






ÇÌIÑÒ

1 Êëàñèôiêàöiÿ ðiâíÿíü. Ðiâíÿííÿ çi ñòàëèìè êîå-

ôiöi¹íòàìè 4

1.1 Îñíîâíi ïîíÿòòÿ . . . . . . . . . . . . . . . . . . 4

1.2 Êëàñèôiêàöiÿ ë.ä.ð. ç ÷.ï. äðóãîãî ïîðÿäêó . . . 6

1.3 Çâåäåííÿ ë.ä.ð. ç ÷.ï. çi ñòàëèìè êîåôiöi¹íòàìè

äî êàíîíi÷íîãî âèãëÿäó . . . . . . . . . . . . . . 8

1.4 Çàâäàííÿ äëÿ ñàìîêîíòðîëþ . . . . . . . . . . . 18

1.5 Çàâäàííÿ äëÿ ñàìîñòiéíî¨ ðîáîòè � 1 . . . . . . 20

2 Ìåòîä õàðàêòåðèñòèê. Ðiâíÿííÿ çi çìiííèìè êî-

åôiöi¹íòàìè 21

2.1 Çâåäåííÿ äî êàíîíi÷íîãî âèãëÿäó . . . . . . . . . 21

2.2 Ðîçâ'ÿçàííÿ ë.ä.ð. ç ÷.ï. äðóãîãî ïîðÿäêó . . . . 29

2.3 Çàâäàííÿ äëÿ ñàìîêîíòðîëþ . . . . . . . . . . . 41

2.4 Çàâäàííÿ äëÿ ñàìîñòiéíî¨ ðîáîòè � 2 . . . . . . 43

2.5 Çàâäàííÿ äëÿ ñàìîñòiéíî¨ ðîáîòè � 3 . . . . . . 44

2.6 Çàâäàííÿ äëÿ ñàìîñòiéíî¨ ðîáîòè � 4 . . . . . . 45

3 Çàäà÷à Êîøi äëÿ ðiâíÿííÿ êîëèâàíü ñòðóíè. Ôîð-

ìóëà Äàëàìáåðà 46

3.1 Ôîðìóëà Äàëàìáåðà. Îá ðóíòóâàííÿ i ïðèêëàäè 46

3.2 Çàâäàííÿ äëÿ ñàìîêîíòðîëþ . . . . . . . . . . . 49

3.3 Çàâäàííÿ äëÿ ñàìîñòiéíî¨ ðîáîòè � 5 . . . . . . 51

Ðåêîìåíäîâàíà ëiòåðàòóðà 52

3



1 Êëàñèôiêàöiÿ ðiâíÿíü. Ðiâíÿííÿ çi ñòàëèìè êîåôi-

öi¹íòàìè

1.1 Îñíîâíi ïîíÿòòÿ

ßê ïðàâèëî, çíàéîìñòâî ç äèôåðåíöiàëüíèìè ðiâíÿííÿìè ç ÷àñòèííèìè
ïîõiäíèìè ïî÷èíà¹òüñÿ â êóðñi çâè÷àéíèõ äèôåðåíöàëüíèõ ðiâíÿíü i ¹
äîñòàòíüî ïîâåðõíåâèì. Âêàçàíi ðiâíÿííÿ ç'ÿâëÿþòüñÿ â ðîçäiëi ¾Ñèñòå-
ìè äèôåðåíöiàëüíèõ ðiâíÿíü¿, ùî ¹ íå âèïàäêîâèì: çãiäíî âiäîìèõ ðå-
çóëüòàòiâ, ðiâíÿííÿ ïåðøîãî ïîðÿäêó çâîäÿòüñÿ äî âiäïîâiäíî¨ ñèñòåìè
çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü. Â íàøîìó ïîñiáíèêó ìè äîêëàäíî
íå áóäåìî òîðêàòèñÿ öi¹¨ òåìè, îñêiëüêè ðiâíÿííÿ ïåðøîãî ïîðÿäêó ¹
îêðåìèì ðîçäiëîì ìàòåìàòèêè i, ÿê ìè âæå çàóâàæèëè, ïðåäìåòîì âè-
â÷åííÿ iíøîãî êóðñó. Îñíîâíà íàøà ìåòà - ïîçíàéîìèòèñü ç ðiâíÿííÿìè
äðóãîãî ïîðÿäêó, äîñëiäèòè ¨õ êëàñèôiêàöiþ, âëàñòèâîñòi i íàâ÷èòèñÿ ¨õ
ðîçâ'ÿçóâàòè. Â äâîõ ñëîâàõ ìîæíà çàóâàæèòè, ùî ìiæ âëàñòèâîñòÿìè
i ðîçâ'ÿçàííÿì ðiâíÿíü ïåðøîãî i äðóãîãî ïîðÿäêó íåìà ìàéæå íi÷îãî
ñïiëüíîãî: ïðèíöèïè äîñëiäæåííÿ, ðîçñòàíîâêà àêöåíòiâ, ñõåìà ðîçâ'ÿçà-
ííÿ i ò.ií. ¹ ïðèíöèïîâî ðiçíèìè. Ìè ïîáà÷èìî öå ïî ìiði ïîäàëüøîãî
âèêëàäåííÿ ìàòåðiàëó. Ïåðåäóñiì ðîçãëÿíåìî äåêiëüêà îçíà÷åíü.

Îçíà÷åííÿ 1.1. Íåòîòîæíå ñïiââiäíîøåííÿ, ÿêå ïîâ'ÿçó¹ íåçàëåæíi
çìiííi x1, x2, . . . xn, n > 2, íåâiäîìó ôóíêöiþ u = u(x1, . . . xn) i ¨ ¨ ÷àñòèííi
ïîõiäíi íàçèâà¹òüñÿ äèôåðåíöiàëüíèì ðiâíÿííÿì ç ÷àñòèííèìè ïîõiäíè-
ìè.

Îçíà÷åííÿ 1.2. Ïîðÿäêîì ðiâíÿííÿ íàçèâà¹òüñÿ ïîðÿäîê íàéñòàð-
øî¨ ïîõiäíî¨, ùî âõîäèòü äî íüîãî. Íàïðèêëàä, äëÿ n = 2 (âèïàäîê äâîõ
çìiííèõ) çàãàëüíèé âèãëÿä äèôåðåíöiàëüíîãî ðiâíÿííÿ ç ÷àñòèííèìè ïî-
õiäíèìè äðóãîãî ïîðÿäêó íàñòóïíèé:

F

(
x1, x2, u,

∂u

∂x1
,
∂u

∂x2
,
∂2u

∂x21
,

∂2u

∂x1∂x2
,
∂2u

∂x22

)
= 0 . (1.1.1)

Çàóâàæåííÿ 1.1. Äëÿ ñêîðî÷åííÿ çàïèñó ìè òàêîæ áóäåìî âèêî-
ðèñòîâóâàòè òðîõè iíøi ïîçíà÷åííÿ äëÿ ÷àñòèííèõ ïîõiäíèõ, à ñàìå, ïî-
êëàäåìî ux := ∂u

∂x
, uxx := ∂2u

∂x2 , uxy := ∂2u
∂x∂y

i ò.ä. Òîäi, çîêðåìà, ñïiââiäíî-
øåííÿ (1.1.1) ìîæíà çàïèñàòè â íàñòóïíîìó âèãëÿäi:

F (x1, x2, u, ux1 , ux2 , ux1x1 , ux1x2 , ux2x2) = 0 . (1.1.2)
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Îçíà÷åííÿ 1.3.Íàãàäà¹ìî, ùî îáëàñòþ â Rn íàçèâà¹òüñÿ âiäêðèòà i
ëiíiéíî çâ'ÿçíà ìíîæèíà. Iíøèìè ñëîâàìè, D � îáëàñòü, ÿêùî, ïî-ïåðøå,
êîæíà òî÷êà x0 ∈ D ìà¹ êóëþ ç öåíòðîì â íié, ÿêà öiëêîì ìiñòèòüñÿ â
D, ïî-äðóãå, êîæíi äâi òî÷êè x1, x2 ∈ D ìîæíà ç'¹äíàòè êðèâîþ, êîòðà
öiëêîì ìiñòèòüñÿ â D.

Â òåîði¨ äèôåðåíöiàëüíèõ ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè îäíèì ç
íàéâàæëèâiøèõ ïîíÿòü i îçíà÷åííÿ ðîçâ'ÿçêó ðiâíÿííÿ. Íàâåäåìî éîãî.

Îçíà÷åííÿ 1.4. Ôóíêöiÿ φ(x,x2), x = (x1, x2), íàçèâà¹òüñÿ ðîçâ'ÿç-
êîì ðiâíÿííÿ (1.1.1) â îáëàñòi Ω ⊂ R2, ÿêùî 1) φ ∈ C2(Ω) (òîáòî, φ
ìà¹ âñi ÷àñòèííi ïîõiäíi ïîðÿäêó íå ìåíøå äðóãîãî â îáëàñòi Ω, ïðè÷î-
ìó öi ïîõiäíi ¹ íåïåðåðâíèìè â äàíié îáëàñòi); 2) òî÷êà ç êîîðäèíàòàìè(
x1, x2, φ,

∂φ
∂x1
, ∂φ
∂x2
, ∂

2φ
∂x2

1
, ∂2φ
∂x1∂x2

, ∂
2φ

∂x2
2

)
íàëåæèòü äî îáëàñòi âèçíà÷åííÿ ôóí-

êöi¨ F â (1.1.1); 3) ïiäñòàíîâêà u 7→ φ ó ðiâíÿííÿ (1.1.1) îáåðòà¹ éîãî â
òîòîæíiñòü â Ω.

Çâè÷àéíî, òóò íàéâàæëèâiøîþ ¹ âëàñòèâiñòü 3). Ç ìåòîþ ñïðîùåííÿ
çàïèñiâ ìè äàëè ëèøå ïîíÿòòÿ ðîçâ'ÿçêó â âèïàäêó äâîõ çìiííèõ, àëå
çâè÷àéíî ìîæíà íàâåñòè àíàëîãi÷íå îçíà÷åííÿ äëÿ áóäü-ÿêî¨ êiëüêîñòi
çìiííèõ.

ßê ïðàâèëî, ìè áóäåìî ðîçãëÿäàòè ëiíiéíi äèôåðåíöiàëüíi ðiâíÿííÿ
ç ÷àñòèííèìè ïîõiäíèìè. Ðîçãëÿíåìî íàñòóïíå

Îçíà÷åííÿ 1.5. Ëiíiéíèì äèôåðåíöiàëüíèì ðiâíÿííÿì 2-ãî ïîðÿä-
êó ç ÷àñòèííèìè ïîõiäíèìè íàçèâà¹òüñÿ ðiâíÿííÿ âèãëÿäó

n∑
i,j=1

aij(x)
∂2u

∂xi∂xj
+

n∑
i=1

ai(x)
∂u

∂xi
+ b(x)u+ c(x) = 0 , (1.1.3)

äå x = (x1, . . . , xn) ⊂ Ω, Ω � îáëàñòü â Rn, n > 2, aij(x), ai(x), b(x) i c(x)
� çàäàíi ôóíêöi¨.

Çàãàëüíîïðèéíÿòå ñêîðî÷åííÿ:

Ë.ä.ð. ç ÷.ï. ≡ ëiíiéíå äèôåðåíöiàëüíå ðiâíÿííÿ ç ÷àñòèííèìè ïî-
õiäíèìè

Ïðèêëàäè ë.ä.ð. ç ÷.ï. äðóãîãî ïîðÿäêó:

1) Õâèëüîâå ðiâíÿííÿ:

∂2u

∂t2
= a2 ·

(
∂2u

∂x2
+
∂2u

∂y2
+
∂2u

∂z2

)
+ f(x, y, z, t) , (1.1.4)
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a > 0 � ôiêñîâàíå äiéñíå ÷èñëî, f � çàäàíà ôóíêöiÿ. Ðiâíÿííÿ (1.1.4)
ðîçãëÿäà¹òüñÿ â îáëàñòi Ω = {(x, y, z, t) : x, y, z ∈ R, t > 0}.

¾Îäíîâèìiðíèì¿ àíàëîãîì ðiâíÿííÿ (1.1.4) ¹ ðiâíÿííÿ êîëèâàíü ñòðó-
íè:

∂2u

∂t2
= a2 · ∂

2u

∂x2
+ f(x, t) . (1.1.5)

Òóò òàê ñàìî a > 0 � ôiêñîâàíå äiéñíå ÷èñëî, f � çàäàíà ôóíêöiÿ. Ðiâ-
íÿííÿ (1.1.5) ðîçãëÿäà¹òüñÿ â îáëàñòi Ω = {(x, t) : x ∈ R, t > 0}.

2) Ðiâíÿííÿ òåïëîïðîâiäíîñòi:

∂u

∂t
= a2 ·

(
∂2u

∂x2
+
∂2u

∂y2
+
∂2u

∂z2

)
+ f(x, y, z, t) , (1.1.6)

a > 0 � ôiêñîâàíå äiéñíå ÷èñëî, f � çàäàíà ôóíêöiÿ. Ðiâíÿííÿ (1.1.6)
ðîçãëÿäà¹òüñÿ â îáëàñòi Ω = {(x, y, z, t) : x, y, z ∈ R, t > 0}.

Â ðiâíÿííÿõ (1.1.4)�(1.1.6) ïàðàìåòð t ãðà¹ ðîëü ÷àñó. Çîêðåìà, ôóí-
êöiÿ u â ðiâíÿííi (1.1.6) õàðàêòåðèçó¹ òåìïåðàòóðó â òî÷öi (x, y, z) ∈ R3

i ìîìåíò ÷àñó t > 0. ßêùî æ ìè ìà¹ìî ñòàëèé òåïëîâèé ïðîöåñ, íåçàëå-
æíèé âiä t, òî çìiííà t ¾çíèêà¹¿ ç ðiâíÿííÿ (1.1.6). Òîäi ìà¹ìî ùå îäèí
âàæëèâèé òèï ðiâíÿíü:

3) Ðiâíÿííÿ Ïóàññîíà:

∂2u

∂x2
+
∂2u

∂y2
+
∂2u

∂z2
+ f(x, y, z, t) = 0 , (1.1.7)

a > 0 � ôiêñîâàíå äiéñíå ÷èñëî, f � çàäàíà ôóíêöiÿ. Ðiâíÿííÿ (1.1.7)
çíîâó òàêè ðîçãëÿäà¹òüñÿ â îáëàñòi Ω = {(x, y, z, t) : x, y, z ∈ R, t > 0}.
Êîëè f(x, y, z, t) ≡ 0, (1.1.7) ïåðåòâîðþ¹òüñÿ íà ðiâíÿííÿ Ëàïëàñà:

∂2u

∂x2
+
∂2u

∂y2
+
∂2u

∂z2
= 0 . (1.1.8)

1.2 Êëàñèôiêàöiÿ ë.ä.ð. ç ÷.ï. äðóãîãî ïîðÿäêó

Â öüîìó ðîçäiëi íàéâàæëèâiøèì ç ïîíÿòü ¹ îçíà÷åííÿ êâàäðàòè÷íî¨ ôîð-
ìè, ÿêå ìè ââàæà¹ìî çíàéîìèì i, áiëüøå òîãî, äîáðå âiäîìèì ç êóðñó ëi-
íiéíî¨ àëãåáðè. Ðàäèìî âñiì ÷èòà÷àì íàøîãî ïîñiáíèêà ñïî÷àòêó âèâ÷èòè
àáî óâàæíî ïîâòîðèòè öå ïîíÿòòÿ (äëÿ öüîãî ïiäiéäå, íàïðèêëàä, ïiäðó-
÷íèê [6] ç ïåðåëiêó áiáëiîãðàôi÷íèõ äæåðåë, äèâ. § 4 ãëàâè I). Çàóâàæèìî,
ùî êëàñèôiêàöiÿ ëiíiéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü ç ÷àñòèííèìè ïîõi-
äíèìè äðóãîãî ïîðÿäêó (çãiäíî íàøèõ äîìîâëåíîñòåé, âîíè íàçèâàþòüñÿ
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òóò áiëüø ñêîðî÷åíî ë.ä.ð. ç ÷.ï.) ¹ ñïðàâîþ çíà÷íî áiëüø âàæëèâiøîþ,
íiæ ¨õ áåçïîñåðåäí¹ ðîçâ'ÿçàííÿ. Ç êëàñèôiêàöi¨ ðiâíÿííÿ ïî÷èíà¹òüñÿ
çâåäåííÿ éîãî äî òàê çâàíîãî êàíîíi÷íîãî âèãëÿäó (ïðî öå áóäå ãîâî-
ðèòèñÿ ïiçíiøå), à ëèøå ïîòiì ñòà¹ ìîæëèâèì ðîçâ'ÿçàííÿ. Ñëiä òàêîæ
çàóâàæèòè, ùî êëàñèôiêàöiÿ ðîáèòüñÿ âèêëþ÷íî ïî ñòàðøèõ ÷ëåíàõ ðiâ-
íÿííÿ, òîáòî, â êëàñèôiêàöi¨ ïðèéìà¹ ó÷àñòü ëèøå ïåðøà ñóìà â (1.1.3).
Iíøi ÷ëåíè ðiâíÿííÿ (ìîëîäøi ïîõiäíi, ñàìà ôóíêöiÿ, âiëüíèé ÷ëåí) ðîëi
â êëàñèôiêàöi¨ íå ãðàþòü.

Îòæå íåõàé ìè ìà¹ìî ðiâíÿííÿ (1.1.3). Äëÿ çðó÷íîñòi ÷èòàííÿ, çà-
íîâî íàïèøåìî éîãî:

n∑
i,j=1

aij(x)
∂2u

∂xi∂xj
(x) +

n∑
i=1

ai(x)
∂u

∂xi
(x) + b(x)u(x) + c(x) = 0 . (1.2.1)

Çàôiêñó¹ìî òî÷êó x0 ∈ Ω i íàïèøåìî êâàäðàòè÷íó ôîðìó Q = Q(t),
ÿêà âiäïîâiäà¹ ñòàðøèì ÷ëåíàì ðiâíÿííÿ (1.2.1) â öié òî÷öi, êåðóþ÷èñü
íàñòóïíîþ âiäïîâiäíiñòþ: ∂

∂xi
→ ti,

∂2

∂xi∂xj
→ titj. Áóäåìî ìàòè:

Q(t) =
n∑

i,j=1

aij(x0)titj . (1.2.2)

Çãiäíî [6, òåîðåìà 1, § 6, ãë. I], iñíó¹ íåâèðîäæåíà ìàòðèöÿ

B =


b11 b12 . . . b1n
b21 b22 . . . b2n
...

...
. . .

