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INSTRUCTION AUX AUTEURS

. La présente Série du Bulletin de la Société des Sciences et des Lettres de Lodz

comprend des communications du domaine des mathématiques, de la physique

ainsi que de leurs applications liées aux déformations au sense large.
Toute communications est présentée a la séance d’une Commission de la Société

par un des members (avec deux opinions de spécialistes designés par la Ré-

daction). Elle doit lui étre adressée directement par I’auteur.
L’article doit étre écrit en anglais, francais, allemand ou russe et débuté par un

résumé en anglais ou en langue de la communication présentée. Dans tous les
travaux écrits par des auteurs étrangers le titre et le résumé en polonais seront
préparés par la rédaction. Il faut fournir le texte original qui ne peut contenir
plus de 15 pages (plus 2 copies).

. Comme des articles seront reproduits par un procédé photographique, les au-

teurs sont priés de les préparer avec soin. Le texte tapé sur un ordinateur de
la classe IBM PC avec I'utilisation d’un imprimante de laser, est absolument
indispensable. Il doit étre tapé préférablement en AMS-TEX ou, exception-
nellement, en Plain-TEX ou LATEX. Apres 'acceptation de texte les auteurs
sont priés d’envoyer les disquettes (PC). Quelle que soient les dimensions des
feuilles de papier utilisées, le texte ne doit pas dépasser un cadre de frappe
de 12.3x18.7cm (0.9cm pour la page courante y compris). Les deux marges

doivent étre le la méme largeur.
Le nom de 'auteur (avec de prénom complet), écrit en italique sera placé a la

lere page, 5.6 cm au dessous du bord supérieur du cadre de frappe; le titre de

I’acticle, en majuscules d’orateur 14 points, 7.1 cm au dessous de méme bord.
Le texte doit étre tapé avec les caracteres Times 10 points typographiques et

I'interligne de 14 points hors de formules longues. Les résumés, les rénvois, la
bibliographie et ’adresse de l'auteurs doivent étre tapés avec le petites car-
acteres 8 points typographiques et 'interligne de 12 points. Ne laissez pas de
“blancs” inutiles pour respecter la densité du texte. En commencant le texte
ou une formule par l’alinéa il faut taper 6 mm ou 2cm de la marge gauche,

respectivement.
Les texte des theorémes, propositions, lemmes et corollaries doivent étre écrits

en italique.
Les articles cités seront rangés dans ’ordre alphabétique et précédés de leurs

numéros placés entre crochets. Apres les références, 'auteur indiquera son

adress complete.
Envoi par la poste: protégez le manuscript a 1’aide de cartons.

. Les auteurs recevront une copie de fascicule correspondant a titre gratuit.

Adresse de la Rédaction de la Série:
Département de la Physique d’etat solide
de I'Université de Lo6dz
Pomorska 149/153, P1-90-236 L6dz, Pologne
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Name and surname of the authors

TITLE — INSTRUCTION FOR AUTHORS
SUBMITTING THE PAPERS FOR BULLETIN

Summary

Abstract should be written in clear and concise way, and should present all the main
points of the paper. In particular, new results obtained, new approaches or methods applied,
scientific significance of the paper and conclusions should be emphasized.

Keywords and phrases:

1. General information

The paper for BULLETIN DE LA SOCIETE DES SCIENCES ET DES LETTRES
DE LODZ should be written in LaTeX, preferably in LaTeX 2e, using the style (the
file bull.cls).

2. How to prepare a manuscript

To prepare the LaTeX 2e source file of your paper, copy the template file instruc-
tion.tex with Figl.eps, give the title of the paper, the authors with their affilia-
tions/addresses, and go on with the body of the paper using all other means and
commands of the standard class/style ‘bull.cls’.

2.1. Example of a figure

Figures (including graphs and images) should be carefully prepared and submitted
in electronic form (as separate files) in Encapsulated PostScript (EPS) format.

D

Fig. 1. The figure caption is located below the figure itself; it is automatically centered and
should be typeset in small letters.

2.2. Example of a table
2.3. “Ghostwriting” and “guest authorship” are strictly forbiden

The printed version of an article is primary (comparing with the electronic version).
Each contribution submitted is sent for evaluation to two independent referees before
publishing.
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Table 1. The table caption is located above the table itself; it is automatically centered and
should be typeset in small letters.

Description 1 | Description 2 | Description 3 | Description 4 |

Row 1, Col 1 | Row 1, Col 2 | Row 1, Col 3 | Row 1, Col 4
Row 2, Col 1 | Row 2, Col 2 | Row 2, Col 3 | Row 2, Col 4

3. How to submit a manuscript

Manuscripts have to be submitted in electronic form, preferably via e-mail as attach-
ment files sent to the address walewska@math.uni.lodz.pl. If a whole manuscript
exceeds 2 MB composed of more than one file, all parts of the manuscript, i.e. the text
(including equations, tables, acknowledgements and references) and figures, should
be ZIP-compressed to one file prior to transfer. If authors are unable to send their
manuscript electronically, it should be provided on a disk (DOS format floppy or
CD-ROM), containing the text and all electronic figures, and may be sent by reg-
ular mail to the address: Department of Solid State Physics, University of
Lodz, Bulletin de la Société des Sciences et des Lettres de L6dz, Pomorska
149/153, 90-236 L6dZ, Poland.
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PROFESSOR YURII B. ZELINSKII IN MEMORIAM

Guest Editor Academician Anatoly Samoilenko
Part 1

Yurii Borysovych lecturing durning the Hypercomplex 2016 Conference
at Bedlewo



Academician Anatoly Samoilenko

Institute of Mathematics
National Academy of Sciences of Ukraine
Tereshchenkivska Str. 3, UA-01004, Kyiv

Ukraine
E-mail: sam@imath.kiev.ua
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OUR FRIEND PROFESSOR YURII B. ZELINSKII

Professor Yurii Borysovych Zelinskii is a renowned Ukrainian mathematician who
developed topological and geometrical methods for solving analytical problems of
complex analysis and the theory of mappings.

Yu. B. Zelinskii was born on 22 February 1947 in Borschiv, Ternopil region. His
mathematical abilities were displayed when Zelinskii was a schoolboy. He several
times won the city and regional mathematical competition, three times participated
in the All-Ukranian mathematical competitions, and was a winner of the All-Union
competition in Physics by the postal correspondence. In 1965 he graduated from
school with a gold medal and joined the Faculty of Mechanics and Mathematics of
Taras Shevchenko Kiev State University. In the university Zelinskii was an active
participant of the seminar on topological methods of analysis organized by Professor
Yu. Yu. Trokhimchuk.

After graduating with honours in 1970 Zelinskii continued his postgraduate stud-
ies at the Institute of Mathematics of the Academy of Sciences of Ukraine under
the supervision of Professor Trokhimchuk. In 1973 Zelinskii defended his PhD thesis
Continuous mappings of manifolds and principles of boundary correspondence (the
official classification of the USSR Highest Attestation Committee is Geometry and
Topology). The same year he began to work at the Institute of Mathematics of the
National Academy of Sciences of Ukraine and in 1989 he defended his Doctorate The-
sis “Multivalued mappings in complex analysis”. In 2004-2017 Yurii Borysovych was
the head of Department of Complex Analysis and Potential Theory of the Institute
of Mathematics of the National Academy of Sciences of Ukraine. Zelinskii originated
the theory of strongly linear convex sets, which is a complex analogy of real convex
analysis. Developing this theory he obtained generalizations of the classical Helly,
Caratheodory, Krein-Milman, and some other theorems of classical complex analysis
for complex spaces. He also found an approach to investigate generalized convex sets
on Grassmanian manifolds.

Yurii Borysovych applied the notion of the local degree of mappings to multi-
valued mappings of topological manifolds. Using this idea he solved problems posed
by Steinhaus and Kosinski in 1950-s on the estimations of dimensions of subsets
with fixed multiplicity for mappings of domains on manifolds by known boundary
properties of these mappings. Zelinskii also established sufficient conditions for the
existence of solutions of multivalued inclusions in Euclidean domains. Special cases
of these results are fixed point theorems for multivalued mappings that based on the
generalization of the so called acute angle condition. He weakened some conditions
of the classical Mobius theorem and obtained new criterions of affinity for mappings
of real multidimensional spaces that is strongly invariant on the sets of vertices of
rectangular parallelepipeds and the set of vertices of suspensions.

[11]



Zelinskii investigated the Ulam problem in the complex case and proved the com-
plex convexity of a compact set in a multidimensional complex space if each inter-
section of this set with complex hyperplane of a fixed dimension is acyclic in the
sense of the triviality of the Cech cogomology groups. The Ulam problem is closely
connected with the Mizel-Zamfirescu problem on geometric characterization of the
circle. Yurii Borysovych and his postgraduate students obtained some results related
to the Mizel-Zamfirescu problem. In particular, it was proved that each convex curve
of fixed width satisfying the infinitesimal rectangle condition is a circle.

Applying geometric methods and the theory of multidimensional methods to ana-
lytic problems of complex analysis Zelinskii obtained complete topological classifica-
tion of linearly convex and strongly linear convex domains with smooth boundaries
and estimated their cohomology groups.

Scientific contribution of Professor Zelinskii was awarded in 2015 by the Ostro-
gradskii prize of the National Academy of Sciences of Ukraine. He was a member of
the Editorial Boards of the following journals: “Bulletin de la Societe des sciences
et des letters de Lodz” (Poland), “International Journal on Engineering Sciences”
(India), “Analysis and Applications” (Petrozavodsk, Russia), “Bukovyna Mathemat-
ical Journal”, “Bulletin of the Taras Shevchenko Scientific Society. Mathematics”
(Ukraine). Many years Zelinskii was a member of the dissertation councils at the
Institute of Mathematics of the National Academy of Sciences of Ukraine and Fed-
kovych Chernivtsy National University.

Professor Zelinskii died unexpectedly on 22 July 2017 at the Ukrainain-Polish
border. We shall remember him as a gentle cultured men of high quality with fine
sense of humour.

Julian Lawrynowicz, Yurii. Yu. Trokhimchuk

Julian Lawrynowicz Yurii. Yu. Trokhimchuk

Department of Solid State Physics Institute of Mathematics

University of Lédz National Academy of Sciences of Ukraine

Pomorska 149/153, PL-90-236 L6dz Tereshchenkivska st. 3, UA-01004, Kyiv
Ukraine

Institute of Mathematics E-mail: yu.trokhimchuk@imath.kiev.ua

Polish Academy of Sciences
Sniadeckich 8, P.O. Box 21
PL-00-956 Warszawa

Poland

E-mail: jlawryno@uni.lodz.pl
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Andrei V. Pokrovskii and Olga D. Trofymenko

MEAN VALUE THEOREMS FOR SOLUTIONS OF LINEAR
PARTIAL DIFFERENTIAL EQUATIONS WITH CONSTANT
COEFFICIENTS

Summary

We prove a mean value theorem that characterizes continuous weak solutions of homoge-
neous linear partial differential equations with constant coefficients in Euclidean domains. In
this theorem the mean value of a smooth function with respect to a complex Borel measure
on an ellipsoid of special form is equal to some linear combination of its partial derivatives at
the center of this ellipsoid. The main result of the paper generalizes a well-known Zalcman’s
theorem.

Keywords and phrases: mean value, linear partial differential operator, weak solution,

Fourier-Laplace transform, distribution

1. Introduction

Let P(D) be a linear partial differential operator with constant coefficients in the
Fuclidean space R™, n > 1, and let p be a complex Borel measure supported in
the closed unit ball B of R™. Zalecman [1] proved the equivalence of the following
assertions: (a) for any domain G C R" and for any complex-valued function u €

C(G)7
/u(x +rt)du(t) =0

[13]



14 A. V. Pokrovskii and O. D. Trofymenko

for all x € G and r € (0, dist(x,0G)) if and only if v is a weak solution of the
equation P(D) = 0 in G; (b) the operator P(D) is homogeneous and the functional
= [o(t , @ € C§°(R™), in the space £&'(R™) is represented in the form
F = P(D)T for some distribution T € & (R") supported in B with 7'(0) # 0,
where T is the Fourier-Laplace transform of 7. This result was the first general
mean value theorem for solutions of linear partial differential equations, which con-
tains the classical Gauss characterization of harmonic functions by spherical means,
the Morera—Carleman characterization of analytic functions of a complex variable
by zero integrals [ f(z)dz over circles, and some other concrete mean value theo-
rems as special cases. The first author [2] generalized Zalcman’s result for the case of
quasihomogeneous operators and applied this generalization to the study of remov-
able singularities of solutions of the equation P(D)f = 0 with quasihomogeneous
semielliptic operator P(D) [3].
On the other hand, the second author studied classes of smooth functions defined
in a disk B(0, R) := {z € C : |z| < R} that satisfy the condition
e 5P ) ded 1
> Grrag— P o [ 1OC-2raan
|< z|<r
where R > 0,s € Ng,meN, s<m, z=x+1iy, ( =&+ in (x,y,{,n € R), i is the
imaginary unit,

f of .0f _ f f f
o= <3x 3y> of = 2(3 +_6y>

She proved [4] as a special case of more general result that each function f €
C?(m=1)=5(B(0, R)) satisfying this condition for all r € (0, R) and z € B(0,R —r)
is a solution of the equation 0™ 9™ f = 0.

In the present paper we prove a mean value theorem of Zalcman type that contains
all the mentioned results as special cases.

2. Formulation of the main result

Let n € N := {1,2,...} and let M = (M,...,M,) be a vector with positive in-
teger components, M| = M; + ... + M,,. To each polynomial P = P(z), z =
(z1,...,2n) € C™, with complex-valued coefficients and to each r > 0 we assign the
differential operator P(rMD), in which z, k = 1,...,n, is replaced by —ir™*9/dzy.
If M = (1,...,1), then P(r™MD) =: P(rD). A polynomial P(z) (an operator P(D) :=
P(1MD)) is said to be M-homogeneous if there is an [ € Ny := {0,1,2, ...} such that
P(z) = Y, axz*, where z¥ := Z81  2Fn and the sum is taken over the set of all mul-
tiindices k = (k1, ..., k,) € N with kM| := ky My +. ..+ k, M, = [. For any polyno-
mial P(z) = Y, axz¥ we denote by degy; P the number sup kM|, where the supre-
mum is taken over all multiindices k € Ny with ax # 0. For x = (z1,...,2,) € R”
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M M

and 7 > 0 we use the following notation: r™Mx := (rMizy, ... rMeg,), Bp(x,r) =
{x+m™Mt:teR" |t <1}. If M = (1,...,1), then degy; P =: deg P, Bym(x,7) =:
B(x,r). Recall that the Fourier— Laplace transform of a distribution f € &'(R"™)
is defined by the formula f(z) := f(e"'®*%) where z = (21,...,2,) € C", x =
(1,...,2n) ER", x-2=1121 + ...+ Tpz,, and the distribution f acts on the func-
tion e~(#'%) in . Asusual, ¢ is the Dirac measure, i.e., the unit measure concentrated
at the origin.

Let p be a complex Borel measure supported in B := B(0,1) and let P = P(z)
and Q = Q(z) be polynomials with complex-valued coefficients (z € C™). Denote by
F,, the functional corresponding to the measure y in the space £'(R"), i.e., F,(p) :=

fgo ) for all ¢ € C§°(R™), ji(z) := F,(z).

Definition 1. We say that a triple (M, u, Q) characterizes continuous weak so-
lutions of the equation P(D)f = 0 if for any domain G C R™ and for any function
u € C(G) the following conditions are equivalent:

(a) u is a weak solution of the equation P(D)f =0 in G;
(b) for all ¢ € C§°(G) and r > 0 such that supp ¢ + Bnm(0,7) C G we have

[ ([ ol = ™Mb dutt) - Q(-rMD)p(x) dxc = 0.
G

Here, as usual,

supp + Bm(0,7) :={x+y:x €suppy, y € Bm(0,7)}.
The main result of this paper is the following theorem.

Theorem 1. A triple (M, i, Q) characterizes continuous weak solutions of the
equation P(D)f = 0 if and only if the polynomial P is M-homogeneous and there is
a distribution T € E'(R™) supported in B such that T(0) # 0 and F,, = P(—D)T +

Q(—=D)Fs.

3. Auxiliary results

The proof of Theorem 1 is essentially based on Zalcman’s arguments [1] and uses the
following lemmas.

Lemma 1 [5, Theorem 7.3.2]. Suppose that f € E'(R™) and P(D) is a linear
differential operator with constant coefficients. The equation P(D)u = f has a dis-
tributional solution u € E'(R™) if and only if f(z)/P(z) is an entire function. In this
case the solution is determined uniquely, and the closure of the convex hull of the
support of the distribution u coincides with that of the distribution f.

Suppose that polynomials Py, k € Ny, are given. If a function u satisfies the
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equalities Px(D)u = 0 in R™ for each k € Ny and
u(x) = g(x)e =) (2)

for some polynomial g(x) and z € C”, then we say that u is an exponential solution
of the system Pp(D)f =0, k € Np.

Lemma 2 [5, Lemma 7.3.7]. Suppose that P(D) is a linear differential operator
with constant coefficients. If v € E'(R™) is a distribution such that v(u) = 0 for each
exponential solution u of the equation P(D)f = 0, then ©v(z)/P(—z) is an entire
function.

Lemma 3 [6, Theorem 7.6.14]. Suppose that G is a convex domain in R"™, q € Ny,
and Py(D), k=0,...,q, is a finite set of linear differential operators with constant
coefficients. Then each continuous weak solution of the system Py(D)f = 0, k =
0,...,q, in G can be represented in the form of the limit of some sequence of finite
linear combinations of exponential solutions of this system, uniformly converging on
compact subsets of G.

Lemma 4 [1, Theorem 3], [2, Lemma 1]|. Suppose that polynomials P(z) and
Pj(z), j € Ny, are such that, for each j € Ny, either Pj(z) is an M-homogeneous
polynomial with degyy P; = j or Pj(z) = 0 (z € C™). Moreover, let P;(z) # 0
for at least one j € No. The system of differential equations P;(D)f =0, j € N,
is equivalent to the equation P(D)f = 0 is and only if each of the polynomials
Pj(z), j € Ny, is divisible by the polynomial P(z) and for some number k € Ny the
polynomial Py(z) coincides with the polynomial P(z) up to a nonzero constant factor.

4. Proof of Theorem 1

Suppose that M = (My,...,M,) (n > 1) is a vector with positive integer compo-
nents, 4 is a complex Borel measure supported in B, Q(z) (z € C") is a polynomial,
and v is a function of the form (2) in R™ satisfying the condition

/u(x + M) du(t) = Q(r™MD)u(x) (3)

for all x € R™ and r > 0. Let us choose a point x € R™ and expand the function
in the Taylor series around x. Collecting M-homogeneous polynomials in this series,
we obtain

ux+y) =Y U;), (4)
j=0

where

Uily) = Y (k) o u(x)y",

kM |=j
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k K *
Oxy'...0xy

Similarly, we represent the polynomial ) in the form of the finite sum of M-homoge-

k! :=k!... k), y¥:= y’fl Loyt R =

neous polynomials:

d
j=0

where d = degy; @, Q;(z) is either an M-homogeneous polynomial with degy; @Q; = j
orQ;(z) =0,Q,(z) =0forall j > d (z € C"). The series in (4) converges to u(x+y)
uniformly on compact sets in R™. Let us choose an arbitrary » > 0 and set y = rMt,
where t € B. Since the series in (4) converges uniformly, we can integrate both sides
of the resultant relation with respect to the measure p term by term. This yields

/ u(x 4+ r™t) du(t ZU (r™Mt) dpu(t Zr” (x), (6)

where
Rj(z) = Z (k!)_l(iz)k/tkd,u(t), jeENy, zeC" (7)
kM |=j

Let Pj(z) := R;(z) — Q;(z), j € Ny. Then it follows from (4)-(6) that
/u(x +rMe) du(t) — Q(r™MD)u(x) = er(Pj (D)u)(x). (8)

Since the condition (3) holds for any x € R™ and r > 0, we have P;(D)u(x) = 0 for
all x € R™ and j € Np.

Let G be a domain in R™ and let ¢ € C5°(G). Take x € G and r > 0 such that
Bn(x,7) C G. By the Taylor formula with reminder in integral form, for each [ € N
and for all y € By(0,7), we have

px+y)= Y (k) *p(x)y"

k| <!

[ =) (3 ) 0+ sy)y*)s

Ik|=l
By setting y = —r™¢t, t € B, and rearranging the terms, we obtain
P
o(x — rMt) = 7 ( Z (—1)|k|(k!)_18kg0(x)tk) + Vp(r,x,t), (9)

i=0  [kM]|=j

where p = p(l) is the largest of numbers such that [kM| < p implies |k| < [ for any
multiindex k; V,(r,x,t) = o(r?) as r — 0 uniformly in x € suppy and t € B. It is
clear that (9) holds for each p € Ny. Integrating both sides of (9) with respect to the
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measure ji, we obtain

[ o= ™M) duce
S0 () () / E5du(t)) + W, (r, ),

7=0 |[kM|=5
or

[ et ™Mt dutt) = - (B (-D)p)x) + Wy ), (10)

(Ri(-D)p)(x)= (—1)“"(k!)_l(—l)'k'ﬁkw(X)/tkdu(t), j € No.

|kM|[=j

Wpy(r,x) = o(r?) as r — 0 uniformly in x € supp ¢.
Now we assume that a function u € C(G) satisfies the condition (b) of Definition
1. Then we have from (10) (for sufficiently small r > 0)

0= [ ([ olox = ™M) dut) = Q=M D)p(x) dx

—Zw / ((B; — @;)(~D))(x) dx + o(r?),

or
p
0= r [ w)(By(~D)p)x) dx+ 017 as 7 0, )
=0 ¢
where Pj(—D) = R;j(—D) — Qj(—D), j € Ny. Suppose that at least one of the

polynomials {P;(z)}en, does not vanish identically and p is the least number such
that P,(z) # 0. Dividing both side of (11) by r? and letting » — 0, we obtain
Jo w(x)(Py(—D)p)(x) dx = 0. Then, proceeding by induction, we have

[ (B (=De)x dx =0 i€ N,

If all the polynomials {P;(z)}cn, are identically zero, then the last assertion is
obvious.

Since the function ¢ was an arbitrary function from C§°(G) in our arguments,
we have that v is a weak solution of the system

Pi(D)f =0, je€No. (12)

Conversely, if u is a weak solution of the system (12) in G, then w satisfies the
condition (b) of Definition 1. For exponential solutions this was justified by formula
(8). The general case follows from Lemma 3 and the Hilbert Basis Theorem [7], which
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implies that there is a jo € Ny such that the system (12) is equivalent to the finite
system of differential equations P;(D)f =0, j =0,1,..., jo.

