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Abstract. We consider a class of so-called quaternionic G-monogenic mappings associated with m-
dimensional (m € {2,3,4}) partial differential equations and propose a description of all mappings
from this class by using four analytic functions of complex variable. For G-monogenic mappings we
generalize some analogues of classical integral theorems of the holomorphic function theory of the
complex variable (the surface and the curvilinear Cauchy integral theorems, the Cauchy integral for-
mula, the Morera theorem), and Taylor’s and Laurent’s expansions. Moreover, we investigated the
relation between GG-monogenic and H-monogenic (differentiable in the sense of Hausdorft) quater-
nionic mappings.
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Introduction

The quaternionic analysis was formed long ago. It is now extensively developed as a separate direction
of mathematics due to its numerous applications in various fields, mainly in mathematical physics and
differential equations (see, e.g., [1, 2]). The realization of this approach requires the introduction of
special classes of quaternionic “differentiable” functions whose components satisfy certain systems
of differential equations of the Cauchy—Riemann type.

The quaternionic analysis in the space R? was originated by Moisil and Theodoresco [3] who pro-
posed, for the first time, a three-dimensional analog of the Cauchy—Riemann system of equations.
They introduced the notion of holomorphic vector as a quaternion-valued vector function whose com-
ponents are continuously differentiable and satisfy the above-mentioned system, which was called the
Moisil-Theodoresco system. In the same paper [3], the authors proved an analog of the Morera theo-
rem and analogues of the integral Cauchy formula. The investigations originated in [3] were continued
in [4], where the notion of Cauchy-type integral was introduced, the existence of its boundary values
was investigated, and the applications of this integral to systems of singular integral equations were
discussed.

In [5], Fueter constructed a four-dimensional generalization of the Moisil-Theodoresco system
and proved analogues of the classical results of complex analysis for regular functions introduced
by him. These results were generalized in [6] and, together with the applications to some models
of mathematical physics, presented in the monograph [2]. It is also worth noting that the so-called
a-holomorphic functions f investigated in [2] satisfy the three-dimensional Helmholtz equation
_Of L of  Of

B 8x2+8y2 Tz Taf=0,

(Ag + Oé)f :

where « is a quaternion.
The last investigations in this field (see, e.g., [7],[8],[9]) can be regarded as various generalizations
of the results obtained in [2].
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Another (relatively new) direction of quaternionic analysis in R® and R* is represented by the
so-called modified quaternionic analysis originated by Leutwiler in the early 1990s (see, e.g., [10] —
[12]). In the Leutwiler construction in R?, the first two components of his hyperholomorphic functions
f = u(x,y,2) + w(x,y, z) + jw(z,y,z) (where i and j are basis quaternionic units) satisfy the

Laplace—Beltrami equation

ou
Agu— =— =0
ZA3U 62 s

and the third component w satisfies the equation

ow

22Aqw — z— 4+ w = 0.
0z

In [10] one can find the expansion of a hyperholomorphic function in a series in a system of
quaternionic polynomials. For more information see [13], [14].

Unlike [2], [3], [5], [6], in the Leutwiler approach, a power function is hyperholomorphic and the
partial derivatives of a hyperholomorphic function are also hyperholomorphic. At the same time, there
exists a relationship between both directions described above (see [12]).

We can also mention one more contemporary theory in the quaternionic analysis, namely, the
theory of socalled s-regular functions introduced by Gentili and Struppa in [15] on the basis of devel-
opment of Cullen’s idea [16]. This idea can be formulated as follows: Let

T =x9+ 110+ T2] + 13k =: 29 + S,

where g, x1, 19,3 are real numbers and<¢,j, k are basis quaternionic units. Every quater-

nion r = xo + S with  # xy can be represented in the form of a “complex number” with
new imaginary unit I: z = x¢ + [ |[Sz|, where [ := éi' and | - | is the modulus of quaternion.
It is clear that /2 = —1. In the same form, one can also represent a quaternion-valued function:

flz) =Ul(x, [Sx|) + 1V (xo, |Sz|).

Then the function f is called an s-regular function (see [15]) if the ”complex-valued” function
f = U+ 1V is a holomorphic function of the "complex” variable x = z + I |3 x|. It is obvious that
all quaternionic polynomials are s-regular. At present, the theory of s-regular functions is extensively
developed (see [17, 18, 19, 20]).

The mentioned variety of different approaches poses a natural question of classification of gener-
alized analytic function theories [21]. Such a classification can be derived from the symmetry group
of respective theory. Moreover, it is possible to build new theories from a given group representation
following the scheme in [22, 23].

Algebra of quaternions is a partial case of Clifford algebras [24]. Therefore, different approaches
in quaternionic analysis can find their generalizations in Clifford algebras. This problem becomes
especially interesting if we note that function theories in higher dimensions has important applications
in mathematical and theoretical physics, in mechanics of continua etc. (see, for example, [25, 26, 27]).

In the paper [28], we introduced a special class of mappings in the algebra of complex quater-
nions, which is not covered by the above-mentioned theories. Note that the commutative algebra
of bicomplex numbers (or of Segre commutative quaternions [29, 30]) is a subalgebra of the alge-
bra of complex quaternions H(C). In this subalgebra, we selected a three-dimensional real subspace,
Ej3, and consider mappings ¢ defined in a domain €2 of this subspace F53 and taking values in the
entire algebra of complex quaternions. These mappings are continuous and Gateaux differentiable.
They are called G-monogenic and represent the main object of our investigations. It is shown that
not only quaternionic polynomials but also quaternionic power series are (G-monogenic. Moreover,
in the paper [28], we proposed a constructive description of all G-monogenic mappings of the form
¢ : E3 D Q — H(C) based on the use of four analytic functions of complex variable. As a con-
sequence, the Gateaux derivative of a (G-monogenic mapping is, in turn, a (G-monogenic mapping.
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In addition, we study the relationship between (G-monogenic mappings and three-dimensional partial
differential equations. In particular, we discuss several applications of monogenic mappings to the
construction of solutions of the three-dimensional Laplace equation.

In the paper [31], we proved analogues of classical integral theorems of the holomorphic function
theory: the Cauchy integral theorems for surface and curvilinear integrals, and the Cauchy integral
formula for G-monogenic mappings of the form ® : E3 D Q — H(C). Furthermore, in [32] was
proved a curvilinear Cauchy integral theorem for (G-monogenic mappings in the case where a curve
of integration lies on the boundary of a domain of G-monogeneity.

The analogues of the Cauchy integral theorems (see [31]) are of the form

/6020, /U(I):O,

r r

where I is a closed surface (or a closed curve), o is a special differential form, and (TD,  are left-G-
monogenic mapping and right-G-monogenic mapping, respectively.

In the paper [33] we generalized analogues of the surface and curvilinear Cauchy integral theorems
for G-monogenic mappings to ’two sides” integrals. Namely, under some assumptions we proved the

equality
/&mcb = 0. )

r

Taylor’s and Laurent’s expansions of G-monogenic mappings of the form ® : F3 D 2 — H(C)
are obtained and singularities of these mappings are classified in the paper [34].

In [35], we introduce quaternionic H-monogenic (differentiable in the sense of Hausdorff) map-
pings and establish a relation between G- and H-monogenic mappings which are defined in a domain
of the space Ej5. The equivalence of different definitions of a G-monogenic mapping is proved.

In the present paper we generalize all results of the papers [28], [31] — [35] for quaternionic G-
monogenic mappings which are defined in a domain of the space F,,,, m € {2,3,4}.

The Algebra of Complex Quaternion

Let us consider the algebra of quaternion H(C) over the field of complex numbers C with the basis
{1,1, J, K}, whose elements satisfy the following multiplication rules:

IP=J=K=-1,

1J=—-JI =K, JK =—-KJ =1, Kl=—-IK=J.

In the algebra H(C) there exists another basis {e;, €2, €3, €4}
1 ) 1 ) 1. . 1,.
6125(14—2[), 6225(1—11), 6325(%]—[(), 64:§(ZJ+K),

where ¢ is the complex imaginary unit. The multiplication table in the new basis has the form (see
[36])
~Jlesfea|es]ed]
e1ller] 0 |leg| O
€9 0 €9 0 €4 |, (2)
€3 0 €3 0 €1
€4 €4 0 €9 0

where the unit of the algebra is decomposed as 1 = e; + es.
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It is easily seen, that the basis vectors {e;, €5} are idempotents, which form a semi-simple algebra.
Note also that this subalgebra is the algebra of bicomplex numbers or the Segre algebra of commutative
quaternion [29].

Recall that (see, e. g., [37, p. 64]), a subset Z C H(C) is called the right ideal if the condition
x € T implies that xy € Z, and a subset Z 1is called the left ideal if the condition = € Z implies that
yxr € T for any y € H(C).

The algebra H(C) contains two right maximal ideals

Il = {)\262 + )\464 . )\2,)\4 € C}, IQ = {)\161 + /\363 : )\1, )\3 € (C}
and two left maximal ideals
fl = {)\262 + )\363 . )\2, )\3 S C}, :/ig = {)\161 + )\464 . )\1,)\4 € C}

Since the radical consists only of the zero element, the algebra H(C) is semi-simple (see, e. g. [38, p.
146]).
The obvious equalities

LN, =L,nT,=0, T,UL =1, UL =H(QC)
yield the following decomposition into the direct sum:
H(C) =T, T, =1, & L».
We introduce linear functionals f; : H(C) — C and f, : H(C) — C by setting
filer) = files) =1, fi(e2) = files) =0,
falea) = foles) =1, faler) = fales) =0,

where maximal ideals Z;, 7, are kernels of the functionals fi, fo, 1. e. fi(Z1) = f2(Z2) = 0. We also
define linear functionals f; : H(C) — C and f, : H(C) — C by the equalities

filer) = filed) =1, fi(es) = fa(es) =0,

Fales) = fales) =1, faler) = fales) = 0.

It is clear that fAl(fl) = fg(fg) = 0.
Note that the mentioned functionals fi, fo are continuous and right-multiplicative, and the func-
tionals fi, fo are continuous and left-multiplicative (see [28]).