...
bn1 bn2 . . . bnn

 (1.2.3)

òàêà ùî çàìiíà t = Bs, t =


t1
t2
...
tn

 , s =


s1
s2
...
sn

 , ïåðåòâîðþ¹ ôîðìó Q

äî íàñòóïíîãî âèãëÿäó:

Q(t) =
n∑

i=1

αis
2
i , αi ∈ {0,±1} . (1.2.4)

Ç ëiíiéíî¨ àëãåáðè âiäîìî, ùî êiëüêiñòü äîäàòíiõ, íóëüîâèõ i âiä'¹ìíèõ
åëåìåíòiâ â (1.2.4) íå çàëåæèòü âiä îáðàííÿ ìàòðèöi B i ¹ ñòàëîþ â öüîìó
ñåíñi (¾çàêîí iíåðöi¨¿; äèâ. íàïð., [6, òåîðåìà 2, § 6, ãë. I]). Îòæå, ¹
ñïðàâåäëèâîþ íàñòóïíà êëàñèôiêàöiÿ:
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1) ÿêùî â êàíîíi÷íîìó âèãëÿäi (1.2.4) ôîðìè Q â (1.2.2) âñi åëåìåíòè
αi âiäìiííi âiä íóëÿ i ìàþòü îäíàêîâèé çíàê, òî ðiâíÿííÿ (1.2.1) íàçèâà-
¹òüñÿ ðiâíÿííÿì åëiïòè÷íîãî òèïó â òî÷öi x0;

2) ÿêùî â êàíîíi÷íîìó âèãëÿäi (1.2.4) ôîðìè Q â (1.2.2) âñi åëå-
ìåíòè αi âiäìiííi âiä íóëÿ i ìàþòü îäíàêîâèé çíàê, çà âèêëþ÷åííÿì
îäíîãî i òiëüêè îäíîãî åëåìåíòó, êîòðèé ìà¹ ïðîòèëåæíèé çíàê, òî ðiâ-
íÿííÿ (1.2.1) íàçèâà¹òüñÿ ðiâíÿííÿì ãiïåðáîëi÷íîãî òèïó â òî÷öi x0;

3) ÿêùî â êàíîíi÷íîìó âèãëÿäi (1.2.4) ôîðìè Q â (1.2.2) õî÷à á îäèí
åëåìåíò αi äîðiâíþ¹ íóëþ, òî ðiâíÿííÿ (1.2.1) íàçèâà¹òüñÿ ðiâíÿííÿì
ïàðàáîëi÷íîãî òèïó â òî÷öi x0.

Çâè÷àéíî, ìîæëèâi ñèòóàöi¨, êîëè äâà i áiëüøå åëåìåíòiâ αi â (1.2.4)
ìàþòü çíàê, ïðîòèëåæíèé äî çíàêó ðåøòè åëåìåíòiâ. Òàêi ðiâíÿííÿ íà-
çèâàþòüñÿ ðiâíÿííÿìè óëüòðàãiïåðáîëi÷íîãî òèïó. Ìè íå áóäåìî ðîç-
ãëÿäàòè òàêi ðiâíÿííÿ.

1.3 Çâåäåííÿ ë.ä.ð. ç ÷.ï. çi ñòàëèìè êîåôiöi¹íòàìè äî êàíîíi-
÷íîãî âèãëÿäó

Êàíîíi÷íèé âèãëÿä ðiâíÿííÿ (1.1.3) � öå ðiâíÿííÿ, ÿêå âèõîäèòü ç ðiâíÿ-
ííÿ (1.1.3) øëÿõîì íåâèðîäæåíî¨ çàìiíè íåçàëåæíèõ çìiííèõ, âiäíîñíî
ÿêîãî êâàäðàòè÷íà ôîðìà Q â (1.2.2) ìà¹ êàíîíi÷íèé âèãëÿä, òîáòî, âè-
ãëÿä (1.2.4). Çàóâàæèìî, ùî äàëåêî íå êîæíå ðiâíÿííÿ çâîäèòüñÿ äî êà-
íîíi÷íîãî âèãëÿäó. Çîêðåìà, â ìiðêóâàííÿõ ïîïåðåäíüîãî ïàðàãðàôó ìè
ôiêñóâàëè òî÷êó x0, i öå iñòîòíèé íþàíñ ïðè íàäàííi êëàñèôiêàöi¨. Çàìi-
íè, ÿêà çàáåçïå÷èòü êàíîíi÷íiñòü ôîðìè ðiâíÿííÿ îäíî÷àñíî äëÿ âñiõ x
ìîæå i íå iñíóâàòè. Òèì íå ìåíø, ¹ äâà âàæëèâi âèïàäêè, êîëè çâåäåííÿ
äî êàíîíi÷íîãî âèãëÿäó ìîæëèâå, à ñàìå, êîëè êîåôiöi¹íòè â ðiâíÿííi
(1.1.3) ¹ ñòàëèìè (ïåðøèé âèïàäîê), i êîëè ðiâíÿííÿ (1.1.3) ñòîñó¹òüñÿ
äâîõ íåçàëåæíèõ çìiííèõ, n = 2 (äðóãèé âèïàäîê). Â öüîìó ðîçäiëi éäå-
òüñÿ ïðî âèïàäîê ñòàëîñòi êîåôiöi¹íòiâ ðiâíÿííÿ.

Íåõàé ìà¹ìî ðiâíÿííÿ

n∑
i,j=1

aij
∂2u

∂xi∂xj
(x) +

n∑
i=1

ai
∂u

∂xi
(x) + bu(x) + c = 0 , (1.3.1)

äå êîåôiöi¹íòàìè aij, ai, b i c ¹ ôiêñîâàíi äiéñíi ÷èñëà.

Ñõåìà çâåäåííÿ ë.ä.ð. ç ÷.ï. (1.3.1) äî êàíîíi÷íîãî âèãëÿäó

Äëÿ òîãî, ùîá çâåñòè ë.ä.ð. ç ÷.ï. (1.3.1) äî êàíîíi÷íîãî âèãëÿäó,
òðåáà:
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1) Ïîñòàâèòè ó âiäïîâiäíiñòü ∂
∂xi

→ ti,
∂2

∂xi∂xj
→ titj i çàïèñàòè ïî

ñòàðøèõ ÷ëåíàõ ðiâíÿííÿ (1.3.1) êâàäðàòè÷íó ôîðìó

Q(t) =
n∑

i,j=1

aijtitj . (1.3.2)

Çâåðíiòü óâàãó, ùî ïðèéìàþòüñÿ äî óâàãè ëèøå ¾ñòàðøi¿ ÷ëåíè ðiâ-
íÿííÿ (1.3.1), òîáòî, ëèøå äîäàíêè â ïåðøié ñóìi (1.3.1). Iíøi åëåìåíòè
(ìîëîäøi ïîõiäíi i êîåôiöi¹íòè ïðè íèõ) iãíîðóþòüñÿ.

2) Çâåñòè êâàäðàòè÷íó ôîðìó (1.3.2) äî êàíîíi÷íîãî âèãëÿäó. Íåõàé

Q(t) =
n∑

i=1

αis
2
i , αi ∈ {0,±1} (1.3.3)

� êàíîíi÷íèé âèãëÿä ôîðìè (1.3.2). Íåõàé òàêîæ ìàòðèöÿ

B =


b11 b12 . . . b1n
b21 b22 . . . b2n
...

...
. . .

...
bn1 bn2 . . . bnn

 (1.3.4)

� öå (îäíà ç ìîæëèâèõ) ìàòðèöü, çà äîïîìîãîþ ÿêî¨ çâîäèòüñÿ äî êàíîíi-
÷íîãî âèãëÿäó ôîðìà (1.3.2), òîáòî, B � ìàòðèöÿ, äëÿ ÿêî¨ çàìiíà t = Bs,

t =


t1
t2
...
tn

 , s =


s1
s2
...
sn

 , ïåðåòâîðþ¹ ôîðìó Q äî âèãëÿäó (1.3.4).

Êîìåíòàð. Ìè ùå íå ñêàçàëè, ÿê ñàìå çíàéòè ìàòðèöþ B i òîð-
êíåìîñÿ öüîãî òðîõè ïiçíiøå. Ïîêè ïðîñòî çàóâàæèìî, ùî çíàõîäæåííÿ
ìàòðèöi B, ÿê ïðàâèëî, ïîâ'ÿçàíî ç ìåòîäîì Ëàãðàíæà (ìåòîäîì âèäi-
ëåííÿ ïîâíèõ êâàäðàòiâ) ó êâàäðàòè÷íié ôîðìi. Ó ïîâíîìó îáñÿçi ñõåìó
çíàõîäæåííÿ ìàòðèöi B íàâîäèòè íå âàðòî, îñêiëüêè ¨¨ âiäøóêóâàííÿ ¹
iíòó¨òèâíî çðîçóìiëèì (äèâ. ïðèêëàä 1, ùî áóäå ðîçãëÿäàòèñÿ íèæ÷å).
Çàóâàæèìî òàêîæ, ùî êðiì ìåòîäó Ëàãðàíæà iñíóþòü ðiçíi ñïîñîáè çâå-
äåííÿ ôîðì äî ñóìè ïîâíèõ êâàäðàòiâ, íà ïðèêëàä, ìåòîä ßêîái, àáî
òðèêóòíèé ìåòîä; äëÿ áiëüø äîêëàäíîãî çíàéîìñòâà ç êâàäðàòè÷íèìè
ôîðìàìè âiäñèëà¹ìî ÷èòà÷à äî ïiäðó÷íèêà [6].

3) Ïiñëÿ òîãî, ÿê çíàéäåíî ìàòðèöþB, ñëiä çðîáèòè â ðiâíÿííi (1.3.1)
çàìiíó

y = Btrx, (1.3.5)
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äå x =


x1
x2
...
xn

 , y =


y1
y2
...
yn

 . Òóò i íàäàëi B tr ïîçíà÷à¹ ìàòðèöþ, òðàíñ-

ïîíîâàíó äî B. Çâåðíiòü óâàãó, ùî â (1.3.5) çàïèñàíî äiþ ìàòðèöi B tr äî
âåêòîð-ñòîâïöÿ x, à ðåçóëüòàòîì y ¹ òàêîæ âåêòîð-ñòîâïåöü. Ïðè çàìi-
íi (1.3.5) ôóíêöiÿ u(x) ïåðåõîäèòü â äåÿêó iíøó ôóíêöiþ ũ(y). Ìîæíà
ïîêàçàòè, ùî ïiñëÿ âêàçàíî¨ çàìiíè i ïåðåîá÷èñëåííÿ ïîõiäíèõ â (1.3.1)
ðiâíÿííÿ (1.3.1) ìàòèìå âèãëÿä:

n∑
i=1

αi
∂2ũ

∂y2i
(y) + F

(
y, ũ,

∂ũ

∂y1
, . . . ,

∂ũ

∂yn

)
= 0 , (1.3.6)

äå ó ¾õâiñò¿ F (y, ũ, ∂ũ
∂y1
, . . . , ∂ũ

∂yn
) ìè ñõîâàëè åëåìåíòè ðiâíÿííÿ (1.3.6),

ùî ìiñòÿòü ñàìó ôóíêöiþ i ¨¨ ìîëîäøi ïîõiäíi. Ïðè ðîçâ'ÿçàííi ðiâíÿí-
íÿ (1.3.1) ñëiä çíàõîäèòè êîíêðåòíèé âèãëÿä ôóíêöi¨ F, ïðè çâåäåííi äî
êàíîíi÷íîãî âèãëÿäó � çîâñiì íå îáîâ'ÿçêîâî.

Ðiâíÿííÿ (1.3.6) íàçèâà¹òüñÿ ðiâíÿííÿì, çàïèñàíèì ó êàíîíi÷íîìó
âèãëÿäi âiäïîâiäíî äî ðiâíÿííÿ (1.3.1).

Íà ùî ñëiä çâåðíóòè óâàãó ?

1) Ïðè çâåäåííi äî êàíîíi÷íîãî âèãëÿäó ðiâíÿííÿ (1.3.1) éîãî ìîëîä-
øi ÷ëåíè iãíîðóþòüñÿ. Íà æàëü, öå äîâîëi ÷àñòà ïîìèëêà ïðè ðîçâ'ÿçàíi
çàäà÷ ñòóäåíòàìè.

2) Ïîõiäíi â ðiâíÿííi ïðè çàìiíàõ òèïó (1.3.5) íå iíâàðiàíòíi, à
çìiíþþòüñÿ çà ñïåöiàëüíèì ïðàâèëîì. Îñü âîíî:

∂u

∂xi
(x) =

n∑
k=1

∂ũ

∂yk
(y(x)) · ∂yk

∂xi
(x) , (1.3.7)

àáî áiëüø ñêîðî÷åíî
∂u

∂xi
=

n∑
k=1

∂ũ

∂yk
· ∂yk
∂xi

,

÷è íàâiòü

uxi
=

n∑
k=1

ũyk · (yk)xi
, (1.3.8)

äèâ., íàïð., [12, ñïiââiäíîøåííÿ (8) i (9), ïóíêò 181, ãë. V]. Ôîðìóëà (1.3.7)
íàãàäó¹ øêiëüíó ôîðìóëó äëÿ ïîõiäíî¨ ñêëàäíî¨ ôóíêöi¨:

(f(g(x))) ′ = f ′(g(x)) · g ′(x) . (1.3.9)
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3) Ó ðiâíÿííi (1.3.6) êîåôiöi¹íòè αi ÷iòêî âiäïîâiäàþòü êîåôiöi¹í-
òàì ôîðìè (1.3.3), çîêðåìà, öi êîåôiöi¹íòè ìàþòü íàáóâàòè îäíå ç òðüîõ
ìîæëèâèõ çíà÷åíü: 0, 1 àáî −1. ßêùî Âè ðîçâ'ÿçóâàëè çàäà÷ó i îòðèìàëè
iíøi êîåôiöi¹íòè, àáî â êàíîíi÷íîìó âèãëÿäi (1.3.6) Âè ìà¹òå êîåôiöi¹íòè,
âiäìiííi âiä çíà÷åíü αi ó ôîðìi (1.3.3), öå îçíà÷à¹, ùî çàäà÷ó ðîçâ'ÿçàíî
íåïðàâèëüíî.

4) Äëÿ ôóíêöié u = u(x, y) àáî ũ = ũ(ξ, η) ç êëàñó C2, âiäíîñíî ÿêèõ
ìè çàâæäè ðîçãëÿäà¹ìî íàøi ðiâíÿííÿ, ¨õ ìiøàíi ïîõiäíi ñïiâïàäàþòü
( [12, òåîðåìà, ï. 190, � 4, ãë. V]). Íàïðèêëàä, uxy = uyx, ũξη = ũηξ i ò.ï.
Ñêàçàíå ðîçïîâñþäæó¹òüñÿ òàêîæ íà âèïàäîê ôóíêöié n çìiííèõ:

∂2u

∂xi∂xj
=

∂2u

∂xj∂xi
, 1 6 i, j 6 n . (1.3.10)

5) ßêùî Âàñ ïðîñÿòü çâåñòè ðiâíÿííÿ äî êàíîíi÷íîãî âèãëÿäó, àáî
âèçíà÷èòè éîãî òèï, òî ñàìî ðiâíÿííÿ ðîçâ'ÿçóâàòè (øóêàòè ôóíêöiþ
u, ÿêà îáåðòà¹ éîãî â òîòîæíiñòü) íå òðåáà. ßêùî æ ïðîñÿòü ðîçâ'ÿçàòè
ðiâíÿííÿ, òî, ÿê ïðàâèëî, ñëiä ñïî÷àòêó çâåñòè éîãî äî êàíîíi÷íîãî âè-
ãëÿäó, à âæå ïîòiì øóêàòè âiäïîâiäíó ôóíêöiþ u. Ðîçâ'ÿçàííÿ ðiâíÿíü �
öå îêðåìå ïèòàííÿ, ÿêå áóäå ðîçãëÿäàòèñÿ â íàñòóïíèõ ñåêöiÿõ ïîñiáíèêó.
Ðîçâ'ÿçóâàííÿ ðiâíÿíü, ÿê ïðàâèëî, ¹ ñïðàâîþ çíà÷íî áiëüø ñêëàäíîþ,
íiæ âèçíà÷åííÿ êëàñèôiêàöi¨ àáî çâåäåííÿ äî êàíîíi÷íîãî âèãëÿäó äàíî-
ãî ðiâíÿííÿ.

Ïðèêëàä 1. Âèçíà÷èòè òèï i çâåñòè äî êàíîíi÷íîãî âèãëÿäó ðiâíÿ-
ííÿ

uxx − 4uxy − 6uxz + 3uyy + uzz + 6uyz + ux − 2u = 5x . (1.3.11)

Ðîçâ'ÿçîê. 1 êðîê. Î÷åâèäíî, ðiâíÿííÿ (1.3.11) ¹ ëiíiéíèì äèôå-
ðåíöiàëüíèì ðiâíÿííÿì ç ÷àñòèííèìè ïîõiäíèìè (ë.ä.ð. ç ÷.ï.) äðóãîãî
ïîðÿäêó çi ñòàëèìè êîåôiöi¹íòàìè. Ïîñòàâèìî ó âiäïîâiäíiñòü

∂

∂x
→ t1,

∂

∂y
→ t2,

∂

∂z
→ t3 .

Ïî ñòàðøèõ ÷ëåíàõ ðiâíÿííÿ (1.3.11) çàïèøåìî êâàäðàòè÷íó ôîðìó:

Q(t) = t21 − 4t1t2 − 6t1t3 + 3t22 + t23 + 6t2t3 . (1.3.12)

2 êðîê. Çâåäåìî ôîðìó Q(t) â (1.3.12) äî êàíîíi÷íîãî âèãëÿäó ìå-
òîäîì âèäiëåííÿ ïîâíîãî êâàäðàòó. Ïåðåäóñiì çãðóïó¹ìî âñi äîäàíêè
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â (1.3.12), ÿêi ìiñòÿòü t1 (öå ïåðøèé, äðóãèé i òðåòié äîäàíîê), ïðè÷î-
ìó íà öþ ãðóïó ÷ëåíiâ ìè äèâèìîñü ÿê íà ïîâíèé êâàäðàò, â ÿêîìó ¾íå
âèñòà÷à¹¿ åëåìåíòiâ i ÿêi íàì òðåáà äîäàòè i ïîòiì âiäíÿòè. Êðiì òîãî,
íà ÷ëåí âèãëÿäó −4t1t2 − 6t1t3 ìè äèâèìîñü ÿê íà ïîäâiéíèé äîáóòîê
2ab = 2 · t1 · (2t2 + 3t3) â ôîðìóëi (a − b)2, òîáòî, a = t1, b = 2t2 + 3t3.
Îòæå, t21 − 4t1t2 − 6t1t3 � öå ïîâíèé êâàäðàò (t1 − 2t2 − 3t3)

2 = (a− b)2 ç
âiäíiìàííÿì âiä íüîãî b2 = 4t22 + 12t2t3 + 9t23. Â ïiäñóìêó ìà¹ìî:

Q(t) = t21 − 4t1t2 − 6t1t3 + 3t22 + t23 + 6t2t3 =

= (t1 − 2t2 − 3t3)
2 − 4t22 − 12t2t3 − 9t23 + 3t22 + t23 + 6t2t3 =

= (t1 − 2t2 − 3t3)
2 − t22 − 6t2t3 − 8t23 .