To complete the proof of Theorem 1 we should investigate conditions of equiva-
lence of the system (12) and the equation P(D)f = 0. The Fourier-Laplace transform
fi(z) of the measure y is an entire function and its Taylor series around the point
z = 0 converges absolutely and uniformly on each compact set in C™. Therefore, by
arranging of M-homogeneous polynomials R;(—z) in this series, we obtain a series
that uniformly converges to fi(z) on compact sets in C" as follows:

i) = [ due) = 3 Ry(-a),

J=0

where the sequence of polynomials {R;(z)};en, is defined by (7). Suppose that the
triple (M, u, Q) characterizes continuous weak solutions of the equation P(D)f = 0.
Then this equation is equivalent to the system (12). If P(z) = 0, then R;(z) = Q;(z)
for all j € Ny and consequently

i(z) =) Qi(-2) = Q(-2).

Hence F,, = Q(—D)Fs, which is possible if only if deg @ = 0. Now consider the case
P(z) # 0. Then there is a number p € Ny such that P,(z) # 0. Since the divisors of
an M-homogeneous polynomial are also M-homogeneous polynomials, then we have
from Lemma 4 that the polynomial P(z) is M-homogeneous. It follows from the fact
that the triple (M, u, @) characterizes continuous weak solutions of the equation
P(D)f = 0 and from Lemma 2 that S(z) := (i(z) — Q(—2z))/P(—z) is an entire
function whence Lemma 1 implies that there is a distribution T € £'(R™) supported
in B such that

F,=P(-D)T + Q(—D)Fs. (13)

By applying the Fourier-Laplace transform to both sides of (13), we have [i(z) =
P(—z)T(z) + Q(—z). This means that S(z) = T(z) and we derive the condition
T(0) # 0 from the fact that an entire function can be uniquely represented by a
series of M-homogeneous polynomials uniformly convergent on compact subsets of
Cn.

Thus we justify the ’only if’ part in Theorem 1. To prove the ’if’ part of this
theorem suppose that P(z) is an M-homogeneous polynomial, m = degy; P, and
T is a distribution supported in B satisfying (13). In this case 7'(0) # 0 need not
hold. Let u be an exponential solution of the equation P(D)f = 0 in R™. If T(z) =

~

Z;io T;(—z) is the Taylor series of the entire function 7" around the point z = 0

arranged in M-homogeneous polynomials (degy;T; = j or T;(z) = 0), then, by



20 A. V. Pokrovskii and O. D. Trofymenko

comparing the equalities
flz) — Q(~2) = P(-2)T(2),  ji(z) —Q(~2) =) Pi(~
j=0

and (8), we see that P;(z) = 0 for all j < m, Pjim(2) = P(z)T}(z) for all j € Ny,

and
(e o)

/u(x + rMt) du(t) — Q(rM = r7T™(P(D)T;(D)u(x) =0

7=0
for all x € R™. The case of arbitrary continuous weak solutions of the equation
P(D)f = 0 is reduced to the case of exponential solutions by applying Lemma 3,
the Hilbert Basis Theorem, and integration by parts. The proof of Theorem 1 is
completed.

5. Discussion of Theorem 1

Let Q(z) = 0 in Theorem 1. Then the condition (b) of Definition 1 is rewritten in

the form
/ u(x) (/ o(x — rMt) du(t)) dx =0
G

for all ¢ € C§°(G) and r > 0 such that supp ¢ + Bym(0,7) C G whence

([ e ™Mp(0 aute)) ax = 0

for all such ¢ and r. It follows from the Fubini theorem that

/u(x + rMt) du(t) = 0. (14)

This means that the condition (b) of Theorem 1 is satisfied if and only if (14) holds
for all x € R™ and r > 0 such that By (x,r) C G. Hence, for Q(z) = 0, Theorem
1 coincides with Theorem 2 from [2], which generalizes the mentioned Zalcman’s
result [1, Theorem 4] corresponding to the case Q(z) = 0 and M = (1,...,1) in
Theorem 1.

Now consider the case n =2, M = (1, 1), and rewrite (1) in the form

QD) = [ S+ rt)du) (15)
B
where G is a domain in C, f € C?™7275(G), z € G, r > 0, B(z,r) C G,
m—1
Q(z1,22) = Z (2277 Sm(p 4+ 1)(p — 8)!p!) (321 + 22)P "5 (121 — 20)?,
p=s

du(t) = t°dt1dts, t =t + ita, t1,t2 € R. Introduce the variables wy = iz; + 25 and
we = 121 — 29. Then 21 = —i(wy +ws)/2, 25 = (w1 —ws)/2, and the Fourier—Laplace



Mean value theorems for solutions of linear PDE 21
transform of u can be expressed as follows:
(21, 22) = / e~ EtitE2t)ys gy,
B
— / e—(w1+w2)t1/2—i(w1—wz)tz/QtSdtldtz
B

— / e—wl(tl—’itg)/2—w2(t1—|—’it2)/2t5dt1dt2
B

=Y (—2)k+l(k!l!)_1w'fwll/(t1 — ito) ¥ (ty + ito)! T dt dts
k,1=0 B

= Z(—2)2p*ss((p — s)Ip T (izy + 22)P 0 (i — ZQ)p/ |t|?Pdtydts
p=s B

- Z(—2)2p—3((p — )iz + 22)P 5 (12 — 22)P2m(2p +2) 7L

This chain of equalities shows that there is a distribution 7" € £'(R™) supported in
B such that 7'(0,0) # 0 and

fi(z1, 22) — Q(—21, —22) = (=2) "™ G2y + 25)" "5 (i1 — 22)™T (21, 22).
Theorem 1 implies that the triple (M, p, @) characterizes continuous weak solutions
of the equation 0™~ 0™ f = 0. Since the differential operator 9™~ *0™ is elliptic
and consequently its distributional and classical solutions coincide, then we show
that a function f € C2(™~D=5(Q) satisfies the condition (15) for all z € G and
r € (0, dist(z,0Q)) if and only if f is a solution of the equation 9™ 9™ f = 0 in G.

Note that the conditions in the ’only if’ part of the last assertion can be essentially
weakened. Namely, let m € N, s € Ny, s < m, and let

Tor1(2) i= (g)s+1 2 p!r(i_j;o: 2) (%)2p (z€C)

p=0

be the Bessel function. For » > 0 denote by Z, the set of all zeros of the entire
function

m—1
Jot1(2m) (zr)2(P=s)(—1)P~s
Gomr(2) = T~ D

~ (zr)st? p+ D)(p— s)!22p—s+1

p=s
belonging to C \ {0}. Let r1,ry, R be positive numbers. The following result was
proved in [4]: (a) if R > rqy + 1o, Z,, N Z,, = &, f € C*™7275(B(0, R)), and the
condition (1) holds for all » € {ry,r2} and z € B(0,R — r), then f belongs to
the class C>°(B(0, R)) and satisfies the differential equation ™0™ f = 0; (b) if
max{ry,r2} < R < ry +ry or Z, N Z,, # &, then there exists a function f €
C>(B(0, R)) satisfying the condition (1) for all » € {ry,r2} and z € B(0, R—r) that
is not a solution of this equation in B(0, R).
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In the case m = 1 and s = 0 assertions (a) and (b) coincide with assertions (1)
and (4) of Theorem 5.4 from [8, p. 399] for n = 2, respectively, where the local version
of the classical Delsarte’s two-radii theorem [9] characterizing harmonic functions in
R"™ is presented.
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TWIERDZENIE O WARTOSCI SREDNIEJ DLA ROZWIAZAN
LINIOWYCH ROWNAN ROZNICZKOWYCH O POCHODNYCH
CZASTKOWYCH O STALYCH WSPOLCZYNNIKACH

Streszczenie

Wykazujemy twierdzenie o wartosci $redniej, ktore charakteryzuje ciagle stabe rozwiaza-
nia jednorodnych liniowych réwnan rézniczkowych czastkowych o stalych wspétczynnikach
w obszarach euklidesowych. W twierdzeniu tym wartos¢ srednia funkcji gtadkiej wzgledem
zespolonej miary borelowskiej na pewnej elipsoidzie specjalnej postaci jest réwna pewnej
kombinacji liniowej jej pochodnych czastkowych w srodku tej elipsoidy. Gléwny wynik pracy
uogdlnia znane twierdzenie Zalcmana

Stowa kluczowe: wartos¢ srednia liniowego operatora rézniczkowego czastkowego, stabe roz-

wiazanie, transformata Fouriera-Laplace’a, dystrybucja
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INTEGRAL THEOREMS FOR MONOGENIC FUNCTIONS IN AN
INFINITE-DIMENSIONAL SPACE WITH A COMMUTATIVE
MULTIPLICATION

Summary

We consider monogenic functions taking values in a topological vector space being an
expansion of a certain infinite-dimensional commutative Banach algebra associated with
the three-dimensional Laplace equation. We establish also integral theorems for monogenic
functions taking values in the mentioned algebra and the mentioned topological vector
space.
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vector space, differentiable in the sense of Gateaux function, monogenic function, Cauchy-
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1. Introduction

A commutative algebra A with unit is called harmonic (see [1, 2, 3, 4]) if in A there
exists a triad of linearly independent vectors e, e, e3 satisfying the relations

el +e3+e3=0, ex #0, k=1,2,3.

Such a triad eq, e, e3 is also called harmonic.
In the papers [1, 2, 3, 4, 5, 6, 7, 8] harmonic algebras are used for constructions of
spatial harmonic functions, i.e. doubly continuously differentiable functions u(x,y, 2)

[25]
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satisfying the three-dimensional Laplace equation

2 82 62
Asu(z,y, z) == (&C2 + o + 822> u(z,y,2) =0. (1)

I. Mel'nichenko [3, 4] found all three-dimensional harmonic algebras and devel-

oped a method for finding all harmonic bases in these algebras. But it is impossible
to obtain all solutions of equation (1) in the form of components of differentiable
in the sense of Gateaux functions taking values in finite-dimensional commutative
algebras (see, e.g., [4, p. 43]).

In the papers [4, 6] spherical functions are obtained as the first components
of decompositions of corresponding analytic functions with respect to the basis of
an infinite-dimensional commutative Banach algebra . To obtain all solutions of
equation (1) in the form of components of differentiable in the sense of Gateaux
functions, in the papers [7] we included corresponding algebras in topological vector
spaces.

In the paper [8] we constructed spatial harmonic functions in the form of principal
extensions of analytic functions of a complex variable into a complexification F¢
of the algebra . We considered special extensions of differentiable in the sense of
Gateaux functions with values in a topological vector space IF‘(C being an expansion
of the algebra F¢. Moreover, we considered also relations between the mentioned
extensions and spatial potentials, in particular, axial-symmetric potentials.

For monogenic functions given in an infinite-dimensional algebra or a topolog-
ical vector space associated with axial-symmetric potentials, analogues of classical
integral theorems of complex analysis was proved in the paper [9].

In the present paper, using ideas of the paper [9], we prove integral theorems
for monogenic functions taking values in an infinite-dimensional algebra F¢ and a
topological vector space F@.

2. An infinite-dimensional algebra F¢

Consider an infinite-dimensional commutative associative Banach algebra over the
field of real numbers R, namely:

[e @] o
F:.= {a = Zakek tay € R,Z|ak| < oo}
k=1 k=1

o.¢}

with the norm ||a||r := ) |ax| and the basis {ex }?2 ; , where the multiplication table
k=1

for the basis elements is of the following form:

1
€nel = €y, €an+1€2n = 5 €an Vn>1,

1

€2n+1€2m = 5 (€2n+2m - (—1)m€2n—2m> Vn>m2>1,
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1
€2an+1€2m = 5 (62n—|—2m + (_1)ne2m—2n) Vm >n 2 1 )
1
Camt1€2m+1 = 5 (€2n+2m+1 + (_1)m€2n—2m+1> Yn>m2>1,
1
Eanom = 5 <—€2n+2m+1 + (—1)m€2n—2m+1) Vn>m>1.

This algebra was proposed in the paper [4] (see also [7]). Inasmuch as e? +e3+e2 = 0,
the algebra F is harmonic and the vectors eq, e, e3 form a harmonic triad.

Now, consider a complexification F¢ := F @ iF = {a +ib : a,b € F} of the
algebra [ such that the norm in F¢ is given as [[c|| := > |ck|, where ¢ = > cpex,

k=1 k=1
¢ € C, and C is the field of complex numbers.

Note that the algebra F¢ is isomorphic to the algebra F¢ of absolutely convergent
trigonometric Fourier series

c(0) =co+ Z(ak i* cos k6 + by, i* sin k9)
k=1

oo
with co, ax,br € C and the norm ||c[|p. := |co| + Y (Jar| + |bk|). In this case, we
k=1

k-1

have the isomorphism eop_1 <> ¢ cos (k — 1)0, egp, <> i* sin kO between elements

of bases.

3. Monogenic and analytic functions taking values in the alge-
bra F¢

Below, we shall consider functions given in subsets of the linear manifold E4 := {£ =
xey + sie; +yes + zes 1 x,8,y,z € R} containing the complex plane C. With a set
Q C R* we associate the set Q¢ := {{ = we1 + sie1 + yea + ze3 : (x,8,y,2) € Q} in
E,. In what follows, £ = xeq + sie; + yes + zes.

A function ¥ : Q¢ — Fc is called analytic in a domain Q)¢ if in a certain neighbor-
hood of each point §, € Q)¢ it can be represented in the form of the sum of convergent
power series

V() =) e —%)" e eFe (2)
k=1

A continuous function ® : Q¢ — Fc is called monogenic in a domain Q¢ C Ey
if ® is differentiable in the sense of Gateaux in every point of Q¢, i. e., if for every
€ € Q¢ there exists an element ®'(§) € Fc such that

lim (®(&+eh)—®&)e ' =hd' (&) VheE,. (3)

e—0+0



28 S. A. Plaksa and V. S. Shpakivskyi

It is obvious that an analytic function ® : Q¢ — F¢ is monogenic in the domain
Q¢ and its derivative ®’(¢) is also monogenic in Q.

Below, we establish sufficient conditions for a monogenic function ® : Q¢ — F¢
to be analytic in a domain (¢ C Ejy.

Let us emphasize that in the case where a monogenic function ® : Q¢ — Fc¢
has the continuous Gateaux derivatives ®', ®”, it satisfies the identity Az3®(£) =0
because

Az®(E) = "(&) (€2 +e3+€3)=0.

Thus, for every component Uy : () — C of the decomposition

:ZUk(ﬁC,S,y,Z) €k (4)
k=1

of such a function ®, the functions Re Uy(z, s,y, z), Im Uy (z, s,y, z) are spatial har-
monic functions for every fixed s.
We say that the functions Uy, : @Q — C of the decomposition (4) are R-differentia-

ble in @ if for all points (z, s,y, z) € @ the following relations are true:
Uk(z + Az, s + As,y + Ay, z + Az) — Ug(x, s,y,2) =
oU}, oU}, oU}, oU},
= —Ar+ —As+ —Ay+ —A A
S+ A S Ay 4 TR A 1 o).

A€ = e Az +ie1As + es Ay + esAz — 0.
The following theorem can be proved similarly to Theorem 4.1 [6].

Theorem 1. Let a function ® : Q¢ — Fc be continuous in a domain Q¢ C Ey and
the functions Uy : Q@ — C from the decomposition (4) be R-differentiable in Q. In
order the function ® be monogenic in the domain Q¢, it is necessary and sufficient
that the conditions

ob 0P . ob 0P ob 0P (5)
— =1 —=—c¢ —=—c¢
ds Oz '’ oy  Ox ' 0z  Or °
be satisfied in Q¢ and the following relations be fulfilled in Q:
8Uk:r;sy, T) <o (6)
k=
EE(I)I}FO kz_:l Ur(z +€hy, s + eha,y + ehs,r + ehy) — Uk(, s,y,7)—
_0Uk(x,8,y,7°) éTh,l . 3Uk(x,s,y, ’f’) Ehg . 8Uk(m,s,y,r) 8h3—
ox 0s oy
oU
- ’“(’;’)S’y’” chy |6 =0 Vhy,ho,hy hy €R. (7)
,
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Note that the first of conditions (5) means that every function Uy from the
equality (4) is holomorphic with respect to the variable x + is for each fixed pair

(y, 2)-

4. Integral theorems for monogenic functions taking values in
the algebra F¢

In the paper [10] for functions differentiable in the sense of Lorch in an arbitrary
convex domain of commutative associative Banach algebra, some properties similar
to properties of holomorphic functions of complex variable (in particular, the integral
Cauchy theorem and the integral Cauchy formula, the Taylor expansion and the
Morera theorem) are established. The convexity of the domain in the mentioned
results from [10] is withdrawn by E. K. Blum [11].

Below we establish similar results for monogenic functions ® : Q¢ — F¢ given
only in a domain Q¢ of the linear manifold F, instead of domain of whole algebra. Let
us note that a priori the differentiability of the function ® in the sense of Gateaux is
a restriction weaker than the differentiability of this function in the sense of Lorch.
Let us also note that in the paper [9] similar results were established for monogenic
functions in an other infinite-dimensional algebra associated with axial-symmetric
potentials.

In the case where I is a Jordan rectifiable curve in R* we shall say that I'¢c is also
a Jordan rectifiable curve. For a continuous function ® : I'e — F¢ of the form (4),
where (z,s,y,7) € I' and Uy, : I' = C, we define an integral along the curve I's with
d€ ;= ey dx +1e1ds + es dy + e3 dz by the equality

/<I>(§)d§ ::Zek/Uk(x,s,y, dw+zZek/Uk x,8,y,z)ds+
k=1 %

Ie

+Zezek/Uk z,s y,z)dy+2636k/Uk(a:,s,y,z)dz (8)

r

in the case where the series on the right-hand side of the equality are elements of the
algebra Fc.

Theorem 2. Let ® : Q¢ — Fc be a monogenic function in a domain Q¢ and the
functions Uy, : @ — C from the decomposition (4) have continuous partial derivatives
in Q. Then for every closed Jordan rectifiable curve I'c C Q¢ homotopic to a point
in Q¢, the following equality holds:

/ B(E)de = 0. (9)

Ie
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Proof. Using the Stokes formula and the equalities (5), we obtain the equality
/ d(£)dé =0 (10)
CY

for the boundary 0A¢ of every triangle A¢ such that A_g C Q¢ - Now, we can complete
the proof similarly to the proof of Theorem 3.2 [11]. The theorem is proved. O

For functions ® : Q¢ — Fc¢ the following Morera theorem can be established in
the usual way.

Theorem 3. If a function ® : Q¢ — Fc is continuous in a domain Q¢ and satisfies
the equality (10) for every triangle Ag¢ such that A_g C Q¢ , then the function ® is
monogenic in the domain Q.

Let 7 := wey + yea 4+ Zeg where w € C and 3,2 € R. Generalizing a resolvent
resolution (cf. the equality (5) in [8]), we obtain

s ¢<w_ﬁl>(w_72 (€1+Z 2 ) et

—|—Zik_l (u;k — ulf) 62k), w ¢ s[T1,T2), (11)
k=1

where

/\

T1 ::x—l—zs—l\/ — 9?2+ (z—2)? 7 ::w—l—z’s—l—i\/(y—gj)2+(z—2)2,

(w—z —is) — /(w—71)(w—T2)
(y—9) +i(z — 2) ’

(w—z —is) +/(w—71)(w—T2)
(y—9) +i(z — 2)

sy, 72| is the segment connecting the points 71, 72, and \/('w —71)(w — T2) is that

continuous branch of the function

G(w) = v/ (w—71)(w )
analytic outside of the cut along the segment s[ry, 2] for which G(w) > 0 for any

w > x. Let us note that one should to set u§f = 0 and Uy ¥ = 0 by continuity in the
equality (11) for that w & s[ry, 2] for which § = y and 2 = 2.

Uy ‘=

Ug 1= y

Thus, for every £ the element (7’ — 5)_1 exists for all

T & S(€) = {T:wel + ges + Zes :

Rew ==z, Imw —s| < \/(y—g)2+(z—2)2}.

Now, the next theorem can be proved similarly to Theorem 5 [12].
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Theorem 4. Suppose that ) is a domain convex in the direction of the axes Oy, Oz.
Suppose also that ® : Q¢ — Fc is a monogenic function in the domain Q¢ and the
functions Uy, : @ — C from the decomposition (4) have continuous partial derivatives
in Q. Then for every point § € Q¢ the following equality is true:

L / o(r)(r—€) "dr, (12)

(&) = 2mi
183

where I'¢ is an arbitrary closed Jordan rectifiable curve in Q¢, which surrounds once
the set S(&) and is homotopic to the circle {T = we; + yes + Zeg : lw — x — is| =
R,y =vy,%2 =z} contained completely in Q.

Using the formula (12), we obtain the Taylor expansion of monogenic function
P : Q¢ — Fc in the usual way (see., for example, [13, p. 107]) in the case where the
conditions of Theorem 4 are satisfied. Thus, in this case, ® : Q¢ — Fc is an analytic
function. In addition, in this case, an uniqueness theorem for monogenic functions
can also be proved in the same way as for holomorphic functions of the complex
variable (cf. [13, p. 110]).

Thus, the following theorem is true:

Theorem 5. Let ® : Q¢ — Fc be a continuous function in a domain Q¢ and the
functions Uy : Q — C from the decomposition (4) have continuous partial derivatives
in Q. Then the function ® is monogenic in Q¢ if and only if one of the following
conditions is satisfied:

(I) the conditions (5) are satisfied in Q¢ and the relations (6), (7) are fulfilled in
Q;.

(II) the function ® satisfies the equality (10) for every triangle A¢ such that
A_ﬁ - Q€ ,

(III) the function ® is analytic in the domain Q¢ .

5. Monogenic functions with values in a topological vector
space F¢ containing the algebra F¢

Let us insert the algebra F¢ in the topological vector space

IFC = {g = chek 1 Ck € C}
k=1

with the topology of coordinate-wise convergence. Note that F@ is not an algebra
because the product of elements g1, go € F¢ is defined not always. At the same time,

for each g = > crey € Fe and € = (x+1is)ey +yes + zes with x, s,y, 2 € R it is easy
k=1
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to define the product

= (i) _ee AP
95—59-—($+Z5);Ck6k+y< 2€1+(01 2)62 2€3+

1 & 1
+§ I;(CQk—l - C2k‘+3) €2k — 5 I;(CQ]C_Q + C2k+2) €2k+1> -+

1 o0
+z (—%3 €1 — 0—24 €2 + <C1 - %5) €3 + B Z(Ckz—Z — C+2) ek) :

k=4

In the paper [8], we proved that monogenic functions given in domains of the
linear manifold {¢ = xe; + yes + ze3 : x,y,2z € R} and taking values in the space
Fe can be extended to monogenic functions given in domains of the linear manifold
E4.

We shall consider functions ® : Q¢ — Fc for which the functions Uy, : Q — C
in the decomposition (4) are R-differentiable in the domain ). Such a function ® is
continuous in Q¢ and, therefore, we call ® a monogenic function in Q¢ if ®'(£) € Fe
in the equality (3).

