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Extremal problem on (2n,2m — 1)-system points
on the rays.

Targonskii A.

Abstract
In this work derivation of accurate estimate the production inner
radius non-overlapping domains and open set. The problems arise such
type in the first time in work [1]. It is late result this work generalize and
strengthen in works [2 — 13]. In works [7, 8, 10] introduce the general
systems points, the name n-radial systems points. In this work a success
the draw generalize some results the work [7].

Let N, R — the sets natural and real numbers conformity, C — the plain
complex numbers, C = C|J{oo} — the Riemannian sphere, Ry = (0, c0).
For fix number n € N system points

Agpom1 ={ax, €C:k=1,2n, p=1,2m — 1},

we will called on the (2n, 2m — 1)-system points on the rays, if at all k = 1, 2n,
p=1,2m — 1 the relations are executed:

0< |(lk’1| <... < |ak72m,1| < 00;
argay,1 = argar s = ... = arg g am—1 =: O; (1)
0=0<0<...<6, <0,41:=2m.

For such systems of points we will consider the following sizes:

2n
1
a = — [Okr1 — Ok), K =1,2n, apnt1 := a1, ap :i= an,Zak =2,
T k=1
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EXTREMAL PROBLEM ON (2n,2m — 1)-SYSTEM POINTS ON THE RAYS 284

Let’s consider system of angular domains:
Po={weC:0, <argw <O11}, k=1,2n.

Let’s consider the following ”operating” functionalities for arbitrary (2n, 2m—

1)-system points on the rays
1 1 \73
oL @ —
2k 1) X (’a2k—l,2p—l 2" 2)] Jazk—1,2p-1,

m
M (Agz)gmfl) = H H [X (‘aZk—lﬂpfl
1 1 %
2k—1) X (‘a%il’% 2k—2 ):| '|‘12k71,2p|7

k=1 p=
5 n m-—1 1 1 %
M (Aén) 2m71) =11 {X <’azk,2p a%) "X (‘azk,zp e >] |azk,2p |,
k=1 p=1
n m 1 1 %
M (Ag%z),Qm—1> =1I1I {X ( a2k, 2p—1 a%) "X ( as2p-1| " )} |azk,2p-1/,
k=1p=1
where x(t) = 1(t+ 1), t e Ry
Let {Bo,Bkp}, {Bkyp, Bo} — arbitrary non-overlapping domains such
that

ak,p € Bip, Brp,CC, k=T1.2n,p=12m—1.

Let D, D C C - arbitrary open set and w = a € D, then D(a) the define
connected component D, the contain point a. For arbitrary (2n,2m — 1)-
system points on the rays Aspom—1 ={axp, € C:k=1,2n, p=1,2m -1}
and open set D, Asp, 9m—1 C D the define Dy, (as,,) connected component set
D (as,p) () Pk, the contain point as,, k = 1,2n, s = k,k+1, p = 1,2m — 1,
An+1,p = G1,p-

The open set D, Agy, om—1 C D satisfied condition meets the condition of
unapplied in relation to the system of points (2n,2m — 1)-system points on
the rays Ag, 2m—1 if a condition is executed

Dy(ar,s) () Dr(ari1,p) = 2, (2)

k=1,2n, p,s = 1,2m — 1 on all corners Pj.

The define r(B;a) inner radius domain B C C with respect to a point
a € B (look [4 -7, 14]).

Subject of studying of our work are the following problems.