(G-Monogenic Mappings

Let us consider vectors i; = 1,4, ..., 14, in H(C), where m € {2, 3,4}, which are linearly indepen-
dent over the field of real numbers R (see, e.g., [39]). It means that the equality

m
Z Qyly = 0, a, € R,
u=1

holds if and only if oo, = 0 forallu = 1,2,...,m.
Suppose that the vectors ¢y, 7o, . . . , i, have the following decompositions with respect to the basis

{61,62}1

il =e1 + e, Zu = aue1 + bu62 ) (3)

Ay, b, €C, u=23,...,m.
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m
Consider the linear span F,, := {C = > Tyly: Ty € R} generated by the vectors i1, 4o, ..., %y,
u=1

over the field of real numbers R. It is obvious that

&= =21+ aymy,
u=2

&= fol() =21+ Zbu Ty
u=2

and an element ( € E,, can be represented in the form ( = &1e; + &q6o.

Denote by fi(En) = {fx(() : ¢ € E,} for k = 1,2. Note that in the further investigation,
it is essential assumption: fi(FE,,) = C, where fi(E,,) is the image of E,, under the mapping fy.
Obviously, it holds if and only if at least one of the numbers in the sets (as, . . ., a,,) and (bs, ..., by,)
belongs to C \ R.

With a set S C R™ we associate the set

Se = {C:i%iu C(xy,x0,. my) € S}
u=1

in E,,. Note that topological properties of the set S¢ in £, are understood as corresponding topological
properties of the set S in R™.

Let €2 be a domain in £,,.

A continuous mapping ¢ : Q. — H(C) (or d Q¢ — H(C)) is called right-G-monogenic (or
left—G-monogenic) in the domain 2 C E,, if ® (or (TD) is differentiable in the sense of Gateaux at
every point of Q¢, i. . for every ¢ € € there exists the element ®'(¢) € H(C) (or () € H(C))

such that
O(¢ +ech) — P(C)

im : = he'(C) Vh € En @
<or lim 2EHEN =2O) Gy, wpe Em)
e—0+0 I

where &' (() is the right Gdteaux derivative of the mapping ¢ and P’ (C) is the left Gdteaux derivative
of the mapping P at the point (.
Consider the decomposition of a mapping ¢ : 2 — H(C) with respect to the basis {e, 3, e3, €4}

(I)(C) :ZUq(xl,xQ,...,xm) eq. (5)
q=1
In the case where functions U, : 2 — C are R-differentiable in (2, i. e. for every (z1, z2, ..., 2y,) €

U, (21 + Az, 29 + Ao, .. 2 + Ayy) — Uy, 29, ..., ) =

= Z o, Az, + o
u=1 al‘u

the mapping @ is right-G-monogenic and D is left-G-monogenic in the domain (2, if and only if (cf.
Theorem 1 [28]) the following analogues of Cauchy — Riemann conditions are satisfied in ).:
o> 09

oz, =y (9_.%1 (6)

m

> (Az,)* =0,

u=1
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and . ~
9B 0
or, Or b

(7

respectively, foru = 2,3, ..., m.

Below, it will be shown that all components U, of the G-monogenic mapping (5) are infinitely
R-differentiable in (2.

We now consider examples of right- and left-G-monogenic mappings. In view of the representation
¢ = &1e1 + &ey for the element ¢ and the table of multiplication for the algebra H(C), we obtain

"=¢&ler + &5 e

By using conditions (6) and (7), we readily verify that the mapping ®({) = (" is simultaneously right-
and left-G-monogenic in the entire space £, (cf. [30]). Similarly, we check that the mapping

() => ¢Fer, o €H(C)
k=0
is right-G-monogenic in F,, and the mapping
(/IS(C) = ch ¢*, o €H(C)
k=0
is left-G-monogenic in E,,,, m € {2,3,4}.

A Constructive Description of G-Monogenic Mappings

In the next lemma we obtain an expansion of the resolvent (¢ — ¢)~! in such a way as in Lemma 2
[28].

Lemma 1. An expansion of the resolvent is of the form

1 1

t—¢) = 8
(t—¢) t—§161+t—§262 (8)
VteC:t#E&,t#E.
It follows from Lemma 1 that points (z1,xs, ..., z,;,) € R™ corresponding to the non-invertible

elements ( = Y x,i, € H(C) form the set
u=1

:El—l—gm:xu%au:O, xl—l—zm:xu?]%bu:(),

M uan M? “:12
qu%au:o, qu%bu:()

u=2 u=2

in the m-dimensional space R™. Also we consider the set M} := {¢ € E,, : fx(¢) = 0} fork = 1,2,
which is congruent with the set M* C R™.

A domain Q; C FE,, is called convex with respect to the set of directions MZ? if it contains the
segment {(; + (¢ — ¢1) : aw € [0,1]} forall (1, (2 € Q¢ suchthat (o — ¢ € Méf
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Lemma 2. Suppose that a domain () C E,, is convex with respect to the set of directions Mék and
fr(Ey) = C for k = 1,2. Suppose also that a mapping @ : Q; — H(C) is right-G-monogenic in the
domain Q. If points i, Co € §¢ are such that ¢, — 1 € MC’“ then

(C2) — @(C1) € L. )

Proof. Inasmuch as f;(E,,) = C, then there exists the element 75 € E,, such that fi(i}) = 1.
Consider the linear span FE* := {(* = xi} + yi5 + zi5 : x,y,2 € R} of the vectors
iy =145, 95 = G — (.

Let (21,41, 21), (72, Y2, 22) be points of the domain €2 such that the segment that connects them is
parallel to the straight line {aij : o € R}.

In the domain §2 we construct two surfaces with common edge, namely a surface () that contains
the point (x1, y1, 21) and a surface X that contains the point (5, ¥, 22), such that the restrictions of the
functional fj, to the corresponding subsets ()¢~ and X¢« of the domain €2 N £* are bijections of these
subsets to the same domain Dy, of the complex plane, and, moreover, at every point (j € Q)¢+ (or (§ €
Y+ ), one has

PG (¢ —60)) = PGT) gy e

im. . V(G- G) (10)

for all ¢* € Q¢ such that § + ¢(¢* — ¢f) € Q¢ (or, respectively, for all (* € Y. such that
G +e(—¢) € X¢) forany € € (0,1).

As the surface () in the domain €, we take a fixed equilateral triangle with vertices A;, A; and A3
centered at the point (z1, y1, 1) the plane of which is perpendicular to the straight line {a} : o € R}.
We now continue the construction of the surface ..

Consider the triangle with vertices A;, As and A3 centered at the point (5, y2, 22), lying in the
domain €2, and such that its sides A} A}, A}, A%, A} A} are parallel to the segments A; Ay, As A3, A1 As,
respectively, and have smaller lengths than the sides of the triangle A; A, As. Since the domain €2 is
convex in the direction of the straight line {«i} : o € R}, we conclude that the prism with vertices
Al AL AL AL AL AY such that the points Af, A%, A% lie in the plane of the triangle A; A; A3 and its
edges AL A", s = 1,2, 3, are parallel to the straight line {ci} : o € R} is completely contained in €.

We now fix a triangle with vertices By, Bo, B3 such that the point By lies on the segment A’ A”
for s = 1,2, 3 and the truncated pyramid with vertices A, Ay, Az, By, By, Bs and lateral edges A, B,
s = 1,2, 3, is completely contained in the domain €.

Finally, in the plane of the triangle A} A} A}, we fix a triangle T" with vertices C1, Cy, C5 such that
its sides C,C5, C2C3, C1C5 are parallel to the segments A} A, A, AL, A} AL, respectively, and have
smaller lengths than the sides of the triangle A} A}, A%. By construction, the truncated pyramid with
vertices B1, By, B3, C1, Cs, C5 and lateral edges B;C,, s = 1,2, 3, is completely contained in the
domain €.

Let > denote the surface formed by the triangle 7" and the lateral surfaces of the truncated pyramids
AlAQAgBlBQBg and BlBngCngCg.

Since the surfaces () and ¥ have a common edge, the sets ()¢~ and X+ are mapped by the functional
fr onto the same domain Dy, of the complex plane. In the domain D;, we define two complex-valued
functions H; and H; such that, for every & € Dy, one has

Hi (&) = fr(®(¢")), where & = fi,(¢*) and (" € Q¢+,
Hy(&x) = [x(P(C7)), where & = fi,(C") and (" € - .

Taking into account that ¢; € ¢~ and (3 € X+, we have

Hi(&) = fu(®(¢1)), where & = fi(¢1) and ¢ € Q¢
Hy(&k) = [x(P(C2)), where & = fi(C2) and (o € - .

(1)



8 Volume 12

Let us show that H; and H, are functions of the complex variable &, analytic in Dy. Note that,
acting by the functional f; on equality (10) and using the linearity, continuity, and multiplicativity of
the functional, we get

LSRG+~ 6)) ~ (@)

= [i(@"(¢)) (f(C™) = fulCR))-

This implies that the functions H; and H, have derivatives at the point f;((}) € Dy in all directions,
and, furthermore, these derivatives are equal for each of the functions H; and H». Therefore, according
to Theorem 21 in [40], the functions H; and H, are analytic in the domain Dy.

According to the definition of the functions H; and Hs , we have H; (&) = H (&) on the boundary
ofthe domain Dy. By virtue of the analyticity of the functions /7 and H5 in the domain Dy, the identity
H, (&) = Ho (&) holds everywhere in Dy,. Consequently, taking into account the relations (11), for
(1 := 181 + Y122 + 2123 and (o := 9ty + Yoio + 2213, We have

Je(@(¢2) — (1)) = fr(®(C2)) — fu(P(Cr)) = Ha(&) — Hi(&x) = 0,

i.e., ®((2) — (1) belongs to the kernel Z;, of the functional fi. The Lemma is proved.
The proof of the next lemma is similar.