The next theorem is similar to Theorem 1, where the necessary and sufficient
conditions for a function ® : Q)¢ — F¢ to be monogenic include additional relations
(6), (7) conditioned by the norm of absolute convergence in the algebra Fc.

Theorem 6. Let a function ® : Q¢ — Fc be of the form (4) and the functions
Ui : Q — C be R-differentiable in Q). In order the function ® be monogenic in the
domain Qg¢, it is necessary and sufficient that the conditions (5) be satisfied in Q.

For a continuous function ® : I'c — F¢ of the form (4), we define an integral
along a Jordan rectifiable curve I'¢ by the equality (8) in the case where the series
on the right-hand side of this equality are elements of the space F¢.

In the next theorem, for the sake of simplicity, we suppose that the curve I'¢ is
the piece-smooth edge of a piece-smooth surface. In this case the following statement
is a result of the Stokes formula and the equalities (5).

Theorem 7. Suppose that ® : Q¢ — F@ is a monogenic function in a domain Q¢
and the functions Uy : Q — C from the decomposition (4) have continuous partial
derivatives in Q). Suppose also that X is a piece-smooth surface in ) with the piece-
smooth edge I'. Then the equality (9) holds.

Let us define the product gh = hg for each g = > cxep € Fec and h =
k=1



Integral theorems for monogenic functions 33

o0
kz trer € Fe in the case where the sequence {c}72, is bounded:
-1

1 (o]
gh = hg :=(clt1 +5 Z(_l)[k/z]cktk> e1+
k=2

0o
Cs —Cq 1 k—1
+(02t1 + (Cl + 5) to + T ts + 5 E_ (—1)[ 2 ] (Ck._2_|_(_1)k + Ck+2+(_1)k))62+
C 1 > k: 2
— 4
+<C3t1 + N to + (01 — —) t3 + B E_ 7] (Ck—2 — Ck:+2>>€3+

+ Z T em s
m=4

where the constants T,, are defined by the next relations in four following cases:
1) if m is of the form m = 4r with natural r, then

1 — k-1
Tm = Cmtl 5 ; <Cm k+1 _'_ 1)[ 2 ]Cm—l—k-i-(—l)k) tk+
Com+1 Co
+(C1— Tg )tm+7mtm+1_|_
1 & i
+§ Z (_1)[ 2 ] (Ck:—m-‘r(—l)k _Ck—l—m—l—(—l)k)tk;
k=m+2

2) if m is of the form m = 4r — 1 with natural r, then

m—2
1 _ k
Ty = cmt1 + BY 2_2 ((‘Uk em—k—(—1)k + (_1)[2]0m+k—1) te—
Com—2 Com—1
9 1+ 9 +
e §Ooj (=D (s — hpme) tas
2 )
k=m+1

3) if m is of the form m = 4r — 2 with natural r, then

m—1
k-1
T = Cmtl + = Z (Cm k+1 + ( 1)[ ] m+k+(—1)k) tk"‘
k=2
Com+1 6]
+(Cl+ T; )tm— 2m ti+1+

1 E-1
_|_§ Z (_1)[ =] (ck_m+(_1)k +Ck+m+(—1)’“) b
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4) if m is of the form m = 4r — 3 with natural r, then
Y,, =cmt1 + 1’"2: ( ke (—1)k T (—1)[§]cm+k_1) tr+
2 P
Com—2 Com—1 1 E
+ 5 ty—1 + (01 + 5 ) tm + 3 k_%:ﬂ(—l)[?] (Ck—m+1 + Chpm—1) Lk -

In the case where I' is a piece-smooth curve (or X is a piece-smooth surface) in
R* we shall say that I'c is also a piece-smooth curve (or 3¢ is also a piece-smooth
surface, respectively). We say that a domain Q C R* is convez in the direction of the
plane {(Z,8,9,2) : ,8 € R, y = y, 2 = z} if ) contains any segment that is parallel
to the mentioned plane and connects two points of the domain Q).

The next theorem can be proved similarly to Theorem 5 in [12].

Theorem 8. Suppose that @ is a domain convexr in the direction of the plane
{(z,5,9,2) : 2,8 € R, gy =y, 2 = z}. Suppose also that ¢ : Q¢ — Fc is a monogenic
function in the domain Q¢ , and the functions U, : @ — C from the decomposi-
tion (4) form an uniformly bounded family and have continuous partial derivatives
in Q. Then for every point & € Q¢ the equality (12) holds, where I'¢c is a piece-
smooth curve that surrounds once the set S(€) and, in addition, I'c and the circle
{T = wey + ges + Zes : |lw—x —is| = R,y =y,2 = z} are edges of a piece-smooth
surface X¢ contained completely in S .
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TWIERDZENIA CALKOWE DLA FUNKCJI MONOGENICZNYCH W
PRZESTRZENI NIESKONCZENIE-WYMIAROWEJ Z MNOZENIEM
PRZEMIENNYM

Streszczenie

Rozpatrujemy funkcje o wartoéciach w wektorowej przestrzeni topologicznej bedacej
rozszerzeniem pewnej nieskonczenie-wymiarowej przemiennej algebry Banacha stowarzy-
szonej z tréjwymiarowym rownaniem Laplace’a. Uzyskujemy twierdenia catkowe dla funkcji
monogenicznych o wartosciach we wspomnianej algebrze i we wspomnianej wektorowej
przestrzeni topologiczne;j.
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Stowa kluczowe: réwnanie Laplace’a, potencjaly przestrzenne, algebra harmoniczna, przes-
trzenn wektorowa topologiczna, rézniczkowalno$é w sensie Gateaux, funkcja monogeniczna,

warunki Cauchy’ego-Riemanna
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INEQUALITY FOR THE INNER RADII OF SYMMETRIC
NON-OVERLAPPING DOMAINS

Summary

The paper deals with the following problem stated in [1] by V.N. Dubinin and earlier in
different form by G.P. Bakhtina [2]. Let aop = 0, |a1]| = ... = |an| = 1, ar € By C C, where
Bo, ..., B, are non-overlapping domains, and B, ..., B, are symmetric domains about the

unit circle. Find the exact upper bound for 77 (By,0) [[ r(Bk,ax), where r(By,ax) is the
k=1

inner radius of By with respect to ag. For v = 1 and n > 2 this problem was solved by
L.V. Kovalev [3, 4]. In the present paper it is solved for v, = 0,25n* and n > 4 under
the additional assumption that the angles between neighboring line segments [0, ax| do not

exceed 27/+/27.

Keywords and phrases: inner radius of domain, non-overlapping domains, radial system of
points, separating transformation, quadratic differential, Green’s function

In geometric function theory of a complex variable problems maximizing the
product of inner radii of non-overlapping domains are well known [1-10]. One of the
such problems is considered in the article.

Let N, R be a sets of natural and real numbers, respectively, C be a complex plane,
C = C|J{oco} be an expanded complex plain or a sphere of Riemann, R* = (0, 00).
Let (B, a) be the inner radius of the domain B C C with respect to the point a € B
(see, f.e. [1-5]). The inner radius of the domain B is associated with the generalized

[37]
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Green function gp(z,a) of the domain B by the relations
gB(z,a) = —In|z —al +Inr(B,a) + o(l), z— a,
gB(z,00) =In|z| + Inr(B,a) + o(l), z— oc.

Let Uy be a unit circle |w| < 1.
The system of non-overlapping domains is called a finite set of arbitrary domains
{Br}i_y, n € N, n > 2 such that By, cC,B,NB,,=0,k#m, k,m=0,n.
Further we consider the following system of points A4, := {ay € C,k = 1,n},
n € N, n > 2, satisfying the conditions |ax| € RT, k= 1,n and 0 = arga; < argas <
- < arga, < 2. Denote by

Py = Py(A,) :={w:argay < argw < argag41}, Gni1 = ai,

n

1 Gk . Z

Qp = — arg , Qi1 = Qq, =
™ ag —

Consider the following problem.

Problem. Let ag = 0, |a1| = ... = |a,| = 1, ar € B, C C, k = 0,n, where
By, ..., B, are pairwise non-overlapping domains and By, ..., B, are symmetric do-
mains with respect to the unit circle. Find the exact upper bound of the product

In(’y B07 HT Bk7a’k

For v = 1 the problem was formulated as an open problem in the paper [1].
L.V. Kovalev solved the problem for n > 2 and v = 1 [3, 4]. The following theorem
substantially complements the results of the papers [2, 3, 4].

Theorem 1. Let n € N, n > 2, v € (0, v,], 72 = 1,49, 3 = 3,01, v, = 0,25n2,
n > 4. Then for any different points of a unit circle |{w| = 1 such that 0 < ay <
2//27, k = 1,n and for any different system of non-overlapping domains By, ag =
0€ By CC,ar € B, CC, k=1,n, where the domains By, k = 1,n, have symmetry
with respect to the unit circle lw| =1, the following inequality holds

ol

n+ /2y

Equality in this inequality is achieved when ai, and By, k = 0,n, are, respectively,
poles and circular domains of the quadratic differential

r7 (B, 0) HT’(Bk;CLk) < <é> ’ (?) (1)

n 2|5t w
= 1=

yw +2(n° — w4y o
w?(w™ — 1)2 dw 2)

Qw)dw? = -
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Proving the theorem 1. Consider the system of functions
. B S
Te(w) = (e '8 w) o | k=1n.

The family of functions {7 (w)}}_; is called admissible for separating transformation
of domains By, k = 0, n with respect to angles {Py}7_;.

Let Q,gl), k = 1,n, denote the domain of the plane C., obtained as a result of
the union of the connected component of the set 7, (By () Px), containing the point

7k (ar) with the own symmetric reflection with respect to the real axis. In turn, by

0,

result of the union of the connected component of the set 7 (By41 ﬂﬁk), containing

k = 1,n, one denotes the domain of the plain C¢, which are obtained as a

the point 7 (ar+1) with the own symmetric reflection with respect to the real axis,
B,11 := Bi, mp(ans1) := m(a1). Moreover, we denote Q,(QO) as the domain of the
plane C¢, obtained as a result of the union of the connected component of the set
7,(Bo () Pr) containing the point ¢ = 0 with the own symmetric reflection with
respect to the real axis. Denote by

T (ag) == w}(€1) =1, m(ary1) = w;(f) =-1, k=1n.

From the definition of the function 7y, it follows that

1 S
|7 (w) — 1| ~ o lw—ag|, w—ag, we P,

1 S
|7rk(w)+1|~a—k-]w—ak+1|, w— a1, w E Py,
[ (w)] ~ [w]mF, w—0, we Py

Further, using the result of the papers [1, 2], we obtain the inequalities

r (Bg,ay) < {Ozkr (Q,(fl), 1) S Q1T (Qg), —1)} : , k=1n, (3)

r(Bg,0) < [ﬁ r (QI(QO),O)] ’ : (4)

k=1
From inequalities (3) and (4), and using the technique developed in [5, p. 269-274],

we obtain

Yy

L)< I [ (900)] 7 T [owoar (96, -1) e (2011)] -
k=1 k=1
— (ﬁ ak> [ﬁ YR (QECO),O) r (Qg), 1) r (Q,(f), —1)] 5 . (5)
k=1

k=1

[

Further, consider the product of three domains

%% (G, 0)r(Gy, 1)7(Ga, —1).
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To the domains Gy, G1, G5 we again apply separating transformation. Let
Ty :={z: (=)' Imz>0}, ke{1,2},
Dy =TiNU;, Dy=C\UinTi, D3=ToNU;, Dy=C\UiNTy,

2
B(2) = 7

From the definition of the function 5(z), it follows that
B(2)] ~ 2]z, 2—0, z€Ty,

1 —
B(z) =1~ 5le=1", 21, z€T

1 _
|6(z)—|—1|~§|z+1|2, z— -1, z€eTy.

The result of separating transformation the domain Gy with respect to the function
B(z) and the system of domains { Dy, }1_, denote by G(()k), k =1, 4; besides, the result
of separating transformation the domain G, j € {1, 2}, with respect to the function
22/(1 + 22) and the system of domains {Dj}+_, denote by ng),Gék), k= 1,4.
Further, we obtain the inequalities

T(GO,O)Sl (Gm ) (G(z) )11
(@t = o (687.1) 2 (6.2) 2 (6.1) 2 (9.1)]

(G- < [or (G50, <1) 20 (G5 —1) 20 (659, —1) 20 (657, 1) .

Since the domains G, G, have symmetry with respect to the unit circle, then

r (G, 0) 7 (G1, 1) 7 (Ga, —1) <
< gl—aiy [Tgo‘iw (Ggl), O) r (Ggl), 1) r (G;l), —1)} X

<[ (69,0 r (69,1) r (9, 1)]

In case 2a3v < 4, using paper [1], we obtain
P27 (66),0) r (G1,1) r (657, -1) <

- 227ai+6 (ak\/ﬂ)?yoei
" (2 - /T IR (2 B) FO VI

Equality in this inequality is achieved when G(()S), Ggs), Ggs) are circular domains of
the quadratic differential

Q(2)ds* = -

=

[N

s € {1,3}.

(4 —2a2v)22 + 202 52 (6)
22(22 —1)2
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(0 € G(S) 1e G(S) -1 € G§S>, s € {1,3}). Since aiy < 2, then according to the
papers [1, 6], the inequality holds

Y(Bo, 0 Hr(Bk,ak)<< )nﬁ[(ak\/_>

22')10%4»6(0%\/_)Q'yozlC
(2 — apy/27) 2 @=VENH (2 4 0y, /27) 3 G HowV2D)?

N

=

e
V27) i | (2 = ary/27) F VI (2 4y /27) T BFen V)’
Consider the function
U(z) =28- L2 (2 - x)—%(Z—x)z 2+ x)—%(zﬂ)?’

where © = ax+/2v, z € (0,2].
Consider the extremal problem

ﬁ U(z)) — max, ixk = 2,/27,
k=1

k=1

Tp = ap\/2v, 0<zp <2.

Let F(z) = In(¥(z)) and X© = {azg))}k is any extremal point above the
=1
indicated problem. Repeating the arguments of [6], we obtain the statement: if

0 < x(o) < mgo) < 2, then the following equalities hold F'(x (O)) = F’(xéo)), and
when some 51:5-0) = 2, then for any ac,(c) < 2, F'(z ,(CO)) < F’(2), where k,j = 1,n,
k#7,

Fl(z)=2zlnz+ 2—-2)In(2—2) — (2+2)In(2 + z) —|—%

(see. Fig. 1).
We verify that assertion is correct: if the function Z(z1,...,z,) = > F(xg)
k=1
reaches a maximum at the point (mg ), . %O)) with conditions 0 < x(o) <2 k=

1,n, > x}({o) = 2./27, then
k=1
xgo) = xéo) =20,

For the simplicity, let xgo) < xéo) <...< IL'7(IO). The function

z? 4
F'(z) =1In <4—x2> -3

strictly ascending by (0,2) and exist zo ~ 1, 768828 such that

signF" (z) = sign(z — xo).
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0,5

T
0,5 1

-0,5

Fig. 1. Graph of the function y = F'(z)

Taking into consideration properties of the function F'(x), the condition of theorem
and relying on the method developed in [6], we obtain that for F’(x) the inequality
(r1 — 1,45) n+ (22 —x1) > 0 always holds for n > 4. Hence nxy + (2o —x1) > 1,45 n.
And, finally, we get

(n—Day + 29 > 1,450 = 24/29,, Yo =0,250%, n>4.

n
So, in the case n > 4 the set of points {x,&o)} can not be extreme under the

k=1 "
(0) (0)

condition x5’ € (xg, 2|. Thus, for an extreme set {a:k }k is possible only the case
=1

when QZ'](CO) € (0, xo], k = 1,n, and xﬁo) = xé‘” = ... =29 For any v < Yn, n > 4,

all previous arguments remain.

Further, let F'(x) = ¢, yo < t < —0,78, yo ~ —1,059. Consider the following
values t: t1 = —0,78, to = —0,80, t3 = —0,85, t4, = —0,90, ---, t;1 = —1,05,
t1o = —1,059. One finds the solution of equation F'(x) = t, k = 1,12. For any
tk € [yo,—0,78) the equation has two solutions: z1(t) € (0,xz¢], z2(t) € (x0,2],
xo ~ 1,768828. Direct calculations are presented in the table below.

Taking into consideration properties of the function F’(z) and the condition of
theorem, we obtain the following inequality

ixk(t) > (n— 1)z (te) + 22(tpg1) >
k=1

> i —1 t t = 24/2
> 1§n/%1§nll ((n Jz1(tg) + z2(tg+1)) Yns

where t, < t < tpy1, K = 1,11. So, we have that for the extremal set X0 the

only case is possible where {x,&o)} € (0, o], zo =~ 1,7688283, and therefore

k=1
x%o) — xéo) = ... = a’j,’(,LO)_
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k tw x1(tw) xa(tr) x1(tr) + x2(th+1) | 221 (tk) + z2(tey1)
1 -0,78 1,458417 | 1,998914

2 -0,80 1,470034 | 1,994779 3,453196 4,911613
3 -0,85 1,501193 | 1,980165 3,450199 4,920233
4 -0,90 1,536275 | 1,959964 3,461157 4,962350
5 | -0,95 | 1,577242 | 1,932788 3,469063 5.005338
6 -1,00 1,628755 | 1,894239 3,471481 5,048723
7 -1,01 1,641325 | 1,884177 3,512932 5,141687
8 -1,02 1,655169 | 1,872815 3,514140 5,155465
9 -1,03 1,670801 | 1,859641 3,514810 5,169979
10 | -1,04 1,689217 | 1,843656 3,514457 5,185258
11 -1,05 1,712998 | 1,822285 3,511502 5,200719
12 | -1,059 | 1,768589 | 1,769066 3,482064 5,195062

Finally, we have the relation

7 (Bo, 0) kli[lr(Bk,ak) < (\/%)n l\y (

n
4

n

L)

Using the specific expression for ¥ (x) and simple transformations, we obtain the

inequality (1). In this way, the main inequality of theorem 1 is proved. Realizing in
(6) the change of variable by the formula z = 2w? /(14 w"), we obtain the quadratic
differential (2). The equality sign is verified directly. The theorem 1 is proved.
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NIEROWNOSC NA WEWNETRZNE PROMIENIE
SYMETRYCZNYCH NIE ZACHODZACYCH NA SIEBIE
OBSZAROW

Streszczenie

Praca dotyczy zagadnienia postawionego przez V. N. Dubinina [1], a przedtem w innej
postaci przez G. P. Bakhtina [2]. Niech agp = 0, |a1| = ... = |an| = 1, ar € By, C C, gdzie
By, ..., B, sa nie zachodzacymi na siebie obszarami, przy czym obszary Bi,...,B, sa
symetryczne wzgledem okregu jednostkowego. Problem polega na znalezieniu doktadnego
kresu gérnego dla r7(Bo,0) [ r(Bk,ax), gdzie r(By,axr) jest promieniem wewnetrznym

k=1
obszaru Bj wzgledem punktu ax. Dla v = 1 i n > 2 problem zostal rozwiazany przez

L.V. Kovaleva [3, 4]. W obecnej pracy problem zostal rozwiazany dla 7, = 0,25n% i n > 4
przy dodatkowym zalozeniu, ze katy miedzy sasiednimi odcinkami [0, ax] nie przekraczaja

2/ 2.

Stowa kluczowe: promien wewnetrzny obszaru, obszary nie zachodzace na siebie, promienisty

uktad punktéw, transformacja rozdzielajaca, rézniczka kwadratowa, funkcja Greena
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LEBESGUE-TYPE INEQUALITIES
FOR THE FOURIER SUMS ON CLASSES OF
GENERALIZED POISSON INTEGRALS

Summary

For functions from the set of generalized Poisson integrals Cg’TLp, 1 < p < oo, we obtain
upper estimates for the deviations of Fourier sums in the uniform metric in terms of the best
approximations of the generalized derivatives fg‘ " of functions of this kind by trigonometric
polynomials in the metric of the spaces L,. Obtained estimates are asymptotically best
possible.

Keywords and phrases: Lebesgue-type inequalities, Fourier sums, generalized Poisson inte-

grals, best approximations

Let L,, 1 < p < oo, be the space of 2r—periodic functions f summable to the

1
p
)

27
power p on [0, 27), in which the norm is given by the formula || f||, = ( [ 1f @) |pdt)
0

L be the space of measurable and essentially bounded 27—periodic functions f with
the norm || f||cc = esssup|f(t)|; C be the space of continuous 27—periodic functions
t

f, in which the norm is specified by the equality || f||c = max |f ()]
Denote by C’E"TLP, a>0,r>0 R, 1<p<oo, the set of all 2r—periodic

[45]
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functions, representable for all x € R as convolutions of the form (see, e.g., [1, p. 133])

s
aq

f@) = 3+ [ Pavalo =00t a R, p L1 @

— T

where ¢ € L, and P, , g(t) are fixed generated kernels

P, p(t Zeo‘ cos t—%), a,r>0, geR. (2)

The kernels P, . g of the form (2) are called generalized Poisson kernels. For r = 1
and 3 = 0 the kernels P, , g are usual Poisson kernels of harmonic functions.

If the functions f and ¢ are related by the equality (1), then function f in this
equality is called generalized Poisson integral of the function ¢. The function ¢ in
equality (1) is called as generalixed derivative of the function f and is denoted by
f5"

The set of functions f from C’g’tLp, 1 <p < oo, such that f3" € By, where

Bl={¢: |lellp <1, ¢ L1}, 1 <p < o0,

we will denote by C'
Let E,(f)r, be the best approximation of the function f € L, in the metric of
space Ly, 1 < p < oo, by the trigonometric polynomials ¢,,—; of degree n — 1, i.e.,

Eu(f)z, = i [f ~ ta s,
Let p,(f;x) be the following quantity
pu(fiz) == f(2) = Snea(f; ), (3)

where S,,_1(f;) are the partial Fourier sums of order n — 1 for a function f.

Least upper bounds of the quantity ||p,(f;-)l[c over the classes Cg7, we denote
by €.(Cgy)cs ie.,

En(C5y)c = Sup 1f() = Sn-1(f;)llc, r>0, a>0, 1<p<oco.  (4)
fe B »

Asymptotic behaviour of the quantities £,(Cjg’) )¢ of the form (4) was studied in
2)-110]

In [11]-[13] it was found the analogs of the Lebesgue inequalities for functions
f € Cg"Ly in the case r € (0,1) and p = oo, and also in the case 7 > 1 and
1 < p < 00, where the estimates for the deviations || f(-) —S,—1(f;-)||c are expressed
in terms of the best approximations F, ( f;‘ "")r,- Namely, in [11] it is proved that the
following best possible inequalitiy holds

4 —r —an” a,Tr
1£C) = Sua(Fi)llo < (St +0)e ™™ Bu(f§ ey ()
where O(1) is a quantity uniformly bounded with respect to n, 8 and f € Cg’rLoo
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The present paper is a continuation of [11], [12], and is devoted to getting asymp-
totically best possible analogs of Lebesgue-type inequalities on the sets C’E"TLP,
r € (0,1) and p € [1,00). This case was not considered yet. Let formulate the
results of the paper.