Problem 1. Let n,m € Ny n > 2 m > 2, o € R;y. Maximum functional
be found

J =

n o m n m—1
(e}
H Y (Bak—1,2p—1, A2k —1,2p—1) - H H 7 (Bak—1,2ps G2k—1,2p) X
= k=1 p:1

k=1p=1
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n m

n m-—
H H (Bak,2p; G2k,2p) HHT Bog2p—1,a2k,2p-1)

k=1p=1
where A2n72m_1 — arbitrary (2n,2m — 1)-system points on the rays, satisfied
condition (1), {Byp} — arbitrary set non-overlapping domains, ag, € By, C
C, and all extremal the describe (k =1,2n, p=1,2m — 1).
Problem 2. Let n,m € N, n > 2 m > 2, o € R;y. Maximum functional
be found

m n m-—1

= H H T (Daa2k71,2p71) ' H r (D,agkfl’gp) X

=1p=1 k=1 p=1

n m-—1 n m
(03
x [T II v (D, asn,2p) - H H (D, azk,2p-1) ;
k=1 p=1 k=1 p=1

where Agy, om—1 — arbitrary (2n,2m — 1)-system points on the rays, satisfied
condition (1), D — arbitrary open set, the satisfied condition (2), ax, € D C C,
and all extremal the describe (k =1,2n, p=1,2m — 1).

Theorem 1. Let n,m € N, n > 2, a € Ry. Then for all (2n,2m — 1)-
system points on the rays Agnom—1, and arbitrary set non-overlapping do-
mains {Bkp}, axp € Brp CC, k=1,2n, p=1,2m — 1 be satisfied inequality

=

n o m n m-—1
«
H H 7" (Bak—1,2p—1, A2k —1,2p—1) - H 7 (Bak—1,2p, G2k—1,2p) X
k=1p=1 k=1 p=1
n m-—1 n m
< [T TI 7 (Bakaps aze20) - [T T 7 (Bax2o-1, a26.2p-1) <
k=1 p=1 k=1p=1

_ ((Qmil)n>n(2m1)(a+1) . (M (Agl)’mil) M (Aéi),gmq))a X

2m—1

2) a7 (AW . o "
xM (A2n,2m71) M (AQ’I’L,QWL71) <|\/a_ 1||\/a_1|2|\/a+ 1||\/&+1|2>

The equality obtain in this inequality, when points ay , and domains By, , are,
conformity, the poles and the circular domains of the quadratic differential

Q(w)dw? = w2 (1 + w2”)2m_3 X
ila—1) ((w" +0)" T — (w — i)4m72) —2(1+a) (w™ + 1)2m_1

2
~4m—2 ~4m—2 2 dw '
((wr + 02 4 (wn =)' 2)

X

(3)
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Theorem 2. Let n,m € N, n > 2, o € Ry. Then for all (2n,2m — 1)-
system points on the rays, arbitrary open set D, the satisfied condition (2),
arp €D CC, k=1,2n, p=1,2m — 1 be satisfied inequality

n o m n m—1 n m-—
I I1 (P.a2k—10p-1) - T T 7 (Dsa2k-120) - [] H (D, azk,2p)
k=1p=1 k=1 p=1 k=1 p=1

4 )n(2m—1)(a+1)
X

XHH (D A2k, 2p— 1)§ <(2m—1)n

X( ( ;z)zm 1) ( 2n,2m— 1)>a M(Agi)zm 1) M(Aéi),zmq) X

2m—1
n—3g

aOé
(ﬁ—lw 12|f+1|f+1"‘)

The equality obtain in this inequality, when

D =By,

k.p

and points ay, and domains By, are, conformity, the poles and the circular
domains of the quadratic differential (3).

Proof theorem 1. The theorem of the proof leans on a method of the
piece-dividing transformation developed by Dubinin (look [4 — 7]).

Function )

zp(w) = —i (e*wkw)q (4)

realizes univalent and conformal transformations of domain Pj to the right
half-plane Rez > 0, for all kK =1, 2n.

Then function
1 — z(w)
1+ 2k (w)

maps univalent and conformal domain Pj; on the unit circle U = {z : |z| < 1},
k=1,2n.

The define wk = ( (akp), w,g )1p = Ch—1 (Ahkp); Ant1,p = Q1 ps w(()i), =
wg%, Co:=C (k=1,2n,p=1,2m —1).