Âèðàç ïiñëÿ äóæîê âæå íå ìiñòèòü t1. Àíàëîãi÷íó ïðîöåäóðó âëàøòó¹ìî
ç t2. Ó âèðàçi −t22 − 6t2t3 ¾ìàéæå¿ ïîâíèé êâàäðàò −(t2 + 3t3)

2, â ÿêîìó
íå âèñòà÷à¹ −9t23. Òîìó òðåáà äîäàòè äî −t22 − 6t2t3 âèðàç −9t23 i âiäíÿòè
éîãî. Áóäåìî ìàòè:

Q(t) = (t1 − 2t2 − 3t3)
2 − t22 − 6t2t3 − 8t23 − 6t1t3 =

= (t1 − 2t2 − 3t3)
2 − (t2 + 3t3)

2 + 9t23 − 8t23 =

= (t1 − 2t2 − 3t3)
2 − (t2 + 3t3)

2 + t23 . (1.3.13)

Ïîçíà÷èìî ó (1.3.13) s1 = t1 − 2t2 − 3t3, s2 = t2 + 3t3, s3 = t3. Òîäi ôîðìà
Q(t) çàïèøåòüñÿ ó âèãëÿäi:

Q(t) = s21 − s22 + s23 . (1.3.14)

Ñïiââiäíîøåííÿ (1.3.14) ¹ êàíîíi÷íèì âèãëÿäîì êàíîíi÷íî¨ ôîðìè
Q ó (1.3.12) (äèâ. òàêîæ (1.3.3)). Êîåôiöi¹íòè ôîðìè (1.3.14): +1; −1;
+1 âiäìiííi âiä íóëÿ, ïðè÷îìó äâà ç íèõ ìàþòü çíàê ¾ïëþñ¿, i îäèí �
¾ìiíóñ¿. Îòæå, ðiâíÿííÿ (1.3.11) ãiïåðáîëi÷íîãî òèïó â R3.

3 êðîê. Çíàéäåìî ìàòðèöþ B ó âiäïîâiäíîñòi äî (1.3.5). Äëÿ öüîãî
çàïèøåìî çàìiíó ti ÷åðåç si ó âèãëÿäi ñèñòåìè ëiíiéíèõ ðiâíÿíü:

s1 = t1 − 2t2 − 3t3,

s2 = t2 + 3t3,

s3 = t3 .

(1.3.15)

Ðîçâ'ÿæåìî ñèñòåìó (1.3.15) âiäíîñíî ti. Ç òðåòüîãî ðiâíÿííÿ òðèâiàëüíî
t3 = s3, òîäi ç äðóãîãî ðiâíÿííÿ t2 = s2 − 3t3 = s2 − 3s3. Ïiäñòàâëÿ¹ìî
â ïåðøå ðiâíÿííÿ ÿâíi çíà÷åííÿ t2 i t3 ÷åðåç s2 i s3, áóäåìî ìàòè: t1 =
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s1 + 2t2 + 3t3 = s1 + 2s2 − 6s3 + 3s3 = s1 + 2s2 − 3s3. Çíàéäåíi çíà÷åííÿ ti
÷åðåç si ìîæíà çàïèñàòè â âèãëÿäi ñèñòåìè

t1 = s1 + 2s2 − 3s3,

t2 = s2 − 3s3,

t3 = s3 ,

àáî â ìàòðè÷íîìó âèãëÿäi

t =

 t1
t2
t3

 =

 1 2 −3
0 1 −3
0 0 1

 s1
s2
s3

 = Bs . (1.3.16)

Ç (1.3.16) âèïëèâà¹, ùî ìàòðèöÿ B äîðiâíþ¹

 1 2 −3
0 1 −3
0 0 1

 . Òàêå çàóâà-

æåííÿ ¹ ïðàâîìiðíèì, áî detB = 1 ̸= 0.

4 êðîê. Òåïåð çãiäíî (1.3.5) çðîáèìî çàìiíó

 ξ
η
ζ

 = Btr

 x
y
z

 ,

äå ξ, η i ζ � íîâi çìiííi, à Btr � ìàòðèöÿ, òðàíñïîíîâàíà äî B. Áiëüø
äîêëàäíî, ïîêëàäåìî ξ

η
ζ

 =

 1 0 0
2 1 0
−3 −3 1

 x
y
z

 , (1.3.17)

àáî, ùî òå ñàìå, ó âèãëÿäi ñèñòåìè
ξ = x,

η = 2x+ y,

ζ = −3x− 3y + z .

(1.3.18)

Ïðè çàìiíi (1.3.18) ôóíêöiÿ u(x, y, z) ïåðåõîäèòü â ÿêóñü (íåâiäîìó) ôóí-
êöiþ ũ(ξ, η, ζ).

5 êðîê. Çàëèøèëîñÿ ïiäñòàâèòè ÷àñòèííi ïîõiäíi uxx, uxy, uxz, uyy,
uzz, uyz i ux â ðiâíÿííÿ (1.3.11) çãiäíî çàìiíè (1.3.18). Íàãàäà¹ìî, ùî
ïîõiäíi òðåáà ïåðåîá÷èñëþâàòè çà ïðàâèëîì (1.3.7). Íàéâàæ÷å áóäå îá-
÷èñëþâàòè uxx i uxy, íàéëåãøå � uyz i uzz (÷îìó ?). Áóäåìî ìàòè:

ux = ũξξx + ũηηx + ũζζx = ũξ + 2ũη − 3ũζ . (1.3.19)
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Òóò ìè âðàõóâàëè, ùî ξx = 1, ηx = 2, ζx = −3 (öå âèäíî áåçïîñåðåäíüî
ç (1.3.18)). Äàëi, áåðó÷è ïîõiäíó ïî x âiä ëiâî¨ i ïðàâî¨ ÷àñòèíè â (1.3.19),
áóäåìî ìàòè:

uxx = ũξξξx + ũξηηx + ũξζζx + 2ũηξξx + 2ũηηηx + 2ũηζζx−

−3ũζξξx − 3ũζηηx − 3ũζζζx =

= ũξξ + 2ũξη − 3ũξζ + 2ũηξ + 4ũηη − 6ũηζ − 3ũζξ − 6ũζη + 9ũζζ =

= ũξξ + 4ũξη − 6ũξζ + 4ũηη − 12ũηζ + 9ũζζ . (1.3.20)

Çâè÷àéíî, òóò ïðè îá÷èñëåííÿõ ìè âðàõóâàëè ðiâíîñòi ũξη = ũηξ, ũξζ = ũζξ
i ũηζ = ũζη (äèâ. (1.3.10)). Àíàëîãi÷íî îá÷èñëèìî uxy i uxz. Çîêðåìà,
áåðó÷è ïîõiäíó ïî y âiä ëiâî¨ i ïðàâî¨ ÷àñòèíè â (1.3.19), áóäåìî ìàòè:

uxy = ũξξξy + ũξηηy + ũξζζy + 2ũηξξy + 2ũηηηy + 2ũηζζy−

−3ũζξξy − 3ũζηηy − 3ũζζζy =

= ũξη − 3ũξζ + 2ũηη − 6ũηζ − 3ũζη + 9ũζζ = ũξη − 3ũξζ + 2ũηη − 9ũηζ + 9ũζζ .

Àíàëîãi÷íî, îá÷èñëþ¹ìî uxz :

uxz = ũξξξz + ũξηηz + ũξζζz + 2ũηξξz + 2ũηηηz + 2ũηζζz−

−3ũζξξz − 3ũζηηz − 3ũζζζz = ũξζ + 2ũηζ − 3ũζζ .

Àíàëîãi÷íî äî (1.3.19),

uy = ũξξy + ũηηy + ũζζy = ũη − 3ũζ . (1.3.21)

Äèôåðåíöiþþ÷è (1.3.21) ïî÷åðãîâî ïî y i z, ìè áóäåìî ìàòè:

uyy = ũηξξy + ũηηηy + ũηζζy − 3ũζξξy − 3ũζηηy − 3ũζζζy =

= ũηη − 3ũηζ − 3ũζη + 9ũζζ = ũηη − 6ũηζ + 9ũζζ ;

uyz = ũηξξz + ũηηηz + ũηζζz − 3ũζξξz − 3ũζηηz − 3ũζζζz = ũηζ − 3ũζζ .

Íàðåøòi,
uz = ũξξz + ũηηz + ũζζz = ũζ ,

uzz = ũζξξz + ũζηηz + ũζζζz = ũζζ . (1.3.22)

Ìè îá÷èñëèëè âñi ÷àñòèííi ïîõiäíi ôóíêöi¨ u â òåðìiíàõ íîâèõ çìiííèõ
ξ, η i ζ i ìîæåìî ïiäñòàâèòè ¨õ â (1.3.11). Áóäåìî ìàòè:

ũξξ+4ũξη−6ũξζ +4ũηη−12ũηζ +9ũζζ −4ũξη+12ũξζ −8ũηη+36ũηζ −36ũζζ−
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−6ũξζ − 12ũηζ + 18ũζζ + 3ũηη − 18ũηζ + 27ũζζ + ũζζ + 6ũηζ − 18ũζζ+

+ũξ + 2ũη − 3ũζ − 2ũ = 5ξ ,

àáî, çâîäÿ÷è ïîäiáíi ÷ëåíè,

ũξξ − ũηη + ũζζ + ũξ + 2ũη − 3ũζ − 2ũ− 5ξ = 0 . (1.3.23)

Ðiâíÿííÿ (1.3.23) ¹ êàíîíi÷íèì âèãëÿäîì ðiâíÿííÿ (1.3.11). Ìîæíà òàêîæ
çàïèñàòè (1.3.23) áiëüø ñêîðî÷åíî, à ñàìå,

ũξξ − ũηη + ũζζ + F (ξ, η, ζ, ũ, ũξ, ũη, ũζ) = 0 ,

äå ìè ñõîâàëè â ¾õâiñò¿ F âèðàç ũξ + 2ũη − 3ũζ − 2ũ − 5ξ. Çàóâàæèìî,
ùî âèãëÿä F ïðè çâåäåííi ðiâíÿííÿ äî êàíîíi÷íîãî âèãëÿäó íå ïðèíöè-
ïîâèé; ìîæíà íå îá÷èñëþâàòè éîãî ÿâíî áåç îñîáëèâî¨ íà òî ïîòðåáè.
Ïiäêðåñëèìî, ùî êîåôiöi¹íòè ïðè ñòàðøèõ ÷ëåíàõ ðiâíÿííÿ (1.3.23) +1,
−1, 1 ñïiâïàäàþòü ç âiäïîâiäíèìè êîåôiöi¹íòàìè êâàäðàòè÷íî¨ ôîðìè Q
â (1.3.14), áiëüø òîãî, ¨õ ïîðÿäîê ñëiäóâàííÿ îäèí i òîé ñàìèé. 2

Áiëüøiñòü çàäà÷ äëÿ ñàìîñòiéíîãî ðîçãëÿäó, íàâåäåíèõ äàëi ïî òåêñ-
òó, ñòîñóþòüñÿ ðiâíÿíü ç äâîìà çìiííèìè. Ç îãëÿäó íà öå, íàâåäåìî äå-
êiëüêà ðîçâ'ÿçêiâ àíàëîãi÷íèõ çàäà÷.

Ïðèêëàä 2. Âèçíà÷èòè òèï i çâåñòè äî êàíîíi÷íîãî âèãëÿäó ðiâíÿ-
ííÿ

uxx − 4uxy + 5uyy − 3ux + uy + u = 0 . (1.3.24)

Ðîçâ'ÿçîê. Ïîñòàâèìî ó âiäïîâiäíiñòü ∂
∂x

→ t1,
∂
∂y

→ t2, i íàïèøåìî
ïî âèãëÿäó ñòàðøèõ ÷ëåíiâ ó (1.3.24) êâàäðàòè÷íó ôîðìó

Q(t) = t21 − 4t1t2 + 5t22 = (t1 − 2t2)
2 − 4t22 + 5t22 = (t1 − 2t2)

2 + t22 .

Çàìiíà s1 = t1 − 2t2, s2 = t2 çâîäèòü íàøó êâàäðàòè÷íó ôîðìó Q äî
âèãëÿäó

Q(t) = s21 + s22 . (1.3.25)

Â êàíîíi÷íîìó âèãëÿäi (1.3.25) äëÿ Q îáèäâà êîåôiöi¹íòè äîðiâíþþòü
+1, íóëiâ íåìà. Îòæå, âèõiäíå ðiâíÿííÿ (1.3.24) åëiïòè÷íîãî òèïó â R2.
Òåïåð, ñèñòåìó ðiâíÿíü {

s1 = t1 − 2t2
s2 = t2
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ðîçâ'ÿçó¹ìî âiäíîñíî t1 i t2. Ç äðóãîãî ðiâíÿííÿ åëåìåíòàðíî ìà¹ìî t2 =
s2, òîäi ç ïåðøîãî ðiâíÿííÿ t1 = s1 + 2s2. Ìà¹ìî ñèñòåìó{

t1 = s1 + 2s2
t2 = s2

Çâiäñè ìàòðèöÿ B ìà¹ âèãëÿä:

B =

(
1 2
0 1

)
, detB = 1 ̸= 0 ,

çâiäñè

Btr =

(
1 0
2 1

)
.

Ðîáèìî çàìiíó

(
ξ
η

)
= Btr

(
x
y

)
, àáî ó âèãëÿäi ñèñòåìè:

{
ξ = x

η = 2x+ y
. (1.3.26)

Çãiäíî (1.3.26) u(x, y) = ũ(ξ, η). Ïåðåîá÷èñëþ¹ìî ÷àñòèííi ïîõiäíi çà ïðà-
âèëîì (1.3.7). Ìà¹ìî:

ux = ũξξx + ũηηx = ũξ + 2ũη ,

uxx = ũξξξx + ũξηηx + 2ũηξξx + 2ũηηηx = ũξξ + 4ũξη + 4ũηη ,

uxy = ũξξξy + ũξηηy + 2ũηξξy + 2ũηηηy = ũξη + 2ũηη ,

uy = ũξξy + ũηηy = ũη ,

uyy = ũηξξy + ũηηηy = ũηη .

Îòðèìàíi ðåçóëüòàòè äëÿ ux, uy, uxx, uxy i uyy ïiäñòàâèìî â ðiâíÿííÿ (1.3.24).
Áóäåìî ìàòè:

ũξξ + 4ũξη + 4ũηη − 4ũξη − 8ũηη + 5ũηη − 3ũξ − 6ũη + ũη + ũ = 0 ,

àáî, çâîäÿ÷è ïîäiáíi,

ũξξ + ũηη − 3ũξ − 5ũη + ũ = 0 . (1.3.27)

Ðiâíÿííÿ (1.3.27) ¹ ðiâíÿííÿì, âiäïîâiäíèì äî (1.3.24), çàïèñàíèì ó êà-
íîíi÷íîìó âèãëÿäi. 2
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Ïðèêëàä 3. Âèçíà÷èòè òèï i çâåñòè äî êàíîíi÷íîãî âèãëÿäó ðiâíÿ-
ííÿ

uxx − 12uxy + 36uyy + 2ux − 12uy = 0 . (1.3.28)

Ðîçâ'ÿçîê. Ïîñòàâèìî ó âiäïîâiäíiñòü ∂
∂x

→ t1,
∂
∂y

→ t2, i íàïèøåìî
ïî âèãëÿäó ñòàðøèõ ÷ëåíiâ ó (1.3.28) êâàäðàòè÷íó ôîðìó

Q(t) = t21 − 12t1t2 + 36t22 = (t1 − 6t2)
2 = (t1 − 6t2)

2 + 0 · t22 .

Çàìiíà {
s1 = t1 − 6t2,

s2 = t2
(1.3.29)

Çâîäèòü öþ ôîðìó äî âèãëÿäó

Q(t) = s21 + 0 · s22 = s21 . (1.3.30)

Â êàíîíi÷íîìó âèãëÿäi (1.3.30) êâàäðàòè÷íî¨ ôîðìè Q îäèí ç êîåôiöi¹í-
òiâ äîðiâíþ¹ íóëþ, òîáòî, äàíå ðiâíÿííÿ (1.3.28) ¹ ðiâíÿííÿì ïàðàáîëi-
÷íîãî òèïó â R2. Ñèñòåìó (1.3.29) ðîçâ'ÿæåìî âiäíîñíî ti, i = 1, 2.Ìà¹ìî:
t2 = s2, êðiì òîãî, ç ïåðøîãî ðiâíÿííÿ t1 = s1 + 6s2. Ìà¹ìî:{

t1 = s1 + 6s2,

t2 = s2
,

àáî (
t1
t2

)
=

(
1 6
0 1

)(
s1
s2

)
.

Çâiäñè ìàòðèöÿ B ìà¹ âèãëÿä B =

(
1 6
0 1

)
, ïðè÷îìó detB = 1 ̸= 0.

Ðîáèìî çàìiíó

(
ξ
η

)
= Btr

(
x
y

)
, àáî

(
ξ
η

)
=

(
1 0
6 1

)(
x
y

)
.

Ó âèãëÿäi ñèñòåìè îñòàííþ çàìiíó ìîæíà çàïèñàòè â âèãëÿäi{
ξ = x

η = 6x+ y
.
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Ìà¹ìî: u(x, y) = ũ(ξ, η), êðiì òîãî, çãiäíî ïðàâèë (1.3.7),

ux = ũξξx + ũηηx = ũξ + 6ũη ,

uxx = ũξξξx + ũξηηx + 6ũηξξx + 6ũηηηx = ũξξ + 12ũξη + 36ũηη ,

uxy = ũξξξy + ũξηηy + 6ũηξξy + 6ũηηηy = ũξη + 6ũηη ,

uy = ũξξy + ũηηy = ũη ,

uyy = ũηξξy + ũηηηy = ũηη .

Çàëèøèëîñÿ ïiäñòàâèòè îá÷èñëåíi âèùå ÿâíi âèðàçè äëÿ ux, uy, uxx,
uxy i uyy ó ðiâíÿííÿ (1.3.28). Áóäåìî ìàòè:

ũξξ + 12ũξη + 36ũηη − 12ũξη − 72ũηη + 36 ũηη + 2ũξ + 12ũη − 12ũη = 0 .

Çâîäÿ÷è ïîäiáíi ÷ëåíè â ëiâié ÷àñòèíi îñòàííüîãî âèðàçó, áóäåìî ìàòè:

ũξξ + 2ũξ = 0 . (1.3.31)

Ðiâíÿííÿ (1.3.31) ¹ ðiâíÿííÿì, âiäïîâiäíèì äî âèõiäíîãî ðiâíÿííÿ (1.3.28),
çàïèñàíèì ó êàíîíi÷íîìó âèãëÿäi. 2

1.4 Çàâäàííÿ äëÿ ñàìîêîíòðîëþ

1. ×è áóäå ñóìà ëiíiéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü ç ÷àñòèííèìè

ïîõiäíèìè äðóãîãî ïîðÿäêó (ë.ä.ð. ç ÷.ï. 2-ãî ïîðÿäêó) òàêîæ äèôåðåí-
öiàëüíèì ðiâíÿííÿì òîãî æ âèãëÿäó ?