By F(a,b;c;d) we denote Gauss hypergeometric function

= (a P
F(a,b;c;2z) =1+ Z —( zi)(:)k o1
k=1

() = g(g—kl) (g—l—?)...(g—kk—l).

For arbitrary a > 0, 7 € (0,1) and 1 < p < oo we denote by ng = ng(a,r,p) the
smallest integer n such that

14> p=1
11 arx(p) 1 M
= = 4 AW . , 1 <p<oo, 6
ar n’ + npl-r — (37")31 p p ( )
(37T)3’ b =00,

where x(p) = p for 1 < p < oo and x(p) =1 for p = occ.
The following statement holds.

Theorem 1. Let 0 <r <1, a >0, 8 €R and n € N. Then in the case 1 < p < 00
for any function f € C’E"TLP and n > ng(a, r,p), fthe following inequality is true:

r 1—r t ’ 1 1 3_ / 3
1£0) = Sua (2 )le € e n’ (%F (227 30),

7r1+?(our v 27 2 2

p/—1 1
ar) » 1 p)r’
+vmp(fh+(p)_1 ) + ()

1 1 1
— ) VE.(fa )., —+—=1, 7
n mﬂ”hfn w5, p Y )
where F(a,b;c;d) is Gauss hypergeometric function, and in the case p = 1 for any

function f € Cg’rLl and n > ng(a,r, 1), the following inequality is true:

15O =Sur(Flle < et (— b (g + ) B0 e @)

Tar r)y2n’  nl

In (7) and (8), the quantity V. p = Ynp(a, 1, B) is such that |y, p| < (147)2.

Proof of Theorem 1. Let [ € Cg’er, 1 < p < co. Then, at every point x € R the
following integral representation is true:

on(f12) = F(z) — Sua(f32) / 7P (- 1), (9)

where

Mﬁ(t Zea COS(k‘t—%T),O<T<1,a>O,BER. (10)
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The function Pé"r) B(t) is orthogonal to any trigonometric polynomial ¢, 1 of

degree not greater than n — 1. Hence, for any polynomial ¢,,_; from we obtain

T

pultia) = = [ 8,00 (o~ )t (1)
where
on(z) = dnla,m, B,m52) i= [ (x) — tn-1(2). (12)

Further we choose the polynomial £ _; of the best approximation of the function
fg’r in the space L,, i.e., such that

Hfg’r - tv*m—al = En(fg,r)Lpa 1 <p< oo,

to play role of ¢,,_; in (11). Thus, by using the inequality

W/Ku—umwmu < 1Kl 2], (13)
C
1 1
(,OELP, KELp/, 1<p<OO, ]—)+I7:1

(see, e.g., [14, p. 43]), we get

1 n a,T
1£C) = Sur(F5)lle < —IBE sl Bn(£5 "), (14)
For arbitrary v > 0 and 1 < s < oo assume
1
Ls(v) := H—/m’ La[0.0] (15)

where

S

(firwra)’ 1<s<o

esssup |f(t)], s = o0.
t€la,b]

/]

Lg[a,b] —

It follows from the paper [9] for arbitrary r» € (0,1), « >0, B € R, 1 < s < o0,

% + ﬁ =1, n € Nand n > ng(a,r,s’) the following estimate holds
L. () —amr 1= [ || cost]|s ant="
P —e N nT 7 ( )
7T|| anplls =em <7r1+i(ar)§/ \ar )T

1 ey 11
+5ﬁfl( -, (m )— 4 )) (16)
" NMar)tty ar /ntoop

S

where the quantity (5,(112 = 55&2(@, r, 3), satisfies the inequality |57(1123| < (14m)%
Substituting s = p’ = oo, from 14 and (16) we get (8).
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Further, according to [9] for n > ng(a,7, '), 1 < s < o0, + + & = 1, the following
equality takes place

'’ 171 3—5 3 0w . ar \s1
Is( ) :FE(_,—;_;l) a,T,S ,n( ) ’ 17
ar 27 2 72 * s—1 \gmnl-r (17)

where |@( ) | < 2.

OCT’S ,n

Let now consider the case 1 < p < oo.
Formulas (16) and (17) for s = p’ and n > ng(a, 7, p) imply

p/:e_anrn% (—HCOSth/ Fl(l 3-p.3 1)—1—

1
;HP,,

7rl+i(ar)% 27 2 ’27

p/—1

(ar) 7 p7 1 1 ))

1
(1)
+’Yn,p (p/ o 1 n(l—T)(p’—l) (O[’r‘)l_‘_l nr + 1—r

o ;a1 3=y
_ -an nlp( | cost[p Fv (_ 3_p‘§_1)+
™

1+ﬁ(ar % 27 2 b 2’
p/—1 1
2) (ar) @ ) 1 p i)
+7n,p((1 + p/ -1 n(l—r)(p/_l) + (Oz?”)1+% nr s (18)

where the quantities 69 )p = 5@ p(a,r, (), satisfiy the inequality |57(f)p| < (147)2, i
1,2. Estimate (7) follows from (14) and (18). Theorem 1 is proved.

(Il

It should be noticed that estimates (7) and (8) are asymptotically best possible
on the classes C’ , 1< p < 00.

If f e Cqy, then 15" lp <1, and En(fz"" )z, <1, 1 <p < co. Considering the
least upper bounds of both sides of inequality (7) over the classes Cg’7, 1 < p < oo,

we arrive at the inequality

—r ’ — 9
En(C5p)c <e —an’ 5r (—” costllp Fv (1, 5P ; g; 1)-!—
™

p/—1
(ar) 7y 1 (p)r 1 o 11
(14 )=+ ) ) Bl e, 4 =1 (19
g P=17p5" (ar)trn (™)L, p P (19)
Comparing this relation with the estimate of Theorem 4 from [9] (see also [10]),
we conclude that inequality (7) on the classes C’g”; , 1 < p < oo, is asymptotically
best possible.
In the same way, the asymptotical sharpness of the estimate (8) on the class C3°

3, 4
follows from comparing inequality

e(Cspo < = (-t (e + i) ) B (20)

Tar ar)2n”
and formula (9) from [8].
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NIEROWNOSC TYPU LEBESGUE’A DLA SUM FOURIERA
NA KLASACH UOGOLNIONYCH CALEK POISSONA

Streszczenie

Dla funkcji ze zbioru uogdlnionych calek Poissona C5"" Ly, 1 < p < oo, otrzymujemy
gérne oszacownie dla odchylen sum Fouriera w jednostajnej metryce w terminach najlepszej
aproksymacji uogdlnionych pochodnych fg " funkcji tego typu w metryce przestrzeni L.
Uzyskane oszacowania sa asymptotycznie najlepsze z mozliwych.

Stowa kluczowe: nieréwnoéci typu Lebesgue’a, sumy Fouriera, uogdlnione catki Poissona,

najlepsze przyblizenia
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WEAKLY m-CONVEX SETS AND THE SHADOW PROBLEM

Summary

In this paper we study some properties of weakly m-convex sets in n-dimensional Eu-
clidean space. We obtain estimates for different variants of the shadow problem at a fixed
point. We discuss unsolved questions related to this problem.

Keywords and phrases: m-convex set, weakly m-convex set, Grassmann manifold, conjugate
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1. Introduction

The purpose of this paper is to study different variants of a problem which can be
called the shadow problem at a fixed point. We construct an example giving a lower
estimate to create a shadow at a point tangent to the sphere S? in the space R3.

Further, under m-dimensional planes we mean m-dimensional affine subspaces of
the Euclidean space R™.

Definition 1.1. We say that the set £ C R" is m-conver with respect to the point
x € R™\E if there exists an m-dimensional plane L such that € L and LN E = @.

Definition 1.2. We say that the open set G C R" is weakly m-convex if it is
m~convex with respect to each point x € 9G belonging to the boundary of the set
G. Any set E C R™ is weakly m-convex if it can be approximated from outside by
the family of open weakly m-convex sets.

It is easy to construct examples of weakly m-convex set which is not m-convex.

[53]
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Example 1.1. Let D = {(z,y) | (|| < 3,3 < |yl <9V (3 < |z| < 9,]y| < 3)}
be a set consisting of four open squares. This set is weakly 1-convex, but is not an
1-convex set.

Example 1.2. Let B = {(z,y) | 22 + y* < 1} be an open circle in the plane. We
choose three points of a circle S* = {(z,y) | 22 + y*> = 1} and consider a simplex o
with vertices at these points. It is easy to see that a set £ = B\ o is also weakly
1-convex set, but it is not an 1-convex.

2. Properties of weakly m-convex sets

In this section we study properties of m-convex sets. The next proposition was proved
by Yu. Zelinskii in [5].

Proposition 2.1. If Fy and Fs is weakly k-convex and weakly m-convex set respec-
tively, k < m, then a set £ = E1 N Ey 1s weakly k-convex set.

Let G(n,m) be Grassmann manifold of m-dimensional planes in R"[2].

Definition 2.1. A set E* is called conjugate to a set E if E* is a subset of a set
consisting of m-dimensional planes in G(n, m) that don’t intersect the set E.

Now we prove the following theorem.

Theorem 2.1. If K is weakly m-convexr compact set and a set K* is connected then
for the section of K by arbitrary (n — m)-dimensional plane L the set L\K N L is
connected.

Proof. As was proved in the proposition 2 [5] the set K* is an open set, so any two
of its points can be connected by a continuous arc in K*. Suppose that there exists
an (n — m)-dimensional plane L for which the set L\K N L is not connected. Thus
the intersection K N L is a carrier of some non-zero (n — m — 1)-dimensional chain
z [2].

Let a point x belong to a bounded component of the set L\K N L. Such points
exist because of the compactness of K. From the weak m-convexity of K it follows
that an m-dimensional plane {; which does not intersect K passes through the point
x. Now we take other m-dimensional plane [y outside of some sufficiently large ball
containing the compact K.

If we compactificate the space R™ to a sphere S™ by an infinitely remote point
then we obtain two m-dimensional chains w; = I3 U (00) and wy = ls U (c0) from
which the first chain is affected by the chain z and the second is not. On the one
hand, these chains can not be translated into one another by homotopy which would
not intersect a chain z and therefore a set K N L.

On the other hand, from the fact that the set K* is connected follows the existence
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in K* of pairs of points y;, y2 which define the planes [; and [y respectively and
connected by an arc in K*. The points of this arc define the homotopy of the plane
[1 in [ that has no common points with the set K N L. The resulting contradiction
completes the proof of our theorem. O

3. The shadow problem

Now we study different variants of the shadow problem in n-dimensional Euclidean
space.

For every set E C R" we can consider the minimal m-convex set containing F
and call it m-convex hull of a set E.

Introducing the concept of m-convex hull of a set E, we obtain the next problem:
to find the criterion that the point z € R™ \ E belongs to the m-convex hull of the
set E. For a case of 1-convex hull of a set that is a union of some set of balls the
problem was formulated by G. Khudaiberganov and named the shadow problem [1].

The shadow problem. What is the minimum number of mutually disjoint closed
or open balls in the space R™ with centers on the sphere S"~! and of radii smaller
than the radius of the sphere with condition that any straight line passing through
the center of the sphere intersects at least one of these balls?

In other words, this problem can be formulated as follows. What is the minimum
number of mutually disjoint closed or open balls in the space R™ with centers on the
sphere S™"~! and of radii smaller than the radius of the sphere with condition that
the center of the sphere belongs to an 1-convex hull of the family of these balls?

G. Khudaiberganov proved that in the case n = 2 two discs are sufficient to create
a shadow in the center of a circle. He assumed that for n > 2 the minimum number
of such balls equals n. Subsequently, professor Yu. Zelinskii [8] proved that in the
case n = 3 three balls are not enough to create a shadow for the center of the sphere.
At the same time the four balls create the shadow. In the general case it is sufficient
n + 1 balls.

Theorem 3.1. There exist two closed (open) balls with centers on the unit circle
and of radii smaller than one with condition that the center of the circle belongs to
an 1-hull of these balls.

Theorem 3.2. In order that the center of a sphere S"~! in the n-dimensional Eu-
clidean space R™ (n > 2) belongs to an 1-convex hull of a family of mutually disjoint
open (closed) balls of radii whose values do not exceed (smaller than) of the radius of
the sphere and with centers on the sphere it is necessary and sufficient (n+ 1) balls.

Note that professor Yu. Zelinskii generalized the shadow problem for an arbitrary
point inside the sphere.
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Problem 3.1. What is the minimum number of mutually disjoint closed or open
balls in the space R™ with centers on the sphere S™~! and of radii smaller than
the radius of the sphere with condition that the interior of the sphere belongs to an
1-convex hull of the family of these balls?

He obtained [9] the solution of this problem in a case n = 2.

Theorem 3.3. In order that an interior of a circle belongs to an 1-convex hull of a
family of mutuall disjoint open or closed discs with centers on the circle and of radii
smaller than the radius of the circle it is sufficient 3 discs.

In a case where the point doesn’t necessarily belong to some sphere, the following
theorem obtained by Yu. Zelinskii is true [7].

Theorem 3.4. In order that a chosen point in the n-dimensional Fuclidean space R™
for n = 2 belongs to an 1-hull of a family of open (closed) balls that do not contain
this point and do not intersect pairwise it is necessary and sufficient n balls.

Note that where balls are of the same radius we have the next result[10].

Theorem 3.5. Any set consisting of three balls of the same radius which do not
intersect pairwise forms an 1-convex set in the three-dimensional Fuclidean space
R3.

Now we consider a set consisting of three balls in the space R™. The following
statement is true.

3
Theorem 3.6. For an arbitrary point of the space R™\ | J B;, where By, B, Bs are
i=1
three balls of the same radius that do not intersect pairwise and do not pass through

this point, there exists an (n — 2)-dimensional plane containing this point and does
not intersect any of the balls.

Proof. Let By, By, Bs be three balls of the same radius that do not intersect pairwise
and do not pass through some point x € R™. Let us construct a three-dimensional
plane L passing through three centers of the balls and a point x. The intersections
of the selected balls with the plane L are three three-dimensional balls B, Bj, Bj.
Then according to Theorem 3.5, in the plane L there exists a straight line [ which
does not intersect any of these balls.

Now we consider the orthogonal complement L; of a plane L in the space R”.
This is an (n — 3)-dimensional plane. Obviously, the Cartesian product [ x L; is an
(n — 2)-dimensional plane passing through the point z and does not intersect any of
the balls By, By, B3. The proof is completed. O

Definition 3.1. We say that a family of sets & = {F,} creates a shadow tangent to
the manifold M at the point x € M if every straight line tangent to the manifold M
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at the point z € M \ | F,, has a non-empty intersection at least with one of the sets

F,, belonging to the family <.

Now we formulate the shadow problem for points of the sphere S®~! which don’t
belong to the union of the balls with respect to the straight lines tangent to the
sphere.

Problem 3.2. What is the minimum number of mutually disjoint closed or open
balls {B;} in the space R™ with centers on the sphere S?~! and of radii smaller than

the radius of the sphere which provide a shadow tangent to the sphere S”~! at each
point z € S\ U B;?

Lemma 3.1. We consider an equilateral triangle in the Euclidean plane R?. If we

choose three circles B;, 1 = 1,2,3, with centers at the vertices of this triangle and of

a radius equals to half of the height of the triangle then every straight line passing
3 3

3
through an arbitrary point x € (|J B;)* \ U Bi, where (|J B;)* is a convex hull of
i=1 i=1 i=1

3
the set |J Bi, intersects at least one of the selected circles.

i=1
Proof. Without loss of generality we take an unit circle with the center at the ori-
gin and consider an equilateral triangle with vertices in points (0, 1), (\/Tg,—%),
(—*/73,—%) inscribed in the circle. Now we take discs B, Bs, B3 of a radius %

in each vertex of the triangle. We note that the circumscribed circle of this triangle

lies in a convex hull of these three circles.
3 3

It is easy to see that any straight line passing through a point = € (|J B;)*\ U B;,
i=1 i=1
3 3
where (| B;)* is a convex hull of the set |J B;, intersects at least one of the three
i=1 i=1
selected discs. By increasing the radii of the selected discs, we obtain that the lemma

is true for three open circles of a fixed radius.
Lemma 3.1 gives an answer on the problem 3.2 in the case n = 2. U

This result shows that in a three-dimensional case for an arbitrary point of a
sphere it is possible to select three balls touching pairwise and creating a shadow
at all points of a curvilinear triangle created on the sphere by these balls. Note
that the harmonization of such construction for the whole sphere requires additional
considerations. This is shown in the following example.

Example 3.1. There exists a set consisting of 14 open (closed) balls that do not
intersect pairwise with centers on a sphere S? C R3 that can not provide a shadow
14
tangent to the sphere S? at each point z € S?\ | B;.
i=1
Without loss of generality we can assume that the chosen sphere S? has center
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at the origin and its radius equals 1. We take a cube with vertices in points (z =
+1/v/3,y = +£1/v/3, 2 = +1/+/3) inscribed in this sphere. The length of an edge of
the cube is equal to a = 2//3.

Now we choose eight open balls with centers at the vertices of the cube and radius
r= 1/\/§ ~ 0.577 which equals to half of the cube’s edge. We add to this collection
six new open balls with centers at an intersection of the rays going from the origin
and passing through the center of the face of the cube with the sphere S2?. Radii

of these balls equal r = /2 — 2/\/§ — 1/\/§ Each of them touches exactly up to

four previously selected balls. This collection of balls of two different radii covers the

sphere. As the calculations show, this set of balls is not sufficient to create a shadow
14

tangent to the sphere S? at each point z € S?\ |J B;.

i=1
Note that the constructed set of balls gives a lower estimate of the required

number of balls. The question on an upper estimate remains open.

4. Open problems

Unfortunately, Theorem 3.3 gives the solution of the problem 3.1 only in the case
n = 2. The question on the solution of this problem in higher dimensions remains
open.

Question 4.1. What is the minimum number of mutually disjoint closed or open
balls in n-dimensional Euclidean space with centers on the sphere S™~! and of radii
smaller than the radius of the sphere with condition that the interior of the sphere
belongs to an 1-convex hull of the family of these balls?

Finally, Lemma 3.1 gives the answer on the Problem 3.2 for n = 2. At the same
time, Example 3.1 gives a lower estimate in the case n = 3. The questions on an
upper estimate for n = 3 and solution of the problem in the case n > 3 are open.

Question 4.2. What is the minimum number of mutually disjoint closed or open balls
B; in the space R™ (n > 3) with centers on the sphere S"~! and of radii smaller than
the radius of the sphere which provide a shadow tangent to the sphere S"~! at each
point z € S"~1\ J B;?

Acknowledgements

The author acknowledges the Polish-Ukrainain grant No. 39/2014 Topological-analy-
tical methods in complex and hypercomplex analysis of the Polish Academy of Sciences
and the National Academy of Sciences of Ukraine.



Weakly m-conver sets and the shadow problem 59

References

[1] G. Khudaiberganov, On uniformly polynomially convex hull of the union of balls,
Manuscript Dep. in VINITI 21.02.1982, no. 1772 - 85 Dep. (in Russian).

[2] V. A.Rohlin, D. B. Fuks, Basic Topology Course, Nauka, Moscow 1977 (in Russian).

[3]  Yu. B. Zelinskii, Multivalued mappings in the analysis, Naukova dumka, Kyiv 1993,
264 pp. (in Russian).

[4]  Yu. B. Zelinskii, A. S. Gretsky, I. V. Momot, Some results on generalized convex sets,
Classical analysis, Proceedings of 10-th intern. sympos. Poland 1999, 113-124.

[5]  Yu. B. Zelinskii, I. V. Momot, On the (n,m) convex sets, Ukrainian Math. Journal
53, no. 3 (2001), 422-427 (in Russian).

[6] Yu. B. Zelinskii, Convezity. Selected topics, Institute of Mathematics of the NAS of
Ukraine, Kyiv 2012, 92, 280 pp. (in Russian).

[7]  Yu. B. Zelinskii, The problem of shadow for family of sets, Proceedings of Institute
of Mathematics of the NAS of Ukraine 12, no. 4 (2015), 197-204 (in Russian).

[8] Yu. B. Zelinskii, I. Yu. Vygovska, M. V. Stefanchuk, Generalized convexr sets and
shadows problem, Ukrainian Math. Journal 67, no. 12 (2015), 1658-1666 (in Russian).

[9]  Yu. B. Zelinskii, M. V. Stefanchuk, Generalizations of the shadow problem, Ukrainian
Math. Journal 68, no. 6 (2016), 757-762 (in Ukrainian).

[10]  Yu. B. Zelinskii, H. K. Dakhil, B. A. Klishchuk On weakly m-convez sets, Reports of

the NAS of Ukraine No. 4 (2017), 3-6 (in Ukrainian).

Institute of Mathematics

National Academy of Sciences of Ukraine
Tereshchenkivska str. 3, UA-01004, Kyiv
Ukraine

E-mail: kban1988@gmail.com

Presented by Adam Paszkiewicz at the Session of the Mathematical-Physical Com-
mission of the L6dz Society of Sciences and Arts on April 16, 2018.

ZBIORY SLABO m~-WYPUKLE I PROBLEM CIENIA

Streszczenie

Badamy wtasnosci zbioréw stabo m-wypuklych w n-wymiarowej przestrzeni euklideso-
wej. Uzyskujemy oszacowania dla réznych wariantéw problemu cienia w ustalonym punkcie.
Analizujemy rowniez kilka nierozwiazanych zagadnien.

Stowa kluczowe: zbiér m-wypukly, zbior stabo m-wypukly, rozmaitoé¢ Grassmanna, zbiér

sprzezony, problem cienia, 1-otoczka rodziny zbiorow
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CONVERGENCE OF DIRICHLET SERIES
ON A FINITE-DIMENSIONAL SPACE

Summary

We consider conditions for convergence of Dirichlet series on a finite-dimensional space
in Stepanov’s metric. Also, we obtain some applications for Stepanov’s and Besicovitch’s
almost periodic functions.
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Consider a Dirichlet series Y are**, ap € C, A\ € R. In the paper [4] and [5],

k
V. Stepanov obtained the following result:

Theorem S. Suppose that > |ar|? < co. If \gy1 — A > a > 0, k € Z, « does

k=—0c0
N .
not depend on n, then the sums Sy (z) = > age**** form a Cauchy sequence with
k=—N
respect to the integral metric, namely
1
y+1 2
sup / 1Sar — Sndz | —0 M,N — oco.
yeER
y

[61]
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The quantity
x+1

Dy (). g(a)) = supl; /Nf WPy, p>1,
xEe

is called Stepanov’s distance of order p (p > 1) associated with length [ (I > 0). The
corresponding metric is called Stepanov’s one.