Family of functions {Ck(w)}izl, set by equality (5), it is possible for
by piece-dividing transformation (look [4 — 7]) domains {By,: k= 1,2n,

p=1,2m — 1} in relation to the system of corners {Pk}iil For any domain
A € C the define (A)* :={weC: L € A}. Let Q,(:I)) the define connected



EXTREMAL PROBLEM ON (2n,2m — 1)-SYSTEM POINTS ON THE RAYS 287

component Cr (Bk’p N ?k) U (Ck (Bk,p N ?k))*7 containing
a point w&)ﬂ Q,(f_)l , — the define  connected component

Ch—1 (Bk,pﬂ?k_l) U (Ck_1 (Bk,p ﬂ?k_l))*, containing a point w,(i)l’p, k=
I,2n, p=1,2m—1, Py := P,, ngz, = Qg;, It is clear, that, QE;Z), gener-
ally speaking, domains are multiconnected domains, k =1,2n, p=1,2m — 1,

s = 1,2. Pair of domains Q,(f )1 p and Q! ; grows out of piece-dividing transfor-
mation domains By, concerning famlhes {Pr—1,Pr}, {Ce—1,Cx} in point ay p,
k=12n,p=1,2m— 1.

From a formula (5) we receive the following asymptotic expressions

1
ay
~ @k X | |Ck,p

-1
> \ak,pq w—akpl, w—akp, wE Pg.
~ {ak—l X (‘ak,p

1 —1
) |ak,p|} o — i,

W= akp, wEPrq, k=172np=172m-1. (6)

|G (w) = Gulan.p)

'Ck—l(w) — Cr—1(ar,p)

From the theorem 1.9 [6] (look also [4, 5]) and formulas (6) we receive
inequalities

1
7 (Bps Gk p) < {7‘ (QSLWSD (Ql(cQ)l p’wl(cz)l p> ) [0% X (|ak,p| a’“) |ak,p|} X

1
L 1
X [Ozk,1 .X(’ak,p|ﬂk71) |ak’p|:|}2 s k= 1,2n,p: 1,2m — 1. (7)
Using formulas (7), it is received the following ratio:

m—1

n m n
H H 7% (Bak—1,2p—1, A2k —1,2p—1) - H 7 (Bak—1,2p, G2k—1,2p) X

k=1p=1 k=1 p=1

n m-—1 n m

X

" (Bak,2p, G2k,2p) - 7 (Bak,2p—1, 2k,2p—1) <
k=1 p=1

k=1p
n m 1
H H Qo1 Qogp_2* (X <‘a2k—1,2p—1 N

IN

k=1p=1

1
X2k —2
X | |02k—1,2p—1
1

n m-—
X H {0421« 1 02k—2 " <X (‘a2k—1,2p
=1

k=1p

=

[Ne)

X

: |a2k—1,2p—1 |2] X

1
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1 , 3
A2k —2
X (X (‘a2k:—l,2p )) : |a2k—1,2p| X

m—1 1 1 %
@2k X2k —1 2
Qof - Q2 —1 * X | |A2k,2p X | |G2k,2p : |a2k,2p| X

X
bl
=

p=1
n o m _1 1 %
X2k X2k —1 2
X H H Qf - 02k —1 - X | |G2k,2p—1 X | |G2k,2p—1 : ‘a2k,2p71| X
k=1p=1
n m o
(1) (1) (2) (2) 2
x H H {T (Q2k71,2p717w2k71,2p71 (g 09p 1) Wok—22p1 x
k=1p=1

n m—1 1
1 1 2 2 2
X H {7“ (ng)—l,2p7wék)—l,2p> T (Qék)—zzpvwék)—z,zpﬂ X

NI)

n m-—1
1 1 2 2
X H {7" (Q;k),zpvwék)gp) T (Qék)—1,2p’wék)—1,2p)] x

=

T 1 (1) (2) (2)
X H H |:T (Qék{Ql)—l’ka,Qp_l) .r <Q2k—172p—1’w2k—1,2p—1)] . (8)
Let’s note that