Lemma 3. Suppose that a domain C): C E,, is convex with respect to the set of directions N Ck and
fx(En) = C for k = 1,2. Suppose also that a mapping o - Q¢ — H(C) is lefi-G-monogenic in the
domain Q). If points (i, G € ¢ are such that (3 — (1 € Mck then

EI\)(CQ) - ZI\’(Q) e Ii.
Now, similar to the proof of Theorem 2 [28] can be proved the following statements.

Theorem 4. Every right-G-monogenic mapping ® : Q. — H(C) in the domain Q) can be expressed
in the form

®(¢) = P1(¢) + P2(¢),

where ®1 : Q¢ — I, Oy : Q¢ — Iy are the certain right-G-monogenic in the domain ). mappings
taking values in the right maximal ideals 1, Z,.

Proof. It follows from the decomposition of the unit 1 = e; + e, that any mapping ® : Q — H(C)
expressed in the form
b = 61@ + 62@,

where e;® € 75 and e;® € 7.
We introduce the notation ¢, := e; P, Py := e;P and show that the mappings ¢, P, are right-
G-monogenic in the domain €2¢. To this end, we multiply from left the equality (4) by e;:

= e;h®'(() Vhe E,,. (12)

Since elementse; andh belong to the commutative subalgebra with the basis {e;, e}, we
have e;h = he;. The equality (12) yields the equality

i 12+ 2h) — e 2(0)

e—040 £

= he,9'(¢),

which proves that the mapping ® is right-G'-monogenic in the domain €2¢. Similarly we prove that
the mapping @, is also right-G-monogenic. The Theorem is proved.
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Theorem 5. Every left-G-monogenic mapping D Q¢ — H(C) in the domain Q) can be expressed in
the form

(€)= B1(0) + B(C). (13)
where ®; : Qe — L, D, : Qe — Ig are certain left-G-monogenic in the domain )¢ mappings taking
values in the left maximal ideals Il, I2

Denote by

Dy = f1() = {51 =, + Zauxu (xy, w0, .. Ty) € Q},
u=2

D2 = fQ(QC) = {52 = + Zbuxu . (1’1,[[‘27 ce ,fL’m) S Q}
u=2

that domain in the complex plane C, onto which the domain (2 is mapped by the functionals f, fo.

Lemma 6. Suppose that a domain 0 C R™ is convex with respect to the set of directions M* and
fx(En) = C for k = 1,2. Suppose also that a function V : Q) — C satisfies the equalities

ov ov

Oz, = aua—xl (14)
foru=23,... min() ThenV is a holomorphic function of the variable &, in the domain D;.
Proof. At first we separate the real and the imaginary parts of the expression
&L=m +zm:xu3?au +i§:xu%au =7+
and note that the equalities (17) yiels !
2—7‘7/1\5% —zgzgau. (15)

It follows from the condition f;(F,,) = C that at least one of the numbers S a,, is not equal to
zero. Therefore, using the relation (15), we get

ov ov
8771 B Za_ﬁ
Now we prove that
Vi, ah, .. xl )y =V(a],ah, ... 2 (16)
for points
(2, @l xl), (2,2l ... 2l ) €Q

such that the segment connecting these points is parallel to the straight line L* C M*. To this end we
use considerations of the proof of Lemma 2. Since f,(E,,) = C, there exists the element i} € E,,
such that f;(z5) = 7. Consider the linear span

E*:={( =il +yi5+ zi5 : x,y,z € R}

of the vectors i} := 1, i3, i5 = ('—(", where (' := >_ 2l i,, (" := > xi,. Now the relation (16) can
=1 u=1
be proved in such a way as in the proof of Lemma 5.3 [41], where one must take Q-NE™*, {aij : a € R}
instead of ¢, L, respectively.
Thus, the function V' : Q — Cofthe type V' (xy, xo, ..., &) := F(& ), where F'(&;) is an arbitrary

holomorphic function in the domain Dy, is a general solution of the system (17). The Lemma is proved.
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Lemma 7. Suppose that a domain Q C R™ is convex with respect to the set of directions M* and

f(En) = C for k = 1,2. Suppose also that a function V : Q) — C satisfies the equalities
ov ov
= by— 17
8xu 8I1 ( )

foru=2,3,...,min() ThenV is a holomorphic function of the variable &5 in the domain D;.

The next theorem describes all right-G-monogenic mappings taking values in the ideals Z; and Z,
using holomorphic functions of the corresponding complex variable.

Theorem 8. Suppose that a domain Q): C E,, is convex with respect to the set of directions M é“ and
fx(Em) = C for k = 1,2. Then every right-G-monogenic in the domain S mapping 1 : Q¢ — 1,
taking values in the ideal I, can be expressed in the form

P1(¢) = Fa(&)ea + Fu(&o)ea, (18)

where Fy, Fy are certain holomorphic in the domain D functions of the variable &5, and every right-
G-monogenic mapping ®, : Qe — I taking values in the ideal I, can be expressed in the form

Py (¢) = Fi(&)er + Fs(&)es, (19)

where F, F3 are certain holomorphic in the domain D functions of the variable &;.

Proof. Inasmuch as the mapping @, takes values in the ideal Z;, we have
q)l(é-) — ‘/2<le Loy e 7Im)€2 + ‘/ll(xlvaJ <. 7xm)647 (20)

where V5 : 0 - Cand V, : ) — C.

The mapping @, satisfies conditions of the right-G-monogeneity (6) for & = ®;. Substituting
relations (3) and (20) into these conditions and taking into account the uniqueness of the decomposi-
tion of elements of the algebra H(C) in the basis {e1, e, €3, €4}, we obtain the following system of
equations for the determination of the functions V5 and Vj:

oV, 0, Vi, oV
or,  ‘Or, or,  “0r,

Using Lemma 7, we obtain

‘/Q(ZEl, T, ... ,ZL’m) = FQ(&Q), ‘/;1(1'1,1‘27 Ce ,J}m) = F4(§2)

and the mapping ®, represented in the form (18).
By analogy, we establish that the mapping ® is represented in the form (19). The Theorem is
proved.

u=23,...,m. (21)

The following theorem, which is proved in such a way as Theorem 8, describes all left-G-monogenic
mappings taking values in the ideals Z; and 7, by means of holomorphic functions of the corresponding
complex variable.

Theorem 9. Suppose that a domain Q) C E, is convex with respect to the set of directions M ¥ and

fr(Ey) = Cfor k = 1,2. Then every left-G-monogenic in the domain Q¢ mapping D, : Qe — 7,
taking values in the ideal 7, can be expressed in the form

(T) (€)= ﬁ2(§2)€2 + F\3(§2)€37 (22)

where FQ, F3 are certain holomorphic in the domain Dy functions of the variable &3, and every left-
G-monogenic CI>2 Qe — Ig taking values in the ideal Ig can be expressed in the form

@2(0 = F1(51)€1 + F4(f1)€4, (23)

where Fy, Fy are certain holomorphic in the domain D, functions of the variable &;.
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Using Theorem 4 and Theorem 8, we have the following statement.

Theorem 10. Ifa domain Q): C E,, is convex with respect to the set of directions N Ck and fi(E,,) =C
Jor k = 1,2, then every right-G-monogenic mapping ® : Q) — H(C) can be expressed in the form

() = Fi(&)er + Fa(82)ea + F3(&1)es + Fu(§2)es (24)

where Fy, F3 are certain holomorphic functions of the variable &, in the domain Dy and F,, F) are
certain holomorphic functions of the variable &5 in the domain Ds.

Similarly, using Theorem 5 and Theorem 9, we obtaint the following statement, which is describes
all left-G-monogenic mappings.

Theorem 11. Ifa domain () C E,, is convex with respect to the set of directions M f and fr(E,,) =C
for k = 1,2, then every left-G-monogenic mapping D - Q¢ — H(C) can be expressed in the form

B(C) = Fi(&1)er + Fa(Ea)es + Fy(&)es + Fu(&r)ea, (25)

where F\l, ﬁ4 are certain holomorphic functions of the variable &, in the domain D, and ﬁg, F\g are
certain holomorphic functions of the variable &5 in the domain Ds.

Obviously, that the formula (24) makes it possible to clearly construct all right-G-monogenic map-
pings and the formula (25) indicates the way to construct any left-G-monogenic mapping by means
of four holomorphic functions of corresponding complex variable.

Now using the decomposition (8) and the multiplication rules (2), we obtain the following integral
representation of the right-G-monogenic mapping

8(0) = 5 [ (6= (Fultes + Faltyes) e+
I
n % / (t— () <Fg(t)62 + F4(t)e4)dt, (26)
Iy
and the left-G-monogenic mapping
80 = 5 [ (Futtes+ Fited) (6 - O e
'y
+ zim (Fg(t)eg + Fg(t)eg) (t— )t 27)
I

where I’y is a closed Jordan rectifiable curve in Dy, which surrounds point &, and does not contain

point &y, k,q=1,2, k #q.
Note also that the right Gateaux derivative expressed by formula

() = Fi(&)er + F5(&)es + Fy(&1)es + Fy(§2)eq (28)
and the left Gateaux derivative expressed by formula

O'(C) = Fl(&)er + Fy(E)ea + Fy(Ea)es + Fy(&r)ea.

The next statement directly follows from the equalities (24) and (25).
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Theorem 12. Suppose that a domain Q): C E,, is convex with respect to the set of directions M, Ck and
fr(Ey) = C for k = 1,2. Then every G-monogenic mapping ® : Q¢ — H(C) can be continued to
the G-monogenic mapping in the domain 11 :== {C € E,, : fi(¢) € Dy}.

The following statement is a fundamental consequence of equalities (24) and (25), which is true
for an arbitrary domain €.

Theorem13. Let f.(E,,) = C fork = 1,2, ® : Q. — H(C) is right-G-monogenic mapping and
O : Q¢ — H(C) is lefi-G-monogenic mapping in the domain Q). Then the Gdteaux s-th derivative
) is right-G-monogenic and ®'® is lefi-G-monogenic mapping in the domain ) for all s.