2. Ðîçãëÿíåìî ôîðìóëó (1.3.9): (f(g(x))) ′ = f ′(g(x)) · g ′(x). Äî ÿêî¨
çìiííî¨ âiäíîñèòüñÿ øòðèõ ïðè f ó ïðàâié ÷àñòèíi ?

3. Ó ïðèêëàäi 1 íàéâàæ÷èì ¹ îá÷èñëåííÿ uxx (äîñòàòíüî âåëèêà êiëü-
êiñòü äîäàíêiâ), à uzz ñêëàäà¹òüñÿ âñüîãî ç îäíîãî äîäàíêó i îá÷èñëþ¹òüñÿ
â îäèí ðÿäîê, äèâ. ñïiââiäíîøåííÿ (1.3.20) i (1.3.22). Ïîÿñíiòü, ÷îìó òàê
âèõîäèòü: ÿê ç òî÷êè çîðó çàìiíè (1.3.17) îêðåñëèòè öåé ôàêò ?

4. Ïèòàííÿ, áëèçüêå äî ïîïåðåäíüîãî: ÷îìó â çàìiíi (1.3.18) âèðàç
âiäíîñíî ïåðøî¨ çìiííî¨ ¹ íàéïðîñòiøèì, àëå, â òîé ñàìèé ÷àñ, îá÷è-
ñëåííÿ ïîõiäíèõ ux i uxx ïî íié (ÿê âèäíî ç ðîçâ'ÿçàííÿ ïðèêëàäó 1) ¹
íàéâàæ÷èì ? ×è íåìà òóò ïàðàäîêñó ?

5. Ðîçãëÿíåìî ðiâíÿííÿ uxx − 12uxy + 36uyy + 2ux − 12uy = 0 ç ïðè-
êëàäó 3. Çãiäíî êëàñèôiêàöi¨, öå ç îäíîãî áîêó ìà¹ áóòè ðiâíÿííÿ ãiïåð-
áîëi÷íîãî òèïó: ïðè ñòàðøèõ êîåôiöi¹íòàõ çíàêè ¾+¿; ¾−¿; ¾+¿ � ¾äâà
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äîäàòíiõ i îäèí âiä'¹ìíèé¿. Ïðîòå, ïðîòÿãîì ðîçâ'ÿçêó ìè ç'ÿñóâàëè, ùî
öå ¹ ðiâíÿííÿ ïàðàáîëi÷íîãî òèïó. ßê ïîÿñíèòè âêàçàíó ¾ñóïåðå÷íiñòü¿ ?

6. Âèçíà÷èòè òèï i çâåñòè äî êàíîíi÷íîãî âèãëÿäó ðiâíÿííÿ uxy −
uxz +ux+uy −uz = 0. Âêàçiâêà. Ó êâàäðàòè÷íié ôîðìi Q(t) = t1t2− t1t3 çðîáèòè
çàìiíó Ëàãðàíæà t1 = k1 + k2, t2 = k1 − k2, t3 = k3.

7. ×è ¹ êîðåêòíèìè íàñòóïíi ìiðêóâàííÿ: ¾Ó êâàäðàòè÷íié ôîðìi
Q(t) = t1t2 − t1t3 íåìà êîåôiöi¹íòiâ, âiäìiííèõ âiä íóëÿ ïðè ïîâíèõ êâà-
äðàòàõ çìiííèõ t1, t2 i t3, îòæå, öÿ ôîðìà i âiäïîâiäíå ¨é ðiâíÿííÿ ìà¹
ïàðàáîëi÷íèé òèï.¿ ?
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1.5 Çàâäàííÿ äëÿ ñàìîñòiéíî¨ ðîáîòè � 1

Çàäà÷à 1. Âèçíà÷èòè òèï i çâåñòè äî êàíîíi÷íîãî âèãëÿäó ðiâíÿííÿ
äëÿ êîæíîãî ç âàðiàíòiâ.

Âàðiàíò Ðiâíÿííÿ

1 4uxx + 4uxy + uyy − 2uy = 5x

2 uxx − uyy − uzz + 2ux − u = 3

3 3uyy − 2uxy − 2uyz + 4ux = 1− y

4 −4uxx + 4uxy + uyy − 2uy = 8x

5 4uxx − 4uxy − uyy − 2uy = 5x+ sinx

6 uxx + uxy − 2uyy − 3ux − 15uy + 27x = 0

7 uxx − 4uxy + 5uyy − 3ux + uy + u = 0

8 9uxx + 6uxy + uyy − uy = x

9 9uxx + 6uxy + uyy − uy = y

10 uxx + 4uxy + uyy + ux + uy + 2u− x2y = 0

11 uxx + 2uxy + 2uyy + 4uyz + 5uzz = 0

12 uxx − 4uxy + 2uxz + 4uyy + uzz + 3ux = 0

13 3uxy − 2uxz − uyz − u = 0

14 uxy + uxx − uy − 10u+ 4x = 0

15 uxx + 4uxy − uyy + ux + uy + 2u = 0

16 3uyy − 2uxy − 2uyz + 4u = 0

17 5uxx + 16uxy + 16uyy + 24ux + 32uy + 64u = 0

18 4uzz + 4uyz + uyy − 2uy = 5z

19 uxx + 2uxy + 3uyy = 0

20 uxx − 2uxy + 3uyy = 0

21 uxx − 2uxy − 3uyy = 0

22 4uxx + 4uxy + uyy − 2uy = 5z

23 4uxx + 4uxy + uyy − 2uy = 5uz
24 uxx − 2uxy + uyy − 3ux + 12uy + 27u = 0

25 uxx + 2uxy + 5uyy − 32u = 0

26 uxx − 2uxy + uyy + 9ux + 9uy − 9u = 0

27 3uxx + uxy + 3ux + uy − u+ y = 0

28 uxx − uyy + ux + uy − 4u = 0

29 uxx + 4uxy + 10uyy − 24ux + 42uy + 2(x+ y) = 0

30 4uxx + uyy − 2uy = 5
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2 Ìåòîä õàðàêòåðèñòèê. Ðiâíÿííÿ çi çìiííèìè êîå-

ôiöi¹íòàìè

2.1 Çâåäåííÿ äî êàíîíi÷íîãî âèãëÿäó

Ìiðêóâàííÿ ùîäî çâåäåííÿ äî êàíîíi÷íîãî âèãëÿäó ë.ä.ð. ç ÷.ï. äðóãîãî
ïîðÿäêó, âèêëàäåíi â ïîïåðåäíüîìó ðîçäiëi, ñïðàâåäëèâi ëèøå ïî âiä-
íîøåííþ äî ðiâíÿíü çi ñòàëèìè êîåôiöi¹íòàìè. Ñòàëiñòü êîåôiöi¹íòiâ
iñòîòíà: çâåñòè äîâiëüíå ðiâíÿííÿ äî êàíîíi÷íîãî âèãëÿäó ¾ìàòðè÷íèì
ñïîñîáîì¿, âçàãàëi êàæó÷è, íå ìîæíà. Íàøà íàéáëèæ÷à çàäà÷à � ðîçi-
áðàòèñÿ ç ðiâíÿííÿìè, ÿêi ìàþòü äîâiëüíi äâi÷i ãëàäêi êîåôiöi¹íòè ó âè-
ïàäêó äâîõ çìiííèõ. Äëÿ äîâiëüíî¨ êiëüêîñòi çìiííèõ çàãàëüíî¨ ìåòîäèêè
çâåäåííÿ ðiâíÿíü äî êàíîíi÷íîãî âèãëÿäó íå iñíó¹; âèïàäîê äâîõ çìiííèõ
¹ îêðåìèì i äóæå âàæëèâèì ç öi¹¨ òî÷êè çîðó.

Ðîçãëÿíåìî ðiâíÿííÿ âèãëÿäó

a(x, y)uxx + 2b(x, y)uxy + c(x, y)uyy + F (x, y, u, ux, uy) = 0 . (2.1.1)

Ðiâíÿííÿ (2.1.1) íàçèâà¹òüñÿ õàðàêòåðèñòè÷íèì ðiâíÿííÿì (äèâ., íà-
ïðèêëàä, [7, ñòîð. 170�171]). Öå ðiâíÿííÿ ìè áóäåìî ðîçãëÿäàòè â äåÿêié
îáëàñòi Ω ⊂ R2, äå éîãî êîåôiöi¹íòè îäíî÷àñíî íå îáåðòàþòüñÿ â íóëü,
òîáòî |a| + |b| + |c| ̸= 0. (ßêùî |a| + |b| + |c| = 0, òî ðiâíÿííÿ (2.1.1) âè-
ðîäæó¹òüñÿ, îòæå, òàêèé âèïàäîê ìè ðîçãëÿäàòè íå áóäåìî). Çàãàëüíà
ñõåìà çâåäåííÿ ðiâíÿííÿ (2.1.1) ïîëÿãà¹ â íàñòóïíîìó:

1) Âèçíà÷èòè êîåôiöi¹íòè a, b i c i ðiâíÿííi (2.1.1) i çíàêè âèðàçó
b2 − ac. ßêùî:

à) b2 − ac > 0 � ãiïåðáîëi÷íèé òèï,
á) b2 − ac = 0 � ïàðàáîëi÷íèé òèï,
â) b2 − ac < 0 � åëiïòè÷íèé òèï.

Çâåðíiòü óâàãó, ùî â ðiâíÿííi (2.1.1) êîåôiöi¹íò ïðè uxy äîðiâíþ¹ íå
b, à 2b. Íà æàëü, öå äóæå ÷àñòà ïîìèëêà ñòóäåíòiâ ïðè ðîçâ'ÿçàííi çàäà÷.

2) Ñêëàñòè íàñòóïíå ðiâíÿííÿ õàðàêòåðèñòèê:

a(dy)2 − 2b · dxdy + c(dx)2 = 0 (2.1.2)

i ðîçâ'ÿçàòè éîãî. Â îêðåìèõ âèïàäêàõ (a = 0, b = 0 àáî c = 0) â (2.1.2)
ïðàöþ¹ âèíåñåííÿ ìíîæíèêà dx (àáî dy) çà äóæêè, àáî ôîðìóëàm2−n2 =
(m+ n)(m− n). Íåõàé äëÿ âèçíà÷åíîñòi äàëi a ̸= 0. Ðîçâ'ÿçóâàòè (2.1.2)
â çàãàëüíîìó âèïàäêó (çà óìîâè a ̸= 0) ìîæíà äiëåííÿì îáîõ éîãî ÷à-
ñòèí íà (dx)2 i çàìiíîþ dy

dx
= t. Òîäi ðiâíÿííÿ (2.1.2) ïåðåòâîðèòüñÿ íà

êâàäðàòíå ðiâíÿííÿ
at2 − 2bt+ c = 0 ,
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çâiäêè D = 4b2 − 4ac = 4(b2 − ac), t1,2 = 2b±2
√
b2−ac

2a
= b±

√
b2−ac
a

. Çâiäñè
ìà¹ìî ñóêóïíiñòü 

dy

dx
=
b+

√
b2 − ac

a
dy

dx
=
b−

√
b2 − ac

a
.

(2.1.3)

3) Ðîçâ'ÿçêàìè (2.1.3) ¹ äâi çàëåæíîñòi, ÿê ïîâ'ÿçóþòü ìiæ ñîáîþ
çìiííi x i y, {

φ1(x, y) = c1
φ2(x, y) = c2 .

(2.1.4)

Íåâàæêî áà÷èòè, ùî â âèïàäêó ãiïåðáîëi÷íîãî òèïó (b2 − ac > 0, D =
4(b2−ac) > 0) ìà¹ìî â (2.1.4) äâà ðiçíèõ i íåçàëåæíèõ ïåðøèõ iíòåãðàëè
φ1 i φ2; â âèïàäêó ïàðàáîëi÷íîãî òèïó (b2 − ac = 0, D = 4(b2 − ac) = 0)
âîíè ñïiâïàäàþòü: φ1 = φ2; â âèïàäêó åëiïòè÷íîãî òèïó (b2 − ac < 0,
D = 4(b2−ac) < 0) âîíè êîìïëåêñíî ñïðÿæåíi: φ1 = u(x, y)+iv(x, y), φ2 =
u(x, y) − iv(x, y), äå i2 = −1 � óÿâíà êîìïëåêñíà îäèíèöÿ. Ïîäàëüøèé
êðîê � çàìiíà íåçàëåæíèõ çìiííèõ{

ξ = ξ(x, y)

η = η(x, y) .
(2.1.5)

Îòæå:

à) Ó âèïàäêó b2−ac > 0 ðîáèìî â (2.1.1) çàìiíó íåçàëåæíèõ çìiííèõ
ξ = φ1(x, y), η = φ2(x, y);

á) Ó âèïàäêó b2−ac = 0 ðîáèìî â (2.1.1) çàìiíó íåçàëåæíèõ çìiííèõ
ξ = φ1(x, y), η � äîâiëüíà ôóíêöiÿ, äëÿ ÿêî¨ ÿêîáiàí

J :=

∣∣∣∣ξx ηx
ξy ηy

∣∣∣∣ ̸= 0. (2.1.6)

ßê ïðàâèëî, ïîêëàäàþòü η = x, ÿêùî ïðè öüîìó íå ïîðóøåíî óìî-
âó (2.1.6).

â) Ó âèïàäêó b2−ac < 0 ðîáèìî â (2.1.1) çàìiíó íåçàëåæíèõ çìiííèõ
ξ = u(x, y), η = v(x, y).

Ïðè òàêèõ çàìiíàõ â êîæíîìó ç ìîæëèâèõ ïóíêòiâ à), á) àáî â) ìà-
¹ìî:

u(x, y) = ũ(ξ, η) , (2.1.7)

22



äå ũ � íîâà íåâiäîìà ôóíêöiÿ. Òåïåð òðåáà ïåðåîá÷èñëèòè âñi ÷àñòèí-
íi ïîõiäíi ux, uy, uxx, uxy i uyy òàê, ÿê ìè ðîáèëè öå â ïîïåðåäíié ñåêöi¨
(òîáòî, êîðèñòóþ÷èñü ïðàâèëîì (1.3.7) íà ñòîðiíöi 10).

4) Ó âèïàäêó ãiïåðáîëi÷íîãî òèïó, ïiñëÿ çàìiíè (2.1.7) i ìîæëèâî-
ãî äiëåííÿ íà (íåíóëüîâèé) êîåôiöi¹íò ïðè ũξη ðiâíÿííÿ (2.1.1) ìàòèìå
âèãëÿä

ũξη + F1(ξ, η, ũ, ũξ, ũη) = 0 , (2.1.8)

äå F1 � äåÿêà ôóíêöiÿ. Ìîæå çäàòèñÿ, ùî ñïiââiäíîøåííÿ (2.1.8) íå óçãî-
äæåíî ç ¾iíøèì¿ êàíîíi÷íèì âèãëÿäîì ðiâíÿííÿ (2.1.1) ó âèïàäêó ñòà-
ëèõ êîåôiöi¹íòiâ, äèâ. ñïiââiäíîøåííÿ (1.3.6) íà ñòîðiíöi 10. Öÿ ¾íåóçãî-
äæåíiñòü¿ êîìïåíñó¹òüñÿ çà ðàõóíîê äîäàòêîâî¨ çàìiíè çìiííèõ â (2.1.8):
ξ = s+ t, η = s− t, ũ(ξ, η) = v(s, t), äå v � íîâà íåâiäîìà ôóíêöiÿ. Ðàäèìî
÷èòà÷ó ñàìîñòiéíî ïðîâåñòè âiäïîâiäíi îá÷èñëåííÿ.

Ó âèïàäêó ïàðàáîëi÷íîãî òèïó, ïiñëÿ çàìiíè (2.1.7) i ìîæëèâîãî äi-
ëåííÿ íà (íåíóëüîâèé) êîåôiöi¹íò ïðè ũηη ðiâíÿííÿ (2.1.1) ìàòèìå âèãëÿä

ũηη + F2(ξ, η, ũ, ũξ, ũη) = 0 , (2.1.9)

äå F2 � äåÿêà ôóíêöiÿ.

Ó âèïàäêó åëiïòè÷íîãî òèïó, ïiñëÿ çàìiíè (2.1.7) i ìîæëèâîãî äiëå-
ííÿ íà (íåíóëüîâèé) êîåôiöi¹íò ïðè ũξξ + ũηη ðiâíÿííÿ (2.1.1) ìàòèìå
âèãëÿä

ũξξ + ũηη + F3(ξ, η, ũ, ũξ, ũη) = 0 , (2.1.10)

äå F3 � äåÿêà ôóíêöiÿ.

Íà ùî ñëiä çâåðíóòè óâàãó ?

1) Ìè âæå ðîáèëè çàóâàæåííÿ, ùî ñëiä âðàõîâóâàòè äâiéêó ïðè êî-
åôiöi¹íòi b â ðiâíÿííi (2.1.1). ßêùî âèêîðèñòîâóâàòè b çàìiñòü 2b, ïðà-
âèëüíèé ðîçâ'ÿçîê íå âiäáóäåòüñÿ !

2) Ðiâíÿííÿ õàðàêòåðèñòèê (2.1.2) äåùî ñõîæå íà âèõiäíå ðiâíÿí-
íÿ (2.1.1), àëå ¹ âiäìiííîñòi: ïðè 2b çìiíþ¹òüñÿ çíàê, êðiì òîãî, ðîëi x
i y ¾çìiíþþòüñÿ ìiñöÿìè¿ (ÿêùî ïðè x i y â âèõiäíîìó ðiâíÿííi ñòîÿòü
âiäïîâiäíî a i b, òî â ðiâíÿííi õàðàêòåðèñòèê � íàâïàêè, a âiäíîñèòüñÿ
äî y, à êîåôiöi¹íò c � äî çìiííî¨ x). Áåç âðàõóâàííÿ öèõ äâîõ íþàíñiâ íà
ïðàâèëüíèé ðîçâ'ÿçîê çàäà÷ ñïîäiâàòèñÿ íå âàðòî.

3) ßêùî Âè ðîçâ'ÿçàëè çàäà÷ó, àëå ó Âàñ âèéøîâ îñòàòî÷íèé âèãëÿä
ðiâíÿííÿ, âiäìiííèé âiä ñïiââiäíîøåíü (2.1.8), (2.1.9) àáî (2.1.10), òî íà
æàëü, Âè ðîçâ'ÿçàëè ¨¨ íåïðàâèëüíî. Íàé÷àñòiøå ïîìèëêà ðîáèòüñÿ â
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ïåðåîá÷èñëåííi ïîõiäíèõ íà ïåðåäîñòàííüîìó êðîöi, àëå ìîæëèâi i iíøi
ïîìèëêè, íàïðèêëàä, íåïðàâèëüíî ç'ÿñîâàíî òèï ðiâíÿííÿ, íåïðàâèëüíî
âèçíà÷åíi êîåôiöi¹íòè, ïîìèëêà â çàìiíi i ò.ï. Òàêîæ íåïðàâèëüíèì ¹
ðîçâ'ÿçîê, êîëè â âèïàäêó ãiïåðáîëi÷íîãî òèïó Âè îñòàòî÷íî îòðèìàëè
âèãëÿä (2.1.9) àáî (2.1.10). Àíàëîãi÷íî äî iíøèõ òèïiâ ðiâíÿíü: êîæíîìó
òèïó ðiâíÿíü ìà¹ âiäïîâiäàòè îäèí i òiëüêè îäèí ç òðüîõ ìîæëèâèõ
âèãëÿäiâ (2.1.8), (2.1.9) àáî (2.1.10).