ﬁ ﬁ [7" (Qé?flﬂpfl’wé?flﬂpfl) T (921)72,2;:717wéi)72,2p71)} X
k=1p=1

[N)

Nl

X ﬁ il {7“ (Q%),l,zp’wg?fl,zp) o (9(21)72,210’@?*2’2”)} -

Ns)

n m-—1
1 1 2 2
x H |:T (Qék),2p7w§k)72p> T (Qék)—l,Qpawgk)—l,2p>] X

[N

(2)

1 1 2
[r (ng)ﬂp—ﬂwék),Qp—l) T (ng)—l,Qp—Pka—l,Qp—l)]

n m m—1
a (1) (1) (1) (1)
= H {H r (QZk—l,Qp—l’WQk—l,Zp—l) ) H r (sz—1,2p»“’2k—1,2p) x
k=1 \p=1 p=1
m—1 m
a (2) (2) (2) (2)
X r (QQk—172p7w2k—l,2p> : H r (sz—1,2p—1vw2k—1,2p—1) X

p=1
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. 2) 2) T (02 L@
x H e (Q% 2p—1° Y2k 2p— 1) H ( 2k,2p> Wak;, Qp) x
p:l :

N|=

bS ® T o)
(1) 1
H ( 2k2p’w2k2p> H ( 2k,2p—1°> Yok 2p— 1)} ) 9)

n m n m-—1 L n m-—1
IT I le2x—1 - cor—al® - I TT loar—1 - con- 2]§'HH0421€ ozp-1]? x
k=1p=1 k=1 p=1 k=1 p=1

n m

2771 1

X H H [Ozgk s Qugf— 1 2 H oy ® Q—H), (10)

k=1p=1
n m 1 1 %
A2k —1 A2k —2 2

H H {(X (‘a2k1,2p1 )) : (X (’a2k1,2p1 )) "a2k71,2p71‘ } X
k=1p=1

1
1 9 2
A2k —2
)) “Jazk—1,2p] } X

1
Qk—1
X | |G2k—1,2p
n m-—1 1 1 %
QA2 X2k —1 2
X [X (‘a2k,2p ) "X (‘a/2k,2p ) '\a2k,2p\ } X
k=1 p=1

n o m 1 1 %
a2k a2k—1 2 _
X X | |Q2k,2p—1 X | |a2k,2p—1 : \GQk,zp—1| =

= (M (ASB,QM_J M (Agi)B,ZTn—l))a.M (Aézl),Qm—1> M (Agil)ﬂm—l) - (1)

Then from (8) using formulas (9), (10), (11), it is received the following
ratio

\ =

n m m—1

n
H H Y (Bak—1,2p—1, G2k—1,2p—1) - H r (Bak—1,2p, Q2k—1,2p) X

k=1p=1 k=1 p=1

n m-—1 n m
«
< [T T1 7 (Banzps azezp) - T T 7 (Borzp-1, azrp-1) <
k=1 p=1 k=1p=1
2n

2m—1 a %
< Hak O +1)‘(M (Agln),Qm—l) M (Ag?;z,zm—1)) M (Agi),zm—1)'M (Ag'tzﬂm—l) X

k=1
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xﬁ{ﬁr“( 2k—1,2p— 1’w§k 1,2p— 1) Wi—[ (Q(l (1) )x
k=1 bl

2k—1,2p> Y2k—1,2p
p=1

wi_l ( 2k—1 2p7w2k 1 2p> ﬁ r (Q(2 (2) ) %

2k—1,2p—1° W2k —1,2p—1
p=1 p=1

2k,2p° Y2k, 2p

X H re (Qgc)zp pwé?zp ) 'milr (9(2) (2) ) X

p=1

m— m 3
1 1 1 1
H ( 2k)2p’ ék)2p> ’ H r (Qék)2p l’wék)Qp 1)} . (12)