Proof. Since the ball © C 2 with the center at the point (¢, yo, 20) € €2 is a convex domain with
respect to the set of directions MF, in the neighborhood O := {¢ = xi; +yia+2i3 : (x,y,2) € O} of
the point (o = i1 + Yoiz + 2ot3 the equalities (24) and (28) are true. In the same time the components
of the decomposition (28) are holomorphic functions of the corresponding complex variable, it means
that the expression for ®'({) has the form (24) and ®'(() is right-G-monogenic mapping.

The statement for the left-G-monogenic mappings is proved completely analogous. The Theorem
is proved.

Using the integral expression (26) of the right-G-monogenic mapping ¢ : Q2 — H(C) in the case
where the domain )¢ is convex with respect to the set of directions M} for k = 1,2, we obtain the
following expression for the right Gateaux s-th derivative ®(*):

oL(() = 28_7;/ ((t— Q_l)SH <F1<t)€1 + F3(7f)63> dt+
s! —1\s+1
o [ (E=97) (FQ(t)eQ n F4(t)e4>dt.

In the same way we obtain the left Gateaux s-th derivative 3 of the left-G-monogenic mapping
d . Qg — H((C)

EIS(S)(C) = 28_7;/ <F1(t)61 —+ F4(t)64> ((t o C)—1)s+1dt+
s! -
+2_7rz' (Fz(t)ez + Fg(t)e3) ((t _ O_l) d.

The Relation between (G-Monogenic Mappings and Partial Differential Equations

Consider a linear partial differential equation with constant coefficients:

o"u
£nU(:C17 x27 e 737m) = Z Cal,ag ,,,,, o 8:60‘1837042 axam — 07 (29)
ajtags+...+am=n 1 27 . ot

is n-times Gateaux left-differentiable at every point of ()., then

aa1+az+---+amq)

G = LA G () =i 2 (Q)
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and R
8041 +ag+...+am @

0x*0xy? ... Oxlm
Therefore, due to the equality
L,0(¢) = > Clor gy 152 . 1% DM () (30)

altag+...tam=n

_ a(a1+a2+...+am)(<‘) 01§02 Lo = q)(n)(o 52 ..o,

every n-times Gateaux right-differentiable mapping ®, under the condition ™ (¢) # 0 and

. .
§ : Caha? ----- am 7/22 et Z?;Z" = 07 (31)

a1togs+...fFam=n

satisfies the equation £,,®(¢) = 0. Similarly, by virtue of the equality

L) =0"0C) Y Capasean 87 .05 (32)

ajtag+...fFam=n

every n-times Gateaux left-differentiable mapping <f>, under the condition ™ (¢) # 0 and the equality
(31), satisfies the equation &ﬁ)(() =0.

Accordingly, if the condition (31) is satisfied, then the real-valued components R U,.(z1, x2, .. ., Z.,)
and S U, (xy, z9,. .., z,) of the decomposition (5) are solutions of the equation (29).

In the case where fi(E,,) = C for k = 1,2, it follows from Theorem 13 that the equalities (30)
and (32) hold for every right-G-monogenic mapping ¢ : {2 — H(C) and left-G-monogenic mapping
D Q2 — H(C), respectively.

Thus, to construct solutions of the equation (29) in the form of components of the right- or the left-
(GG-monogenic mapping, we must find m linearly independent vectors (3) over the field R satisfying
the characteristic equation (31) and verifying the condition f;(F,,) = C for k =1, 2.

In the next theorem we assign a special class of the equations (29) for which fi(E,,) = C. Let us
introduce the polynomial

P(63,03,...,0m) == > Clarcignscm 057 .. 0%m (33)

a1tas+...fam=n

Theorem 14. Suppose that there exist linearly independent vectors i1, 1s, . . ., i, over the field R in
H(C) of the form (3) satisfing the equality (31). If P(d2,s,...,0,) # 0 for all real ds, 03, ..., O,
then fi(E,,) = Cfork =1,2.

Proof. Using the multiplication table of H(C) we obtain the equalities

Qi

5% = as’e; + b5 eq, e o = apme; + bomes.

Now the equality (31) takes the form

Z Coaras,am (057 .. apm™e; + 057 ... bomes) = 0. (34)
ajtaz+t..fam=n
Moreover, due to the assumption that vectors 4, i, . . ., 2,,, Of the form (3) satisfy the equality (31),
there exist complex coefficients a,,, b, for u = 1,2, ... m that satisfy the equality (34).
It follows from the equality (34) that
Z Ca1:a2 ----- Oéma’gQ T agnm - 07 (35)

ajtazt..fam=n



14 Volume 12

altag+t...tam=n

Since P(dz,...,d,) # 0 forall dy,...,9,, € R, it follows that the equalities (35) can be satisfied
only if at least one of the numbers in the sets (as,. .., a,) and (b, ..., b, ) belongs to C\ R, which
implies the relation f;(E,,) = C for k = 1, 2. The Theorem is proved.

Note that if P(da,...,0,,) # 0 for all ds,...,d,, € R, then C,
P(ég,...,(sm) :0f0r52::5m20

Since the function P(dy, ..., d,,) is continuous in R™~!, the condition P(dy, ..., d,,) # 0 means
either P(ds,...,0,,) > 0 or P(d2,...,d,,) < 0 for all real ds, . .., d,,. Therefore, it is obvious that
for any equation (29) of the elliptic type, the condition P(ds, ... ,d,,) # 0 is always satisfied for all
92, ..., 0m € R. At the same time, there exist the equations (29) for which P(ds, ..., d,,) > 0 for all
82, ...,0,, € R, but which are not elliptic. For example, such is the following equation in R*:

o # 0, because otherwise

.....

PU U PU U
= 0.
0xy  0x30x3  Ox1012013  0x30x3

Example I. We now show the relationship between the (G-monogenic mappings and the
three-dimensional Laplace equation

PU U U

AsU = = 0. 36
3 ($7 Y, Z) 8.1'2 + ayz + 822 ( )

The characteristic equation (31) for the equation (36) has the form
1+i3 4145 =0. (37)

A triad of linearly independent vectors i1, 75,23 over the field R is called harmonic triad, if the
equality (37) is true and the conditions 2 # 0, i3 # 0 are satisfied (see, €. g., [42]).
Substituting the equalities (3) into the conditions (37), we obtain the following statement.

Proposition 15. Harmonic triads in the algebra H(C) are vectors, which are decomposed with respect
to the basis {e1, ex} in the form (3) and complex numbers satisfy the system of the equations

1+a+a; =0, 1+ b7 + b3 = 0. (38)

In particular, the system (38) is satisfied by the expressions
a1 =1isint, ag=1cost, by =1usinT, by =1icosT
corresponding to the variables
& =x+4ysint +izcost, & =x+iysinT + 12 COST, t,7 e C. (39)

Since for the Laplace equation P(a,b) = 14+a®+b* > 0, it follows that the conditions of Theorem
14 are satisfied. It means that every G-monogenic mapping satisfies the equation (36). Mappings (24)
and (25) for which &; and &; are given by the equalities (39), define G-monogenic mappings in H(C)
assosiated with the equation (36). Hence, solutions of the equation (36) are real and imaginary parts
of the function U(x, y, z) = F'(z +iysint +iz cost), where t € C and F' is an arbitrary holomorphic
function.



International Journal of Advanced Research in Mathematics Vol. 12 15

The Cauchy Integral Theorem for a Surface Integral
Let €2 be a bounded domain in £,,. For a continuous mapping ¢ : 2 — H(C) of the form

4
() :ZUq(Jcl,x2,...,xm)eq—i—z’ZVq(xl,xg,...,xm)eq,

=1 q=1

where (z1,%2,...,%,) € Qand U, : Q@ — R, V, : Q@ — R, we define a volume integral by the
equality

4
o(C) dxydzx, . . Z eq/ (x1, T2y ..., xy) drrdzs . . dTp+

Qe =1

4
+1 E eq/ (1, T2y .., ) dzyday . . . dxy,.
q=1

Let > be a piece-smooth surface in F,,. For a continuous mappings

4 4
Z xl,xg,...,xm)eq+z'z{/(1(x1,:c2,...,xm)eq, (40)
q=1 q=1
4 4

= ZPr(xl,xz, T € +iZQT(fE1,x2, e T) € (41)
=1 r=1

where (z1,22,...,2,) €5, U, : X >R, V,: ¥ 5 Rand P, : ¥ - R, @, : ¥ — R, we define a

surface integral on ¥, with the differential formo := ) i, /\ dz, by the equality
u=1l  p=1,p#u

4

/w(@aw(o =3 i er/ (U, P =V, Q) N\ dopt

S q=1 u=1 r=1 > p=1,p#u

4 m m
+iZZZeqiueT/(%Pr+UqQT) N dz,.

g=1 u=1 r=1 5 p=1,p#u

If a domain 2 C E,, has a closed piece-smooth boundary 052 and mappings ¢ : 2 — H(C) and
¢ : Q¢ — H(C) are continuous together with partial derivatives of the first order up to the boundary
0€) , then the following analogue of the Gauss — Ostrogradsky formula is true:

JECRGE /Xij (52

090

Ty Y+ Qi a_w> dridxsy .. .dx,. (42)

0w,

Now, the next theorem is a result of the formula (42) and the conditions (6), (7).

Theorem 16. Suppose that a domain Q) has a closed piece-smooth boundary 0S)¢. Suppose also that
¢ : Q. — H(C) is right-G-monogenic, ® : Q) — H(C) is left-G-monogenic mapping in the domain
Q)¢ and they are continuous together with partial derivatives of the first order up to the boundary 0€).

Then
/ /Z )+ ¢’ (€)iy @(C)> dzidzy . .. dz,,. (43)

Q¢ o, vl
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The consequence of Theorem 16 is the following statement.

