l)m—i-l fm _ (_l)n—i-l fn—l +1.

m=1
Itnresults
Z_( )m-‘rl -
= Z_l (—1 )mH fmtes 21( )mH Jms1+
+e3 2—1( )mH Jm+2tea Z_l(—l)mﬂ Jm43=

=(—=1)" fuy + 1= eo[(—1)" oy + (1) fra]+
+e (D)™ fat 14 (21" fasr + (=)™ fura] -
_64[(_1)n+1 fn—l -1+ ( )n+2 fn—i-l + ( )n+3 fn+2 + ( 1)n+4 fn+3]:
:(_1>n+1fn—1 +1+ ( )n+ 62fn + €3 ( ) [fn—l-l + ( 1)n+1} -
—es (=1)" = frp — (1) =
= (-1 )n+1 (fno1+ fne2 + fayi€3 + fujoes) +1+e3+eq =
= ()" Foa+14es+es
ii) Using relations (1.1) and (2.3) ,we have

S (—1)" Hp =

m=1
z_:l( >m+1 hP; q—|—€ z_:l( 1>m+1 hp +1+
€3 2—1( )m+1 Rt tea 2—1( 1)m+1 s =
Z_ ( )m+1 pfm—l + 21 (_1)7”"1‘1 Q.fm_l'

1
n

+e Z_l(— )m+1pfm+62 i_ (—1)m+1 qfmi1t
1(— 1™ D + €3 Z (=)™ g frat

+eq o (1 )m+lpfm+2 + ey Z (-1 )mH qfmis =

m=1 m=1

=p(-1)"" oo —pta(=1)"" for + gt 1
teop (=)™ fasi + pes + eaq [( D™ fr — (1) fn—1:| +
+€3p [(_1)n+1 fn+1 - (_1>n+1 fn—l] +

+e3

3||M3
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tesq (1) fuot + 1 (1) fara + (=)™ fopo] +
+eap [(—1 D™ oot + 14+ (1) frp + (-1 fot2] —
—eqq[(—1 )"+1 faoor = 1+ (0" fop + (1" fupo + (=1 fops] =

p(=1)"" faa = p+a(=1)"" fuy 0t
+62p( 1) fn—l + pes + e2q (_1)n+1 Jn +e3p (_1)n+1 Jot
tesq (1) [fuot + (=1 = frpr + fase)+
+64p( 1)n+1 [fn 1+ ( 1)n+1 - fn-i—l + fn+2} -
_64Q( )n+1 [fn—l - (_1>n+1 — far1+ faro — fn+3} =

p(— )"“fn 2 —p+q (1) fo 1 tat
+€2p( 1) fn 1+p€2+62Q( ) fn+€3p (_1>n+1 fn"'_
tesq (=) [furr + (1" +eap (1) (1) + frupa]—
—eqq (1) [ fapz — (1) =
= (=)™ H2Y — p+ g+ pes + qez + pes + ges.0

From the above Theorem, we can remark that all identities valid for
the Fibonacci quaternions can be easy adapted in an approximative similar
expression for the generalized Fibonacci quaternions, if we use relation (1.1)
a true relation in the both algebras H (5, 82) and H.

Proposition 2.3. If h,41 = pfp + qfas1 =0, then we have:

2
H5+1 f2 [f22n+1 - fn+1fn—2f2n+2} ’ (24)

where HZ , € H(f1,[s).

Proof. Since h,4; = 0, it results that ¢t (H,4+1) = hp11 = 0, therefore
n(Hyp) = HY . From hy, = pfy + qfar = 0, we have p = —qf]?—n“ and
we obtain: ) oy
4" fan _9 2fn+1 9 fn+1fn 2

[ A TR

P’ + 2pg=
and

2 2
2wt fu _ o font

q2f5+1
2 tp

P’ + qQZT +q°=

since fr%—l—l + f;% = fon+1-
It results

n (}gn+1):3[(p2 + 2pq) font2+(0* + ¢%) fon+1]=
:3?_%[_fn+1fn—2f2n+2 + f3) 0



In the following, we will compute the norm of a Fibonacci quaternion and
of a generalized Fibonacci quaternion in the algebra H (5, fs) .