Considering that

from the previous ratio we receive

n m n m-—1

«
| | | | % (Bak—1,2p—1, A2k—1,2p—1) * | | | | 7 (Bak—1,2p, G2k—1,2p) X
k=1p=1 k=1 p=1

m—1

n n m
X H H 7% (Bak,2p, G2k,2p) - H H 7 (B2k,2p-1, @2k,2p—1) <
=1 p=1

- k=1p=1

1) ey & @) o @) @
< (n) ’(M(Azn,zm—l) 'M<A2n,2m—1)) 'M(AQn,zm—l)‘M(Azn,zm—l) X
@ 1 1
XH{HT (Qék) 1,2p— 17‘*’2k 1,2p— 1) H (Q( )
k=1 pe1

Wi X
2k—1,2p» Y2k—1,2p

m
2) 2 @)
X e (Q;k 1 2p7w2k: 1 2p) HT (Q( : ) X

2k—1,2p—1'Wak—1,2p—1
p=1

2k,2p> Wk 2p

m m—1
a (6@ ) (2)
< TTr (2o wiaps) - T (@ ) x

p=1

1
m 2
(1 (1 (1)
X e (Q2k2p’w2k2p) HT(Q2k2p 10 Wor 2p— 1)} .
p=1

p=1
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from the theorem 4.2.2 [7] inequalities follow

m—1

m m—
(1) (1) (2) (2)
H (Q% 1,2p— 17w2k 1,2p— 1) (Q% 1 2p’w2k 1 2p) H (Q2k 1,2p) Wak—1 2p) X

p=1 p=1
2m—
( @) ®» ®
(Q2k 1,2p—1>%W2k—1,2p— 1) H (G2p717g2p 1) T(G2p7 Qp)
1 p=1

m m—

a (6@ @ @ COTeY
HT (sz 2p— 17"-’2k 2p— 1) H (Q% 2p) Wa 2p) H e (ng 2p) Wag, 2p) X
p=1 p=1

2m—1
1 1 2 2 2 2
X H (Qék)Qp 17wék)2p 1) S H r (Ggp)—l?ggp) 1) ' (Ggp)7 ép)) ’ (14)

p=1 p=1

::]s

]
Il

where Gé;) 1) G%)), GgQP) 1 G(z) — system circular domains, 92;)717 gg)), géi) 15

92p — the poles of the quadratic differential

i(1— o)™ 2 +2(1+ )™ +i(a—1)

Q (G dct = =3, 21 dG, k=T
(G2 1)’
(15)
From (14) we receive, using inequalities (13)
n m n m-—1
H H 7% (Bak—1,2p—1,02k-1,2p—1) - H T (Bak—1,2p, G2k—1,2p) X
k=1p=1 k=1 p=1

n m-— n m
X H H (Bak,2p, G2k,2p) H H 7 (Bak,2p—1, G2k,2p—1) <
k=1 p=1 k=1 p=1
1) e Dlery (1) 3) o @) )
< (ﬁ) '(M<A2n,2m71) 'M(A2n,2mfl>> 'M(AQn,mel)'M<A2n,2mfl) X

2m—1 n
x ( I r (G2p-1,920-1) 'T(Gzpvgzp)> : (16)

p=1
where Gap,_1, Gap — system circular domains, gap—1, g2p — the poles of the
quadratic differential (15).
From the last ratio, the approval of the theorem follows, using the theorem
4.1.2 [7]. The theorem is proved.
Proof theorem 2. At once we will note that from the condition of unapply-
ing follows that cap C\ D > 0 and set D possesses Green’s generalized function

gD(a)(zia), z € D(a),
gp(z,a), where gp(z,a) = { 0, z € C\D(a), — Green’s
Chm 9D(a) (Ca CL), C € D(CL), EAS aD(a)
—Zz
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generalized function open set D concerning a point a € D, and gp(q(2,a) —
Green’s function domain D(a) concerning a point a € D(a).