Ïðèêëàä 4. Âèçíà÷èòè òèï i çâåñòè äî êàíîíi÷íîãî âèãëÿäó ðiâíÿ-
ííÿ

uxx − 2 sin xuxy − cos2 xuyy − cos xuy = 0 . (2.1.11)

Ðîçâ'ÿçîê. Ó âiäîìèõ ïîçíà÷åííÿõ a = 1, b = − sin x, c = − cos2 x.
Ñïiââiäíîøåííÿ b2 − ac = sin2 x + cos2 x = 1 ¹ äîäàòíiì âñþäè â ñâî¨é
îáëàñòi âèçíà÷åííÿ, îòæå, ðiâíÿííÿ (2.1.11) ãiïåðáîëi÷íîãî òèïó â R2.
Çãiäíî (2.1.2), ðiâíÿííÿ õàðàêòåðèñòèê ìà¹ âèãëÿä

(dy)2 + 2 sin x dxdy − cos2 x(dx)2 = 0 .

Ïîäiëèâøè îñòàíí¹ ðiâíÿííÿ íà (dx)2 i çðîáèâøè çàìiíó dy
dx

= t, áóäåìî
ìàòè êâàäðàòíå ðiâíÿííÿ

t2 + 2 sin xt− cos2 x = 0 . (2.1.12)

Ðiâíÿííÿ (2.1.12) ¹ çâè÷àéíèì êâàäðàòíèì ðiâíÿííÿì âiäíîñíî t, ðîçâ'ÿ-
æåìî éîãî. Ìà¹ìî: D = 4 sin2 x+ 4 cos2 x = 4, t1 =

−2 sinx+2
2

= − sin x+ 1,

t2 =
−2 sinx−2

2
= − sinx− 1. Îòæå, ìà¹ìî ñóêóïíiñòü:

dy

dx
= − sinx+ 1 ,

dy

dx
= − sinx− 1 .

(2.1.13)

Ç ïåðøîãî ðiâíÿííÿ ñóêóïíîñòi (2.1.13) øëÿõîì éîãî iíòåãðóâàííÿ áóäåìî
ìàòè

y = cosx+ x+ c1 ,

àáî
y − cos x− x = c1 .

Àíàëîãi÷íî, äðóãå ðiâíÿííÿ (2.1.13) äàñòü íàì

y − cosx+ x = c2 ,
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äå c1 i c2 � äîâiëüíi ñòàëi. Îòæå, â âiäîìèõ ïîçíà÷åííÿõ, φ1(x, y) = y −
cos x − x, φ2(x, y) = y − cosx + x � ïåðøi iíòåãðàëè ñóêóïíîñòi (2.1.13).
Ðîáèìî çàìiíó {

ξ = y − cos x− x ,

η = y − cosx+ x .
(2.1.14)

Çàóâàæèìî, ùî çàìiíà (2.1.14) íåâèðîäæåíà, òîáòî, ¨¨ ÿêîáiàí J íå äî-
ðiâíþ¹ íóëþ. Äiéñíî,

J :=

∣∣∣∣ξx ηx
ξy ηy

∣∣∣∣ = ∣∣∣∣sin x− 1 sin x+ 1
1 1

∣∣∣∣ = sin x−1−sin x−1 = −2 ∀ x, y ∈ R2 .

Äàëi, u(x, y) → ũ(ξ, η). Â âèõiäíîìó ðiâíÿííi (2.1.11) òðåáà ïåðåîá÷èñëè-
òè âñi ÷àñòèííi ïîõiäíi â òåðìiíàõ çìiííèõ ξ i η. Áóäåìî ìàòè:

ux = ũξξx + ũηηx = ũξ(sinx− 1) + ũη(sinx+ 1) , (2.1.15)

uxx = (ũξξξx+ũξηηx)(sinx−1)+ũξ cos x+(ũηξξx+ũηηηx)(sinx+1)+ũη cosx =

= ũξξ(sinx−1)2+ ũξη(sin
2 x−1)+ ũξ cosx+ ũξη(sin

2 x−1)+ ũηη(sinx+1)2+

+ũη cos x = ũξξ(sinx− 1)2 + 2ũξη(sin
2 x− 1) + ũηη(sinx+ 1)2+ (2.1.16)

+ũξ cos x+ ũη cos x .

Çâè÷àéíî, ïðè îá÷èñëåííi (2.1.16) ìè âðàõîâóâàëè, ùî â (2.1.15) � ïîõiäíà
äîáóòêó ôóíêöié âiäíîñíî çìiííî¨ x. Äàëi, ç (2.1.15),

uxy = ũξξξy(sinx−1)+ ũξηηy(sinx−1)+ ũηξξy(sinx+1)+ ũηηηy(sinx+1) =

= ũξξ(sinx− 1) + 2ũξη sin x+ ũηη(sinx+ 1) ,

uy = ũξξy + ũηηy = ũξ + ũη ,

uyy = ũξξξy + ũξηηy + ũηξξy + ũηηηy = ũξξ + 2ũξη + ũηη .

Çàëèøèëîñü ïiäñòàâèòè îá÷èñëåííi âèùå ÷àñòèííi ïîõiäíi â ðiâíÿííÿ (2.1.11).
Áóäåìî ìàòè:

ũξξ(sinx− 1)2 + 2ũξη(sin
2 x− 1) + ũηη(sinx+ 1)2 + ũξ cos x+ ũη cos x−

−2ũξξ sin x(sinx− 1)− 4ũξη sin
2 x− 2ũηη sinx(sinx+ 1)− cos2 xũξξ−

−2 cos2 xũξη − cos2 xũηη − cos x(ũξ + ũη) =

= ũξξ sin
2 x−2ũξξ sin x+ ũξξ+2ũξη sin

2 x−2ũξη+ũηη sin
2 x+2ũηη sinx+ũηη−

−2ũξξ sin
2 x+ 2ũξξ sin x− 4ũξη sin

2 x− 2ũηη sin
2 x− 2ũηη sin x− cos2 xũξξ−
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−2 cos2 xũξη − cos2 xũηη = −4ũξη = 0 ,

àáî
ũξη = 0 . (2.1.17)

Ñïiââiäíîøåííÿ (2.1.17) ¹ êàíîíi÷íèì âèãëÿäîì âèõiäíîãî ðiâíÿí-
íÿ (2.1.11). 2

Ïðèêëàä 5. Âèçíà÷èòè òèï i çâåñòè äî êàíîíi÷íîãî âèãëÿäó ðiâíÿ-
ííÿ

uxx − 2 sin xuxy + (2− cos2 x)uyy = 0 . (2.1.18)

Ðîçâ'ÿçîê. Ó âiäîìèõ ïîçíà÷åííÿõ a = 1, b = − sin x, c = 2 − cos2 x.
Çíàê âèðàçó b2 − ac = sin2 x − 2 + cos2 x = −1 < 0. Çãiäíî êëàñèôiêàöi¨,
ðiâíÿííÿ (2.1.18) ¹ ðiâíÿííÿì åëiïòè÷íîãî òèïó â R2. Ñêëàäà¹ìî õàðà-
êòåðèñòè÷íå ðiâíÿííÿ:

(dy)2 + 2 sin xdxdy + (2− cos2 x)(dx)2 = 0 . (2.1.19)

Ïîäiëèâøè îñòàíí¹ ðiâíÿííÿ íà (dx)2 i ïîçíà÷èâøè dy
dx

= t, ìè áóäåìî
ìàòè ðiâíÿííÿ

t2 + 2 sin xt+ (2− cos2 x) = 0 .

Ðîçâ'ÿæåìî öå ðiâíÿííÿ âiäíîñíî t. Ìà¹ìî: D = b2−4ac = 4 sin2 x−4(2−
cos2 x) = 4− 4 cos2 x− 8 + 4 cos2 x = −4, t1,2 =

−2 sinx±2i
2

= − sinx± i, äå i
� óÿâíà îäèíèöÿ; i2 = −1. Çâiäñè, îñêiëüêè dy

dx
= t, ìà¹ìî

dy

dx
= − sinx± i .

Çâiäñè
y(x) = cos x± ix+ c .

Êîìïëåêñíî ñïðÿæåíi ïåðøi iíòåãðàëè õàðàêòåðèñòè÷íîãî ðiâíÿííÿ (2.1.19)
ìàþòü âèãëÿä φ(x) = y − cos x ± ix = φ1(x) ± iφ2(x), φ1(x) := y − cos x,
φ2(x) := x.

Òåïåð ó âèõiäíîìó ðiâíÿííi (2.1.18) çðîáèìî çàìiíó íåçàëåæíèõ çìií-
íèõ {

ξ = y − cosx

η = x .
(2.1.20)

Ïðè òàêié çàìiíi
u(x, y) = ũ(ξ, η) .
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Ìà¹ìî:
ux = ũξξx + ũηηx = sin xũξ + ũη ,

uxx = (sin xũξ + ũη)|x = cos xũξ + sin x(ũξξξx + ũξηηx) + ũηξξx + ũηηηx =

= cos xũξ + sin2 xũξξ + 2 sin xũξη + ũηη ,

uxy = (sin xũξ + ũη)|y = sinxũξξξy + sin xũξηηy + ũηξξy + ũηηηy =

= sin xũξξ + ũξη ,

uy = ũξξy + ũηηy = ũξ ,

uyy = ũξξξy + ũξηηy = ũξξ .

Çàëèøèëîñÿ ïiäñòàâèòè çíàéäåíi çíà÷åííÿ äëÿ uxx, uxy i uyy ó âèõiäíå
ðiâíÿííÿ (2.1.18). Áóäåìî ìàòè:

cos xũξ+sin2 xũξξ+2 sinxũξη+ũηη−2 sin2 xũξξ−2 sin xũξη+(2−cos2 x)ũξξ = 0 .

Îñòàíí¹ ñïiââiäíîøåííÿ ïåðåïèøåìî ó âèãëÿäi:

ũξξ + ũηη + cos xũξ = 0 . (2.1.21)

Ðiâíÿííÿ (2.1.21) ¹ ðiâíÿííÿì, âiäïîâiäíèì äî ðiâíÿííÿ (2.1.19), çàïèñà-
íèì ó êàíîíi÷íîìó âèãëÿäi. 2

Ïðèêëàä 6. Âèçíà÷èòè òèï i çâåñòè äî êàíîíi÷íîãî âèãëÿäó ðiâíÿ-
ííÿ

uxx − 2xuxy + x2uyy − 2uy = 0 . (2.1.22)

Ðîçâ'ÿçîê. Ó âiäîìèõ ïîçíà÷åííÿõ a = 1, b = −x, c = x2. Áóäåìî
ìàòè ùî b2 − ac = x2 − x2 = 0. Ç îãëÿäó íà öå, âèõiäíå ðiâíÿííÿ (2.1.22)
ïàðàáîëi÷íîãî òèïó â R2. Ñêëàäåìî õàðàêòåðèñòè÷íå ðiâíÿííÿ:

(dy)2 + 2x dxdy + x2(dx)2 = 0 . (2.1.23)

Ðîçäiëèìî ëiâó i ïðàâó ÷àñòèíè ðiâíÿííÿ (2.1.23) íà (dx)2 i ïîêëàäåìî
dy
dx

= t. Òîäi ç (2.1.23) âèïëèâà¹, ùî

t2 + 2xt+ x2 = 0 .

Îñòàíí¹ ðiâíÿííÿ ðîçãëÿäà¹ìî ÿê êâàäðàòíå ðiâíÿííÿ âiäíîñíî çìiííî¨
t. Éîãî ìîæíà ïåðåïèñàòè ó âèãëÿäi (t+x)2 = 0, çâiäêè t+x = 0, t = −x.
Çâiäñè dy

dx
= −x, àáî y(x) =

∫
(−x) dx = −x2/2 + c, 2y + x2 = 2c, c ∈ R.

Ñòàëà c ¹ áóäü-ÿêîþ, îòæå, i ñòàëà 2C ¹ áóäü-ÿêîþ. Ç îãëÿäó íà öå, ìîæíà
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ïîêëàñòè C := 2c, òîäi 2y + x2 = C, C ∈ R. Íàãàäà¹ìî, ùî ó âèïàäêó
ðiâíÿííÿ ïàðàáîëi÷íîãî òèïó ìà¹ìî ëèøå îäèí ïåðøèé iíòåãðàë. Çàìiíà
çìiííèõ, ÿêà âiäïîâiäà¹ öüîìó âèïàäêó, ïîëÿãà¹ â ïîêëàäåííi îäíî¨ çi
çìiííèõ (ñêàæåìî, ξ = ξ(x, y)) öüîìó ïåðøîìó iíòåãðàëó, â òîé ÷àñ ÿê
äðóãà íåçàëåæíà çìiííà η = η(x, y) ìîæå áóòè îáðàíà áóäü-ÿêîþ, àáè

òiëüêè ÿêîáiàí J :=

∣∣∣∣ξx ηx
ξy ηy

∣∣∣∣ íå äîðiâíþâàâ íóëþ. Ç îãëÿäó íà ñêàçàíå

âèùå, çðîáèìî çàìiíó íåçàëåæíèõ çìiííèõ:{
ξ = 2y + x2

η = x .
(2.1.24)

ßêîáiàí ïåðåòâîðåííÿ â (2.1.24):

J :=

∣∣∣∣ξx ηx
ξy ηy

∣∣∣∣ = ∣∣∣∣2x 1
2 0

∣∣∣∣ = −2 ̸= 0 ∀ x, y ∈ R2 .

Ïðè çàìiíi (2.1.24) ìà¹ìî âiäïîâiäíiñòü: u(x, y) 7→ ũ(ξ, η). Ïåðåîá÷èñëèìî
òåïåð âñi ÷àñòèííi ïîõiäíi ùî âõîäÿòü äî ðiâíÿííÿ (2.1.22), â òåðìiíàõ
ïîõiäíèõ ξ i η. Áóäåìî ìàòè:

ux = ũξξx + ũηηx = 2xũξ + ũη ,

uxx = (2xũξ + ũη)x = (2xũξ)x + (ũη)x =

= (2x)xũξ + 2x(ũξ)x + (ũη)x =

= 2ũξ + 2xũξξξx + 2xũξηηx + ũηξξx + ũηηηx =

= 2ũξ + 4x2ũξξ + 4xũξη + ũηη .

Îá÷èñëþþ÷è ïîõiäíó uxx, ìè âðàõóâàëè ïðàâèëî ïîõiäíî¨ äîáóòêó ôóí-
êöié: (2xũξ)x = (2x)xũξ + 2x(ũξ)x, à òàêîæ òåîðåìó ïðî ðiâíiñòü ìiøàíèõ
ïîõiäíèõ ó ïðîñòîði äâi÷i ãëàäêèõ ôóíêöié: ũξη = ũηξ. Ïðè ðîçâ'ÿçàííi
çàäà÷ íå ñëiä íåõòóâàòè öèìè ïðàâèëàìè !

Äàëi,
uy = ũξξy + ũηηy = 2ũξ ,

uyy = 2ũξξξy + 2ũξηηy = 4ũξξ ,

uxy = (2xũξ + ũη)y = 2xũξξξy + 2xũξηηy + ũηξξy + ũηηηy =

= 4xũξξ + 2ũξη .
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Çàëèøèëîñÿ ïiäñòàâèòè âñi ÷àñòèííi ïîõiäíi uxx, uxy, uy i uyy ó ðiâ-
íÿííÿ (2.1.22). Áóäåìî ìàòè:

uxx − 2xuxy + x2uyy − 2uy =

= 2ũξ + 4x2ũξξ + 4xũξη + ũηη − 8x2ũξξ − 4xũξη + 4x2ũξξ − 4ũξ =

= ũηη − 2ũξ = 0 . (2.1.25)

Ðiâíÿííÿ (2.1.25) ¹ ðiâíÿííÿì, âiäïîâiäíèì äî (2.1.22), çàïèñàíèì ó êà-
íîíi÷íîìó âèãëÿäi. 2

2.2 Ðîçâ'ÿçàííÿ ë.ä.ð. ç ÷.ï. äðóãîãî ïîðÿäêó

Íàñêiëüêè íàì âiäîìî, íåìà çàãàëüíîãî àëãîðèòìó ðîçâ'ÿçàíü ë.ä.ð. ç
÷.ï. 2-ãî ïîðÿäêó. Â áàãàòüîõ ñèòóàöiÿõ ìîæíà ñêîðèñòàòèñÿ íàñòóïíîþ
ñõåìîþ:

1. Ðiâíÿííÿ

a(x, y)uxx + 2b(x, y)uxy + c(x, y)uyy + F (x, y, u, ux, uy) = 0 (2.2.1)

çâåñòè äî êàíîíi÷íîãî âèãëÿäó ìåòîäîì õàðàêòåðèñòèê. Íåõàé

ã(ξ, η)ũξξ + 2b̃(ξ, η)ũξη + c̃(ξ, η)ũηη + F̃ (ξ, η, ũ, ũξ, ũη) = 0 (2.2.2)

� êàíîíi÷íèé âèãëÿä ðiâíÿííÿ (2.2.1).

2. Ñïðîáóâàòè çíèçèòè ïîðÿäîê ðiâíÿííÿ íà îäèíèöþ çàìiíîþ ũξ =
v, àáî ũη = v, äå v = v(ξ, η) � íîâà íåâiäîìà ôóíêöiÿ. ßêùî öå âäàëîñÿ
çðîáèòè, ñëiä ðîçâ'ÿçàòè íîâå ðiâíÿííÿ âiäíîñíî v, äèâëÿ÷èñü íà íüîãî
ÿê íà çâè÷àéíå äèôåðåíöiàëüíå ðiâíÿííÿ âiäíîñíî îäíî¨ çìiííî¨ ξ (âiä-
ïîâiäíî, η) ç ïàðàìåòðîì η (âiäïîâiäíî, ξ). ßêùî ðiâíÿííÿ ðîçâ'ÿçó¹òüñÿ
âiäíîñíî v, òî ñëiä ïîòiì ïîâåðíóòèñÿ äî ôóíêöi¨ ũ, âèêîðèñòîâóþ÷è òó
çàìiíó, ùî áóëà çðîáëåíà: ũξ = v, àáî ũη = v. Â îáîõ âèïàäêàõ, ũ âiäíîâ-
ëþ¹òüñÿ ïðîñòèì iíòåãðóâàííÿì ôóíêöi¨ v ïî âiäïîâiäíié çìiííié.