Here we assume that functions f(z), g(x) are pth power integrable on each seg-
ment. Note that Stepanov’s distances are equivalent for various [ > 0; the space of
functions with finite Stepanov’s norm Dgr[f(z), 0] is complete (see [4]).

In our paper we prove an analogue of Theorem S on the space R?. In one-
dimensional case our result is stronger than Theorem S.

We need some definitions and notations.

Let B(xg,r) be the open ball with center at the point zo € R? and radius r > 0,
(t,z) be the scalar product on R%, and wy be the volume of a unit ball in R

Suppose that f: R? — C, g: R? — C are measurable and LP-integrable functions
on each compact set.

Definition 1.

P

Dglf g = swp |~ [ 1f0) -~ gwldy| . p=1.

rzER4
B(z,l)

The metrics generating by these distances with different [ > 0 are equivalent and
complete, therefore we will take [ =1 and write Dg» instead of Dgr. Such distance
is called Stepanov’s metric.

By SH(R?) denote the Schwartz space of smooth functions f(z), r € R¢, with
the following property: for any m = (m,ma, ..., mq) € (NU{0})¢ and for any k € N

the equality < griimat A f) (r) =0 <| 1| ) x — oo holds true.

Ox™10x™2...0x™d

Definition 2. (sce [6]) The function f(¢) f f(x)e 2 dz t € R?, is called the

Fourier transform of f(x) € L'(RY).

It is known (see, for example, [6], [8]), that the Fourier transform is the automor-
phism on SH(R?).
Let {(an, A\n)}S2, be a set of pairs where a,, € C, A, € R% Let A = |_| A; be
7j=1
a partition of the set A = {\,}72, with the property diamA; <1, j =1,2,...

N
Denote Sy(x) = > ape’re®),
k=
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Theorem 1. Suppose a, > 0,0 < r < oo. Then
2

Z Z an | < Cjsup / |Sn () |*d,
N

j=1 \An€A; B (o)
where C; = Cy(r,d).

Proof. Let o(x) € SH(R?) be an even nonnegative function such that supp ¢(z) C
B(0,%). Put ¢(z) = s7(p * ¢)(%) for § € (0,1). Clearly, supp¢(x) C B(0,6r) and
Y(t) = |B(5t)|* > 0, 4(0) > 0 and

b(t)>e>0, teB(0,1) (1)

for appropriate 9.

Let M = supv(x). We have the following sequence of inequalities:
Rd

R

B(0;7)

N N

>0 [w@lsw(@)de =M [ o) 303 anaret s =
Rd nd n=1I=1

=M" 1ZZanal/¢ )et A=A @) o — M 122anal¢ (N — An).

n=1 [=1 n=1 [=1

Since w(t) > 0 we omit all the terms where the elements \,,, A\ belong to different
sets A; and get the following inequalities:

N N
M3N " anarh(h — >Mlz S anah(h = Ay) >

n=1[]=1 | 1<n,I<N
)\n,AkEA

2

zM_lsz Z anal:M_leSZ Z ay,

j 1<nJ<N i | 1<n<nN
>\n7>\l€Aj )\»,LEAJ‘
Thus,
2
> > " an | <Cisup / Sy () da.
- N
7o \Aneh B(0.7)

This completes the proof of the Theorem. [
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Define T, = {(j,1) : m < dist(A;, A;) < m+ 1}. Note that N2 = | | Tj,.
m=0

Let {B(z;,1)} be a set of balls such that multiplicities of their intersections do
not exceed h and A; C B(zj,1) for all j € N. Note that for a fixed k£ and any j
such that B(zg,2) N B(z;,2) # 0 we have |x; — x| < 4 and B(zj,1) C B(z,5).
Let M be a number of such balls B(x;,1). The sum of volumes of these balls is at
most Mwy. Clearly, Mwy < h5%ug, therefore multiplicities of the system of the balls
B(z;,2) bound by H = h5%. Replace each ball B(z;,1) by some ball B(z},1) with
x; € Aj C B(zj,1). Note that A; C B(z},1). Since B(z},1) C B(w;,2), we see that
multiplicities of intersections of the system {B(z’,1)} are bounded by H. Hence we
may suppose that x; € A;.

Lemma. For any l,m € N the number of elements of the set {k € N: (k,l) € T,,,}
does not exceed CoHme™1, Cy = Cy(d).

Proof. Let (k,l) € Tp,,. We have m < dist(Ax, A;) < |zp — 2] < dist(Ag, Ay) +2 <
m + 3. Therefore, all balls B(xy,1) with (k,l) € T, are contained in the spherical
layer {x : m — 1 < |z — x;] < m+ 4}. The volume of this spherical layer is wq((m +
4)4 — (m —1)?) < Cowgm?—1, where Co depends on d only.

Hence a common value of the set T, of balls B(xzy,1) with (I, k) € T, does not
exceed Co Hmd1. [

’n,:17

Theorem 2. Let A= {\,}o2,, A= || A;, diamA; <1,57=1,2,.... Suppose that
j=1

A; C B(zj,1), z; € A;j and the multiplicities of intersections of the balls B(x;,1) do

2
o0
not exceed h, also suppose that > ( > |an|> = K? < oo for some a,, € C.

Then the following conditions are fulfilled:

a) DSQ [SN(Hf),O] < CgK,

N
where Sy () = 3. are’* @ Cy does not depend on N.
k=1

b) ,im  Ds:[Sn (), Su(2)] =0,

(MK,

therefore the series > axe ) converges in the metric Dgz.

k

Proof. Let o(x) € SH(R?) be a function such that ¢(z) = 1, = € B(0;1) and
suppyp(z) C B(0,2), 0 < p(x) < 1.

Then
/ |SN(m)|2dx§/g0(x—y) Z Z apage’ ML T g =

B(y:1) R 1<k<N 1<I<N
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Z Z akal/ 1(/\k—>\z,:v+y)dx§

1<k<N 1<ZIKN

< XX laulml| [ el =

1<k<N 1IN

> larllallgn — Xl

1<k<N 1<I<N

Since p € SH(RY), we get |p(z)| < Cymin{l, |w|+“} After appropriate rear-
rangement of the summands

> Y larllall@(hk — M)l

1<k<N 1<I<N

we get:

S larllallgne — M| =

1<k<N 1<I<N

=3 > JallallEon - Al

J 1<k, I<N
Ak ALEA;

+Z S500Y lallalldOn = M) = T + .

=1(j, p)ET, 1<k, ISN
)\kEAJ,)\ZGA

We estimate the sums »; and X, separately.

We have |p(Ap — A)| < C4 for any j under the condition g, \; € A;. Hence the
next bound for ¥; holds:

> lanllal|@Ok =A< Co Y awl Y il =Cu | Y asl |

1<k, I<N )\kEAj AZEAJ* )\kGAj
)\k,)\ZEAj
Therefore,
¥ < O4K2. (2)

Further, for each fixed m > 1 :

> o arllallgOe =M < Co—r > D aw] D il <

(4,p)ETm 1<k, I<N (],p YETm 1<k<N 1<I<KN
)\kEAj, >\l€Ap AkEA AZEAP
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2 2

Cir X || X lad] +[ X @)

(J,p)ETm Ak eAj ALEAP

<

N | —

Using Lemma and replacing the summation over p such that (j,p) € T, by the
summation over all s € N, we obtain the following estimate for (3):

=) (Z ak>2+<2 ) =C;§4Z<Z )

AL €A, M EA; S AN EA;

Therefore,
Yo < C5K2. (4)

Finally, taking into account (2) and (4), we obtain

|SN(LU)|2dI' S 06 . K2,
B(y;1)

where Cg does not depend on N. Hence, Dg2[Sn(x)] < C5 - K, where C3 does not

depend on N, so the proposition a) is proved.
2

Prove the proposition b). Let K% = > lak| | . Actually we have just

i | 1<k<N
)\kEAJ
proved the inequality
sup / S (@) Pz < (C5EKx )2 (5)

y
B(y,1)

Substituting the sum Sy (z) — Sps(z) for Sy(z) in inequality (5), we get

Dg2[Sn (), Su(2)] < C5(KR — Kjy),

here K% — K2, = Z(M<Z<N la])?.
j M<n<

AnEAj
Prove that (K% — K?2;) — 0 as N, M — oo. Assume that M is sufficiently large.

2
By the condition ) ( > |an|> = K2, for each € > 0 there exists ¢ € N (¢ does

o
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Next, for each fixed 1 < j < q there exists M such that the inequality
2

3" Janl gziq

An EAj

\V]

q
is satisfied for n > M. Then ) > lan|| <q-5 = 5. Hence, for each ¢ >0
: q
j=1 \ M<n<N
AnEAj

we obtain (K% — K2,) < e. This completes the proof. [l
N M

Remark 1. Theorem 2 is true for diamA; < r,j = 1,2,..., and for the balls of
radius R > r.

Suppose that there exists a set of balls {B(z;, R)} such that multiplicities of
intersections of the balls do not exceed h, and the numbers of points A € A contained
in B(z;, R) are uniformly bounded.

j

Put Al =A N B(CL‘l,R), A2 =A N B(I’l,R) \Al, Aj - (A N B(I’l,R)) \ U Ak
k=1

The sets A; satisfy all the conditions of Theorem 2 and for any j the number of

elements Aj does not exceed some bound s < oo.

2
oo
Clearly, Y |an|? < oo implies > ( > ’an’> <5 > lanl? < oo
=1 A, €A,

n=1 ]:1 )‘n EAJ' J
We get the following consequence of Theorem 2:

Theorem 3. Let A = {\,}22, and {B(xj, R)} be a set of balls such that multiplic-
ities of intersections of the balls do not exceed h. Suppose that numbers of elements
of the sets AN B(x;, R) are uniformly bounded for all j € N. If for some a, € C

3 |an|? < 0o, then the following conditions are fulfilled:

n=1

a)sup Sy (z) < oo,
N
N .
here Sy (x) = 3 ape’re),
k=1

b) M,llifrgoo Dsz [SN(.’,E), SM (.’,E)] =0.
Consider some applications of the obtained results.
Definition 3. (see [2] for the case d=1). Function f(x): R? — C is called Stepanov’s
almost periodic function of order p (SP-almost periodic function) if there exists a
sequence of finite exponential sums S, (z) = 3 ¢;e?*:?) ¢; € C, \; € R?, such that
J

nh_)rréo Dg»[f(x), Sn(x)] = 0.
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To each SP-almost periodic function f(z), x € R, we associate the Fourier series

Fa) ~ ) a(\, e,
AER4E

[ f(x)e ¥ dy.

where a(), f) = TILm
B(0, T)

_1
w,de
Definition 4. (see [2] for the case d = 1 and [3] for the case d > 1) The spectrum
of function f(z) is the set spf = {\ € R?: a(\, f) # 0}.

It is well known (for the case d = 1 see [2], the proof for the case d > 1 can be
treated in the same way) that spectrum of SP-a.p.function is at most countable. The
properties of the spectrum of the almost periodic functions in various metrics were
considered in [7]. There were considered Stepanov’s, Weil’s and Besicovitch’s almost
periodic functions on R¢.

Theorem 4. For any set of pairs {(an,, A\n) 52, that satisfy the conditions of Theo-

rem 2 there exists S%— almost periodic function f(z) with Fourier series Y. aye**n®).

n

Proof. Tt follows from the completeness of the metric Dg2 and Theorem 2 that the

sums > anpe’?
n<N

) converge to f(x) with respect to the metric Dgs. O

Also we get

Theorem 5. For any set of pairs {(an,, A\n) 52, that satisfy the conditions of Theo-

rem 3 there exists S%— almost periodic function f(x) with Fourier series Y. aye**n®).

n

Let the functions f: R — C, ¢g: R? — C be measurable and LP-integrable on
each compact in R?.

Generalizing the definition of Besikovitch’s distance ( see [1]) for the function on
R? we have the following definition.

Definition 5. Put

P

/If(y)—g(y)lpdy , p>1,

B(0,T)

Dp» [f(a:),g(x)] - Tli_r>noowdT”

the metric generated by this distance is called Besicovitch’s distance of order p.

Definition 6. (see [1] for the case d=1) Function f(z): R — C is called Besi-

covitch’s almost periodic function of order p (BP—almost periodic function) if there

exists a sequence of finite exponential sums S, (z) = > ¢;ei*i:?) ¢; € C,\; € RY,
J

such that
lim Dpge[f(z),Sn(z)] =0.

n—oo
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Each BP—almost periodic function f (x), x € R?, has at most countable spectrum

spf ={A:a(\ f) = hm

/ fx)e " M dg £ 0}

B(0, T)

Moreover, for each B? — almost periodic function f we have

> e, P

An€spf

The proof is similarly to the case d = 1.

Hence we obtain

Theorem 6. Let f(x), © € R, be B%- almost periodic function with the spectrum
A = { e} . Suppose that there exists a set of balls {B(x;, R)} such that the multi-
plicities of intersections do not exceed h, and numbers of elements A € AN B(x;, R)
is uniformly bounded. Then the function f(x) is S? — almost periodic.
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O ZBIEZNOSCI SZEREGU DIRICHLETA W PRZESTRZENI
SKONCZENIE WYMIAROWEJ

Streszczenie

Rozwazamy warunki zbieznosci szeregéw Dirichleta w przestrzeni skoniczenie wymiaro-
wej przy metryce Stepanova. Uzyskujemy tez pewne zastosowania dla funkcji prawie okre-
sowych Stepanova i Besicovitcha.

Stowa kluczowe: szereg Dirichleta, wykladniki w szeregu Dirichleta, szereg Fouriera, metryka

Stepanova, metryka Besicovitcha, funkcje prawie okresowe
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ON SOME CASES OF PLANE ORTHOTROPY

Summary
There are considered some cases of plane orthotropy in the absence of body forces. Then
every function from a pair-solution of the equilibrium system of equations with respect to
displacements satisfies the elliptic fouth-order equation of the type:
o* o* o
(m@ + ao 92202 + 8y4) w(z,y) =0,

with certain real ax # 0, k =1, 2.

Keywords and phrases: the generalized Hook’s law, a plane orthotropy, the equilibrium

system

1. Introduction

As well-known (cf., e.g., [1, 2, 3]), in the case of isotropic plane deformations with
the absence of body forces a function (displacement) u or v from a pair-solution
(u(z,y),v(x,y)) of the equilibrium system of equations in displacements

2 2
A+ w) (T + TG )+ nbau(a,y) =0,

2u X QU X (1>
A+ ) (Spded oy Zelew)) 4y Agu(a,y) = 0(x,y) € D,

as well as the stress Airy’s function, satisfies the biharmonic equation: (Ay)?w(z,y) =
2 2

0, where Ag := % + 88—y2 is the 2-D Laplasian, D is a domain of the Cartesian plane

2Oy, X and p are the Lamé constants.

[71]
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Similar results for anisotrophic solid body are not well-known. One of the reason
of this fact is a difficulty (due to a variety of cofficients) of the generalized Hooke’s
law expressing strains via stresses in a linear form.

The aim of this paper is to prove analogous (to the isotropic case) statements
for some cases of an elastic anisotrophic homogeneous plane solid body — a plane
orthotropic body, or briefly, a plane orthotropy. We will restrict our attention on
some simple but interesting cases of orthotropy.

2. Notations and preliminaries

Let R3*3 be a set of all real 3 x 3 matrices, A € R3%3, det A is a determinant of A.
If det A # 0 then there exists the inverse matrix B = A~! such that AB = BA =1,
where 1 is the unity matrix. By Ri’_xg we define all matrices of R3*3 which are
symmetric and positive defined. A symbol g defines a vector-column having three
real coordinates ¥, k = 1,2, 3.

Let a model of an elastic anisotropic medium occupied a domain D of the Carte-
sian plane xOy be a homogeneous (cf., e.g., [4, p. 25]) plane orthotropic (cf., e.g., [4,
p. 35]) body.

Let € has coordinates equal to strains (cf., e.g., [4, p. 18]):

€1 = €&g, €2 1= &g, €3 = Vay-
Let & has coordinates equal to stresses (cf., e.g., [4, p. 16]):
01 :=O0g, 02 1= 0y, 03 := T:vy-

The generalized Hooke’s law for our model has two equivalent forms (cf., e.g., [4,
§ 3], [5, § 4.1.3):

=A%, 5 =4"1F, (2)
with A € R‘:’LX?’ of the form
aii a2
A = a2 a9 0 s (3)
0 0 aege
where
a1 > 0, aj1a00 — (a12)2 >0, agg > 0. (4)

Unequalities (4) follows from the Sylvester’s criterion of positive definiteness of the
matrix (3).

A numbers a;; and A;; , kK < m, k,m = 1,2,6, are called elastic constants ([4,
p. 27]). They are constants in D due to the homogeneity of the solid body.
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Consider notations for elements of A~!:

A A 0
A_l = A12 A22 0 5 (5)
0 0 Agg

where Ay, satisfy (4) with agp, := Agm, £ < m, k,m =1,2,6.
A stress function ([6, p. 21] with U = 0) is a function w satisfying relations:

0w 0w
Um(ﬂfo,yo) = a—yQ(ﬂﬁanJo% C’y(fﬂo,yo) = w(%,yo),

0w
Toy(T0,Yo) = _8x6y (%0, y0) V(x0,90) € D.

In the absence of body forces, the stress function w(z,y) satisfies the elliptic fouth-
order equation (“ the stress equation”, cf., e.g., [6, p. 27] with a1 = ass = 0):
o o o
<a22@ + (2@12 + (166) W + a1 8_y4> w(a:, y) = 0. (6)
The equilibrium system of equations with respect to the displacement vector
(u(z,y),v(x,y)) has a form (cf., e.g., [4, p. 75]):

2 2 2’U X
(A + Aas e ) ) + (Arz + Aos) 5352 = 0,
(7)

2 x
(A6638_;2 + Ag 88—;2) v(7,y) + (A2 + Ass) aaux(ay;y) =0,
where all (z,y) € D; Agm, K <m, k,m =1,2,6, are defined in (5).

3. Cases of orthotropy and solutions of their equilibrium sys-
tems and stress equation

Consider the following equation (particular case of (6)):

lO,pw(xa y) =
o o* o
=1 (2p—1 2 =0V D 8
(( p—1) g3+ P azogr ay4> w(z,y) (z,y) € D, (8)
where p # 1 is a real parameter.
Consider an orthotropy with
ail = a2 = 1, azge = 2p — 1, a16 = aze = 0, age = 2(p — 1). 9)

Then the equation (8) is a stress equation. It is easy to check that the matrix (3)
is positive defened only for p > 1. So a case p < 1 has no elastic meaning and we are
to investigate a case p > 1. Calculating the inverse matrix A~! we find:

2p— 1 o
20—1)" " 20— 1)
Since A1z + Ags = 0 a system (7) takes a form

A = , Aog = Age = —Aia. (10)
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m b pu(z,y) =0,

m A2U(xay) = OV(Q?,y) S Dv

(11)

2 2
where Iy = (2p = 1) 2z + 512
Taking into account that the operator (8) can be factorisated in the form:

ll,p = l17p O AQ = Ag O ll,p

(I1 ols is a symbol of composition of operators 1 and l3), we see that if a pair (u,v)
is a solution of (11) then w := u or w := v is a solution of the equation (8). So we
proved the following theorem.

Theorem 1. Let p > 1, an orthotropy is defined by (2), (9). Then every displace-
ment-function from a pair of solution of the eqilibrium system (11) satisfies the equa-
tion (8).

Now consider another cases of orthotropy for which an equilibrium equation splits
onto two equations containing except of operators of the type l;, an extra term-
operator %gy acted to another unknown function and has a non-zero coefficient.

Let p be an arbitrary fixed number: 0 < p < 1.

Take into consideration the plane orthotropy:
aiy = axg =1, ajg = azs = 0, age = 2(p — a12), —1 < a2 < p. (12)

An a;2 belongs to such measures due to the positiveness of the matrix (3). Therefore,
we have:

1 a2 1
A1 =Agg = ———— Ay = Ajp = ——— = —
11 22 1_ a%2, 21 12 1— a2, 2(p — a12)

The equilibrium system (7) gets a form:
( 2 2
1_%1%2 %u(x, y) + 2(p_1a12) g—yzu(ﬂ% y)+
a 1 821}(m7 ) _
+ < o T 2(p—a12)) 8x8yy =0,

- )
1—-af,

82 62
mwu(% y) + ﬁa—ygv(m, y)—}—

1 u(z,y) _
+ ( L+ 2(p—a12)) auﬂcgyy =0,

- 2
\ 1—ay,

where all (z,y) € D.

Consider the following (“stress”) equation:
l2,pw(aj7 y) =

o o o
<8x4 + 2p8x28y2 + oy*

) w(z,y) =0V(x,y) € D. (14)
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The system (13) is equivalent to the following system:

By Ley) | g, 2uley) | Tulzy) _ g

2890 28y2 23173@/ (15)
By 550 4 By T4l 4 S5 — 0v(a,y) € D.
where 2(p—ai2)
Bi1 = By = (a1s —p)2 +1—p?’
Biy = By = = (a12)2

(@12 —p)?+1—p?

Theorem 2. Let 0 < p < 1, an orthotropy is defined by (2), (12). Then every
displacement-function from a pair of solution of the eqilibrium system (15) satisfies
the equation (14).

Proof. Acting by the differential operator %zy on the second equation of (15) and

f 8%v

substituting to the obtained equation an expression o we arrive at the equation:

O0xdy’
Otu(x,u) Otu(z,y) 0tu(z,y)
—— L Oy — L O —0Y eD 16
Ozt Tt 0x20y? T O3 oyt (@) ’ (16)
where By B Biy1Bas + BiaBay — 1
Cs — 22012 _ 1, Cy = 11D22 + D12D21 — .
BllB21 BllB21

So, to prove Theorem we need to check the equality Cy = 2p. In terms of p and
a12 the relation Cs = 2p can be rewritten in the form:

a? + % 4 2paf = (a + algﬁ)z ,

where o := 1 — a?,, 8 := 2(a12 — p). By doing simple algebraic transformation, the
last one is equivalent to the relation
o
1-— a%Q = 2(&12 —p)E,
which with use of the definitions of o and  is an identity. So, we proved that if (u,v)
is a solution of (15) then v satisfies the equation (14).

A similar statement for v can be proved analogously. The theorem is proved. [
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O PEWNYCH PRZYPADKACH PLASKIEJ ORTHOTROPII

Streszczenie

Rozpatrywane sa pewne przypadki plaskiej orthotropii przy zalozeniu braku oddzia-
lywania sit ciala. Wéwczas kazda funkcja z pary rozwiazan ukladu réwnowagi réwnan ze
wzgledu na przemieszczenia spelnia réwnanie eliptyczne czwartego rzedu typu:

84 84 84
(alﬁ o Ox20y? + 8y4> wiw,y) =0,

z pewnymi rzeczywistymi statymi ax # 0, k =1, 2.