Corollary 17. Under conditions of Theorem 16 with the additional assumption > i? = 0, i. e. map-
u=1

pings © and ® are solutions of the m-dimensional Laplace equation, the equality (43) can be rewritten
in the form

/ $() o () = 0.

o

The Cauchy Integral Theorem for a Curvilinear Integral

Let 7, be a Jordan rectifiable curve in E,,. For a continuous mappings ¢ : 7. — H(C) and ¢ : 7 —
H(C) of the forms (40) and (41), respectively,where (1, x2,...,2y) € L, U, : ¥ = R, V, : ¥ - R
and P, : ¥ — R, @, : ¥ — R, we define a curvilinear integral along a Jordan rectifiable curve 7,
by the equality:

4

/ PO dcv(Q) =35 egive, / (U, B~ V, Q) det

Ye qg=1 u=1 r=1

4 m 4

—HZZ Zeqiu er/ (Vq P.+U, Qr)dxu.

q=1 u=1 r=1 5

where d( := > dxyiy,.

Letus alsg dleﬁne a surface integral with the differential form dx,, A dz,. Let ¢ be a piece-smooth
surface in E,,. For a continuous mapping ¢ : 3, — H(C) of the form (40), where (1, 2, ..., Zy) €
Yand U, : ¥ — R, V, : ¥ — R, we define surface integral on > with the differential form dx,, A dx,
by the equality

4
/gp(()dwu Adx, = Z eq / Uy(x1, 29, ..., 2p)dx, A de,+
q=1 »

¢

+1 Z eq / Vi(zy, 20, .. xy)da, A dx,.
q=1 »
If mappings ¢ : 2 — H(C) and ¢ : Q2 — H(C) are continuous together with partial derivatives
of the first order in a domain €2 and Y. is an arbitrary piece-smooth surface in {2 with a rectifiable
Jordan edge 7, then the following analogue of the Stokes formula is true:

(220 O, 0
/@(g)dC@D(C) _/<8$ 22¢+9012 o ay@D 2 8y)d$1/\d(£2+
¢ 3¢

0p oY Oy . oY
(83/ i3 + @i 3y 0z o) — Qi az>d:c2/\d:cg—|—...

0y oY Oy . . oY
...—|—(@1/)—1-905_%@mqﬁ_@@m%)dxm/\dxl. (44)
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In the next theorem we show that the right-hand side of the equality (44) equals zero for the right-
G-monogenic mapping ¢ : 2 — H(C) and the left-G-monogenic mapping ¢ : 2. — H(C). Note
that the following theorem is a generalization of Theorem 1 of [31].

Theorem 18. Suppose that @ : Q) — H(C) is a right-G-monogenic mapping and o - Qe — H(C) is
a left-G-monogenic mapping in a domain S, and . is a rectifiable Jordan edge of some piece-smooth
surface in §)¢. Then

/ $() dB(C) = 0. (45)

RS

To generalize an analogue of the Cauchy integral theorem in the case where the curve is rectifiable,
we introduce some auxiliary notions.

Let us consider the algebra H(R) with the basis {e,, ie, }1_, over the field of real numbers R which
is isomorphic to the algebra H(C) over the field of complex numbers C. In the algebra H(R) there

exist another basis {i, }>_,, where the vectors iy, is, . . . , i,, are the same as in the equalities (3).
8
For the element a := ) a,i,, a, € R, we define the Euclidian norm
r=1

Accordingly, ||C]| =4/ >_ 22 and ||i,|| =1forallu =1,2,... ,m.
u=1
4

Using the equivalence of norms in any finite-dimensional space, for the element b := > (b1, +
r=1

iba)e, , b1y, b € R, we have the following inequalities:

4
i+ ibar| < (| D (83, +3,) < b, (46)

r=1
where c is a positive constant does not dependent on b.

Lemma19. If v, C E,, is a closed Jordan rectifiable curve and a mapping U : ~. — H(C) is
continuous, then

/ o(¢) dC(0)

RS

< c/IIsD(C)IIHdCIIIW(C)II, (47)
¢

where c is a positive absolute constant.

Proof. Using the representation of function ¢ and ¢ in the forms (40) and (41) for (z1,za, ..., 2,,) €
v, we obtain

<

/ o(C) dCB(C)

RIS

4
<> ||eqeru/|Uq+z'v;>| AP+ iQ, | day + ...
Yy

q,r=1
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4
DY ||eqz'meT||/|Uq—|—ﬂ/'CI| P+ iQ, | dy.
Y

q,r=1

Now, taking into account the inequality (46) and inequalities ||e i e, || < c,, v =1,2,...,m, where
c,, are positive absolute constants, we obtain the relation (47). The Lemma is proved.
The next lemma is proved in such a way as Lemma 4.1 [33] in the case where m = 3.

Lemma 20. Suppose that ¢ : Q¢ — H(C) and ) : Q¢ — H(C) are continuous mappings in a simply
connected domain )¢, and . is a rectifiable curve in S)¢. Then for an arbitrary € > 0 there exists a
broken line A C ), vertexes of which lie on the curve ., such that

/ o(0) dCH(C) — / o(¢) dC (0

Ve A¢

<e. (48)

Now using Lemma 20 we can prove the following analogues of the Cauchy integral theorem for
an arbitrary rectifiable curve in a convex domain.

Theorem 21. Suppose that © : Q — H(C) is right-G-monogenic and D : Qe — H(C) is lefi-G-
monogenic mappings in a convex domain Q)¢. Then for any closed rectifiable Jordan curve . C §¢
the equality (45) is true.

Proof. Based on Lemma 20 we inscribe the broken curve A into the curve v, such that the inequal-
ity (48) hold. Then we divide the broken curve A. by the diagonals into triangles. Since the domain
(¢ 1s convex, all obtained triangles contain in the domain €2 in a whole. By Theorem 18 the integral
along the every triangle equals to zero. Then the integral along the broken curve equals to zero too:

[e@acuo =0 (49)
A¢
Now the consequence of the equalities (48) and (49) is the equality (45). The Theorem is proved.
In the case where () is an arbitrary domain, using the proof of Theorem 3.2 [43] and Theorem 4.3

[33], we can prove the following statement.

Theorem22. Let ® : Q) — H(C) be a right-G-monogenic mapping and o Q¢ — H(C) be a left-
G-monogenic mapping in a domain ). Then for every closed Jordan rectifiable curve ~: homotopic
to a point in Q)¢ , the equality (45) is true.

The Morera Theorem

We understand a triangle A as a plane figure bounded by three line segments connecting three its
vertices. Denote by 0\, the boundary of the triangle A, in relative topology of its plane. Also we
assume that the triangle /. includes the boundary 0A..

Denote by s[(1, (2] the segment beginning at the point (; and ending at the point (,.

Theorem 23. Let fi(E,,) = C for k = 1,2. If a mapping ® : Q — H(C) is continuous in a domain
Q)¢ and satisfies the equality

/ d¢®(() =0 (50)
N

Sor every triangle A\ C Q¢, such that the closure ZC C S, then the mapping ® is right-G-monogenic
in the domain €.
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Proof. Let us fix a certain point a in the domain 2. Consider the mapping

v = [ dra)

sla,C]
and show that it is right-G-monogenic in {2¢, moreover
V(¢) = @(Q). (51)
Let h € E5and € > 0 such that a triangle A with the vertices a, ¢, ¢ + €h is contained in the

domain €.
Consider the difference

U(C+¢eh)—¥(() = / dr ®(1) — / dr ®(7) =

sla,C+eh] sla(]
= / dr (1) + / dr (1) + / dr (1) — / dr &(7) =
sla,C+ehl s[C.a] s[C+eh.d] s[C+eh.]
= / dr ®(71) + / dr ®(7) = / dr ®(7). (52)
¢ s[¢,¢+eh] s[¢,¢+eh]

Now, using the equality (52), Lemma 19 and continuity of the mapping ®, we obtain

( ) © f dr ®(7)
(¢ +eh)—U(C¢ s[¢.C+eh]
— h® = — hd -
: ©) - ©)
C
= ar(e() - 2©)[ <5 [ l1ee) - e©llldr] <
s[¢,¢+eh] s[¢,¢+eh]
C
<C s () -2 / ldr| <
€ T»CGQQ: ||T*C||§€
s[¢,¢+eh]
<clh] sup [®(7) — @(Q)]| — 0, e—0. (53)
T,C€Qe, ||T—C|<e
From the relation (53) follows the equality
e—0+0 I

the consequence of which is the equality (51).

Inasmuch as in an arbitrary neighborhood of the point ¢ of the mapping & is the Gateaux derivative
of the right-G-monogenic mapping ¥ : Q) — H(C), then using Theorem 13 the mapping ® is right-
G-monogenic in the domain (). The Theorem is proved.

Theorem 24. Let fi.(E,,) = C for k = 1,2. If a mapping :0— H(C) is continuous in a domain
Q)¢ and satisfies the equality

[ #ic=o (54)
oA

or every triangle /\: C $¢ such that the closure /N, C )¢, then the mapping D is le t-G-monogenic
¢ ¢ ¢ ¢
in the domain €.
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Cauchy Integral Formula for a Curvilinear Integral

Let ¢ € E,,. An inverse element (! is of the following form:

a_ Lt 1
C = 51614‘ f262 (55)

and it exists if and only if & # 0 for k = 1, 2.
Let (o = ) Zuoly be a fixed point in a domain Q0 C E,,. In a neighborhood of ¢, contained in

u=1
Q¢ let us take a circle C,((p, €) of the radius ¢ with the center at the point (. By C(&ro,€) C C we
denote the image of C¢((p, €) under the mapping f; for k = 1, 2.

We assume that a circle C¢(Co, €) embraces the set {¢ — (o : ¢ € M} U MZ}. It means that the
curve Cy(&xo, €) bounds some domain D, and & € Dy, k= 1,2.

We say that a curve 7 C Q¢ embraces once the set {¢ — (o : ¢ € M} U Mg}, if there exists the
circle C¢((p, €) which embraces the mentioned set and is homotopic to 7, in the domain Q¢ \ {¢ — (o :
¢ € MU Mgy

The following theorem is an analogue of the Cauchy integral formula for G-monogenic mappings.