Further, we will use methods of works [6, 7]. Sets we will consider Fy =
C\D; E(akp,t) ={weC: |w—ap,|<t}, k=1,2n,p=1,2m—1,n > 3,
n,m € N, t € R;. The condenser we will enter into consideration for rather
small t > 0

C(t, D, Aspom—1) = {Eo, E1, Es},

where
n m n m-—1
B = U U E(a2k—1,2p—1,1) U E(agk,2p,t
k=1p=1 k=1 p=1
n m n m-—1
Ey = U U E(ask,2p—1,1) U E(agk—1,2p, 1)

k=1p=1 k=1 p=1

. Capacity of the condenser C (¢, D, Asy 2m—1) is called as (look [5])
capC (t, D, Az 1) =int [ [ [(GL)? +(G)?) dady,

where an infimum undertakes on all continuous and to the lipschicevym in C
functions G = G(2), such that G| =0, G’E - /a, G’ —1

0 1 Es
Let is named the module of condenser C, reverse the capacity of condenser

€| = [capC] ™
From a theorem 1 [6] get
C (t,D, A )= L. ! dog S+ M(D, A )+o(1), t— 0
5 y {12n,2m—1 o0 (2m — 1) (a T 1) g t y {12n.2m—1 5 3
(17)
where
M(D, A )= L g f:mil (D, aspop)+
n,2m— o ogr(D, agy,
aam= T o n2(2m —1)2 - (a+ 1) 1 o1 2w
— p_
n m—1
+ZZlogr (D, agg 2p—1 +Z Z log (D, ask—1,2p)+
k=1p=1 k=1 p=1

+ao Z Z log7(D, agk—1,2p—1)+

k=1p=1
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ta Z (9p(azk,2p, a2q,25) + gp(a2k—1,2p—1, A2¢—1,25-1)) +

(k.p)#(q,s)
+2a Z 9D (A2k—1,2p—1,a2q,25) + 2/ Z (9D (a2 2p, G2q—1,25)+
(k.p)#(q,s) (k.p)#(q,s)

+9p(a2k,2p, @2q,25—1) + gD (G2k—1,2p—1, A2g—1,25) + 9D (A2k—1,2p—1, A2¢,25—1)) +

+ Z (9p(azk—1,2p, a2g-1,25) + gp(A2k,2p—1, A2¢,26-1)) +

(k,p)#(q,s)
+2 Z gp(a2r—1,2p, @2g,25—1) |- (18)
(k,p)#(a,s)
Function (5) and definition w,gl;, w,?)lp, Gnt1,p; w(()i);v C. A, (A), us-

ing, by us the theorems entered at proof 1. Let, too, Q( ) define connected

component (i (D ﬂPk) U (Ck (D ﬂPk))*, containing a pomt wl(i;, ng)l p
— connected component (;_1 (D ﬂ?k,l) U (Ck,l (D ﬂ?k,l))*, containing a
point w,(f_)lvp, k=1,2n,p=1,2m—1, Py := Pa,, Qé?; = 95122, It is clear,

that Q(S) generally speaking, domains are multiconnected domains, k = 1, 2n,

p=12m—1, s = 1,2. Pair of domains Q,(~C )1 ol z)) grows out of piece-

d1v1d1ng transformatlon open set D concerning famlhes {Pk 1, P}y {Ce—1,Ck}
in point agp, k=1,2n,p=1,2m — 1.
Let’s consider condensers