Let F,, = f,- 14 fri1€2+ fui2e3+ fuises be the nth Fibonacci quaternion,
then its norm is

n (Fn) = fr% + 51 r2z+1 + B2 72L+2 + B152 ,3+3-

Using recurrence of Fibonacci numbers and relations
fr% + fr%—l = f2n—17 ne Na (25)

f2n:fn2+2fnfn—17 ’/LGN, (26>

from [Cu; 76], we have

n(F,) = 2+ Bifi + Bafips + Bibafiis =

= fr% + /Blfn2+1 + Bo (fn2+2 + ﬁlfn2+3) =

= font1+ (B1 = 1) f2iy + Bo (fonis + (B1 — 1) f23) =

= fons1 + Bofonss + (B — 1) (f2q + BofPrs) =

= (1+2062) font1 + 3B fonsa + (B1 — 1) (f2y + Bofiys) =

= h;ﬁgz’gﬁz + (B —1) (f3+1 + 62fn2+3) =

= héﬁ%’wz + (81— 1) (font2 — 2fufut1 + Bofonve — 282 fasafnis) =

= hyt 35757+ (Br = 1) [fonsa + Bafomts — 2 (fafss + Bafrsafurs)] =

= héﬁ%’?’&—i—(ﬁl — Dl fantatBefonse — 2 (fafurrtBefiiotBofniifore) =
= h§:i§2’352+(51-1)[f2n+2+ﬁ2f2n+6—2 (fnfn+1+ﬁ2 3+2+ﬁf3+1+52fnfn+1):
= h;ﬁgz’?’m*‘(ﬁl — D[ font2tB2fonte — 2 (1 + B2) fufns1 — 2B2fonts] =

= g 2575 4 (B1-1) [ fontat Ba fontat B fant st B2 fonsa—

=284 fony3-2 (1452) fufnr1] =

= hy 20234 (B1-1) [ fonta + 2Bafonsa — Bofonss-2 (14+Ba) fufurr] =
= h;:—?-g2’352+(ﬁ1'1)[f2n+2 + 282 font2 + 282 fons3—

—Ba fony3-2 (14+532) fofnia] =

= héﬁgz’352+(51-1)[(1 +285) fonto + B2 foni3-2 (14+52) fufni1] =
= ho i P (Br-D) [hgy 137 = 2 (1482) fofua] =

= hanyy P H(Br-Dhgn 57 = 2(B1-1) (1452) fufusr.

We just proved

Theorem 2.4. The norm of the nth Fibonacci quaternion F, in a gen-
eralized quaternion algebra is

1 (Fy) =hay 15+ (B1-Dho {577 -2(81-1) (1452) fufurr: (27)
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Using the formula (2.7) and the relation (1.1) when 5, = fy = 1, we
obtain the formula (1.2).

Using the above theorem and relations (2.5) and (2.6), we can compute
the norm of a generalized Fibonacci quaternion in a generalized quaternion
algebra. Let H,, = hy, - 1 + hy11€9 + hpioes + hy,i3e4 be the nth generalized
Fibonacci quaternion. The norm is

n (HE)=h2+ 5 ke 4 Bahe o+ Bifahy 5=

:(pfn—1+an>2+ﬁl (pfn+an+1>2+ﬁ2 (pfn+1+an+2>2 +

+51B2 (Pfaratdfars)’ =

=p’ ( 2 A+ BSEA Bafr + ﬁ152f3+2) +

+2 (f2 4 Buf2 + Baf?in + BiBaf2ys) +

+2pq (fn—lfn + 6lfnfn+1 + 52fn+1fn+2 + ﬁ152fn+3fn+2) =

= PPl PR 2 (Br-1) gyt 11227 (B1-1) (14B2) fu1 fut
+q2h§ﬁgg’362+q2(51‘1)h§ﬁ§2’62'2q2(51-1) (14+52) fufni1t