Theorem 25. Suppose that a domain ¢ C E,, is convex with the respect to the set of direction MZ?
and f,(E,,) = C for k = 1,2. Suppose also that ® : Q0 — H(C) is right-G-monogenic mapping
and ® : Q¢ — H(C) is lefi-G-monogenic mapping in a domain ). Then for every point (, € ) the
following equality is true:

B(G) - D(Go) = - / (0) (¢ — o) 1dC B(0), (56)

27m
¢

where 7y is an arbitrary closed Jordan rectifiable curve in ) such that embraces once the set {¢—(p :
¢ e MU M}

Proof. Inasmuch as the curve 7, is homotopic to the circle C({p) in the domain Q¢ \ {(o+( : ( €
M} U M2}, then from Theorem 22 follows, that

o [ B (- ) e R(0) = o / (¢ = o) dC B ().

271
V¢ C(¢o)

Now, using the representation (55), Lemma 1 of [31] and the Cauchy integral formula for holo-
morphic functions F;,, we obtain the following equalities:

= [ Bt -
C(Co)
1 RE@RE),, 1 [ &) Fu&)
- 27Tic/ &1 — &0 dér + 27Tic/ §2 — &20 a6z ) +
1 [(BERBE, 1 [ A& RE)
211 / fg — 520 d§2 * 2me / 51 - §10 d§1 *

CQ Cl
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1 Fi(&) F3(&) 1 Fy(&) Fy(&)
“+eg3 27_”0/ 51 — 5_10 dgl + 27'('- Z‘,J —52 — 520 dgg +
1 [ F(&) Fi&) 1 [R@) ARG, |
e 2mi / &2 — &2 a6+ 2mi / &1 — o der | =

CQ Cl

=€ (E(&o) Fi(&10) + F\g(&o) F4(§20)> + e <ﬁ2(§20) Fy(&20) + ﬁ4(§10) F3(510)> +

+es3 (E(&o) F3(&w0) + ﬁ3(§20) F2(§20)> + ey (ﬁ(&o) Fi(&0) + ﬁ3(520) F4(§20)> =

= 3() - 0(C),

where () = &1pe1 + &20e2. The Theorem is proved.

The Taylor Expansion

Considering a problem on an expansion of the (G-monogenic mapping in the Taylor power series,
without loss of generality we assume that a domain {2 is bounded.
m m
Let (p := > Tyotly be an arbitrary fixed point in a domain Q¢, &9 = x10 + Y @uTuo, E20 =

u=1 u=2

10 + Y. buxyo be points of the complex plane corresponding to the point (, by formulas &y =

u=2
f1(Co), &0 = f2(Co), where a,, b, are coefficients from the decomposition (3).
Denote by Ry := Cmaig I¢ = Coll, where 092 is the edge of the domain € in E,,,. Consider the
€0t

ball ©({y, Ry) :={¢ € En : ||¢ — (|| < Ro} in E,,, with the radius R, and the center at the point (.
Also denote by Dy, that domain in the complex plane C, onto which the ball ©((y, Ry) is mapped by
the functional f; for k =1, 2.

Let R := min{Ro , min |7 — ol }, where 0D, is the edge of the domain D,.
TLEODy,
By U(&ko, R) := {& € C : |& — &wo| < R} we denote disk in the complex plane with the radius R
and with the center at the point &, for £ = 1, 2.
Applying to the G-monogenic mapping a method similar to a method for expanding holomorphic
functions, which is based on an expansion of the Cauchy kernel in a power series (see, e. g., [44, p.
107]), we obtain immediately the following expansion of the right-G-monogenic mapping & in the

power series
oo

O(¢) = (¢ —C)"pn (57)

n=0

and of the left-G'-monogenic mapping  in the power series

BC) =D ulC— G)" (58)
n=0
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in the ball with the center at the fixed point {, € F,,, and with the radius, which is less than a distance
between (y and the boundary of the domain (2. Here

Dn = ¢ (o) _ b /((7- — CO)_1>n+1 dr ®(7);

n! o
V¢

o= 200 L[5 (- 6))

nl  2mi
gls
where 7, is an arbitrary closed Jordan rectifiable curve in {2, such that embraces once the set {¢ — (p :
¢ € M} U M2} and lies in a ball, which is contained in the domain ;. This is due to the fact that in
the inequality ||ab|| < c||al|||b|| the constant ¢ can not be replaced by the unit 1.

Further as in the case for m = 3 (see [34]) we show that the representation (24) provides to obtain
an expansion of the right-G-monogenic mapping @ into the power series (57) and the representation
(25) provides to obtain an expansion of the left-G-monogenic mapping ® into the power series (58)
in the domain

B(Co,R) :={C € En : fu(¢) €U(&o, R)}, k=1,2.

Since by the construction the domain B((y, R) is convex with respect to the set of directions Mck’, it
follows that the right-G-monogenic mapping ® is expressed in the form (24) and the left-G-monogenic
mapping P is expressed in the form (25) in the domain B((y, R).

Theorem 26. Let fi.(E,,) = C for k = 1,2. If a mapping ® : Q — H(C) is right-G-monogenic in
an arbitrary bounded domain Q) C E,, and (y € ¢, then the mapping ® is expressed as the sum of
the convergent power series (57) in the domain B((y, R). In this case

Dn = Qpe1 + bpea + cpes + dpey (59)

where a,, , b, , c, ,d, are coefficients of the Taylor series

Fi(&) = Zan(& — &10)", Fy(&) = an(§2 — &20)",
n=0 n=0

- - (60)
F3(6) =) calét —&0)",  Fi(&) =) dn(&— &0)",
n=0 n=0
where Fy, Fy, F3, Fy are functions included in the equality (24) for ¢ € B((y, R).
Proof. Inasmuch as in the equality (24) the functions F}, F are holomorphic in the disk U (&9, R)

and the functions F3, F; are holomorphic in the disk U (&9, R), the series (60) are absolutely conver-
gent in the corresponding disks. Then we rewrite the equality (24) in the form

an (&1 — &i0)"er + Z bn (&2 — &20)" €2+

n=0

NE

®(¢) =

Il
=)

n

+ Z cn(& — &o)"es + Z dn (& — &20)"es.
n=0 n=0
Now, using the relations
(C—=Co)"1 = (& —&o)"er,  ((— Go)"e2 = (&2 — &20) e,

(61)
(C—Co)"es = (& — &10)"es,  ((—Co)"es = (&2 — &20)"es
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forall( € E,, andn = 0,1,..., we obtain the expression (57), where coefficients are defined by
the equality (59) and the series (57) is absolutely convergent in the domain B((y, R). The Theorem is
proved.

The similar statement is true for left-G-monogenic mappings.

Theorem 27. Let fr(FE,,) = C for k = 1,2. If a mapping D - Q¢ — H(C) is left-G-monogenic in an
arbitrary bounded domain )¢ C E,, and (y € )¢, then the mapping ® is expressed as the sum of the
convergent power series (58), where

]/Q\n = 6nel +/5n€2 + /C\n€3 + C/Z\n€4 (62)

and @, , b, , ¢, ,d, are coefficients of the Taylor series

Fi&) =Y (& — &), Fa(&) = bul&— &),

0

n

(63)

B6) =S & — o) Ei&) =Y du(& — &10),

WE
M7 10

Il
=)
Il
=)

n n

where F\l, ﬁg, ﬁg, Fy are functions included in the equality (25) for ¢ € B((y, R).

The following theorem is an analogue of the uniqueness theorem for the right-G-monogenic map-
pings taking values in the algebra H(C).

Theorem28. Let f.(E,,) = C for k = 1,2. If two right-G-monogenic mappings ®, : Q0 — H(C),
®, : Q¢ — H(C) in an arbitrary domain Q¢ C E,, coincide in a neighborhood of an arbitrary interior
point in the domain (¢, then they are identically equal everywhere in the domain €.

Proof. Let in the neighborhood w((y, R) := {( € E,, : || — (|| < R} of an arbitrary point
Co € §2 the following equality is true:

®1(C) = 02(¢). (64)

Since the ball w((y, R) is a convex set, the mappings ®;, $, can be represented in the form (24):
1(C) = Fi(&1)er + Fa(&a)ea + F3(&1)es + Fu(6z)eq

Do (¢) = Hi(&)er + Ho(&2)ea + Hs(&1)es + Hy(&a)ey -

Now the equalities
Fy=H,, F;=H; inthedomain fi(w(¢,R)), (65)

Fy,=H,, F,=H; inthedomain f, (w((o, R)) (66)

follow from the equality (64). Using the uniqueness theorem for holomorphic functions of complex
variable (see, e. g., [44, p. 118]), the equalities (65) are true everywhere in the domain f; (€2, ) and the
equalities (66) are true everywhere in the domain f5(€2¢). Now using the uniqueness of decomposition
with respect to a basis, we have that the equality (64) holds everywhere in the domain €2.. The Theorem
1s proved.

The same statement is true for the left-G-monogenic mappings taking values in the algebra H(C).
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Theorem29. Let fi(E,,) = C for k = 1,2. If two left-G-monogenic mappings D, : Q. — H(C),

~

O, : Qe — H(C) in an arbitrary domain Q; C E,, coincide in a neighborhood of an arbitrary interior
point in the domain )¢, then they are identically equal everywhere in the domain ().

Note, that the coincidence of mappings ®; : Q¢ — H(C) and ®, : 2 — H(C) on the set of
the points that contains at least one limit point of the domain €2, is not sufficient to identical equality
of these mappings in the whole domain (2. For example, the value of the G-monogenic mappings
®,(¢) = (%e; and P5(¢) = sin (es coincide for all ¢ € M}, but does not coincide identically.

The Laurent Expansion
Consider a problem on an expansion of the right-G-monogenic mapping ¢ : £, — H(C) and the
left-G-monogenic mapping d IC; — H(C) in the Laurent series about the point (o := ) i, in

u=1
the unbounded domain

Ke={Ce b, :0<r<|&—&o <R < oo}, kE=1,2.