Ck (t, D, AQn,mel) = (E(gk)v Egc)v Eék)> ’

where '
ER = (BN Pe) U o (B NPx)]

k=1,2n,s=0,1,2, {Pk}iil — the system of corners corresponding to system
of points Agy 2m—1; operation [A]* compares to any the set A C C a set, sym-
metric a set A is relative unit circle |w| = 1. From this it follows that to the
condenser C (t, D, Aap 2m—1), at dividing transformation is relative {Pk}iil
and {Ck}iZu there corresponds a set of condensers the system of corners cor-
responding to system of points Ay, 2m—1; Operation [A]* compares to any the
set A C C a set, symmetric a set A is relative unit circle [w| = 1. From this
it follows that to the condenser C (¢, D, A2y 2m—1), at dividing transforma-
tion is relative {Py}a, and {Cx}ar,, there corresponds a set of condensers
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{Ck (¢, D, Agn,zm—l)}i;, symmetric relatively {z : |z] = 1}. According to
works [6, 7], we will receive

2n

1
capC (tv D7 A2n,2m—1) 2 5 Z Capck (t7 D, A2n,2m—1) . (19)
k=1
From here follows
2n -1
|C (t,D, A2n2m—1) | < 2 (Z |Cy (t, D, A 2m—1) |1> . (20
k=1

The formula (17) gives a module asymptotics C (¢, D, Aoy 2m—1) at t — 0,
and M (D, Aay 2m—1) is the given module of a set D relatively Agy, 2m—1. Using
formulas (6) and that fact that a set D meets the condition of unapplied in
relation to the system of points Ay, 2,,m,—1, for condensers we will receive similar

asymptotic representations Cy, (¢, D, Aap 2m—1), k = 1,2n

1

|Ck (t, D, Aopom—1) | = 2mem —1) (a+ 1)

1
log { + My, (D, Agnyszl) + 0(1), t— 0,
(21)

where
1

27(2m — 1)2 (a + 1) .

M1 (D, Aspom—1) =

(1) (1)
n r <Q2k—1,2p—1vw2k—1,2p—1)

OCZk—l)

-

p=1 [a2k71 X (|a2k71,2p71| |a2k71,2p71|]

_ (2) (2)
ml r (sz—1,2pvw2k—1,2p)
o Z 1Og ok —1 -1 +
=1 lozk—1 - X (a2, 2 ) lazk,2p|]
(2) (2)
m r (92k71,2t717w2k71,2t71)
+ Z IOg Q2K —1 -1
t=1 [azk—1 X (\azk,2t—1\ ) \azk,Qt—l\]

1| >

RS 7 Y
t=1

[Qop—1- X (|0J2k—1,2t|a2k71) |a2k-—1,2tH
M2k (Da A2n,2m71) =
(1) (1)

r <92k,2p7w2k,2p)

vk - X (|agr,2p|**") a2k, 2p]]

m—1
1
= 5 |« E log
27r(2m — 1)2 (a+ 1) = [

-1
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(2) (2)
N il r <Q2k,2p—l7w2k,2p—1)
a og
= look - x (laskgr,2p—1]"*") |asks1,2p—1]

_ (2) (2)
m-l r (Q2k,2t7w2k,2t)
+ ) log o
=1 ook x (Jazk+1,26/7") [aznt 1,2t ]

(1) (1)
+§:1 r (QQk,Qt—lﬂo‘}Zk,Qt—l)
og -
o loak - x (Jazk,2e-1]"*) |agk 26-1]]

—1

-1

— | k=1,n.

By means of (21), we receive

|Cr (t,D,AQn,zmq)rl =

1 2
+0<(1 >7t—>0. (23)
log;

Further, from (22), follows that

2n
_ 4mn(2m — 1 +1
Z|Ck (tvDaAZn,2m71)| - ﬂ—n( m 1) (a )_
k=1 log £
2w (2m — 1) (a + 1)\ 2 L2
_ ( ( )1( )) Z Mk (D, A2n,2’m—1)+0 (1) , t— O
log 7 k=1 log 7

(24)
In turn, allows (24) to receive the following asymptotic representation

2n -1 1
_ log =+
> |Ck (D, Agpom—1)| 1| = t
<k—1|Ck(7 »Aanam-1] ) 4mn(2m — 1) (oz+1)><