3. Îñòàííié êðîê � çàïèñ ðîçâ'ÿçêó ÷åðåç âèõiäíi çìiííi x i y. Öå
ðîáèòüñÿ çàâäÿêè çâ'ÿçêó u(x, y) = ũ(ξ, η), äå ξ i η ïîâ'ÿçàíi ç x i y ÷åðåç
çàìiíó (2.1.5) íà ñòîðiíöi 22. Êîíêðåòíèé âèãëÿä çàìiíè (2.1.5) âiäðiçíÿ-
¹òüñÿ äëÿ êîæíîãî òèïó ðiâíÿííÿ i âêàçàíèé íà öié æå ñòîðiíöi.

ßêùî áåçïîñåðåäí¹ âèêîíàííÿ êðîêó 2 ¹ íåìîæëèâèì, ìîæíà ñïî-
÷àòêó ñïðîñòèòè ðiâíÿííÿ (2.2.2) øëÿõîì çàìiíè

ũ(ξ, η) = eλξ+µη · v(ξ, η) , (2.2.3)
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äå v � íîâà íåâiäîìà ôóíêöiÿ âiä ξ i η, à êîåôiöi¹íòè λ i µ ïiäáèðàþòüñÿ
¾òàê, ÿê òðåáà¿ øëÿõîì ïiäñòàíîâêè çàìiíè (2.2.3) â ðiâíÿííÿ (2.2.2) ç
ìåòîþ çíèêíåííÿ â öüîìó ðiâíÿííi äåÿêèõ éîãî ìîëîäøèõ ÷ëåíiâ.

Ðîçãëÿíåìî äåêiëüêà ïðèêëàäiâ ðîçâ'ÿçàíü ðiâíÿíü.

Ïðèêëàä 7. Ðîçâ'ÿçàòè äèôåðåíöiàëüíå ðiâíÿííÿ ç ÷àñòèííèìè ïî-
õiäíèìè i ïåðåêîíàòèñÿ, ùî çíàéäåíà ôóíêöiÿ u = u(x, y) äiéñíî ¹ ðîçâ'ÿç-
êîì âèõiäíîãî ðiâíÿííÿ øëÿõîì ïiäñòàíîâêè öi¹¨ ôóíêöi¨ â íüîãî.

eyuxy − uyy + uy = 0 . (2.2.4)

Ðîçâ'ÿçîê. Ó âiäîìèõ ïîçíà÷åííÿõ a = 0, b = ey/2, c = −1. Çíàê âè-
ðàçó b2−ac = e2y/4 äîäàòíié, ðiâíÿííÿ (2.2.4) ¹ ðiâíÿííÿì ãiïåðáîëi÷íîãî
òèïó â R2. Ñêëàäåìî õàðàêòåðèñòè÷íå ðiâíÿííÿ:

−eydxdy − (dx)2 = 0 . (2.2.5)

Ìîæíà âèíåñòè dx çà äóæêè, áóäåìî ìàòè:

dx(−eydy − dx) = 0 .

Çâiäñè ìà¹ìî ñóêóïíiñòü:

dx = 0 ,

eydy + dx = 0 .
(2.2.6)

Ç ïåðøîãî ñïiââiäíîøåííÿ ñóêóïíîñòi (2.2.6) ìà¹ìî dx = 0, çâiäêè
x = c1, c1 ∈ R. Àíàëîãi÷íî, ç äðóãîãî ðiâíÿííÿ ó (2.2.6) îòðèìà¹ìî,
ùî

∫
eydy = −

∫
dx, ey + x = c2, c2 ∈ R. Ïåðøèìè iíòåãðàëàìè ðiâíÿí-

íÿ (2.2.5) ¹ ôóíêöi¨ φ1(x, y) = x i φ2(x, y) = ey + x.

Äàëi ó âèõiäíîìó ðiâíÿííi ðîáèìî çàìiíó íåçàëåæíèõ çìiííèõ:{
ξ = x

η = ey + x .
(2.2.7)

ßêîáiàí âiäïîâiäíîãî ïåðåòâîðåííÿ:

J :=

∣∣∣∣ξx ηx
ξy ηy

∣∣∣∣ = ∣∣∣∣1 1
0 ey

∣∣∣∣ = ey ̸= 0 ∀ x, y ∈ R2 .
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Ïðè çàìiíi çìiííèõ ôóíêöiÿ u(x, y) ïåðåõîäèòü ó äåÿêó (íîâó) ôóíêöiþ
ũ(ξ, η). Äàëi çãiäíî ïðàâèëà (1.3.8) ìà¹ìî:

ux = ũξξx + ũηηx = ũξ + ũη .

Äèôåðåíöiþ¹ìî îñòàíí¹ ñïiââiäíîøåííÿ ïî y ÿê ïîõiäíó ñóìè âèðàçiâ,
ïðè÷îìó çíîâó âèêîðèñòîâó¹ìî ïðàâèëî (1.3.8), àëå íå äëÿ ñàìî¨ ôóíêöi¨
u, à äëÿ ïîõiäíèõ ũξ i ũη. Áóäåìî ìàòè:

ũxy = ũξξξy + ũξηηy + ũηξξy + ũηηηy = ũξηe
y + ũηηe

y .

Àíàëîãi÷íî ìiðêó¹ìî äëÿ ïîõiäíèõ ïî y :

uy = ũξξy + ũηηy = ũηe
y , (2.2.8)

uyy = ũηξξye
y + ũηηηye

y + ũηe
y =

= ũηηe
2y + ũηe

y .

Çâåðíiòü óâàãó: ïðè îá÷èñëåííi uyy ìè âèêîðèñòàëè ïðàâèëî ïîõiäíî¨ äî-
áóòêó ôóíêöié ó (2.2.8), áî âèðàç ũηey ¹ äîáóòêîì äâîõ ôóíêöié ũη i ey,
çàëåæíèõ âiä y. Çîêðåìà, öÿ çàëåæíiñòü âiäíîñíî ôóíêöi¨ ũη ¹ ¾íåÿâ-
íîþ¿, áî ũη çàëåæèòü íiáè-òî âiä ξ i η, àëå ξ i η ñàìi ¹ ôóíêöiÿìè âiä
x i y çãiäíî çàìiíè (2.2.7). Íåçàëåæíî âiä öüîãî, ó (2.2.8) âèêîðèñòàíî
ïðàâèëî (1.3.8).

Îòðèìàíi âèðàçè äëÿ ïîõiäíèõ ũxy, uyy i uy ïiäñòàâèìî ó ñàìî ðiâíÿ-
ííÿ (2.2.4). Áóäåìî ìàòè:

ũξηe
2y + ũηηe

2y − ũηηe
2y − ũηe

y + ũηe
y =

= ũξηe
2y = 0 .

Ñêîðî÷óþ÷è â îñòàííüîìó âèðàçi íà e2y ̸= 0, áóäåìî ìàòè:

ũξη = 0 .

Çðîáèìî çàìiíó ũξ := v = v(ξ, η), äå v � íîâà ôóíêöiÿ. Òîäi îñòàíí¹
ðiâíÿííÿ ìîæíà ïåðåïèñàòè â âèãëÿäi

vη = 0 , (2.2.9)

çâiäêè
v = c = c(ξ) . (2.2.10)

Çâåðíiòü óâàãó, ùî c � ñòàëà, ùî çàëåæèòü âiä ξ. Îñòàííié ôàêò ëåãêî
îá ðóíòóâàòè âçÿòòÿì ïîõiäíî¨ ïî η ó ðiâíîñòi (2.2.10) i ïåðåõîäÿ÷è äî
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åêâiâàëåíòíî¨ ¨é ðiâíîñòi (2.2.9). Ðàäèìî ÷èòà÷ó ïðè âèíèêíåííi ñóìíi-
âiâ i ïèòàíü: ¾âiä ÷îãî çàëåæèòü ñòàëà c?¿ ðîáèòè ïîäiáíó ïåðåâiðêó.
ßêùî ¾ñòàëà¿ c ó (2.2.10) çàëåæàëà á âiä iíøî¨ çìiííî¨ η, òî âçÿòòÿ
ïîõiäíî¨ ïî η ó (2.2.10) âçàãàëi ãîâîðÿ÷è, íå äàëî á íàì ðiâíîñòi (2.2.9).

Òåïåð çãàäà¹ìî, ùî v = ũξ. Çâiäñè, âðàõîâóþ÷è (2.2.10), ìà¹ìî:

ũξ = c(ξ) ,

çâiäêè

ũ =

∫
c(ξ) dξ + g(η) ,

àáî, ïîçíà÷àþ÷è
∫
c(ξ) dξ = f(ξ), ìà¹ìî:

ũ(ξ, η) = f(ξ) + g(η) ,

äå f i g � äîâiëüíi äâi÷i ãëàäêi ôóíêöi¨ â R. Òðåáà ùå ïîâåðíóòèñÿ äî
ñòàðèõ çìiííèõ x, y (äèâ. çàìiíó (2.2.7)). Îòæå,

u = u(x, y) = f(x) + g(ey + x) , f, g ∈ C2(R) (2.2.11)

� çàãàëüíèé ðîçâ'ÿçîê ðiâíÿííÿ (2.2.4). Ïåðåêîíà¹ìîñÿ, ùî ðîçâ'ÿçîê âè-
õiäíîãî ðiâíÿííÿ, íàâåäåíèé ó (2.2.11), çíàéäåíî ïðàâèëüíî. Îá÷èñëèìî
ïîõiäíi ó ôóíêöi¨ u ç (2.2.11). Áóäåìî ìàòè:

ux = f ′(x) + g ′(ey + x) . (2.2.12)

Ïèòàííÿ ¾íà ðîçóìiííÿ¿: ïî ÿêèì çìiííèì áåðóòüñÿ øòðèõè ó (2.2.12)?

Äàëi,
uxy = g ′′(ey + x) · ey ,

uy = g ′(ey + x) · ey , uyy = g ′′(ey + x) · e2y + g ′(ey + x) · ey .
Ñëiä ïiäñòàâèòè çíàéäåíi íàìè âèðàçè äëÿ uxy, uy i uyy ó ðiâíÿííÿ (2.2.4).
Ìè îòðèìà¹ìî, ùî

eyuxy − uyy + uy = 0 ,

g ′′(ey + x) · e2y − g ′′(ey + x) · e2y − g ′(ey + x) · ey + g ′(ey + x) · ey = 0 ,

0 = 0 .

Ìà¹ìî òîòîæíiñòü, i öå äîâîäèòü âiðíiñòü ðîçâ'ÿçêó, íàäàíîãî â (2.2.11).2

Ïðèêëàä 8. Ðîçâ'ÿçàòè äèôåðåíöiàëüíå ðiâíÿííÿ ç ÷àñòèííèìè ïî-
õiäíèìè äðóãîãî ïîðÿäêó:

2uxx − 5uxy + 3uyy = 0 .
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Ðîçâ'ÿçîê. Â âiäîìèõ ïîçíà÷åííÿõ a = 2, b = −5/2, c = 3. Õàðàêòåðè-
ñòè÷íå ðiâíÿííÿ (2.1.2) ìà¹ âèãëÿä:

2(dy)2 + 5dxdy + 3(dx)2 = 0 . (2.2.13)

Äiëèìî (2.2.13) íà (dx)2 i ðîáèìî çàìiíó dy
dx

= t, áóäåìî ìàòè:

2t2 + 5t+ 3 = 0 .

Öå êâàäðàòíå ðiâíÿííÿ âiäíîñíî t, ðîçâ'ÿçó¹ìî éîãî: D = 25 − 24 = 1,
t1 =

−5−1
4

= −3
2
, t2 =

−5+1
4

= −1. Îòæå:

à) àáî dy
dx

= −1, òîäi y = −x+ c1, φ1(x, y) = y + x;

á) àáî dy
dx

= −3/2, òîäi y = −(3x)/2 + c2, çâiäêè 2y + 3x = c2,
φ2(x, y) = 2y + 3x.

Ðîáèìî çàìiíó ó âèõiäíîìó ðiâíÿííi

ξ = y + x, η = 2y + 3x .

Íàøà ôóíêöiÿ u(x, y) ïðè òàêié çàìiíi ïåðåõîäèòü ó ôóíêöiþ ũ(ξ, η).
Òåïåð òðåáà ïåðåîá÷èñëèòè âñi ÷àñòèííi ïîõiäíi, ÿêi ¹ ó ðiâíÿííi. Ìà¹ìî:

u(x, y) = ũ(ξ, η) = ũ(ξ(x, y), η(x, y)) .

Òåïåð,
ux = ũξ · ξx + ũη · ηx = ũξ + 3ũη , (2.2.14)

uy = ũξ · ξy + ũη · ηy = ũξ + 2ũη , (2.2.15)

uxx = ũξξ · ξx + ũξη · ηx + 3ũξηξx + 3ũηηηx =

= ũξξ + 3ũξη + 3ũξη + 9ũηη = ũξξ + 6ũξη + 9ũηη ; (2.2.16)

uxy = ũξξ · ξy + ũξη · ηy + 3ũξηξy + 3ũηηηy =

= ũξξ + 2ũξη + 3ũξη + 6ũηη = ũξξ + 5ũξη + 6ũηη . (2.2.17)

uyy = ũξξξy + ũξηηy + 2ũηξξy + 2ũηηηy =

= ũξξ + 2ũξη + 2ũηξ + 4ũηη = ũξξ + 4ũηξ + 4ũηη . (2.2.18)

Ïiñëÿ ïiäñòàíîâêè â âèõiäíå ðiâíÿííÿ âèðàçiâ (2.2.14)�(2.2.18) áóäåìî
ìàòè:

2ũξξ + 12ũξη + 18ũηη − 5ũξξ − 25ũξη − 30ũηη + 3ũξξ + 12ũξη + 12uηη = 0 ,
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àáî
ũξη = 0 . (2.2.19)

Â îñòàííüîìó ñïiââiäíîøåííi ïîêëàäåìî ũξ := v(ξ, η), òîäi ç (2.2.19) îòðè-
ìà¹ìî, ùî

vη = 0 ⇒ v(ξ, η) = c(ξ) = ũξ , (2.2.20)

äå c(η) � äîâiëüíà ôóíêöiÿ ç êëàñó C1(R). Ç (2.2.20) iíòåãðóâàííÿì îòðè-
ìà¹ìî, ùî

ũ(ξ, η) =

∫
c(ξ) dξ + c1(η) = f(ξ) + g(η) ,

äå ìè ïîçíà÷èëè f(ξ) =
∫
c(ξ) dξ i g(η) := c1(η) � äîâiëüíi äâi÷i ãëàäêi

ôóíêöi¨ â R. Âiäïîâiäü: ũ(ξ, η) = f(ξ) + g(η), àáî, ïîâåðòàþ÷èñü äî
çìiííèõ x, y,

u(x, y) = f(y + x) = g(2y + 3x), f, g ∈ C2(R) . 2

Ïðèêëàä 9. Ðîçâ'ÿçàòè äèôåðåíöiàëüíå ðiâíÿííÿ ç ÷àñòèííèìè ïî-
õiäíèìè.

2uxx + 6uxy + 4uyy + ux + uy = 0 . (2.2.21)

Ðîçâ'ÿçîê. Ó âiäîìèõ ïîçíà÷åííÿõ a = 2, b = 3, c = 4. Ñêëàäåìî
ðiâíÿííÿ õàðàêòåðèñòèê:

2(dy)2 − 6 · dxdy + 4(dx)2 = 0 .

Äiëÿ÷è íà (dx)2 i ïîêëàäàþ÷è dy
dx

= t, ìà¹ìî:

2t2 − 6t+ 4 = 0.

Öê êâàäðàòíå ðiâíÿííÿ, D = 36− 32 = 4, t1 =
6+2
4

= 2, t2 =
6−2
4

= 1,
çâiäñè [

dy
dx

= 2 ,
dy
dx

= 1 .

Çâiäñè àáî y − 2x = c1, àáî y − x = c2 . Ðîáèìî çàìiíó íåçàëåæíèõ
çìiííèõ: {

ξ = y − 2x
η = y − x .

Ìà¹ìî: u(x, y) = ũ(ξ, η),

ux = ũξ · ξx + ũη · ηx = −2ũξ − ũη;
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uxx = −2ũξξξx − 2ũξηηx − ũηξξx − ũηηηx =

= 4ũξξ + 4ũξη + ũηη ;

uy = ũξ · ξy + ũη · ηy = ũξ + ũη;

uyy = ũξξξy + ũξηηy + ũηξξy + ũηηηy =

= ũξξ + 2ũξη + ũηη;

uxy = ũξξ · ξx + ũξη · ηx + ũηξξx + ũηηηx =

= −2ũξξ − 3ũξη − ũηη .

Òåïåð òå, ùî ìè îòðèìàëè, ïiäñòàâëÿ¹ìî â âèõiäíå ðiâíÿííÿ. Ìà¹ìî:

8ũξξ+8ũξη+2ũηη−12ũξξ−18ũξη−6ũηη+4ũξξ+8ũξη+4ũηη−2ũξ−ũη+ũξ+ũη =

= −2ũξη − ũξ = 0 . (2.2.22)

Çðîáèìî ó (2.2.22) çàìiíó ũξ = v(ξ, η) i äîìíîæèìî éîãî íà −1. Òî-
äi (2.2.22) ïåðåïèøåòüñÿ òàê:

2vη + v = 0 . (2.2.23)

Ìîæíà ðîçâ'ÿçàòè (2.2.23) çà ìåòîäîì Åéëåðà (äèâëÿ÷èñü íà íüîãî ÿê íà
ëiíiéíå çâè÷àéíå ðiâíÿííÿ çi ñòàëèìè êîåôiöi¹íòàìè âiäíîñíî çìiííî¨ η).
Çàìiíà v = ekη, òîäi ç (2.2.23) ìà¹ìî:

2k + 1 = 0 ,

k = −1/2.

Òîäi
v = c(ξ)e−η/2 = ũξ . (2.2.24)

Iíòåãðó¹ìî (2.2.24) ïî çìiííié ξ, ìà¹ìî:

ũ(ξ, η) =

∫
c(ξ)e−η/2 dξ + g(η) = e−η/2 ·

∫
c(ξ) dξ + g(η) ,

àáî, ïîçíà÷àþ÷è f(ξ) :=
∫
c(ξ) dξ, ìà¹ìî:

ũ(ξ, η) = e−η/2 · f(ξ) + g(η) ,

äå f i g � äîâiëüíi äâi÷i ãëàäêi ôóíêöi¨ â R. Ïîâåðòàþ÷èñü äî çìiííèõ
x, y ìà¹ìî:

u(x, y) = e(x−y)/2 · f(y − 2x) + g(y − x) ,
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äå f i g � äîâiëüíi äâi÷i ãëàäêi ôóíêöi¨ â R. 2
Ïðèêëàä 10. Ðîçâ'ÿçàòè äèôåðåíöiàëüíå ðiâíÿííÿ ç ÷àñòèííèìè

ïîõiäíèìè i ïåðåêîíàòèñÿ, ùî çíàéäåíà ôóíêöiÿ u = u(x, y) äiéñíî ¹
ðîçâ'ÿçêîì âèõiäíîãî ðiâíÿííÿ øëÿõîì ïiäñòàíîâêè öi¹¨ ôóíêöi¨ â íüîãî.