Theorem 30. Let f,(E,,) = C for k = 1,2. Then every right-G-monogenic mapping ® : K, — H(C)
is expressed in the domain K¢ as the sum of the convergent series

o0

() = > (C—=)"pn, (67)

n=—oo

where (( — (o))" := ((C — CO)*l)fnfor n = —1,—2,... and coefficients p, are the same as in the
equality (59), in which a,,, b,, c,, d,, are coefficients of the Laurent series

Fi(&) = Z an (&1 — &10)", Fy(&) = Z bn (&2 — &20)",
F3(&) = Z cn(§1 — &10)", Fy(&) = Z dn (&2 — €20)",

where 131, 132, ﬁg, ]34 are functions included in the equality (25) for ¢ € K.

Proof. Since in the equality (24) the functions Fj;, F3 are holomorphic in the ring

{& € C:r < [& — &o| < R} with the center at the point {9 = z7 + Y a,x, and the functions
u=2

F,, Fy are holomorphic in the ring {&; € C:r < [& — &| < R} with the center at the point

&0 = x1 + Y, by, they are extended into the Laurent series (68), which are absolutely convergent

u=2

in the corresponding rings. Then we rewrite the equality (24) in the form

o0

®(¢) = Z an(&1 — &10)"e1 + Z bn(&2 — &20)" €2+

n=—oo n=—oo

o0 o0

+ Z cn(&1 — &10)"es + Z dn (&2 — £20)" €4

n=—oo n=—oo
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Further, using the equalities (61) for all ¢ € K¢ and integer values n, we obtain the expression of
the mapping ® in the series (67), where coefficients are defined by the equalities (59). Moreover, the
series (67) is absolutely convergent in the domain ¢ € ;. The Theorem is proved.

In the same way we can prove the following theorem, which is true for the left-G-monogenic
mappings.

Theorem 31. Let fy(E,,) = C. Then every left-G-monogenic mapping d - ICc — H(C) is expressed
in the domain KC; as the sum of the convergent series

[e o]

Q) =Y PalC— )", (69)
where (¢ — (p)" = ((C — Co)_l)fnfor n = —1,—2,... and coefficients p,, are the same as in the
equality (62), in which b\n,/b\n, Cn, c/i\n are coefficients of the Laurent series

Fi(&)= Y @& —&o)"  F&) =) bul&—&)"
n:O;oo nzoo (70)
&)= ) ale—&)".  Fl&) =) du& —&o)"

where ﬁl, ﬁg, ﬁg, o are functions included in the equality (25) for ¢ € K.

The Classification of Singularities of G-Monogenic Mappings

Terms of the Laurent series (67) and (69) with nonnegative powers form a regular part, and terms
with negative powers form a principal part of the series (67) and (69).

Let us compactify the algebra H(C) by means of addition of the infinite point. Let us agree that
eVery Sequence Wy, : = T1,€1 + Tanes + 73,63 + Tapes With 71, Ty, T3, 7o, € C converges to
the infinite point in the case, where at least one of the sequences 7y ,, T2, T3.n, Ta,n cOnverges to the
infinity in the extended complex plane.

Now suppose that the right-G-monogenic mapping & : IC(C) — H(C) and the left-G-monogenic

mapping D : K¢ — H(C) identified in the domain
KgiZ{CEEmZO<’fk—€k0‘<R§OO}, k=1,2.

Denote by /Eg ={C € En & — &o| < R}
The following theorem is true.

Theorem 32. Let f.(E,,) = C for k = 1, 2. If the expansion (67) of a mapping & : ICg — H(C):
1) does not contain a principal part, then the mapping ¢ has finite limit

lim o(¢) (71)
¢— G+ "
CE{o+¢ ¢ eMguMg}

2) contains only finite numbers of terms in a principal part, then at least for one value k = 1, 2 the
mapping ¢ has infinite limit
lim d(() (72)
¢ =G+ ¢,
¢ {C+ ¢ G e ME)

at all points ¢y + ¢ € /Eg N{C+ ¢ : G e M
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3) contains infinite numbers of terms in the principal part, then at least for one value £ = 1,2
the mapping @ either has an infinite limit, or has not neither finite, nor infinite limit at all points

Go+¢GekIn{C+¢: ¢ e Mk}

Proof. A mapping ® in the domain ICg is expressed in the form (24), where the functions Fi, Fj
are holomorphic in the pierced neighborhood U (£10, R) \ {&10} of the point &, and the functions F,
F; are holomorphic in the pierced neighborhood U (£29, R) \ {&20} of the point &y .

Let us consider the case where the decomposition (67) does not contain the principal part, namely
it is expressed in the form (57). In this case coefficients of the Laurent series (68) are related with coef-
ficients of the series (57) by the equalities (59), then due to the equalities p,, = 0 forn = —1, -2, ...,
the equalities a,, = b, = ¢, = d,, = 0 hold for all negative n. Hence, the Laurent series (68) in the
neighborhood of the corresponding points &g, £2¢ are the Taylor series of their sums, and the func-
tions Fy, Fy, F3, Fy from the equality (24) are holomorphic in the corresponding domains U (3, R),
U (&20, R). It means that the mapping (24) has the finite limits (71) at all points (o +(* € I%g N {Co +¢*
¢* e Lf UL}

Now consider the case where the principal part of the decomposition (67) contains only finite
number of terms. Then from the relations (59), which associate coefficients of the Laurent series (68)
with the coefficients of the series (67), follows, that all principal parts of the series (68) do not contain
infinite number of terms, and the principal part at least one of their does not equal to zero. It means
that the point & is not an essential singular point for the functions F}, F3 and the point &y is not an
essential singular point for the functions F5, F), but at least one of the functions Fy, Fs, F3, F, has a
pole in a corresponding point. It follows, that at least one of the functions £, F5, F3, F); has an infinite
limit as & — &1 or as & — &g, so the limit (72) is also infinite for £ = 1 or k = 2.

Finally, consider the case where the principal part of the decomposition (67) contains an infinite
number of nonzero members, so there exists an infinite number of nonzero coefficients p,, for negative
n. Then from the relations (59) follows that the principal part of at least one of the series (68) contains
an infinite number of terms and it means, that either the point £y is an essential singular for the
functions Fi, F3, or the point & is an essential singular for at least one of the functions F3 or Fj.
Therefore, a mapping ® can not have a finite limit at all points of the set IC? N{o+(*: ¢ € Lé U Lg},
but it can have an infinite limit at these points. The Theorem is proved.

For example, if &1 is a pole of the function F; and an essential singular point of the function F3,
the point &y is an essential singular point of the functions F3, Fy, then the function F} has an infinite
limit in the point &;o. Thus, the limit (72) is an infinite at all points (o + (i € KN {¢o+¢} : ¢ € L¢}.

In the case where, for example, F;, = 0, F3 = 0, F; = 0 and the point & is an essential singular
point of the function Fi, a mapping ® has not neither the finite, nor the infinite limit (72) at all points
Co+ ¢ ekgn{d+¢: ¢ el

Now, for a removable singular point, a pole and a essential singular point of the G-monogenic
mapping P in a pierced neighborhood of the point {, € E,,, one can give the same definitions as for
appropriate notions in the complex plane (see, e. g., [44, p. 135]). Namely, the point ( is called:

1) a removable singular point of the mapping @, if there exists finite limit

lim O(C) = A;
¢ — Cos
CE{C+¢ ¢ e MPuM?}

2) a pole of the mapping , if there exists infinite limit

lim O(() = o0
C—>C0a
¢ ¢ {o+¢r:¢re M UM}
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3) an essential singular point of the mapping ®, if the mapping ® has not neither finite, nor infinite
limits as ¢ — (o and ¢ ¢ {{o + ¢* : ¢* € M} U M¢}.

It follows from Theorem 32, that the isolated singular point of the G-monogenic mapping can be
only removable singular point. In the case where the mapping has unremovable singularity at the point
(o, the singular points are all at least one of the set ng N{C+¢:¢ € Mgk} fork =1,2.

H—-Monogenic Mappings

F. Hausdorft [45] proposed a definition for an analytic function in an arbitrary associative (commuta-
tive or noncommutative) algebra A over the field of complex numbers C with the unit, which may be
stated as follows.

The hypercomplex function

3

f(77) = fk(nla"'ann)eka (73)

k=1

where ex are basis elements of the algebra A, is called H—analytic function of the variable

Z nkek, if the components f; of the decomposition (73) are holomorphic functions of the

complex Varlables M, - - ., N, and if the differential
=S L
f = dfi(ms - )ex Za n ex (74)
k=1 4.k=1 j
is a linear homogeneous function of the differential dn := > dny ey, that is
k=1
n2
df =Y A,dnB,, (75)
s=1

where A, 1 B, are certain A—valued functions.

The value f'(n) := > As B; is called the Hausdorff derivative of the function f(n).
s=1

Now, we realize the Hausdorff approach to quaternion mappings of the variable { = Y 2.
u=1
A continuous mapping ¢ : Q. — H(C) of the form (5) is called H—monogenic in a domain
Q¢ C E,, if ® is differentiable in the sense of Hausdorft at every point ¢ € ()¢, i. . components of
the mapping have partial derivatives of the first order with respect to the variables 1, xo, . . . , z,,, and

a formal differential of the mapping

dd = ZZ da:ueq (76)

q=1 u=1

m
is a linear homogeneous function of the differential d{ = > dx,iy, 1. €.

u=1

16
= A, dCB,, 77
s=1

where Ay, B are certain H(C) — valued functions.
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Note, if partial derivatives of the first order of functions U, for r = 1, 2, 3, 4 exist and continuous,
then the formal differential (76) will be total differential of the mapping @, i. e. will be a main part of
the increment of this mapping.