2n

7(2m —1) (e +1 1

« 1= ( )(1 )~ZMk(D,A2n,2m1)+O<
nlog 3 P 1
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2n

log + 1
- 17 2 M (D, Asp o) +o(1), £ 0. (25
47T77,(2m—1)(a+1)+4n2 ’; i (D, Agnom—1) +o0(1) N (25)

Inequalities, (19) and (20) taking into (17) and (25) allow to notice that

1 1 1
. og = + M(D, Agy, o 1) <
o7 nEm—D(arD 87 T MWD Amem) +oll)
log & 1
< : —5 ) M (D, Agp 2 1. (26
27Tn(2m—1)(a—|—1)+2n2 ; k ( 2n.2m-1) +0(1) (26)
From (26) at t — 0 we receive that
1 2n
M(D, Aoy om-1) < —= - S My, (D, Asp 1) - 927
(D Asnin) € 55+ 3 M (D, Aznzn) (27)

Formulas (18), (21) and (27) lead to the following expression

n m-—1

1 1
o e logr(D,a 4
2 n2(2m —1)2 - (a+ 1)2 { Z Z g7 ( 2%,2p)

k=1 p=1
n m n m-—1
+> > logr(D, agk2p-1) + > > logr(D, agk-1.2p)+
k=1p=1 k=1 p=1
n m
+QZZIOgT(D7a2k—1,2p—1)+

k=1p=1

+a Y (gp(azkap 029.25) + 9 (a2k-12p-1,020-126-1)) +
(k,p)#(q,s)

+2a Z 9D (G2k—1,2p—1,A2¢,25)+
(k,p)#(q,8)

+2va Z (9p(agk,2p, 2g—1,25) + gD (A28 2p, G2g,25—1)F
(k,p)#(q,9)

+9p(a2k—1,2p—1,A2g—1,25) + 9D (A26—1,2p—1, G2g,25—1)+

+ Z (gD (a2k—1,2p; Cl2q—1,2s) + gD(a2k,2p—1, a2q,23—1)) +
(k.p)#(q,s)

§ 1

+2 gp(a2x—1,2p, 24 23_1)} < 5 X
; , 5 —

(k,p)#(q,s) 4mn?(2m —1)2 (a+ 1)
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1 1
L T(Q;k) 1,2p— 1»‘*’512 1,2p— 1)
Joss S

_ —1
mm Lokt x (lazk—1,2p—1 " 7") lazk—1,2p—1]]
n oml r (Qgg 1,2 7w§i) 1,2 )
oy S St

]—1

k=1 p=1 [agr—1 - X (Jagk,2p| ")

(2) (2)
N z": in: log r (QQk—l,Qt—D Wor—1,2¢— 1)
- -
o lazk—r s x (Jagk2e—1|" ") lazk,2e—1]

n m—1 r (Qé?_l ot WS@) 1 2t>
3 s |
k=1 t=1 [

=)
ok—1 - X (|agk—1,2¢| ") |agk—1,2¢]]

n m-—1 T(Q(l) (1) )

o Z Z log 2k, 2p* W2k 2p

== Toan X (lazeapl™™) laze2pl] ™

(2) (2)
nn T(szzqvwzsz)
a3 o

I
i1 ook - x (laakg,2p-1]™") [azkt1,2p-1]]
(2) (2)
n om-l r (sztv%k 2t>
> log : —
k=1 t=1 [cvag 'X(|a2k+1,2t| )|a2k+1,2t|]

(1) (1)
r (QQk 2t—1)Wog 2¢— 1)
£33

i ook - x (lagk2i—1]"") [agr 20-11]

-1

Thus, we receive (12). Further, the proof of the theorem comes to an end

in the same way, as well as the proof of the theorem 1. The theorem is
proved.
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