+2pq (1-B81) frfn-11+20aB1 fon +2pqB2 (1-B1) fri1furat20qB1 P2 fonta=
= PPy, PR (Bi-1) hg 2+ Pl PR 4 (Br-1)hy, 1 —
—2p (61 — 1) (B2 + 1 + ) fa1fu — 2¢*(5r-1) (14052) fuSfot1+
"‘hgﬁﬁf’%qglﬁ? + QPQ5152(f2n + f2n+3) + 2pq B, (1 - 51) Jns1frga

From the above, we proved

Theorem 2.5. The norm of the nth generalized Fibonacci quaternion
HP1 in a generalized quaternion algebra is

14262,3 1426, 14282,3 1426,
n (HP) =phay 5242 (B1-1) oy 117 40P By 157 407 (B1-1) By 1577

=2p (B — 1) (pBa+Dp+q) frooifn — 26]2(51 — 1) (1+52) fufur1 +
+ habaB P8 1 90081 By fon + fonsa) + 20082 (1= B) furifuve  (2.8)

([
It is known that the expression for the nth term of a Fibonacci element
is
1 a™ Bn
n=—=la" = ("] = —[1 — —]|, 2.9
fu= gl =g = - (29)
-5

Wherea:IJ’—Q\/gaundﬁzl2 .

From the above, we can compute the following

limn (F,) = nh_)rlgo(f,% + 61f5+1 + ﬁ2fn2+2 + 5152fn2+3) =

n—oo
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a2n a2n+2 a2n+4

:nh_{go(?‘f‘ﬁl 5 +/55 5 +51 32

n—o0

= sgnk (B, B2) - 00

a2n+6

) =

where

E(Br, f) = (3 + La? + 2ot + 2240) =

=t (14Bi(a+1)+ B2 (Ba+2)+ Hifa (8 +5)) =

= %[1 + B1+ 289 + 56182 + a (B + 3B + 8B152)], since a? = a + 1.
If E(Bi, ) > 0, there exist a number n; € N such that for all

n > ny, we have

hy 290 4 (By — Dyt 3527 — 281 — 1) (1 + Ba) fufusr > 0.

In the same way, if E(f1, 52) < 0, there exist a number ny € N such that for
all n > ny we have

hyr 19250 4 (B — Dyt 792% — 2(By — 1) (1 + Ba) fufurr < 0.

Therefore for all 51,0 € R with E(S1, f2) # 0, in the algebra H (31, £2)
there is a natural number ny = max{ny,ny} such that n (F,,) # 0, hence F,
is an invertible element for all n > ng. Using the same arguments, we can
compute

lim (n () = lim (b, + Bihi o+ Bahiy o + BiBahi ) =

n—oo

= T}L}H;o[(pfn—l‘l’an)z ‘l’ﬁl (pfn+an+1)2 +62 (pfn+1—|—qfn+2)2 —+

+5182 (Pfasatafurs)’] =
= sgnE'(B1, fs) - 00

where , )
E'(B1,B2) = §[(p+ aq)” + b1 (pa + 0q)” + B2 (pa® + a®q)” +
518 (pa® + a'q)?] =
=1 (p+0ag)’ 1+ 10> + fra* + fiffp0’] =
=1 (p+aq)’ E(1, o).

Therefore for all 8y, B2 € R with E'(f1, £2) # 0 in the algebra H (5, £2)
there exist a natural number n{ such that n (HP?) # 0, hence HP? is an
invertible element for all n > nj,.
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Now, we proved

Theorem 2.6. For all (1,52 € R with E'(py,B2) # 0, there exist a
natural number n' such that for all n > n’ Fibonacci elements F, and
generalized Fibonacci elements HP9 are invertible elements in the algebra

H (61, f2) .1

Remark 2.7. Algebra H (1, 52) is not always a division algebra, and
sometimes can be difficult to find an example of invertible element. Above
Theorem provides us infinite sets of invertible elements in this algebra,
namely Fibonacci elements and generalized Fibonacci elements.