Stowa kluczowe: uogdlnione prawo Hooke’a, orthotropia plaska, uktad réwnowagi
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ON SYSTEM OF BALLS WITH EQUAL RADII GENERATING
SHADOW AT A POINT

Summary

Problems related to the determination of the minimal number of balls that generate a
shadow at a fixed point in the multi-dimensional Euclidean space R™ are considered in the
present work. Here, the statement ”a system of balls generate shadow at a point” means that
any line passing through the point intersects at least one ball of the system. The minimal
number of pairwise-disjoint balls with equal radii in R™ which do not contain a fixed point
of the space and generate shadow at the point is indicated in the work.

Keywords and phrases: convex set, problem of shadow, system of balls, sphere, multi-

dimensional real Euclidean space

1. Introduction

In 1982 G. Khudaiberganov [1] proposed the problem of shadow.

Let us consider n-dimensional real Euclidean space R™ and an open (closed) ball
B(zg,r) C R™ with radius  and center z as the set of all points of distance less than
(less than or equal to) r away from z ([2]). It is also called an n-dimensional ball. A
set of all points in R™ of the same distance is a sphere S™~! ([2]).

Let x be a fixed point in the real multi-dimensional Euclidean space R™. We say
that a system of balls {B; : i € N} C R"™ not containing x generates a shadow at
this point if any straight line passing through x intersects at least one ball of the
system. So, the problem of shadow can be formulated as follows: To find the minimal

[77]
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number of pairwise disjoint, open (closed) balls in R™ centered on a sphere S"~1, not
containing the sphere center, and generating shadow at the sphere center.

This problem was solved by G. Khudaiberganov for the case n = 2: it was proved
that two balls are sufficient for a circumference on the plane. For all that, it was also
made the assumption that for the case n > 2 the minimal number of such balls is
exactly equal to n.

Twenty years passed and Yu. Zelinskii became interested in this problem. In [3],
he and his students proved that three balls are not sufficient for the case n = 3,
but it is possible to generate a shadow at the center of a sphere with four balls. In
their work it is also proved that for the general case the minimal number is n + 1
balls, so the complete answer to this problem for a collection of closed and open balls
was obtained. Thus, G. Khudaiberganov’s assumption was wrong. In [3], it is also
proposed another method of solving the problem for the case n = 2 which gives some
numerical estimates.

Since 2015, a group of mathematicians leading by Yu. Zelinskii has been working
on a series of problems similar to the problem of shadow and their generalizations in
the Institute of Mathematics of the National Academy of Sciences of Ukraine. In [4],
[5], [9] one can find the review of problems and their solutions related to the problem
of shadow. One of these problems is the following:

Problem 1. ([6]) Let x be a fized point of the space R"™, n > 2. What is the minimal
number m(n) of pairwise disjoint, open (closed) balls with equal radii in R™ not
containing x and generating shadow at x ¥

It is not difficult to show that the minimal number of the balls in the plane is
two. In [6], an example of four pairwise disjoint, open (closed) balls with equal radii
in space R not containing a fixed point of the space and generating shadow at this
point is constructed. In [7] it is proved that non three of such balls in R3 generate
shadow at a fixed point of space. Thus, Problem 1 is solved for space R3, and the
answer is m(3) = 4.

Moreover, in [6] it is proved that there does not exist a system of pairwise disjoint,
open (closed) balls with equal radii in space R3 centered on a fixed sphere, not
containing the sphere center, and generating shadow at the sphere center.

In the present work, Problem 1 is solved as n > 3. The following section holds
auxiliary results concerning the problem.

The author expresses gratitude to her teacher Professor Yurii Zelinskii for the
setting of interesting problems and maintaining author’s interest in mathematics
through scientific discussions and advices. This work is dedicated to the memory of
Professor Yurii Zelinskii.
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2. Auxiliary results

The results of this section are formulated as lemmas since they are auxiliary within
the scope of this paper.
As it was mentioned in the Introduction, the following lemma is true.

Lemma 1. ([7]) Let n = 3; then m(n) = 4 for any fized point x € R3,

In [8] a shadow problem for a system of balls with centers freely placed in R"
without restrictions on their radii is considered. So, the following lemma gives lower
estimate for the number of non-overlapping balls that do not contain a fixed point
in the space and generate shadow at this point.

Lemma 2. ([8]) The minimal number of open (closed) non-overlapping balls not
containing a fized point in the space R™, n > 2, and generating shadow at this point
1s equal to n.

The following lemma will be frequently used.

Lemma 3. ([9]) Let two open (closed) non-overlapping balls {B; = B(r;) : i =
1,2} C R™ with centers on a sphere S"~1(r) and with radii r1, ro such that r >
r1 > 1o be given. Then every ball homothetic to By relative to the sphere center with
coefficient of homothety ki does not intersect every ball homothetic to By relative to
the sphere center with coefficient of homothety ko, if k1 < ks.

In [3], the following example of system of n+1 balls in R™ satisfying the conditions
of Khudaiberganov’s shadow problem is given.

Example 1. ([3]) Suppose a is the half-length of the edge of an n-dimensional
regular simplex (see [2]). Let us consider a system of n + 1 open balls {B; : i =
1,...n+ 1} C R" with correspondent radii r1 = a+¢, 72 = a —¢/2, 13 = a — /22,
ry=a—¢e/23, ..., ror1 = a—¢e/2", where ¢ is sufficiently small. Let us place centers
of the balls at the vertexes of a simplex such that the balls touch each other. This
simplex is slightly different from the regular one and can be inscribed into a sphere.
Thus, the system of open balls generate shadow at the sphere center. Let us consider
the closures of the balls {B; : i = 1,...n+1}. If we slightly reduce these closed balls,
then new system of closed balls generates shadow at the sphere center by continuity.

Using Example 1, in [10] an example of system of n + 1 balls in R” satisfying the
conditions of Problem 1 is built as follows.

Let us fix a point x € R™ and let us consider open (closed) balls {B; : i =1,...n+
1}, of Example 1, placed on the sphere with the sphere center at x. Let us apply
homothety to each open (closed) ball B; with respective coefficient of homothety
ki = ri/ri,i = 1,...n+ 1. Then k; < ... < k; < kiy1 < ... < kpy1 and the
obtained system consists of n+ 1 balls with the same radii that are equal to r;. Since
re > ... > 71 > Trip1 > ... > T'py1, new balls are pairwise disjoint by Lemma 3,
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do not contain x and generate shadow at x by the constructions. So, the following
lemma is true.

Lemma 4. ([10]) Let n > 2; then m(n) < n+ 1 for any fized point x € R™.

3. Main results

We need the following definitions for this section.
Any m-dimensional affine subspace of the space R™, m < n, is called an m-
dimensional plane. An (n — 1)-dimensional plane is called a hyperplane.

Theorem 1. Let n > 3; then m(n) > n for any fized point x € R™.

Proof. The case as n = 3 holds by Lemma 1. Let us prove this theorem for n > 3
using the method of mathematical induction. We consider the space R* with points
xr = (x1,%2,23,74). Let us fix a point 79 € R, By Lemma 2, the number of non-
overlapping, open (closed) balls generating shadow at x is not less than four. Suppose
there exists a system of four non-overlapping four-dimensional open (closed) balls
{B;(r,a") : i = 1,4} with the same radii equal to 7 which does not contain point zg
and generates shadow at z( (see Fig. 1).

Fig. 1

Then let us draw a three-dimensional plane H (hyperplane) through the point
x and the centers of balls By, Bs, Bs. Without loss of generality, we can choose
a coordinate system such that H is the coordinate hyperplane x4 = 0. Then open
(closed) balls B;, i = 1,2, 3, can be described as follows:

By :={z e R*: (1 — a})® + (z2 — a})* + (w3 — a})® + 27 < r?}
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(B :={z e R*: (m1 — a})® + (z2 — ah)® + (w3 — a})? + 27 <1?}),
for i+ = 1,3. The intersection of hyperplane H and balls B;, By, B3 gives three-
dimensional balls with the same radii that are equal to r. By Lemma 1 none three
non-overlapping open (closed) balls with equal radii in space R? generate shadow at
point zo. Thus, there exists a straight line L (1-dimensional plain) in hyperplane H
passing through xy and not intersecting any of the three-dimensional balls. Without
loss of generality, suppose L coincides with the coordinate axis x1, i.e

.7)2:0,
L:=qzeR": ¢ 23=0,
33‘420.

Then LNB; =0,i=1,3, i.e

Bi: (w1 —ab)® > 1% —ah —aj, i =1,3

(Bi: (z1—a))*>r*—ab—a}, i=1,3).

~—

We claim that the two-dimensional plane

p—licrt.d =0
' ' .’,C3:0

does not intersect any of the initial four-dimensional balls By, Bo, Bs. Indeed,
Bi:(xy —a ) +22> (1 —a)* >r* —ab —af, i =1,3.
(Bi: (z1—a})?+23 > (31 —a})®> >r®—ah —aj, i =1,3).

The intersection PN By is a disk. By Lemma 2, one disk does not generate shadow at
xo in the two-dimensional plane P. Thus, in the space R* four non-overlapping open
(closed) balls with equal radii not containing a point of the space do not generate
shadow at the point.

Suppose none n — 1 non-overlapping, open (closed) balls with equal radii in the
space R"~! not containing a fixed point of the space generate shadow at the point.

Let us consider the space R™, n > 4, and any fixed point z¢g € R™. By Lemma
2, the number of non-overlapping, open (closed) balls generating shadow at xq is
not less than n. Suppose there exist such n non-overlapping, open (closed) balls
{B;(r) : i = 1,n} C R™ with the same radii equal to r that generate shadow at .
Then let us draw an (n—1)-dimensional plane H through the point z¢ and the centers
of balls By, ..., B,—1. The intersection of the hyperplane H ((n — 1)-dimensional
plane) and balls By, ..., B,_1 gives (n — 1)-dimensional balls with the same radii
that are equal to r. By the assumption these balls do not generate shadow at point
xg in the hyperplane H. Thus, there exists a straight line L in H passing through xz
and not intersecting any of the (n — 1)-dimensional balls. Then, the two-dimensional
plane P passing through the straight line L perpendicular to the hyperplane H in R™
does not intersect any of the initial n-dimensional balls By, ..., B,,_1. We claim that
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the ball B,, does not overlap the two-dimensional plane P in the space R". Indeed,
by Lemma 2, one disk does not generate shadow at x( in the two-dimensional plane.
Thus, in the space R™ any n non-overlapping, open (closed) balls with equal radii
not containing a fixed point of the space do not generate shadow at the point. [

Combining Lemma 4 and Theorem 1, we get the solution of Problem 1, as n > 3.
Theorem 2. Let n > 3; then m(n) =n+ 1 for any fized point x € R™.
Remark 1. Let n = 2; then m(n) = 2 for any fixed point x € R?.

Proof. Let us consider a circle with center at a fixed point of the plane and two
pairwise disjoint, open (closed) disks in the plane with centers on a circle and radii
r1, o less than the circle radius generating shadow in the circle center. It is obvious
that ry # ro. Let 1 > ro for definiteness. Let us apply homothety to each ball with
respective coefficient of homothety k; = r1/r;, i = 1,2. Since k1 < ko, we conclude
that obtained balls are pairwise disjoint by Lemma 3, do not contain the sphere
center and generate shadow at the sphere center by the constructions. The number
of disks is minimal by Lemma 2. 0

Remark 2. None n pairwise disjoint, open (closed) balls in R™ centered on a sphere
S™~1 and not containing the sphere center generate shadow at the sphere center.

Proof. This result particular solves Khudaiberganov’s shadow problem and is a gen-
eralization of well known result for R? (see [3], [11]). But, since it is not used in the
proof of Theorem 2, we can prove it as follows.

Suppose n pairwise disjoint, open (closed) balls {B; : i =1,...n} C R™ centered
on a sphere S"~! with radii r; > ... > 7; > 741 > ... > r, generate shadow at
the sphere center. Let us apply homothety to each ball with respective coefficient
of homothety k; = r1/r;, i = 1,...n. Thus, the obtained system consists of n balls
with the same radii that are equal to 1. Since k1 < ... < k; < kjyq1 < ... < k,, new
balls are pairwise disjoint by Lemma 3, do not contain the sphere center and generate
shadow at the sphere center by the constructions. But this contradicts Theorem 2. []
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O UKLADZIE KUL Z ROWNYMI PROMIENIAMI GENERUJACYCH
CIEN W PUNKCIE

Streszczenie

Problemy zwiazane z ustaleniem minimalnej liczby kul generujacych cien w ustalonym
punkcie w wielowymiarowej przestrzeni euklidesowej R" sa rozpatrywane przyjmujac, ze
kazda prosta przechodzaca przez dany punkt przecina jedna z kul uktadu. Wyznaczona jest
minimalna liczba parami rozlacznych kul o réwnych promieniach w R"™, ktre nie zawieraja
ustalonego punktu przestrzeni i generuja cien w tym punkcie.

Stowa kluczowe: zbiér wypukty, problem cienia, uktad kul, sfera, wielowymiarowa przestrzen

euklidesowa
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GENERALIZATION OF THE CONCEPT OF CONVEXITY
IN A HYPERCOMPLEX SPACE

Summary

Extremal elements and a h-hull of sets in the n-dimensional hypercomplex space H"
are investigated. The class of H-quasiconvex sets including strongly hypercomplexly convex
sets and closed relatively to intersections is introduced. Some results concerning multivalued
functions in the complex space were generalized into the n-dimensional hypercomplex space:
there was proved the hypercomplex analogue of the Fenchel-Moreau theorem and some
properties of functions that are conjugate to functions f: H" \ © — H.

Keywords and phrases: hypercomplexly convex set, h-hull of a set, h-extremal point, h-

extremal ray, H-quasiconvex set, linearly convex function, conjugate function

1. Introduction

The natural analogue of complex analysis is a hypercomplex analysis. Therefore,
there is a need to transfer a series of results of a convex analysis known in n-
dimensional real and complex spaces, on the n-dimensional hypercomplex space H",
n € N, which is a direct product of n-copies of the body of quaternions H [1].
G. Mkrtchyan worked on these problems [2, 3]. He introduced the concepts of hy-
percomplexly convex, strongly hypercomplexly convex sets and transfered a series
of results of linearly convex analysis on hypercomplex space H". Yu. Zelinskii [4]
and his students (M. Tkachuk, T. Osipchuk, B. Klishchuk) continued to develop this
direction.

[85]
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Let E C H"™ be an arbitrary set of the space H"™ containing the origin of co-
ordinates © = (0,0,...,0). We put © = (z1,22,...,25), b = (h1,ha, ..., hy),
(x,h) = x1h1 + x2ho + -+ + xphy. The set E* = {h|(z,h) # 1, Vax € E} is called
the conjugate set to the set E [2].

A hyperplane is called a set L C H"™ that satisfies one of the conditions (z,a) = w,
(x — xg,a) = 0, where z is an arbitrary point of the set L, x¢ is a fixed vector, w
is a fixed scalar with H, and a is a fixed covector. We call the covector a a normal.
Accordingly, affine we will call only the functions of the species I(x) = (x,a) + b,
b e H.

Definition 1 [2]. The set F C H" is called a hypercomplexly convex if for any point
xo € H" \ E there exists a hyperplane that passes through the point xg and does not
intersect E.

Definition 2 [2]. The set £ C H" is called a strongly hypercomplexly convex if
its arbitrary intersection with the hypercomplex straight line v is acyclic, that is
H? (yNE) =0, Vi > 0, where Hi (YN E) is a consolidated group of Aleksandrov-Cech
cohomology sets v N E with coefficients in the set of integers.

2. Extremal elements

Let E C H be an arbitrary set. The complement to the union of the unbounded
components of the set H \ F is called the h-combination of the points of the set E
and is denoted by [E]. If E is an arbitrary set in the space H", n > 1, then we say
that the point x belongs to the h-combination of points from FE if there exists an
intersection of the set E with a hypercomplex straight line  such that € [ENy|. The
set of such points with H" is called the h-combination of the points £ and denoted
[E]; the m-multiple h-combination is determined by the induction [E]|™ = [[E]™™}]
[4].

Definition 3 [2]. The set E = N, [x(E)] is called the h-hull of the set £ C H",
where 7: H" — X — all possible linear projections of the set on the hypercom-
plex straight lines, [7(E)] is the h-combination of the points of the set m(E), and
7 r(E)] = {zx € H"| n(z) € m(E)} is its complete preimage.

The following theorem [5] asserts that for an arbitrary set of the space H" the
set of points of its h-hull coincides with the h-combination of the points of this set.

Theorem 1. If the set E C H" is an h-hull, then E = [E].

Proof. Let x € [AN E] for some hypercomplex plane A. Then, the inclusion 7(x) €
[m(ANE)] for all projections 7 is obviously true, since the restriction of any projection
7 to each straight line is either homeomorphism or projection into a point. U]
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Definition 4 [2]. The h-interval with center at the point x of radius r is the inter-
section of an open ball of radius r with center at the point x with a hypercomplex
straight line, which passes through the point x.

Definition 5 [2]. A point x € F C H" is called the h-extremal point of the set E if
F has no h-intervals containing z.

We extend the Klee’s theorem of a convex analysis [6] to a hypercomplex case.

Definition 6 [5]. The h-ray is called a closed unbounded acyclic subset of a hyper-
complex straight line with a non-empty boundary.

Definition 7 [5]. The extremal h-ray of the set £ C H" is called the h-ray H
belonging to the set E if the set E \ H is hypercomplexly convex and each point
of the boundary of the ray H will be an h-extremal point for the set E. (This is
equivalent to that no point of the ray H will be internal to the arbitrary h-interval
that belongs to the set E and has at least one point outside H).

For the set E C H" we denote: hext E is the set of its h-extremal points, rhext £
is the set of h-extremal rays, hconv E is the h-hull of the set E.

Lemma 1. Let E C H" be a closed strongly hypercomplexly convex body (intE # ()
with a non-empty strongly hypercomplexly convexr boundary OF, then E has the form
E = B, x H* 1, where E; is an acyclic subset of straight line H with non-empty
intertor relative to this straight line.

Proof. Since the boundary OF is strongly hypercomplexly convex, then for an arbi-
trary point x € int E there exists a hyperplane that does not intersect OF. Therefore,
the set E contains a hyperplane. Consequently, by theorem 3 [4], the set E can be
depicted in the form of Cartesian product £ = E; x H"~!. The set E; will be
acyclic, because there are intersections E be hypercomplex straight lines that are
homeomorphic to Ej. O

Definition 8. An affine subset L is called a tangent to the set F if LN E C 0F,
LNE #0.

Lemma 2. If E C H" is a strongly hypercomplexly conver closed set and L is its
tangent hypercomplex straight line, then hext(E N L) = (hext E) N L.

Proof. Since the inclusion of sets E N L C FE is fair, then by the definition of A-
extremal points we have hext(E N L) D (hext F) N L. Let « € hext(E N L). Then,
inclusion z € [K] \ K, where K C FE, can not be performed, because otherwise
K C ENL (since x € L and L is a hypercomplex straight line, tangent to E). This
contradicts the fact that x € hext(E N L). Consequently, the inverse inclusion of
hext(E'N L) C (hext F) N L is correct and the lemma is proved. O
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Remark 1. Analogically, we can prove the equality rhext(E N L) = (rhext £) N L
for h-extremal rays.

Theorem 2. Fach closed strongly hypercomplexly conver set E C H"™, which does
not contain a hypercomplex straight line, will be the h-hull of its h-extremal points
and h-extremal rays E = hconv(hext F U rhext E).

Proof. The proof is carried out by induction according to the hypercomplex dimen-
sion of the set E. For dimy F = 0 and dimyg £ = 1, the theorem is obvious. Assume
that the theorem is valid for all hypercomplex dimensions of the set E, which are
less than m (1 < m < n). Let us prove it for dimyg F = m.

By the condition of the theorem, the set F does not contain a hypercomplex
straight line, therefore it can not coincide neither with its affine hull, nor with the
Cartesian product £y x H* 1. Therefore, it follows from lemma 1 that the non-empty
boundary dF will not be strongly hypercomplexly convex set.

By the definition of a strong hypercomplex convexity, the intersection of the set
FE with an arbitrary hypercomplex straight line will also be strongly hypercomplexly
convex. Let x be an arbitrary point of the set E. If x belongs to a certain tangent
straight line L to E, then by the hypothesis of induction we have the inclusion

x € hconv((hext EN L) Urhext(E N L)).

If there are points of the set E, through which there is no hypercomplex straight line
tangent to F, then there is a point x € int F.

In this case, we draw a hypercomplex straight line [ through the point x. The
intersection of [ N E is a strongly hypercomplexly convex set and does not coincide
with [. Therefore, x ¢ [0(IN E)]. Now let y be an arbitrary point of the boundary of
intersection O(INE). Taking into account the strong hypercomplex convexity through
the point y, one can draw a straight line 7" tangent to the set E. By the hypothesis of
induction, we obtain y € hconv((hext ENT")Urhext(ENT)). We note that this is fair
for every point y € 9(I N E). Then, taking into account the lemma 2 and the remark
1, we obtain z € hconv(hext EUrhext E). As a result of arbitrariness of choice of the
point x we obtain the inclusion E C hconv(hext E U rhext ). The inverse inclusion
is trivial. The theorem is proved. (]

3. H-quasiconvex sets

The class of strongly hypercomplexly convex sets is non-closed relatively to the inter-
section [3]. Therefore, the main axiom of the convexity is not fulfilled: the intersection
of any number of convex sets must be convex. We denote the class of sets, which
includes strongly hypercomplexly convex sets and is closed relatively to intersections.

Definition 9 [5]. A hypercomplexly convex set £ C H" is called H-quasiconvex set
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if its intersection with an arbitrary hypercomplex straight line v does not contain a
three-dimensional cocycle, i.e. H3(y N E) = 0.

It is obvious that the class of H-quasiconvex sets includes a strongly hypercom-
plexly convex domains and compacts.

Let us show the closure of a class of H-quasiconvex sets in the sense that the
intersection of an arbitrary family of compact H-quasiconvex sets will be an H-
quasiconvex set.

Theorem 3. The intersection of an arbitrary family of H-quasiconvex compacts will
be an H-quasiconvexr compact.

Proof. 1t is enough to do the proof for two compacts. Let Ky, K5 be two arbitrary
H-quasiconvex compacts, v is an arbitrary hypercomplex straight line that intersects
the set K3 N Ko. We use the exact cohomological sequence of Mayer-Vietoris [7]

H*(yNKy) ® H(yN Ka) —
— H*(yN K1 N Ky) = HY(yN (K1 U Ky)).
Since the compacts K; and K, are H-quasiconvex, then H3(y N K;) = 0 and
H3(yN K3) = 0. Therefore
H3(yNK;) @ H*(yN Ky) =0.
On the other hand, a compact intersection
YN (K1 UKs) = (yN KU (yNK)

can not hold the entire hypercomplex straight line v, which is a four-dimensional
real manifold, therefore H*(y N (K; U K3)) = 0.