3uxx − 10uxy + 3uyy − 2ux + 4uy + (5/16)u = 0 . (2.2.25)

Ðîçâ'ÿçîê. Ó âiäîìèõ ïîçíà÷åííÿõ a = 3, b = −5, c = 3. Ñêëàäåìî
ðiâíÿííÿ õàðàêòåðèñòèê:

3(dy)2 + 10 · dxdy + 3(dx)2 = 0 . (2.2.26)

Äiëÿ÷è íà (dx)2 i ïîêëàäàþ÷è dy
dx

= t, ìà¹ìî:

3t2 + 10t+ 3 = 0.

Öê êâàäðàòíå ðiâíÿííÿ, D = 100 − 36 = 64, t1 = −10+8
6

= −1/3,

t2 =
−10−8

6
= −3, çâiäñè 

dy

dx
= −3 ,

dy

dx
= −1/3 .

Çâiäñè àáî y − 3x = c1, àáî 3y − x = c2 . Ðîáèìî çàìiíó íåçàëåæíèõ
çìiííèõ: {

ξ = y + 3x

η = 3y + x .
(2.2.27)

Ìà¹ìî: u(x, y) = ũ(ξ, η),

ux = ũξ · ξx + ũη · ηx = 3ũξ + ũη;

uxx = 3ũξξξx + 3ũξηηx + ũηξξx + ũηηηx =

= 9ũξξ + 6ũξη + ũηη ;

uy = ũξ · ξy + ũη · ηy = ũξ + 3ũη;

uyy = ũξξξy + ũξηηy + 3ũηξξy + 3ũηηηy =

= ũξξ + 6ũξη + 9ũηη;

uxy = 3ũξξ · ξy + 3ũξη · ηy + ũηξξy + ũηηηy =
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= 3ũξξ + 10ũξη + 3ũηη .

Òåïåð òå, ùî ìè îòðèìàëè, ïiäñòàâëÿ¹ìî â âèõiäíå ðiâíÿííÿ. Ìà¹ìî:

27ũξξ + 18ũξη + 3ũηη − 30ũξξ − 100ũξη − 30ũηη + 3ũξξ+

+18ũξη + 27ũηη − 6ũξ − 2ũη + 4ũξ + 12ũη + (5/16)ũ = 0

= −64ũξη − 2ũξ + 10ũη +
5

16
ũ = 0 . (2.2.28)

Çðîáèìî â (2.2.28) çàìiíó ũ = v(ξ, η) · eλξ+µη. Ïiäñòàâèìî öþ çàìiíó â
ðiâíÿííÿ (2.2.28), çíàéäåìî µ i λ ¾òàê, ÿê íàì òðåáà¿. Ìà¹ìî: ũξ =
vξe

λξ+µη +λeλξ+µηv, ũη = vηe
λξ+µη +µeλξ+µηv, ũξη = vξηe

λξ+µη +µvξe
λξ+µη +

λvηe
λξ+µη +λµeλξ+µηv. Ïiäñòàâëÿþ÷è îòðèìàíi âåëè÷èíè â (2.2.28), îòðè-

ìà¹ìî:

−64vξηe
λξ+µη−64µvξe

λξ+µη−64λvηe
λξ+µη−64λµveλξ+µη−2vξ−2λveλξ+µη−

−10vηe
λξ+µη + 10µveλξ+µη +

5

16
veλξ+µη = 0 . (2.2.29)

Ñêîðî÷óþ÷è (2.2.29) íà eλξ+µη ̸= 0 i ãðóïóþ÷è ÷ëåíè ïðè vξη, vξ, vη i v,
îòðèìà¹ìî:

−64vξη + (−64µ− 2)vξ + (−64λ+ 10)vη + v

(
5

16
− 64λ

)
µ = 0 . (2.2.30)

Ïiäáåðåìî λ i µ òàê, ùîá {
−64µ− 2 = 0

−64λ+ 10 = 0 .
(2.2.31)

Ç (2.2.31) âèïèâà¹, ùî λ = 5
32
, µ = − 1

32
. Çàóâàæèìî, ùî äëÿ âêàçàíèõ

çíà÷åíü λ i µ âèêîíó¹òüñÿ ðiâíiñòü 5
16
− 64λ = 0. Òîäi ç (2.2.30) âèïëèâà¹,

ùî
vξη = 0 . (2.2.32)

Ðiâíÿííÿ (2.2.32) âæå ðîçâ'ÿçóâàëîñü íàìè (äèâ. (2.2.19) íà ñòîð. 34 i
íèæ÷å). Íàãàäà¹ìî, ùî éîãî ðîçâ'ÿçîê ìà¹ âèãëÿä

v(ξ, η) = f(ξ) + g(η) ,

äå f i g � äîâiëüíi äâi÷i ãëàäêi ôóíêöi¨ â R. Çãàäóþ÷è ïðî çàìiíó ũ(ξ, η) =
v(ξ, η) · eλξ+µη, îòðèìà¹ìî

ũ(ξ, η) = e
5
32

ξ− 1
32

ηv(ξ, η) = e
5
32

ξ− 1
32

η(f(ξ) + g(η)) ,
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àáî, ïîâåðòàþ÷èñü äî çìiííèõ x i y i ìàþ÷è íà óâàçi, ùî u(x, y) = ũ(ξ, η),
îòðèìà¹ìî îñòàòî÷íèé ðîçâ'ÿçîê çàäà÷i:

u(x, y) = e(7x+y)/16(f(y + 3x) + g(x+ 3y)) , (2.2.33)

äå f i g � äîâiëüíi äâi÷i ãëàäêi ôóíêöi¨ â R. 2
Ïåðåâiðèìî, ùî ôóíêöiÿ u, çàäàíà â (2.2.33), äiéñíî ¹ ðîçâ'ÿçêîì

âèõiäíîãî ðiâíÿííÿ (2.2.25). Ìà¹ìî:

ux =
7

16
e(7x+y)/16(f(y+3x)+g(x+3y))+e(7x+y)/16(3f ′(y+3x)+g ′(x+3y)) ,

uy =
1

16
e(7x+y)/16(f(y+3x)+g(x+3y))+e(7x+y)/16(f ′(y+3x)+3g ′(x+3y)) ,

uxx =
49

256
e(7x+y)/16(f(y+3x)+g(x+3y))+

7

16
e(7x+y)/16(3f ′(y+3x)+g ′(x+3y))+

+
7

16
(3f ′(y + 3x) + g ′(x+ 3y)) + e(7x+y)/16(9f ′′(y + 3x) + g ′′(x+ 3y)) =

=
49

256
e(7x+y)/16(f(y+3x)+g(x+3y))+

7

16
e(7x+y)/16(6f ′(y+3x)+2g ′(x+3y))+

+e(7x+y)/16(9f ′′(y + 3x) + g ′′(x+ 3y)) ,

uyy =
1

256
e(7x+y)/16(f(y+3x)+g(x+3y))+

1

16
e(7x+y)/16(f ′(y+3x)+3g ′(x+3y))+

+
1

16
(f ′(y + 3x) + 3g ′(x+ 3y)) + e(7x+y)/16(f ′′(y + 3x) + 9g ′′(x+ 3y)) =

=
1

256
e(7x+y)/16(f(y+3x)+g(x+3y))+

1

16
e(7x+y)/16(2f ′(y+3x)+6g ′(x+3y))+

+
1

16
e(7x+y)/16(f ′′(y + 3x) + 3g ′′(x+ 3y)) ,

uxy =
7

256
e(7x+y)/16(f(y+3x)+g(x+3y))+

7

16
e(7x+y)/16(f ′(y+3x)+3g ′(x+3y))+

+
1

16
e(7x+y)/16(3f ′(y+3x)+g ′(x+3y))+e(7x+y)/16(3f ′′(y+3x)+3g ′′(x+3y)) =

=
7

256
e(7x+y)/16(f(y+3x)+g(x+3y))+

10

16
e(7x+y)/16f ′(y+3x)+

22

16
g ′(x+3y)+

+e(7x+y)/16(3f ′′(y + 3x) + 9g ′′(x+ 3y)) .
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Äëÿ ñêîðî÷åííÿ âñþäè ïèøåìî f çàìiñòü f(y+3x), g çàìiñòü g çàìiñòü
g(x+ 3y) i ò.ä. Ïiäñòàâëÿ¹ìî çíàéäåíi âèðàçè â (2.2.25), ìà¹ìî:

e(7x+y)/16

(
147

256
f +

147

256
g +

126

16
f ′ +

42

16
g′ + 27f ′′ + 3g ′′ − 70

256
f − 70

256
g−

−100

16
f ′ − 220

16
g ′ − 30f ′′ − 30g ′′ +

3

256
f +

3

256
g +

6

16
f ′ +

18

16
g ′ + 3f ′′+

+27g ′′ − 14

16
f − 14

16
g − 6f ′ − 2g ′ +

4

16
f +

4

16
g + 4f ′ + 12g ′+ (2.2.34)

+
5

16
f +

5

16
g

)
= 0 .

Ëåãêî áà÷èòè, ùî ó (2.2.34) òîòîæíiñòü. Íàïðèêëàä, êîåôiöi¹íò ïðè f ′

äîðiâíþ¹ 126
16

− 100
16

+ 6
16
−6+4 = 0, êîåôiöi¹íò ïðè g ′ : 42

16
− 120

16
+ 18

16
−2+12 = 0,

i ò.ï. 2

Ïðèêëàä 11. Ðîçâ'ÿçàòè ë.ä.ð. ç ÷.ï. äðóãîãî ïîðÿäêó i çðîáèòè
ïåðåâiðêó, ùî çíàéäåíà ôóíêöiÿ u = u(x, y) äiéñíî ¹ ðîçâ'ÿçêîì öüîãî
ðiâíÿííÿ.

uxx − 2 sin xuxy − cos2 xuyy − cos xuy = 0 . (2.2.35)

Ðîçâ'ÿçîê. Ìè âæå çâîäèëè äàíå ðiâíÿííÿ äî êàíîíi÷íîãî âèãëÿäó,
äèâ. ïðèêëàä 4 íà ñòîðiíöi 24. Çãiäíî (2.1.17), êàíîíi÷íèì âèãëÿäîì öüîãî
ðiâíÿííÿ ¹ ñïiââiäíîøåííÿ

ũξη = 0 . (2.2.36)

Öå ðiâíÿííÿ ðîçâ'ÿçóâàëîñÿ áàãàòî ðàçiâ (äèâ. ñïiââiäíîøåííÿ (2.2.19) íà
ñòîð. 34 i äàëi ïî òåêñòó). Éîãî ðîçâ'ÿçêîì ¹ ôóíêöiÿ ũ(ξ, η) = f(ξ)+g(η),
äå f i g � äâi äîâiëüíi äâi÷i ãëàäêi ôóíêöi¨ â R, àáî, ïîâåðòàþ÷èñü äî
çìiííèõ x i y (äèâ. ñèñòåìó (2.1.14) íà ñòîðiíöi 25), áóäåìî ìàòè:

u(x, y) = f(y − cos x− x) + g(y − cos x+ x) , (2.2.37)

äå f i g � äâi äîâiëüíi äâi÷i ãëàäêi ôóíêöi¨ â R. Ïåðåâiðèìî, ùî ôóíêöiÿ
u çi ñïiââiäíîøåííÿ (2.2.37) � ðîçâ'ÿçîê âèõiäíîãî ðiâíÿííÿ (2.2.35). Äëÿ
ñêîðî÷åííÿ äîìîâèìîñü ïèñàòè f çàìiñòü f(y − cos x − x) i g çàìiñòü
g(y − cosx+ x). Áóäåìî ìàòè:

ux = (sin x− 1)f ′ + (sin x+ 1)g ′ ,

uxx = cos x · f ′ + (sin x− 1)2f ′′ + cos x · g ′ + (sin x+ 1)2g ′′ ,
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uxy = (sin x− 1)f ′′ + (sin x+ 1)g ′′ ,

uy = f ′ + g ′ ,

uyy = f ′′ + g ′′ .

Ïiäñòàâëÿþ÷è òåïåð çíàéäåíi âèùå çíà÷åííÿ ïîõiäíèõ äî (2.2.35), áóäåìî
ìàòè:

cos x · f ′+

+(sinx− 1)2f ′′ + cosx · g ′ + (sin x+ 1)2g ′′ − 2 sin x(sinx− 1)f ′′− (2.2.38)

−2 sin x(sinx+ 1)g ′′ − cos2 x · f ′′ − cos2 x · g ′′ − cos x · f ′ − cosx · g ′ = 0 .

Ðîçêðèâàþ÷è äóæêè ó (2.2.38), áóäåìî ìàòè:

cos x ·f ′+sin2 xf ′′+2 sin x ·f ′′+f ′′+cos x ·g ′+sin2 x ·g ′′+2 sin x ·g ′′+g ′′−

−2 sin2 x ·f ′′−2 sin x ·f ′′−2 sin2 x ·g ′′−2 sin x ·g ′′−cos2 x ·f ′′−cos2 x ·g ′′−
− cosx · f ′ − cos x · g ′ = 0 . (2.2.39)

Ëåãêî áà÷èòè, ùî ó (2.2.39) ìà¹ ìiñöå òîòîæíiñòü. Ñïðàâäi, êîåôiöi¹íò
ïðè f ′′ äîðiâíþ¹ sin2 x+2 sin x+1−2 sin2 x−2 sin x−cos2 x = 0. Àíàëîãi÷íî,
êîåôiöi¹íò ïðè g ′′ äîðiâíþ¹ sin2 x+2 sin x+1−2 sin2 x−2 sinx−cos2 x = 0;
êîåôiöi¹íò ïðè f ′ äîðiâíþ¹ cos x − cos x = 0 i êîåôiöi¹íòîì ïðè g ′ òàê
ñàìî ¹ cos x− cosx = 0. Ðîçâ'ÿçîê ïîâíiñòþ çàâåðøåíî. 2

Ïðèêëàä 12. Ðîçâ'ÿçàòè çàäà÷ó Êîøi

eyuxy − uyy + uy = 0 , (2.2.40)

u|y=0 = −x2/2 , uy|y=0 = − sin x . (2.2.41)

Ðîçâ'ÿçîê. Ñàìî ðiâíÿííÿ âæå áóëî ðîçâ'ÿçàíî íàìè, äèâ. ñïiââiäíî-
øåííÿ (2.2.4) íà ñòîðiíöi 30. Éîãî ðîçâ'ÿçîê íàäà¹òüñÿ ôîðìóëîþ (2.2.11):

u = u(x, y) = f(x) + g(ey + x) , f, g ∈ C2(R) . (2.2.42)

Çàëèøèëîñü çíàéòè ëèøå ôóíêöi¨ f i g ó (2.2.42) òàê, ùîá âiäïîâiäíèé
ðîçâ'ÿçîê u = u(x, y) çàäîâîëüíÿâ óìîâè (2.2.41). Îòæå, çi ñïiââiäíîøåí-
íÿ (2.2.42) çíàõîäèìî:{

f(x) + g(1 + x) = −x2/2 ,
g ′(1 + x) = − sinx .

(2.2.43)

Ç äðóãîãî ñïiââiäíîøåííÿ ó (2.2.43) áóäåìî ìàòè g(1 + x) = cosx, òîäi
g(x) = cos(x− 1). Ç ïåðøîãî ðiâíÿííÿ ìà¹ìî f(x) = −x2/2− cosx. Òîäi

u = u(x, y) = −x2/2− cosx+ cos(ey + x− 1) .2
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2.3 Çàâäàííÿ äëÿ ñàìîêîíòðîëþ

1. ßêèé òèï ìà¹ ðiâíÿííÿ (2.1.1), ÿêùî â íüîìó a = 0 (çà óìîâè, ùî

b ̸= 0) ?

2. Íåõàé êîåôiöi¹íòè a, b i c ðiâíÿííÿ (2.1.1) ¹ ôóíêöiÿìè, ïðèíàéìíi
îäíà ç êîòðèõ ¹ ðîçðèâíîþ â äåÿêié òî÷öi. ×è ìîæå â öüîìó âèïàäêó
äåÿêà íåïåðåðâíà (ãëàäêà) ôóíêöiÿ u = u(x, y) áóòè ðîçâ'ÿçêîì öüîãî
ðiâíÿííÿ ?

3. Íåõàé ξ, η i J âèçíà÷àþòüñÿ çà äîïîìîãîþ ôîðìóë (2.1.5) i (2.1.6),
âiäïîâiäíî. Íåõàé, êðiì òîãî,

ã(ξ, η)ũξξ + 2b̃(ξ, η)ũξη + c̃(ξ, η)ũηη + F̃ (ξ, η, ũ, ũξ, ũη) = 0 (2.3.1)

� íîâå ðiâíÿííÿ, ùî âèõîäèòü ç ðiâíÿííÿ (2.1.1) â ðåçóëüòàòi çàìiíè (2.1.5).
Äîâåäiòü, ùî b̃2 − ãc̃ = J2(b2 − ac).

4. Íåõàé ó ðiâíÿííi (2.1.1) êîåôiöi¹íò çàëåæèòü òiëüêè âiä x.×è ñïðà-
âåäëèâî òâåðäæåííÿ, ùî ã ó âiäïîâiäíîìó êàíîíi÷íîìó âèãëÿäi (2.1.1)
òåæ çàëåæèòü òiëüêè âiä îäíî¨ çi çìiííèõ ξ àáî η ?

5. ×è ìîæóòü ðiâíÿííÿ âèãëÿäó (2.1.1) ìàòè ðiçíèé òèï â ðiçíèõ
îáëàñòÿõ ? ßêùî òàê, íàâåäiòü ïðèêëàä òàêîãî ðiâíÿííÿ.

6. ×è ìîæå ðiâíÿííÿ a(x, y)uxx + 2b(x, y)uxy + c(x, y)uyy + d(x, y)ux +
e(x, y)uy + f(x, y)u = 0 : à) ìàòè ðiâíî îäèí ðîçâ'ÿçîê u = u(x, y); á)
ìàòè ðiâíî äâà ðîçâ'ÿçêè u = u1(x, y), u = u2(x, y); â) íå ìàòè æîäíîãî
ðîçâ'ÿçêó.

7. Íåõàé ó âèõiäíîìó äèôåðåíöiàëüíîìó ðiâíÿííi ìà¹ìî çàìiíó{
ξ = ξ(x, y)

η = η(x, y) .

Íåõàé òàêîæ ïðè öüîìó ìà¹ìî âiäïîâiäíiñòü u(x, y) = ũ(ξ, η), äå ũ �
äåÿêà íîâà ôóíêöiÿ. ×è âiðíî, ùî ïîõiäíà ũξ çàâæäè çàëåæèòü òiëüêè
âiä çìiííî¨ ξ, àëå íå çàëåæèòü âiä η?

8. Ïèòàííÿ àíàëîãi÷íå äî ïóíêòó 7: ÷è âiðíî, ùî ïîõiäíà ũη çàâæäè
çàëåæèòü òiëüêè âiä çìiííî¨ η, àëå íå çàëåæèòü âiä ξ?