3. Fibonacci-Narayana Quaternions

In this section, we will study some properties of Fibonacci-Narayana ele-
ments in the algebra H (5, B2) .

Theorem 3.1. For the Fibonacci-Narayana quaternion U,, we have
Cl) Z Um = Unp+3 — U2>
m=0

b) Z Usm = Uspy1 — 1 — ey

m=0

Proof. a)

n+1 n+2 n+3

n n
E Un = 5 U, + €2 E Uy, + €3 5 Uy, + €4 5 Uy, =
m=0 m=0 m=1 m=2 m=3

n n
Since uy = 0, we consider that the term ) w,, is equal with > w,,. We

m=0 m=1
can use property 1) from Introduction and we obtain

= Uppg — 1+ €a(Unya — 1) + €3(Ungs — 2) + ea(tpi — 3) =
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= Ungs — (1 4+ e2 4 2e3 + 3ey) = Upq3 — Us.

b) Since ug = 0, the term > wug,, is equal with > ug,,, therefore

n n n n n
E Usyy = E Uzm 1 €2 E Uzm+1 T €3 E Uzmi2 T €4 E Usm+3 =
m=0 m=0 m=0 m=0 m=0

using properties 4), 2), 3), and again 4), we have
= Uspt1 — 1+ Usny2€2 + Uspizes + (Usngs — 1)eg = Uy — 1 — ey,

O

Let {u,} be a Fibonacci-Narayana sequence, and let U,, = ;- 1+u,11e0+
Upio€3 + Upizeyq be the nth Fibonacci-Narayana quaternion.

The function f(z) = ap+a1x+asx®+. . .4a,z"+. .. is called the generating
function for the sequence {ag,ai,as,...}. In [Ha; 12], the author found a
generating function for Fibonacci quaternions. In the following theorem, we
established the generating function for Fibonacci-Narayana quaternions.

Theorem 3.2. The generating function for the Fibonacci-Narayana
quaternion U, s

U0+(U1—U0)t+(U2-U1)t2 o 61+€2+€3+(1+63)t + (62+€3)t2

Gt)= 1—t— - 1—t—8

(3.1)

Proof. Assuming that the generating function of the quaternion
Fibonacci-Narayana sequence {U,} has the form G(t) = Y_ U, t", we obtain

that "
ZUt"—tZUt"—t?’ZUt"—
= Uo + Uyt + U2t2 + U3t3
—Upt — Uit? — Ust? — U3t4 .
—Upt? — Uit — Ust® — Ust® — ... =
= Up+(U; — Up)t+(Uy — Uy)t2, since U, = U, 1 + U,_3,n > 3 and the
coefficients of t" for n > 3 are equal with zero.
It results

Up+(Ur = Up)t+(Uz — U= Unt" (1=t — 1%),

n=0
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or in equivalent form

Up+ (U — Up)t+(Us — U2 )
— —;Unt .

The theorem is proved. [J

Theorem 3.3. (The Binet-Cauchy formula for Fibonacci-Narayana num-
bers) Let w, = tup_1 + Up_3,m > 3 be the nth Fibonacci-Narayana number,
then

1
(a-B) (B-7) (v-v)

where «, 3,7 are the solutions of the equation t3 —t*> — 1 = 0.

Proof. Supposing that u,, = Aa"+Bp"+C~y", A, B, C € C and using the
recurrence formula for the Fibonacci-Narayana numbers, u,, = u,_1 + u,_3,
it results that o, 3,7 are the solutions of the equation > —t*> — 1 = 0. Since
ug = 0,u1 = 1, us = 1, we obtain the following system

U= [a"* (4-B) +8" (a=y) +9" (B-a)] (3-2)

A+B+C =0,
Aa+ B+ Cvy =1, (3.3)
Aa? + B2+ Cy* = 1.