16
The value @, (C) := > A;B; is called the Hausdorff derivative of the mapping & at the point .

s=1
Moreover, the following theorem is true:

Theorem 33. If a mapping © : Q. — H(C) is H-monogenic in a domain Q¢ , then its derivative ®';
exists, does not depend on choice of the functions A, By in the equality (77) and

0P
3:1:1 )
Proof. The consequence of the H-monogeneity of the mapping & is the equality

ZA d(B, = Z Z ng;ueq (79)

q=1 u=1

oy (¢) = (78)

Let
As = Q5161 1+ Qg2€3 + Q363 + Assa€y,

Bs = bslel + b5262 + b53€3 + 63464
fors =1,2,...,16. Using the equalities

d¢ = (dafl + Z aufcu> e + (dxl + Z buxu) e
u=1 u=1

(80)

and (80) we obtain:

Asngs = (CL51€1 + Ag2€2 + s3€3 + CLS464)

<d1:1 + Z aua:u> e1+

u=1

(bs1e1 + bsaeg + bszes + bgseq) =

+ <dﬂj1 + Z buxu> €2

u=1

<&51b51 dl’l + Z auxu) + a53b54 (dl‘l + Z b l‘u>> 1+

u=1

+ (asgbsg (dml + Z buxu) + ag4bg3 (dxl + Z auxu) ) es+
u=1

+ (aslbsi’) (dl'l + Z auxu) + as3b52 (dxl + Z buxu) ) 63+
u=1

u=1

(a52b84 (d.’El + Z bu.’Eu) + a54b51 (dl’l -+ Z auxu) ) €4 . (81)
u=1

The relations

8_35 = ;:1 aslbsl + aJsSbs4 ) al‘f s—=1 :aSQbSQ + CLS4b33 ) (82)
ou. M
a—xf = g as1bs3 + as3bsa 8_@"? = g as2bss + asabs1

s=1 s=1
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follows from the equalities (79) and (81).
Due to the equality (80), we have

ZA B Z < aslbsl + a53b34)61+

s=1

+(as2bsa + asabss)es + (a51bs3 + assbsa)es + (asabss + as4bs1)€4>-
Then, using the relation (82), we obtain

8Ul aUQ 8U3 8U4 8<I>
= €3 + €4 = .
(9951 axl

The Theorem is proved.

Theorem 34. If mappings @ : Q) — H(C) and ¥ : Q; — H(C) are H-monogenic in a domain ),

then a product ® - V is also H-monogenic mapping in Q) and

A(®- V) =dd T+ -dv.

Proof. Let A A
)= Ulw,y,2)eq, V()= Vylx,y,2)
g=1 qg=1
Then A A
= oU, 17
dd = Z Z —dx,e,, d¥ = Z Z 8Iuda:ueq
q=1 u=1 q=1 1
and

d(® - W) = d(Uﬂ/l n U3V4> e1+ d<U2V2 n U4V3>62+

+d(ULVa + UsVa )es + d(UaVi + UaVi ) s =

"/ OU oV oU. av
:612(81111‘/1‘1‘8_%11714‘83 4 )dl’u+

u=1

oU. av ouU. av
+e22( 2y, 2U +a V. U )d

" 1 OU V- oU. av
+e32(8xi%+axim+a3 U )d

+642<0UQ aViUZ gU4 8V1 ) de..

Let us transform the obtained expression to the following form:

" (OU oU. " [/ OU. ou.
“ Z (8:1:iv1 + 83:3”) dy + € Z (8.9:jv2 + Oxj%’) day+

u=1 u=1

- 8U1 8U3 - 0U2 8U4
+es Y (8—%% - axuV2> dx, + e4; ( VAt axuvl) d,+

u=1
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" OV, V- = OV oV,
+e1q Z (8:171 U + 8x3 U4) dz, + ey Z (8_:102(]2 + 0$4 U3) dz,+

u=1 u=1

= (OV; oV = (O oV,
+es Z (a—xlUg + (3.1'3 Uz) dfl?u +eyq Z (8$2 U4 + (91’4 Ul) d$u,

u=1 u=1

where we have

(vlcw1 + V4dU3) er + <V2dU2 n \/3dU4)62 v (Vg,dUl n V2dU3> et

+(V4dU2 n VldU4) es+ (Uldv1 v U3dV4>61 + (UQdVQ + U4dv3) eat

+<U1dV3 + UngQ)eg n (UQCM ¥ U4dV1>e4 — DU+ & - dU.

The Theorem is proved.

By Theorem 34 the set of H-monogenic mappings taking values in the algebra H(C) forms the
functional algebra, since a product of two H-monogenic mappings is H-monogenic mapping too.

In the next theorem we establish a relation between (G-monogenic and H-monogenic mappings.

Theorem 35. Every right-G-monogenic mapping @ : Q — H(C) and every left-G-monogenic map-
ping @ : Q¢ — H(C) in a domain Q¢ C E,, is H-monogenic mapping in this domain.

Proof. Let & : QO — H(C) is a right-G-monogenic mapping. Then the existence of the partial
derivatives of the first order of the components of the mapping ® follows from the existence of the
Gateaux derivative (the equality (4)). Let us show that the differential

0P
dd = Z oz, dzx, (83)

u=1
can be represented in the form (77).
For this we note, that due to the equality (83) and the conditions (6) the equality

m

do =) z’u(%@dxu = dC D'(¢)

1

is true, so the differential (83) is represented in the form (77), where A; = 1, B; = ®'(({).
In the similar way we establish, that due to the equality (83) for & = & and the conditions (7) is

the equality S
d® = ®'(¢)dc,

so the differential of the mapping D is represented in the form (77), where A; = ®'((), By = 1. The
Theorem is proved.

H-monogenic mapping ¢, whose differential is represented as
d® = d¢ () (84)
is called right- H-monogenic, and H-monogenic mapping CT>, whose differential is represented as
d® = P}y (¢)d¢ (85)

is called left-H-monogenic in a domain (2.
In the same way as Theorem 5.4 [35] we establish necessary and sufficient conditions of G-
monogeneity of mapping.
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Theorem 36. Suppose that components U, : Q0 — C of the mapping (5) are R-differentiable in a
domain 2. A mapping ¢ : 2 — H(C) is right-G-monogenic if and only if, when it is right-H-
monogenic in the domain €2 C E,,.

Proof. The necessity is proved in the proof of Theorem 35. Let us prove the sufficiency. Let a
mapping P is right- H-monogenic, so the equality (84) hold. The consequence of the equalities (83)
and (84) is the equality

m

O
> iua—xldxu = ¢, (C).

u=1

Using the equality (78) and the expression d¢ = > dx,i, we have the equality

u=1

— 0P —~ 0
Z a—xudﬂfu = ;Zua—xldﬂfu,

u=1

from which follows the Cauchy — Riemann condition (6). Then the mapping ® is right-G-monogenic.
The Theorem is proved.

Similarly we prove the case of Theorem for the left-G-monogenic mapping.

Theorem 37. Suppose that components U, : Q0 — C of the mapping (5) are R-differentiable in a
domain 2. A mapping ¢ : Q2 — H(C) is left-G-monogenic if and only if, when it is left- H -monogenic
in the domain Q) C E,,.

Different Equivalent Definitions of G-Monogenic Mappings

Thus, we obtain the following theorem which gives different equivalent definitions of G-monogenic
mappings in a domain 2.

Theorem 38. A mapping ® : Q¢ — H(C) (or > Q¢ — H(C)) is right-G-monogenic (or left-G-
monogem'c) in a domain S)e C E,, if and only if one of the following conditions is satisfied:

(I) components U, : Q) — C of the expansion (5) are R-differentiable in the domain ) and condi-
tions (6) (or (7)) are satisfied in the domain ()¢,

(1) components U, : 0 — C of the expansion (5) are R-differentiable in the domain $2 and the
mapping ® (or EI;) is right- H-monogenic (or left-H-monogenic) in the domain ().

If fe(Ey) = Cfor k = 1,2, then the mapping ® is right-G-monogenic (or D is left—G-monogenic)
if and only if one of the following conditions is satisfied:

(I1I) for every point (, € () there exists a neighborhood, in which the mapping ® (or CT>) is
expressed as the sum of the power series (57) (or (58));

(1V) the mapping ¢ (or @) is continuous in () and satisfies the equality (50) (or (54)) for every
triangle A\ such that A C Q.

If fr(Ew) = C for k = 1,2 and in addition the domain Q¢ C E,, is convex with respect to the set
of directions Mck then the mapping ® is right-G-monogenic (or D is left—G—monogenic) if and only
if, when

(V) there exist unique holomorphic in the domain D, functions Fy, F3 (or F 1, E) of the variable
&1 and unique holomorphic in the domain D, functions Fy, Fy (or ﬁg, F\g) of the variable &5 such that
the mapping ® (or (/IS) is expressed in the form (24) (or (25) in the domain €.
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Proof. It is established in [28] that the mapping ¢ is right-G-monogenic in the domain €2, if and
only if the condition (I) is satisfied.

The equivalence of the condition (II) and the notion of right-G-monogenic mapping is established
in Theorem 37.

To prove the equivalence of the condition (III) and the notion of right-G-monogenic mapping is a
consequence of Theorem 26 and the property of convergent series (57) to define a mapping right-G-
monogenic in a domain of convergence.

The equivalence of the condition (IV) and the notion of right-G'-monogenic mapping follows from
Theorem 23 and Theorem 22.

Finally, the equivalence of the condition (V) and the notion of right-G-monogenic mapping &,
it 1s sufficient to note that the uniqueness of the functions Fi, Fy, F3, F in (25) follows from the
uniqueness of decomposition of element with respect to the basis {e1, 5, €3, e4} of the algebra H(C),
and the mapping (25) is right-G-monogenic in ) because it satisfies the condition (6).

For the left-G-monogenic mappings Theorem is proved in a same way. The Theorem is proved.

Conclusion

We consider a class of so-called quaternionic G-monogenic (differentiable in the sense of Gateaux)
mappings associated with m-dimensional (m € {2, 3,4}) partial differential equations and propose a
description of all mappings from this class by using four analytic functions of complex variable. For G-
monogenic mappings we generalize some analogues of classical integral theorems of the holomorphic
function theory of the complex variable (the surface and the curvilinear Cauchy integral theorems, the
Cauchy integral formula, the Morera theorem), and Taylor’s and Laurent’s expansions. Moreover,
we investigated the relation between G-monogenic and H-monogenic (differentiable in the sense of
Hausdorff) quaternionic mappings.
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