From the accuracy of the cohomological sequence it follows that H3(yNK1NK3) =
0. This is equivalent to the assertion, that the intersection of the set K1 N Ky with an
arbitrary hypercomplex straight line does not contain a three-dimensional cocycle.
From the previous follows the H-quasiconvexity of the compact K1NK5. The theorem
is proved. U

4. Linearly convex functions

Definition 10 [8]. The function f: H® — H is called multivalued if the image of
the point x € H" is a set of f(x) € H.

The domain of definition of such a function will be denoted by Ef := {x € H" :
y €M, y= f(x)}.
Definition 11. The function [: H" — H is called affine if its graph is a hyperplane.

Definition 12 [8, 9]. A multivalued function f: H" — H is called a linearly convex
if there exists an affine function {: H” — H for an arbitrary pair of points (xg, yo) €
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(H™ x H) \ T'(f) such that yo = (o) and T'({) "N T'(f) = 0 for all z € H", where the
graphs of functions [ and f, respectively, are denoted by I'(l) and T'(f).

Definition 13. A linearly concave function is called a multivalued function f for
which the function ¢ = H \ f is linearly convex.

This means that H" ™1\ T'(f) is a graph of a linearly convex function, i.e. through
each point (zg,yo) € I'(f) the graph of the affine function passes, which is completely
contained in T'(f).

Definition 14 [8, 9]. A multivalued affine function is called a function that is linearly
convex and linearly concave simultaneously, and for which there is at least one point
x € H", in which each of the sets (f(x) NH) and (H\ f(z)) is non-empty.

The definition of a linearly convex function can be extended to multivalued func-
tions that take values in an expanded hypercomplex plane H° = HU (c0), compacted
by one point.

Here are some examples of linearly convex functions.
Definition 15. A function
We(y) = H° \ Urer(z,y)
is called the reference function of the set £ C H".

Definition 16. If £ C H"” is a linearly convex set, then the function

5 () 0, ifxek,
€Tr) =
F 0, ifz¢E,

is called its indicator function.
It is easy to verify that the reference and indicator functions are linearly convex.

Theorem 5. If f,, a € A, is a family of linearly convex functions, where A is an
arbitrary set of indices, then the function f = Nacafa 15 linearly convex.

Proof. We have I'(f) = Naeal'(f,). Let us take an arbitrary point

(zo,y0) € (H" x H) \I'(f) = (H" x H) \ Naecal'(f,)-
Then
(zo,90) € (H" x H) \ T'(f,)

for some «, and therefore there is an affine function /: H™ — H whose graph does
not intersect I'(f,). Therefore, it does not intersect I'(f). Consequently, the function
f is linearly convex. The theorem is proved. U
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5. Conjugate functions

Definition 17. A function conjugated to f is called a function given by the equality
f(y) ="\ U ((z,y) — f(2)). (1)

From the definition of conjugate function follows a hypercomplex analogue of
Jung-Fenhel’s inequality [10]:

(z,y) & [(x) + [*(y)- (2)
The correlation (2) can be rewritten in the form
(z,y) € H\ (f(z) + f*(v)),
fle)n({z,y) = 7 (y)) =0

with all z € H", y € H".
We find a function conjugate to a function f*:

) = () (x) = HO\ Uy ({2, y) = f7(y))-

Example 1. Conjugate with a multivalued affine function f(x) = (x,y0) + f(O),
where f(©) C H is the set which is the image of the point © = (0,0, ...,0) € H", is
the function

J*(y) = HO\ Ua((2,9) = (2, 50) = f(©)) = HO\ Ua((z,y — yo) — f(©)) =
_ {H"\(—f(@)), if 5 = o,
00, if y # yo.
Example 2. Let £ C H", H" \ E # (), f(x) = dg(x). Then
F(y) = H\ Uy ((2,9) — 65(x)) = H* \ Uy (a, ),

that is, conjugate with the indicator function of its own subset E will be the reference
function of this set.

Theorem 6. For each multivalued function f: H" — H the inclusion f C f** is
valid.

Proof. Let us take an arbitrary pair of points
r=(21,...,2,) €EH", y=(y1,...,yn) € H".
We obtain from the inequality 2
(z,y) = ") N fz) =0, (z,y) — f*(y) CH\ f(2),

1.e.

H\ ((z,y) — 7 (y)  f(a).
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Taking in the last inclusion the intersection of all y € H™, we will obtain such
inclusions

Ny[H\ ({2, ) — f*(9))] D f(),
H\ Uy ((z,y) — f*(y)) D fz), f C [
The theorem is proved. 0]

Definition 18. A multivalued function f: H"™ — H is called an open (respectively,
closed or compact) function when its graph is open (respectively, closed or compact)
set in H" 1.

Theorem 7. Let f: H* — H be a multivalued function. Then the function f*
conjugate to it is linearly convex. If f is open then f* is closed.

Proof. The value of the conjugate function can be written as

[ () = Na(H\ ({2, ) — f())).
For a fixed x the function y — H° \ ((z,y) — f(z)) is a multivalued affine function
in y, and therefore it can be presented in the form

y = (z,y) + [\ (= f(2))]. (3)
The function f* is the intersection of linearly convex functions of the form (3), and
hence by the Theorem 5 f* is a linearly convex function. Moreover, if f is open, then
each of the functions (3) is closed, and therefore f* is also closed. The theorem is
proved. L]

The following theorem is a hypercomplex analogue of the Fenhel-Moro theorem.

Theorem 8. Let the multivalued function f: H™ — H be such that H \ f(z) # 0
for all x € H". Then f** = f if and only if when f is linearly convex.

Proof. We shall show that the equality f** = f is equivalent to the linear convexity
of the function f.

If f** = f, then, according to the Theorem 7, a function conjugate to an arbitrary
function will be linearly convex. If f(H") = oo, then the equality f** = f is obtained
from formulas 1 and 2. We have f*(y) = H for all y € H™ and f** = oo. Since
f C f** by Theorem 6, it suffices to show that the inverse inclusion f O f** is valid
for a linearly convex function.

Let there be inequality f(zg) # f**(xo) at some point xg. Then there is an affine
function I(x) = (z,y0) + «, such that T'(I) NT(f) = 0 and wy = (xo,yo) + @, where
wo € f** (o) \ f(zo). Then

f(yo) = H\ Uz ({z, yo) — f(2)) = N[H"\ ({z,50) — f(2))] 2 (—a),
because [(z,yo) — f(z)] # —a for all x € H". For the function f** valid is an inclusion

f7 (o) = Ny [H\ ((xo, ) — " (y))] C
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C H?\ ({zo, y0) — [ (y0)) C H®\ (w0, y0) + ) = H" \ wo.
Therefore, wg ¢ f**(xg), which contradicts the choice of the point wg € f**(xg) \
f(zo). The theorem is proved. O

Definition 19. Let f,: H" — H,a € A, be multivalued functions. The func-
tion (Uqfo)(z) := Uqfoa(z) we call the union of functions f,, and the function
(Nafa)(@) == Na fo(z) we call their intersection.

For the conjugate functions, there is the theorem of duality.

Theorem 9. Let f,: H* — H, a € A, be multivalued functions. Then equality holds

(Uafa)* = maf;-

Proof. From expression 1 we obtain for conjugate functions
(Uafa)*(y) = H° \ Uaz((‘ra y> - Uozfoz(x)) =
=H\ Uz Ua ({2, y) — fa(2)) = H\ Ua Uz ({2,y) — fa(2)) =

= Na(H?\ Uz ((2,9) — fa(2))) = Nafa ().
The theorem is proved. U
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UOGOLNIENIE IDEI WYPUKLOSCI NA PRZESTRZENIE
HIPERZESPOLONE

Streszczenie

Badamy ekstremalne elementy i h-otoczki zbioréw z n-wymiarowej przestrzeni hiperze-
spolonej H". Wprowadzana jest klasa zbioréw H-quasi-wypuklych wlaczajac zbiory silnie
hiperzespolenie wypukte, domkniete w odniesieniu do przecie¢. Pewne wyniki dotyczace
funkcji wielowartosciowych w przestrzeniach zespolonych sa uogdlnione na przestrzenie
hiperzespolone. Dotyczy to twierdzenia Fenchela-Moreau i pewnych wlasno$ci funkcji sprze-
zonych do funkcji f: H" \ © — H.

Stowa kluczowe: zbidér hiperzespolenie wypukty, h-otoczka zbioru, punkt h-ekstremalny,

zbioér H-guasi-wypukly, funkcja liniowo wypukta, funkcja sprzezona
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THE SCHWARZ TYPE INEQUALITY FOR HARMONIC
FUNCTIONS OF THE UNIT DISC SATISFYING
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Summary

Let T1, T> and T3 be closed arcs contained in the unit circle T with the same length 27 /3
and covering T. In the paper [3] D. Partyka and J. Zajac obtained the sharp estimation of
the module |F(z)| for z € D where D is the unit disc and F' is a complex-valued harmonic
function of D into itself satisfying the following sectorial condition: For each k € {1,2,3}
and for almost every z € T} the radial limit of the function F' at the point z belongs to
the angular sector determined by the convex hull spanned by the origin and arc T}. In this
article a more general situation is considered where the three arcs are replaced by a finite
collection 131,75, ..., T, of closed arcs contained in T with positive length, total length 27
and covering T.

Keywords and phrases: harmonic functions, Harmonic mappings, Poisson integral, Schwarz

Lemma

1. Introduction

Throughout the paper we always assume that all topological notions and operations
are understood in the complex plane E(C) := (C,p.), where p. is the standard
euclidean metric. We will use the notations cl(A) and fr(A) for the closure and
boundary of a set A C C in E(C), respectively. By Har({2) we denote the class of
all complex-valued harmonic functions in a domain €2, i.e., the class of all twice

[95]
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continuously differentiable functions F' in €2 satisfying the Laplace equation
0?’F(2) 0%F(2)
Ox? + 0y?
The sets D := {2z € C: |z] <1} and T := {2z € C : |2| = 1} are the unit disc and
unit circle, respectively. The standard measure of a Lebesgue measurable set A C T
will be denoted by |Al;. In particular, if A is an arc then |A|; means its length. Set
Lpq =1k €Z:p<k<q} for any p,q € Z.

=0, z=z+iye .

Definition 1.1. For every n € N a sequence Z; , > k — T}, C T is said to be a
partition of the unit circle provided T}, is a closed arc of length |Ty|; > 0 for k € Z; ,
as well as

UZe=T and > |Ti|s =2m. (1.1)
k=1 k=1

For any function F': D — C and z € T we define the set F**(z) of all w € C such
that there exists a sequence N 3 n +— 7, € [0;1) satisfying the equalities

lim 7, =1 and lim F(r,z)=w.
n—-+oo n—-+o0o

Definition 1.2. By the sectorial boundary normalization given by a partition Zi , >

k+— T, C T of the unit circle we mean the class N(T1,Ts,...,T,) of all functions
F : D — D such that for every k € Z,, and almost every (a.e. in abbr.) z € T},
F**(2)C D :={ru:0<r<1,ue&Ty}=conv(T, U{0}). (1.2)

Given n € N and a partition Z; ,, 3 k +— T}, C T of the unit circle we will study
the Schwarz type inequality for the class

F :=Har(D) "N (T1,T5,...,T,).

If n < 2 then we have a trivial sharp estimation |F(z)| < 1 for F' € F and z € D,
where the equality is attained for a constant function. Therefore, from now on we
always assume that n > 3.

In Section 2 we prove a few useful properties of the class F. Most essential
here is Theorem 2.3. We use it to show in Section 3 Theorem 3.1, which is our
main result. Then we apply the last theorem in specific cases; cf. Examples 3.4 and
3.5. In particular, we derive the estimation (3.13), obtained by D. Partyka and J.
Zajac in [3, Corollary 2.2]. Thus the estimation (3.1), valid for an arbitrary partition
of T, generalizes the one (3.13), which holds only in the case where n = 3 and
the arcs Ty, To and T35 have the same length. Note that the estimation (3.12) is a
directional improvement of the radial one (3.13). In Example 3.5 we study a general
case of an arbitrary partition of the unit circle. As a result, we derive reasonable
estimations (3.23) and (3.24), which depend on the largest length among the ones
Ty |1 for k € Zy 5.
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2. Auxiliary results

Let P[f] stand for the Poisson integral of an integrable function f : T — C, i.e.,
P[f] : D — C is the function given by the following formula

PUI) = o [ f0) =l = o [ Fre

lu — z|? u—z
The Poisson integral provides the unique solution to the Dirichlet problem in the
unit disc D provided that the boundary function f is continuous. It means that P[f]

|dul, z € D. (2.1)

is a harmonic function in I, which has a continuous extension to the closed disc cl(D)
and its boundary values function coincides with f. For any function F' : D — C we
define the radial limit function of F' by the formula

lim F(rz), if the limit exists,
T>z— Ff(z) =g r=1"
0, otherwise.

Since a real-valued harmonic and bounded function in D has the radial limit for a.e.
point of T (see e.g. [2, Cor. 1, Sect. 1.2]), it follows that F* = (Re F)* 4+ i(Im F)*
almost everywhere on T provided F' € Har(D) is bounded in . Therefore,

F*(z) ={F*(2)} forevery F € F and a.e. z € T. (2.2)

In particular, for each function F' : D — D, F' € F if and only if F' € Har(D) and
F*(z) € Dy, for k € Z 5, and a.e. z € T}. From the property (2.2) it follows that for
each F' € F the sequence N > m — f,,, where

T2ur f(u):=F((1— L)), meN,

is convergent to F* almost everywhere on T. Then applying the dominated conver-
gence theorem we see that for every z € D,

F((1- %)z) = P[fn](z) = P[F*](z) as m — +o0,

which yields
F =P[F*], FeclF. (2.3)

Let X be the characteristic function of a set I € T, i.e., X;(¢t) := 1 for t € I and
Xr(t):=0forteT\I.

Lemma 2.1. For all F € F and z € D there exists a sequence Zy n, 3 k — ¢, € Dy,
such that the following equality holds

F(z) =) PXp](2). (2.4)
k=1

Proof. Fix F € F and z € D. Since |Ty|; > 0 for k € Z; 5, it follows that
0<pr:=PXp](z) <1, ke&Zy,. (2.5)
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By (1.2) each sector Dy, k € Zj ,, is closed and convex. Moreover, from (1.2) and
(2.2) we see that F*(z) € Dy, for k € Z , and a.e. z € T). Then applying the integral
mean value theorem for complex-valued functions we deduce from (2.5) that

1
Cp = P[p— F* -ka] (2) € Dy, k€Zy,.

k

Hence and by (2.3),
F(z) = PIF*](2) = P[> F* - Xg | (2) = Y P[F* 33, ] (2)
k=1 k=1
n 1 mn
= ka[_'F* -XTk}(Z)=ZPka,
k=1 Pk k=1

which implies the equality (2.4). O
Lemma 2.2. For every sequence Z1 ., > k — ci, € Dy,

F:=) e PXg] €T (2.6)

k=1

Proof. Given a sequence Zy , 3 k +— ¢ € Dy, consider the function F' defined by
the formula (2.6). Since P[Xr,| € Har(D) for k € Z; ,, we see that F' € Har(D).
Furthermore, for each z € D,

> Pz )(2) = P30 xr, | (2) = Plxel(z) = 1,
k=1 k=1
whence

[F(2)] <) lerl PX7](2) < ) PXp](2) = L.
k=1 k=1

By the definition of the function F' we have
F*(z) =Y aXr(z), z€T\E, (2.7)
k=1

where E is the set of all w € T such that u is an endpoint of a certain arc among the
arcs Ty, for k € Zy .

Assume that |F(zp)] = 1 for some zy € D. By the maximum modulus principle
for complex-valued harmonic functions (cf. [1, Corollary 1.11, p. 8]) there exists
w € T such that F(z) = w for z € D, and so F*(z) = w for z € T. By (2.7),
F*(z) =cy for k € Zy 5, and z € T}, \ E. Therefore w = ¢, € Dy, for k € Z; ,, and so
w € DN DyNDs = {0}. Hence w = 0, which contradicts the equality |w| = 1. Thus
F(z) <1for z € D, and so F' : D — D. Furthermore, from (2.7) it follows that for
all k € Z1, and z € Ty, \ E, F*(2) = ¢ € Dy. Thus F € N(T1,T5,...,T,), which
implies (2.6). O
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Theorem 2.3. For every compact set K C D there exist a sequence Zy ., > k
ck € Dy and zx € fr(K) such that

Fx =Y aPXp]eF (2.8)
k=1
and .
IF(2)] < |Fx(2x)] = ‘ch P[ka](zK)‘, FeF, zeKk. (2.9)
k=1
In particular,
max({|F(z)|: F e F,ze€ K}) = |Fk(zk)|. (2.10)
Proof. Fix a compact set K C D. Since F(K) C F(D) C D for F € F,
Mg :=sup({|F(z)|: Fe F,ze K}) <1. (2.11)
Hence, there exist sequences N> m — F,,, € F and N 2 m — z,, € K such that
ml_lgloo |F(2m)| = Mk (2.12)

From Lemma 2.1 it follows that for each m € N there exists a sequence Z; ,, 3 k
¢m,k € Dy, such that

n

F(2m) = Y €mx PX1 ) (2m).- (2.13)
k=1

Since the set Dy is compact for k € Z; , we see, using the standard technique of
choosing a convergent subsequence from a sequence in a compact set, that there
exists an increasing sequence N > [ — m; € N, a sequence Z; ,, > k +— ¢ € Dy and
25 € K such that

Cmyk = Cr asl—+4oo forkeZ, (2.14)

and
Zmy, — 25 as |l — +oo. (2.15)

By Lemma 2.2, the property (2.8) holds. From (2.13) we conclude that for every
m € N,

i (2m) = Fa(zm)| = |3 e PX] () = 3 et PP (2m)

k=1 k=1
< ler = mkl P (2m)
k=1

n
S Z |Ck: - Cm,k|7
k=1

which together with (2.14) leads to
lim |Fg(zm,) — Fm, (zm,)| = 0. (2.16)

l—+o00
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Since |cx| < 1 for k € Z; j, it follows that

|Fr(2k) — Fr(zm)| < ‘Z cr PX1 ) (2k) — D eu P[Xxy ) (2m)
< ekl - | PXp)(25) — PIXp, ] (2m)]
k=1

< 3 IPXg,)(z) — PXg)(z)l, me N,
k=1

This together with (2.15) yields
lim |Fg(2%) — Fk(zm,)| = 0. (2.17)

l—+o00

Since for every [ € N,

[Fx (2k) = Finy (2m))| < [Fr (2K) = Fr (2my)| + [F (2m,) = Finy (2,
we deduce from (2.17) and (2.16) that

m | Fp, (zm,)] = [Fic(25)].

l—+oo

Hence and by (2.12), |Fk (2} )| = Mk. Since Fx € Har(D), the maximum modulus
principle for complex-valued harmonic function (cf. [1, Corollary 1.11, p. 8]) implies
that there exists zx € fr(K) such that |Fk(z)| < |Fk(zk)| for z € K. In particular,
Mgk = |Fk(2k)| < |Fk(2k)|- On the other hand, by (2.8) and (2.11), |Fk(zx)| <
My . Eventually, |Fk(zx)| = Mg. This implies (2.10), and thereby, the inequality
(2.9) holds, which is the desired conclusion. O

3. Estimations

As an application of Theorem 2.3 we shall prove the following result.

Theorem 3.1. For every z € D the following inequality holds

[F(z)| <1—(n—=S8)p(z), FE€F, (3.1)
where
S = Sup({Re(ﬂ vk> u€e€T,Zin2k— v, € Dk}> (3.2)
and :
p(z) == min({P[X1,](2) : k € Z1 ,,}). (3.3)

Proof. 1t is clear that K := {2z} is a compact set for a given z € D. By Theorem 2.3
there exists a sequence Z1 ,, > k — ¢, € Dy, such that

Fr =Y cPXg]€F
k=1
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and
|F(2)| < |Fk(2)], FeF. (3.4)

Setting u := F(2)/|Fk(2)| if Fx(z) # 0 and u := 1 if Fg(2z) = 0, we see that u € T
and F(z) = u|Fk(2)|. Hence

|Fr(2)| = uFk(z) = Re(uFk (2 ( chpk) = ZRe(ﬂck)pk, (3.5)
k_
where py, := P[X1,|(2) for k € Z; ,,. Since
Zpk =1 and Re(ucy) < M :=max({Re(uc)) : 1 €Z1n}) <1, k€ Zin,

k=1
we deduce from the formula (3.3) that

ZRe ucy)pr = Z(Re(ﬂck) — M + M)pyg
k=1

= MZpk + Z(Re(ﬁck) — M)py,
k=1 —1

(|
||M§
¥ -1
lzs

|

:

’B

[ﬁ

z

Q

Q

=1—np(z —|—p(z)ZRe ucy,)-

This together with (3.5) and (3.2) yields

n

[F(2)| < 1—np(2) +p(2) Y Re(ticy)
k=1

<1 —np(z2) +p(2)S
=1—(n—9)p(z).
Hence and by (3.4) we obtain the estimation (3.1), which proves the theorem. [

The estimation (3.1) is useful provided we can estimate p(z) from below and S
from above. The first task is easy and depends on the following quantity

5 e %min({|Tk|1 ke Zin)). (3.6)



102 A. Futa and D.

Partyka

Lemma 3.2. For every a € (0;m/2] the following estimation holds

P[X,.](2) > PX..](2]) = %arctan <Sm—m)) _Y LeD,

where I, := {e'' : [t — | < a}.

Proof. Given o € (0;7/2] we see that e; := el("=®) =

|z| + cos(a) s

(3.7)

—e 1% and g 1= i) = gl

are the endpoints of the arc I,. Let z € D be arbitrarily fixed. Since I, C €2, :=

C\{z+t:t> 0}, the function Q, > ¢ — log

ielt

d
&bg(z —e't) =

eit — 5’

(z — ¢) is holomorphic and

ter—ao;m+al.

Here we understand the function log as the inverse of the function exp|q, where

Q:={CeC:|Im(| <7} By (2.1) we have

P[X]a](z):—/X] u)Re

elt
= R
27T T—Q ¢
1 T+o
= — Re(

elt

1
21 Jo_q e

””|du|

+ 2z
—Z

dt

2it
ks —1>dt

t_— 2

1 T+o s A1t
=2 [ (a2
T Jre e —z ™

«

dt

™ —

1 T+ d ]
= — / Im — log(z — e')dt — e

™

— Ltz — ) ~ logl — ex)] - 2

Therefore, for an arbitrarily fixed r € [0; 1),

P[X; ](re'?) = - Im[log(re + e'*) — log(re'? + e7*)] — %, 6 € R.