The determinant of this system is a Vandermonde determinant and can be
computed easily. It is A = (a-f) (5-7) (v-«) # 0.
Using the Cramer’s rule, the solutions of the system (3.3) are

A= a(y—B) _ o
(a=B)B-(—a) B-a)(y—a)
B fla—7) _ B
(a=B)B-7(—a) (a=pB)(y—8)
O 7(8—a) _ gl

(a=B)B—7)(y—a) (B—7)(a—7)

therefore relation (3.2) is true. [J
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Theorem 3.4. (The Binet-Cauchy formula for the Fibonacci-Narayana
quaternions) Let U,, = - 1 +upy162 + tpioe3 + uyizeq be the nth Fibonacci-
Narayana quaternion, then

an—i—l Bn-{—l ,yn-i-l

B s 0B T ) @)

where o, 3,7 are the solutions of the equation t3 —t*> —1 =0 and

U,=D (3.4)

D =1+ ey + ey + ades,
E =1+ Be; + ey + Bes,
F=1+ve1 +7%e+ 7’es.

Proof. Using relation (3.2), we have that
Upn=uy, - 14uy1e2+tp 263+ 1364=

= (@ (-8) +87F! (a=y) +9" ! (B-)) - 1+
+Ha" 2 (y = B) + B2 (o —7) + 9" (B — @) e+
Ha™ P (y = B) + 8" (a —7) + 9" (B — @) ea+
(@ (y = B) + B (a = y) + 9" (B - @) es]=

— e [0 (198) (Iae +a2e+ade;)+
+68" (a=y) (L + Bey + [Peq + Bles) +
+ " (B-a) (1 +ver +7%e2 +7es)].
O]

For negative n, the nth Fibonacci-Narayana number will be defined as
Up = Upr3—Upta, Ug = 0,u; = 1,us = 1. Accordingly defined the Fibonacci-
Narayana quaternion U,, for negative n.

Theorem 3.5. Let U, = uy, - 1 + upi169 + Upioe3 + uyyzeq be the nth
Fibonacci-Narayana quaternion, therefore the following relations are true:

1) Y CiUsy 91 = Usp_1.
i=0

2) ZﬂzUi’m—%—l = U4n—1.

i=0
Proof.
1) Using the Newton’s formula, it results that

(B +1)"=C0 )" +CL@)" +C2 )"+ .. +Cr =

15



=002 4 CL¢2n=2 4 (24274 + 4 (. From here, we have that

S0 Ugpy9i 1=C0Us, 1 + CLUs 3+ C2Us, 5 + .4+ CPU_; =
=0

o 0 27L ﬁ2n
=, (D< oow + B T P v)) +
27L 2 2n—2

1 o?
s ( rcs )+E(aﬁ)(v6)+F(Bv)(av))+'"+

1 1 .
+Ci ( TG )_'_E(aﬁ)(vﬁ)—i_F(B—v)(a-y))—

=D oy Che® + Cha® =2 + . 4+ Ci1)+

T E e G + Elﬁ% P LD

+F Gy (G + Gy 2+ .0h1) =

=D ()" +E<a 5 (B )" +F Gy (P +1)" =
=Damea™ + Eamen 53" + F )™ = st

We used that a® =a? + 1,83 =2+ 1,73 =2 + 1.

2) Since t3 = t? + 1, starting from relation (t3 + )" = ¢!, for
t € {a, 8,7}, by straightforward calculations as in 2), we obtain the asked
relation. [

Conclusions. In this paper we investigated some new properties of gen-
eralized Fibonacci quaternions and Fibonacci-Narayana quaternions. Since
Fibonacci-Narayana quaternions was not intensive studied until now, we ex-
pect to find in the future more and surprising new properties. We study
these elements for the beauty of the relations obtained, but the main reason
is that the elements of this type, namely Fibonacci X elements, where
X € {quaternions, generalized quaternions}, can provide us many impor-
tant information in the algebra H (31, 82), as for example: sets of invertible
elements in algebraic structures without division.

Acknowledgements. Authors thank referee for his/her patience and
suggestions which help us to improve this paper.
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