Consequently,
d 1 irei? irei?
— PIx A — [ . — - — . }
de Xr(re”) — relf 4+ el pelf 4 o-ia
r [ iei@(_eia + e—ia) :|
T (7’619 + eloz)(rele + e—la)

_ 2rsin(a) Im[e'?(re ™ + e71)(re ¥ + 1))

- [rei? + oia|2[relf 1 o—ia|2
_ 2rsin(a) Im[r2e™ 4+ re™1@ 4 rel® 4+ eif]
= 76?1 cio2[reif 4 o—ia|2

27(1 — r?) sin(«) sin(6)

0 € R.

= 7|rei® + eie2[rei + e—ia |2’
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Combining this with (3.8) we derive the estimation (3.7), which proves the lemma. [
Corollary 3.3. The following estimation holds

sin(9)
|z| + cos(6)
where p(z) and § are defined by the formulas (3.3) and (3.6), respectively.

p(z) > PX5](|z]) = %arctan < ) — é, z €D, (3.9)

>

Proof. Let Zy,,, 2 k +— aj, € T be the sequence of midpoints of the partition Z; , >
kw— T, CT,ie.,

Ty := {age' : [t| < ap}, (3.10)
where o, 1= %|Tk|1 for k € Z; ,,. Hence and by (3.6) we obtain Is C I,, for k € Z1 ,,
where I, := {el' : |t — 7| < a} for a € (0;7]. Then applying the formula (2.1) we see
that for an arbitrarily fixed z € D,

PXp, J(12]) = PIX5](12]) + PIXr, 1] (12]) = PIX5](12]), K € Zo .

Therefore

min({P[Xz,, ]([z]) : k € Z1,n}) = PXg,](|2]), (3.11)
because § = ays for some k' € Zy,. Fix k € Z;,. Using the rotation mapping
Co¢w ) := —a,:lC we have ¢(Ty) = I,, . Then integrating by substitution we
deduce from the formula (2.1) that

PX7)(2) = PXy(1)[(0(2)) = P[Xy,, [(0(2))-

On the other hand, by Lemma 3.2,

PXr, J(#(2)) = PIXy, [(le(2)]) = PXy, ](]2])-
Thus
PX7,|(2) > P[Xy, 1(|2]), & € Zin.
Combining this with (3.3) and (3.11) we derive the estimation (3.9), which completes
the proof. O

A more difficult problem is to estimate from above the quantity S given by the
formula (3.2). It will be studied elsewhere. Now we present two examples.

Example 3.4. Suppose that Z;3 > k — T}, C T is a partition of T such that
|T1|1 = |T2]1 = |T5|1- As in the proof of [3, Theorem 2.1] we can show that S < 2.
Hence and by Theorem 3.1 we obtain

|F(2)] <1—p(z) =1—min({P[Xp](2) : k € Z13}), FeF,zecD. (3.12)
Corollary 3.3 now implies the estimation

V3

1+ 2|z|

cf. [3, Corollary 2.2]. Therefore, the estimation (3.12) is a directional type enhance-
ment of the radial one (3.13) for the class F.

4 2
|F(z)] < = — — arctan
3 7

), FeF, zeD (3.13)
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Example 3.5. Suppose that Z; , > k — T}, C T is a partition of T such that

A =max({|Tx|1 : k € Z1n}) < g (3.14)
Then
s
= — ) > 1. .
N Ent(zA) >1 (3.15)

Fix v € T and a sequence Zy , > k +— vy € Dj. There exist a bijective function o
of the set Z; ,, onto itself and an increasing sequence Z; , > k — «j, € R such that
an =27 + o, u € Ty(1) and
Tcr(k) = {eit o1 <t < Otk}, k € Zl,n-
Hence there exist 6 € [ag; 1] and a sequence Zj ,, 3 k — (rg,0;) € [0;1] x R such
that u = €', vy, = rpel% for k € 24y and
a1 < Hg(k) <ap, k&Zin,. (3.16)
Since for each k € Z1 ,,,
Re(uv) = Re (rkeie’“e_ig) = Re (Tkei(ek_0)> = 11 cos(f — 0),
we conclude that
Re(uvy) < max({0, cos(6x — 0)}), k € Zqn. (3.17)
From (3.14) it follows that
J

aj—o;= Y (—o1) < (G—DA, i,j€Lop,i<j. (3.18)
l=i+1

Setting
3

> +6)

p:=min({k € Z1 ,, : oy > g +6}) and ¢:=max({k € Z1, :ar <
we conclude from (3.15) and (3.18) that
NAgggap—HSap—ao < pA
as well as
NAS%:aq—l—g—aq<27r+9—aqSan—aq—l—al—aog(n—q—!—l)A.

Therefore N < p and ¢+ N < n. Given k € Z; ,, the following four cases can appear.
If p+1— N <k <p then by (3.16) and (3.18),

g+0—90(k)gap—ak_lg(p+1—k)A§NA§

o]

as well as

g+9_‘90(k)>ap—l_ap2_A2__
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which gives
cos(Og )y — 0) = sin(m/2 + 0 — 0,(1y) <sin((p+1—k)A).
Hence and by (3.17) we obtain
Re(@v,(ry) <sin((p+1—-Fk)A), k€ Zpy1i-np. (3.19)
If p+1 <k < q then by (3.16),
g+9§ak_1 <Oy < o < 3§+9,

and so cos(0y(x) — ) < 0. This together with (3.17) leads to

Re(gky) <0, k€ Zpy1q. (3.20)
If g+1 <k <q+ N then by (3.16) and (3.18),
37 37

Ha(k)—E—QSak—7—9<ak—aqS(k—q)ASNAg

VS

as well as

3T s
ea(k)_7_02aq_aq+1 Z_AZ_Ea

and consequently,
cos(0g (k) — 0) = sin(Oy )y — 37/2 — 0) < sin((k — q)A).
Hence and by (3.17) we obtain
Re(uvg (k) <sin((k —q)A), k€ Zgy1,4+N- (3.21)

If1<k<p—Norq+N+1<k<n,then clearly Re(@v,)) < 1. Combining this
with (3.19), (3.20) and (3.21) we see that

n D q+N
> Re(gm) < Y, sin((p+1-k)A)+ Y sin((k—q)A) (3.22)
k=1 k=p+1-N k=q+1
+(P—-N)+(n—q—N)
= QZsin(ij) +n—2N — (q — p).
k=1

Since ™ < agr1 — ap—1 < (¢ —p+ 2)A, we deduce from (3.15) that 2N <g—p+1.
Combining this with (3.22) we get

n N
Z Re(uvg(ry) < 2 Z sin(kA)+n—2N — (2N — 1)
k=1 k=1
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Hence and by (3.2),

Theorem 3.1 now shows that

(N+1)AY - (NA
2 )Asm( 2 )>p(z), FeF,2eD, (3.23)
Sln(§>

sin (

F(z)] <1— <4N—1—2

where N and p(z) are defined by (3.15) and (3.3), respectively. Applying now Corol-
lary 3.3 we derive from (3.23) the following estimation of radial type

sin (YDA gip (NA
|F<z>|s1—<4N—1—2 ( ;n()é) = )>P[><151<|z|>,

FeF,zeD, (3.24)
where 0 is given by the formula (3.6).
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Presented by Zbigniew Jakubowski at the Session of the Mathematical-Physical Com-
mission of the L6dz Society of Sciences and Arts on April 16, 2018.

NIEROWNOSCI TYPU SCHWARZA DLA FUNKCJI
HARMONICZNYCH W KOLE JEDNOSTKOWYM SPEINIAJACYCH
PEWIEN WARUNEK SEKTOROWY

Streszczenie

Niech T1, T5 i T3 beda lukami domknietymi, zawartymi w okregu jednostkowym T, o
tej samej dlugosci 27/3 1 pokrywajacymi T. W pracy [3] D. Partyka and J. Zajac otrzymali
dokladne oszacowanie modutu |F'(z)| dla z € D, gdzie D jest kolem jednostkowym, zas F jest
funkcja harmoniczna o wartosciach zespolonych kota D w siebie, spelniajacych nastepujacy
warunek sektorowy: dla kazdego k € {1,2,3} i prawie kazdego z € T} granica radialna
funkcji F' w punkcie z nalezy do sektora katowego bedacego otoczka wypukta zbioru {0} U
Tr. W tym artykule rozwazamy ogdlniejszy przypadek, gdzie trzy tuki sa zastapione przez
skoniczony uklad tukéw domknietych Ti,T%,...,T, zawartych w T, o dodatniej dtugoéci,
catkowitej dlugosci 27 i pokrywajacych T.

Stowa kluczowe: calka Poissona, funkcje harmoniczne, lemat Schwarza, odwzorowania har-

moniczne
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Summary

It is observed that quinary and senary structures like in pentacene and several other
polymers may be composed from binary and ternary structures in the sense of differential-
equational and geometrical description. In the case of pentacene its leaves are attached to
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2. The role of total energy maxima for the infrared and Raman activity energy
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3. Decomposition of a quinary structure to binary structures

4. Decomposition of a senary structure to ternary structures
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5. Slightly wavy behaviour of the system of hexagons in a pentacene leaf

6. Zigzag or meander soliton behaviour of a twisted structure of pentagons in a
pentacene leaf. The sine-like case

7. An analogue of a pentacene structure in the cosine-like case

8. Pentacene as a foliated manifold with a soliton behaviour of leaves

This paper in some sense is a continuation of the paper [3] by E. Z. Fratczak,
J. Lawrynowicz, M. Nowak-Kepczyk, H. Polatoglou, L. Wojtczak and [7] by J.
Lawrynowicz, M. Nowak-Kepczyk, and O. Suzuki.

1. Quinary and senary structures in pentacene
and several other polymers

When looking at formulae for chromophore P in the elongated form (A, B) and
the cyclic form (C, D): A,C — Pr, B,D-Pfr, where Pr and Pfr are red-absorbing
(infra-red-absorbing) forms of phytochrome, respectively (Fig. 1, cf. [1, 2, 6, 10]) we
can see a quinary structure together with a senary structure.

In the case of pentacene in the usual form CooHy4 (Fig. 2) where C stands for the
carbon atom, H for hydrogen atom, a thin film of pentacene forms almost co-planar
leaves consisting of five pentagons with each pair having one side of the vertices of
hexagons in common, attached as the whole structure to the silicone SiO5 substrate.
An example of a quinary structure in principle possible for pentacene is shown in
Fig. 3. There are two basic forms of position of pentacene leaves with respect to
substrate, as shown in the figure.

2. The role of total energy maxima for the infrared and Raman
activity energy spectra

When changing the wave number we meet two sharp energy maxima (Fig. 4) which
may serve for the corresponding nanomolecule as the nanomotor where the origi-
nal energy structure is changed to a quinary structure (cf. J. -P. Sauvage, Sir J.
Fraser Stoddart, and B. L. Feringa [11]), more precisely, for a structure of leaves
corresponding to Fig. 3.

Looking more carefully, when changing the wave number in both infrared and
Raman activity energy spectra (Figs 5 and 6) we meet again two sharp maxima which
may serve for the corresponding nanomolecule as nanomotors where the original
senary structure has changed into a quinary structure according to the formulae [3]:

xCooHy4 + 2Hy < yCeH,), (1)

where z, y, £, n are positive integers and z is an integer.
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cCO protejn eloloy

Fig. 1. Structural formula for chromophore P.

More precisely, in the case of leaves consisting of six pentagons, with help of the
urn model of Gaveau and Schulmann [5] (cf. also [4]) it is possible to calculate the
probability of the occurence of the transformation (1) for definite (&, n). For our
calculations we take & = 22, n = 16,

c=11- —7=0. (2)
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HQ OH

HO OH
HO OH
HO O H
HO OH
HO C C OH
H Oy & o c__H
510 substrate
//////////////// %

Fig. 2. The pentacene molecule C22H14 in the usual form.

3. Decomposition of a quinary structure to binary structures

The carbon atom C has four 3-hands of electrons whereas the hydrogen atom H has
one hand. Therefore the corresponding binary extension leading to a polymer may
be proposed as shown in Fig. 7 (cf. [13]).

4. Decomposition of a senary structure to ternary structures

In analogy to the previous Section the corresponding ternary extension leading to a
polymer may be proposed as shown in Fig. 8.

It is possible (cf. Section 1) to have polymer involving both pentagons and
hexagons, for instance five pentagons and one hexagon with carbon atoms in the
edges. At the moment we are leaving aside the question of composing it from the
binaries only or the ternaries only (cf. [8, 9]).
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Fig. 3. A candidate for the pentacene molecule Ca2Hig in the form of six pentagons (c.f.
the next Section).

s
T4

= 905

N 1297

»# 957

~ BOG
~ B3R

Tr

Al

PR T RS A "N T VRN W [N WY VAN WU NN N NN TN VRN SN [N ST N T WY NN WA TN N T [ GO WO N T S S Y

3200 3000 2000 1800 1600 1400 1200 1000 800 600
-1
wave number /cm

absorbance (arb. units)

Fig. 4. The total energy (absorbance) maxima.

5. Slightly wavy behaviour of the system of hexagons in a pen-
tacene leaf

The distance between the usual pentacene CooHiy leaves (having five carbon-atomic
hexagons) amount ca. at d ~1.6 nm. It appears that the leaves of pentacene are not
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precisely co-planar; they meet optimal global energetic conditions when they have a

slightly wavy behaviour:

Theorem 1. A section of the pentacene CooHiy orthogonal to the silicone SiOq
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it
D

Fig. 7. The binary extension type leading to a polymer related to C and H.

Fig. 8. The ternary extension type leading to a polymer related to C and H.

substrate is a sine-like soliton curve with mazima at § € (0.013nm; 0.014 nm)
(cf. Figs 2, 8, 9).
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Fig. 9. The pentacene Ca2H14 molecule leaf with the sine-like soliton sections.

6. Zigzag or meander soliton behaviour of a twisted structure
of pentagons in a pentacene leaf. The sine-like case

In this case again, the distance between the consecutive leaves of the modified pen-
tacene (leaves being six carbon-atomic pentagons) C¢H,y, in our case CaooHig (Figs 3
and 9) amounts at d=1.6 nm. We suppose that the leaves of pentacene are far from
being co-planar; they meet optimal energetic conditions when they form solitary
zigzags and meanders.

If we concentrate on the sine-like case (Figs 11 and 12) we get:

Theorem 2. A section of the pentacene CooH14 leaf orthogonal to the silicone SiOq
substrate, in the sine-like case is a sine-like soliton curve with mazima at h € (0.139
nm, 0.140 nm) (cf. Figs 3, 9, 10, 11, and 12).
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Fig. 10. Some candidate Ca2Hi6 for a pentacene molecule in the form of six pentagons. A
twisted sine-like soliton structure.

Fig. 11. The pentacene molecule structure in the form of six pentagons. Form in the sine
case. The right screw-twisted structure.

Fig. 12. The pentacene molecule structure, the left cosine twisted case.
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7. Zigzag or meander soliton behaviour of a twisted structure
of pentagons in a pentacene leaf. The cosine-like case

In this case again, the distance between the consecutive leaves of the modified pen-
tacene (leaves being carbon atomic pentagons) C¢H,, in our case CooHis (Figs 3
and 10) amounts at d~1.6 nm. It appears that the leaves on the pentacene are far
from being co-planar: they have optimal global energetic conditions having the form
of soliton zigzags or meanders. We are concentrated on the cosine-like case (Figs 14
nad 15) and arrive at:

Theorem 3. A section of the pentacene CooHqg leaf orthogonal to the silicone SiOq
substrate, in the cosine-like case is a cosine-like soliton curve with mazxima at h €

(0.139 nm, 0.140 nm) (cf. Figs 3, 11, 14 and 15).

Fig. 13. Some candidate C22Hig for a pentacene molecule in the form of six pentagons.
Another twisted cosine-like structure.

Fig. 14. The pentacene structure in the right-cosine twisted case.
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Fig. 15. The pentacene structure in the left-cosine twisted case.

Fig. 16. A section of the pentacene Co2H16 leaf orthogonal to the silicone SiO2 substrate,
in the sine-like twisted case.

Fig. 17. A section of the pentacene C22Hi6 leaf orthogonal to the silicone SiO2 substrate,
in the cosine-like twisted case.
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8. Conclusions. Pentacene as a foliated manifold with a soliton
behaviour of leaves

Summing up we may consider pentacene, both in the form CosHis and CooHig
as a foliated manifold with a soliton behaviour. In the senary case the system is
quite close to a system of parallel planes because of considerable difference between
distance d~1.6nm and the maximal deviation 6=0.013nm of surfaces forming the
system of leaves.

The whole configuration may have several mathematical and physical properties
worth further investigation.

Acknowlegements

The authors thank Professor Leszek Wojtczak and Doctor Ewelina Z. Fratczak for
stimulating and helpful discussion.

References

[1] C. Branden and J. Tooze, Introduction to Protein Structure, Garland Publishing,
New York-London 1991.

[2] T. E. Creighton, Proteins: Structures and Molecular Principles, W. H. Freeman and
Co., New York 1983.

[3] E.Z. Fratczak, J. Lawrynowicz, M. Nowak-Kepczyk, H. Polatoglou, and L. Wojtczak,
A theorem on generalized nonions and their properties for the applied structures in
physics, Lobachevskii J. Math., Lobachevskii J. of Math., Vol. 38, No. 2 (2017),
255261.

[4] B. Gaveau, J. Lawrynowicz, and L. Wojtczak, Solitons in biological membranes, Open
Syst. Inf. Dyn. 2 (1994), 287-293.

[5] B. Gaveau, L. S. Schulman, Dynamical metastability, J. Phys. A: Mat. Gen. 20 (1987),
2865-2873.

[6] Ch. Ghelis and J. L. Yon. Protein Folding, Academic Press, New York-London 1982.

[7] J. Lawrynowicz, M. Nowak-Kepczyk, and O. Suzuki, Fractals and chaos related to
Ising-Onsager-Zhang lattices vs. the Jordan-von Neumann- Wigner procedures. Qua-
ternary approach, Internat. J. of Bifurcations and Chaos 22, no. 1 (2012), 1230003
(19 pages).

[8] J. Lawrynowicz, O. Suzuki, and A. Niemczynowicz, On the ternary approach to Clif-
ford structures and Ising lattices, Advances Appl. Clifford Algebras 22, no. 3 (2012),
757-769.

[9] J. Lawrynowicz, O. Suzuki, and A. Niemczynowicz, Fractals and chaos related
to Ising-Onsager-Zhang lattices vs. the Jordan-von Neumann-Wigner procedures.
Ternary Approach, Internat. J. of Nonlinear Sci. and Numer. Simul. 14, no. 34 (2013),
211-215.



[10]
[11]

[12]

[13]

[14]

Some geometrical aspects of binary, ternary,. .., senary structure in physics 121

Y. Nosoch and T. Sekiguchi, Protein Stability and Stabilization Through Protein
Engineering, Ellis Harwood, New York-London-Toronto-Sydney-Singapore 1991.

J. -P. Sauvage, Sir J. Fraser Stoddart, and B. L. Feringa, Nobel Prize Lecture in
Chemistry 2016, Swedish Academy of Sciences, Stockholm 2016, 12pp.

O. Suzuki, Binary and ternary structures in physics I. The hierarchy structure of
Turing machine in physics, Bull. Soc. Sci. Lettres LodZ Sér. Rech. Déform. 66 no. 2,
(2016) 45-60.

O. Suzuki, A. Niemczynowicz, and J. Lawrynowicz, Binary and ternary structures in
physics II. Binary and ternary structures in elementary particle physics vs. those in
the physics of condensed matter, Bull. Soc. Sci. Lettres LédZ Sér. Rech. Déform. 66
no. 3, (2016) 115-131.

D. J. Thouless, F. D. M. Haldane, and J. M. Kosterlitz, Nobel prize lecture
in physics, Stockholm 2016, 12 pp. (F. D. M. Haldane Nobel Lecture: Topo-
logical Quantum Matter. Nobelprize.org. Nobel Media AB 2016. Web. 22 Jan
2017.  http://www.nobelprize.org/nobel  prizes/physics/laureates/2016/haldane-
lecture.html; J. M. Kosterlitz, Nobel Lecture: Topological Defects and Phase
Transitions. Nobelprize.org. Nobel Media AB 2016. Web. 22 Jan 2017.
http://www.nobelprize.org/nobel prizes/physics/laureates/2016 /koster-litz-
lecture.html

Osamu Suzuki

Department of Computer and System Analysis
College of Humanities and Sciences, Nihon University
Sakurajosui 3-25-40, Setagaya-ku, 156-8550 Tokyo

Japan

E-mail: osuzukil944butterfly@gmail.com

Julian Lawrynowicz

Department of Solid State Physics
University of Lédz

Pomorska 149/153, PL-90-236 L4dz;

Institute of Mathematics Polish Academy of Sciences
Sniadeckich 8, P.O. Box 21, PL-00-956 Warszawa
Poland

E-mail: jlawryno@uni.lodz.pl

Malgorzata Nowak-Kepczyk

Institute of Mathematics and Computer Science
The John Paul II Catholic University of Lublin

Al. Ractawickie 14, P.O. Box 129, PL-20-950 Lublin
Poland

E-mail: gosianmk@wp.pl



122 O. Suzuki, J. Lawrynowicz, M. Nowak-Kepczyk, and M. Zubert

Mariusz Zubert

Department of Microelectronics and Computer Sciences
Lo6dz University of Technology

Wélczanska 221/223, PL-90-924 L6dz

Poland

E-mail: mariuszz@Qdmcs.pl

Presented by Julian Lawrynowicz at the Session of the Mathematical-Physical Com-
mission of the L6dz Society of Sciences and Arts on May 14, 2016.

GEOMETRYCZNE ASPEKTY BINARNYCH, TERNARNYCH,
KWATERNARNYCH I SENARNYCH STRUKTUR W FIZYCE

Streszczenie

Obserwujemy, ze struktury kwinarne i senarne, zaré6wno w przypadku pentacenu, jak
i innych polimeréw, mozna utworzy¢ ze struktur binarnych i senarnych w sensie rownan
rézniczkowych i opisu geometrycznego. Lidcie pentacenu umieszczone na silikonowym podto-
zu maja postaé pieciu potaczonych weglowo-wodorowych szesciokatéw; w calosci nie tworza
dokladnie struktury planarnej lecz lekko falujaca, ktéra minimalizuje energie catkowita. W
przypadku struktury kwinarnej liScie tworza odosobnione, niemal periodyczne zygzaki i
meandry.

Stowa kluczowe: algebry skonczenie wymiarowe, pierscienie i algebry laczne, binarne struk-
tury fizyczne, ternarne struktury fizyczne, kwinarne struktury fizyczne, senarne struktury

fizyczne, pentacen, polimer
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