9. Íåõàé f(3t) = cos t. ×îìó äîðiâíþ¹ f(x)?

10. Äîâåäiòü, ùî ôóíêöiÿ

u = u(x, y) = −x2/2− cos x+ cos(ey + x− 1)
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¹ ðîçâ'ÿçêîì äèôåðåíöiàëüíîãî ðiâíÿííÿ eyuxy − uyy + uy = 0, ÿêèé çàäî-
âîëüíÿ¹ ïî÷àòêîâi óìîâè u|y=0 = −x2/2 i uy|y=0 = − sinx.

11. Íåõàé f ′(3x) = x2 + x. Çíàéòè f(x− y).

12. ×è ìîæå ñòàòèñÿ, ùî îäíå i òå ñàìå ðiâíÿííÿ ïðè çâåäåííi éîãî
çà äîïîìîãîþ ìåòîäó õàðàêòåðèñòèê øëÿõîì ðiçíèõ çàìií íåçàëåæíèõ
çìiííèõ äî êàíîíi÷íîãî âèãëÿäó ìà¹ äâà ðiçíèõ êàíîíi÷íèõ âèãëÿäè ?
Âiäïîâiäü îá ðóíòóéòå.
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2.4 Çàâäàííÿ äëÿ ñàìîñòiéíî¨ ðîáîòè � 2

Çàäà÷à 2. Çâåñòè äî êàíîíi÷íîãî âèãëÿäó ìåòîäîì õàðàêòåðèñòèê i
ðîçâ'ÿçàòè ë.ä.ð. ç ÷.ï. äðóãîãî ïîðÿäêó ïàðàáîëi÷íîãî òèïó

Âàðiàíò Ðiâíÿííÿ

1 uxx + 2uxy + uyy + ux + uy = 0

2 uxx + 4uxy + 4uyy − ux − 2uy = 0

3 uxx + 6uxy + 9uyy + ux + 3uy = 0

4 uxx − 6uxy + 9uyy − 2ux + 6uy = 0

5 uxx + 2uxy + uyy − 3ux − 3uy = 0

6 uxx + 4uxy + 4uyy + 3ux − 6uy = 0

7 9uxx + 6uxy + uyy − 9ux − 3uy = 0

8 uxx + 8uxy + 16uyy − ux − 4uy = 0

9 uxx − 2uxy + uyy + 4ux − 4uy = 0

10 16uxx + 8uxy + uyy − 8ux − 2uy = 0

11 4uxx + 4uxy + uyy + 8ux + 4uy = 0

12 uxx − 8uxy + 16uyy + 3ux − 12uy = 0

13 9uxx + 6uxy + uyy − 12ux − 4uy = 0

14 16uxx + 8uxy + uyy − 16ux + 4uy = 0

15 uxx + 10uxy + 25uyy + ux + 5uy = 0

16 uxx + 2uxy + uyy + 5ux + 5uy = 0

17 uxx − 10uxy + 25uyy + 2ux − 10uy = 0

18 4uxx − 4uxy + uyy − 10ux + 5uy = 0

19 25uxx − 10uxy + uyy − 15ux + 3uy = 0

20 uxx + 6uxy + 9uyy + 5ux + 15uy = 0

21 25uxx + 10uxy + uyy + 20ux + 4uy = 0

22 uxx + 8uxy + 16uyy + 5ux + 20uy = 0

23 uxx − 10uxy + 25uyy + 5ux − 25uy = 0

24 uxx + 12uxy + 36uyy + ux + 6uy = 0

25 uxx − 2uxy + uyy + 6ux − 6uy = 0

26 uxx − 12uxy + 36uyy + 2ux − 12uy = 0

27 36uxx + 12uxy + uyy + 18ux + 3uy = 0

28 uxx + 14uxy + 49uyy + 2ux + 14uy = 0

29 36uxx − 12uxy + uyy + 18ux − 3uy = 0

30 uxx − 2uxy + uyy + 2ux − 2uy = 0
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2.5 Çàâäàííÿ äëÿ ñàìîñòiéíî¨ ðîáîòè � 3

Çàäà÷à 3. Çâåñòè äî êàíîíi÷íîãî âèãëÿäó ìåòîäîì õàðàêòåðèñòèê i
ðîçâ'ÿçàòè ë.ä.ð. ç ÷.ï. äðóãîãî ïîðÿäêó ãiïåðáîëi÷íîãî òèïó

Âàðiàíò Ðiâíÿííÿ

1 4uxx + 8uxy + 3uyy = 0

2 3uxx + 4uxy + uyy = 0

3 16uxx + 16uxy + 3uyy = 0

4 25uxx + 20uxy + 3uyy = 0

5 12uxx + 8uxy + uyy = 0

6 64uxx + 32uxy + 3uyy = 0

7 uxx + 3uxy + 2uyy = 0

8 uxx + 12uxy + 27uyy = 0

9 uxx + 20uxy + 75uyy = 0

10 uxx + 28uxy + 147uyy = 0

11 uxx + 36uxy + 243uyy = 0

12 3uxx + 32uxy + 64uyy = 0

13 48uxx + 16uxy + uyy = 0

14 108uxx + 24uxy + uyy = 0

15 192uxx + 32uxy + uyy = 0

16 3uxx + 8uxy + 4uyy = 0

17 uxx + 4uxy + 3uyy = 0

18 3uxx + 16uxy + 16uyy = 0

19 uxx + 8uxy + 12uyy = 0

20 49uxx + 28uxy + 3uyy = 0

21 3uxx + 20uxy + 25uyy = 0

22 2uxx + 3uxy + uyy = 0

23 uxx + 16uxy + 48uyy = 0

24 uxx + 24uxy + 108uyy = 0

25 uxx + 32uxy + 192uyy = 0

26 3uxx + 28uxy + 49uyy = 0

27 27uxx + 12uxy + uyy = 0

28 75uxx + 20uxy + uyy = 0

29 147uxx + 28uxy + uyy = 0

30 4uxx + 3uxy − uyy = 0
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2.6 Çàâäàííÿ äëÿ ñàìîñòiéíî¨ ðîáîòè � 4

Çàäà÷à 4. Ðîçâ'ÿçàòè ë.ä.ð. ç ÷.ï. äðóãîãî ïîðÿäêó òà çíàéòè ôóíêöiþ
u = u(x, y), ÿêà çàäîâîëüíÿ¹ ïî÷àòêîâi óìîâè (çà íàÿâíîñòi óìîâ)

Âàðiàíò Ðiâíÿííÿ

1 uxx = x+ y

2 uxy + 5ux = 0

3 uxy + 3ux = ey

4 uxy − 2ux − 3uy + 6u = 2ex+y

5 uxy + sinx · ux = 5 + y2

6
∂
∂y (ux + u) + x(ux + u) + 3x2y = 0

7 uxx + 2uxy − 3uyy = 0 , uy=0 = 3x2, uy|y=0 = 0

8 uxx − 2uxy + 4ey = 0, u|y=2x = 4xe2x, uy|y=2x = e2x + 4xe2x + 2

9 x2uxx − 2xyuxy − 3y2uyy = 0, u|y=x2 = x2, uy|y=x2 = 2

10 eyuxy − uyy + uy = cosx, uy=0 = cosx, uy|y=0 = 0

11 uxy + yux + xuy + xyu = 0, u|y=3x = 0, uy|y=3x = e−5x2

12 uyy − 2uxy + 2ux − uy = 4ex

13 uxx − 6uxy + 8uyy + ux − 2uy + 4e5x+
3
2
y = 0

14 3uxx + 10uxy + 3uyy + ux + uy +
1
16u− 16xe−

x+y
16 = 0

15 uxx − 2 cosxuxy − (3 + sin2 x)uyy + ux + (sinx− cosx− 2)uy = 0

16 uxy + yuy − u = 0

17 uxy + xux − u+ cos y = 0

18
∂
∂y (ux + u) + 2x2y(ux + u) = 0

19
∂
∂y (ux + u) + x(ux + u) + x2y = 0

20 uxx + 2 cosxuxy − sin2 xuyy − sinxuy = 0, u|y=sinx = x + cosx,
uy|y=sinx = sinx

21 uxx − 2 sinxuxy − (3 + cos2 x)uyy − cosxuy = 0, u|y=cosx = sinx,
uy|y=cosx = ex/2

22 uxx − 2 sinxuxy − (3 + cos2 x)uyy + ux + (2− sinx− cosx)uy = 0

23 4uxx + 8uxy + 3uyy = 0

24 3uxx + 4uxy + uyy = 0

25 16uxx + 16uxy + 3uyy = 0

26 25uxx + 20uxy + 3uyy = 0

27 12uxx + 8uxy + uyy = 0

28 64uxx + 32uxy + 3uyy = 0

29 uxx + 3uxy + 2uyy = 0

30 uxx + 12uxy + 27uyy = 0

45



3 Çàäà÷à Êîøi äëÿ ðiâíÿííÿ êîëèâàíü ñòðóíè. Ôîð-

ìóëà Äàëàìáåðà

3.1 Ôîðìóëà Äàëàìáåðà. Îá ðóíòóâàííÿ i ïðèêëàäè

Íåõàé a > 0 � ôiêñîâàíà ñòàëà. Ðîçãëÿíåìî ðiâíÿííÿ êîëèâàíü ñòðóíè

utt = a2uxx , a > 0 , (3.1.1)

â îáëàñòi Ω = {(x, t) : x ∈ R, t > 0}. Áóäåìî ðîçãëÿäàòè ðiâíÿííÿ (3.1.1)
ïîðó÷ ç óìîâàìè Êîøi

u|t=0 = φ(x) , ut|t=0 = ψ(x) , (3.1.2)

äå φ i ψ � çàäàíi (¾äîñòàòíüî ãëàäêi¿) ôóíêöi¨ â R. Ðiâíÿííÿ (3.1.1) ðîç-
â'ÿæåìî ìåòîäîì õàðàêòåðèñòèê (äèâ. ðîçäië 2.2 íà ñòîð. 29). Ó âiäîìèõ
ïîçíà÷åííÿõ çi ñïiââiäíîøåííÿ (2.2.1) a = 1, b = 0, c = a2 (a2 âiäíîñèòüñÿ
äî (3.1.1)). Ðiâíÿííÿ õàðàêòåðèñòèê ìàòèìå âèãëÿä

(dx)2 − a2(dt)2 = 0 ,

çâiäêè
(dx+ adt)(dx− adt) = 0 ,

çâiäêè [
dx+ adt = 0 ,

dx− adt = 0 .
(3.1.3)

Çi ñïiââiäíîøåíü (3.1.3) ìè îòðèìà¹ìî, ùî[
x+ at = c1 , c1 ∈ R ,
x− at = c2 , c2 ∈ R .

(3.1.4)

Çãiäíî (3.1.4) çàìiíà íåçàëåæíèõ çìiííèõ, ÿêó ïîòðiáíî çðîáèòè â âèõi-
äíîìó ðiâíÿííi (3.1.1), ìàòèìå âèãëÿä{

ξ = x+ at ,

η = x− at .
(3.1.5)

Çãiäíî çàìiíè (3.1.5) u(x, t) = ũ(ξ, η). Òîäi

ux = ũξξx + ũηηx = ũξ + ũη ,

uxx = ũξξξx + ũξηηx + ũηξξx + ũηηηx = ũξξ + 2ũξη + ũηη ,
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ut = ũξξt + ũηηt = aũξ − aũη ,

utt = aũξξξt + aũξηηt − aũηξξt − aũηηηt = a2ũξξ − 2a2ũξη + a2ũηη .

Ïiäñòàâëÿþ÷è çíàéäåíi çíà÷åííÿ äëÿ uxx i utt ó ðiâíÿííÿ (3.1.1), çíàõî-
äèìî, ùî

−4a2ũξη = 0 ,

àáî
ũξη = 0 .

Ðîçâ'ÿçóþ÷è öå ðiâíÿííÿ, ìè îòðèìà¹ìî

ũ(ξ, η) = f(ξ) + g(η) , f, g ∈ C2(R) ,

àáî ïîâåðòàþ÷èñü äî çìiííèõ x i y ç îãëÿäó íà çàìiíó (3.1.5)

u(x, y) = f(x+ at) + g(x− at) , f, g ∈ C2(R) . (3.1.6)

Ó ñïiââiäíîøåííi (3.1.6) òðåáà çíàéòè ôóíêöi¨ f i g òàê, ùîá âîíè çàäî-
âîëüíÿëè ñïiââiäíîøåííÿ (3.1.2). Ç îãëÿäó íà (3.1.6)

ut = af ′(x+ at)− ag ′(x− at) ,

òîäi
ut|t=0 = af ′(x)− ag ′(x) = ψ(x) .

Â òàêîìó âèïàäêó, ç óìîâ (3.1.2) ìà¹ìî ñèñòåìó ðiâíÿíü äëÿ âèçíà÷åííÿ
f i g : {

f(x) + g(x) = φ(x) ,

f ′(x)− g ′(x) = 1
a
· ψ(x) .

(3.1.7)

Ñèñòåìó ðiâíÿíü (3.1.7) ìîæíà ðîçâ'ÿçóâàòè ìåòîäîì ïiäñòàíîâêè. Ç ïåð-
øîãî ðiâíÿííÿ f(x) = φ(x)− g(x), ïiäñòàâèìî ó äðóãå ðiâíÿííÿ:

φ ′(x)− g ′(x)− g ′(x) =
1

2a
· ψ(x) ,

çâiäêè

g ′(x) =
1

2
· φ ′(x)− 1

2a
· ψ(x) ,

g(x) =
1

2
· φ(x)− 1

a

x∫
0

ψ(y) dy . (3.1.8)
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Îñêiëüêè f(x) = φ(x)− g(x), çi ñïiââiäíîøåííÿ (3.1.8) ìè îòðèìà¹ìî, ùî

f(x) = φ(x)− 1

2
· φ(x) + 1

2a

x∫
0

ψ(y) dy =
1

2
· φ(x) + 1

2a

x∫
0

ψ(y) dy . (3.1.9)

Âðàõîâóþ÷è ñïiââiäíîøåííÿ (3.1.8) i (3.1.9), ç (3.1.6) îòðèìà¹ìî, ùî

u(x, t) =
1

2
· φ(x+ at) +

1

2a

x+at∫
0

ψ(y) dy +
1

2
· φ(x− at)− 1

2a

x−at∫
0

ψ(y) dy =

=
1

2
(φ(x+ at) + φ(x− at)) +

1

2a

x+at∫
x−at

ψ(y) dy . (3.1.10)

Ñïiââiäíîøåííÿ (3.1.10) íàçèâà¹òüñÿ ôîðìóëîþ Äàëàìáåðà. Ðîçãëÿíåìî
äåêiëüêà ïðèêëàäiâ.

Ïðèêëàä 13. Ðîçâ'ÿçàòè çàäà÷ó Êîøi

utt = uxx , (3.1.11)

u|t=0 = x2 , ut|t=0 = 4x , (3.1.12)

i ïåðåâiðèòè, ùî çíàéäåíà ôóíêöiÿ u = u(x, t) äiéñíî ¹ ¨¨ ðîçâ'ÿçêîì.

Ðîçâ'ÿçîê. Ó ïîçíà÷åííÿõ ñïiââiäíîøåíü (3.1.1) i (3.1.2) a = 1, φ(x) =
x2, ψ(x) = 4x. Îòæå, çãiäíî ñïiââiäíîøåííÿ (3.1.10)

u(x, t) =
1

2
((x− t)2 + (x+ t)2) +

1

2

x+t∫
x−t

4y dy =

= x2 + t2 + y2|x+t
y=x−t = x2 + a2t2 + (x+ t)2 − (x− t)2 =

= x2 + t2 + x2 + 2xt+ 2t2 − x2 + 2xt− t2 =

= x2 + t2 + 4xt .

Ïåðåâiðêà.Ìà¹ìî: u = x2+t2+4xt, ux = 2x+2t, uxx = 2, ut = 2t+4x,
utt = 2. Îòæå, utt = uxx � ñïiââiäíîøåííÿ (3.1.11) âèêîíó¹òüñÿ. Äàëi,
u|t=0 = (x2 + t2 + 4xt)|t=0 = x2, ut|t=0 = (2t+ 4x)|t=0 = 4x. Ñïiââiäíîøåí-
íÿ (3.1.12) òàêîæ âèêîíóþòüñÿ. 2
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3.2 Çàâäàííÿ äëÿ ñàìîêîíòðîëþ

1. Çà äîïîìîãîþ ìiðêóâàíü, íàâåäåíèõ íà ïî÷àòêó ñåêöi¨ 3.1, îá-

 ðóíòóéòå, ÷îìó ðîçâ'ÿçîê çàäà÷i (3.1.1)�(3.1.2) ¹ ¹äèíèì â ïðîñòîði
äâi÷i ãëàäêèõ ôóíêöié i íàäà¹òüñÿ ôîðìóëîþ Äàëàìáåðà. Ïðèïóñêà¹ìî
φ ∈ C2(R) i ψ ∈ C1(R).

2. Äîâåäiòü, ùî çàäà÷à (3.1.1)�(3.1.2) ç íóëüîâèìè çíà÷åííÿìè φ(x) ≡
0 ≡ ψ(x) ìà¹ òiëüêè íóëüîâèé ðîçâ'ÿçîê u = u(x, t) ≡ 0.

3. Íåõàé ó (3.1.2) ψ(x) ≡ 0. Äîâåäiòü, ùî â öüîìó âèïàäêó êîæåí
ðîçâ'ÿçîê u = u(x, t) çàäà÷i (3.1.1)�(3.1.2) òîòîæíî äîðiâíþ¹ íóëþ ïðè
âñiõ |x| > T i äåÿêîìó äîñòàòíüî âåëèêîìó T > 0 (ïðèíöèï Ãþéãåíñà).

4. Äîâåäiòü, ùî â óìîâàõ çàäà÷i 1 ïðèïóùåííÿ ψ(x) ≡ 0 ¹ iñòîòíèì:
çà âiäñóòíîñòi óìîâè ψ(x) ≡ 0 ïðèíöèï Ãþéãåíñà íå ìà¹ ìiñöÿ.

5. Çà äîïîìîãîþ ïðÿìèõ îá÷èñëåíü ïåðåâiðòå, ùî ôóíêöiÿ

u(x, t) =
1

2
(φ(x+ at) + φ(x− at)) +

1

2a

x+at∫
x−at

ψ(y) dy

äiéñíî ¹ ðîçâ'ÿçêîì çàäà÷i (3.1.1)�(3.1.2).

Âêàçiâêà. Äëÿ iíòåãðàëó J(x) =
φ2(x)∫
φ1(x)

f(x, y) dy ñêîðèñòàéòåñÿ ôîð-

ìóëîþ J ′(x) =
φ2(x)∫
φ1(x)

fx(x, y) dy + f(x, φ2(x)) · φ ′
2(x)− f(x, φ1(x)) · φ ′

1(x).

6. Âèêîðèñòîâóþ÷è ïðÿìi îá÷èñëåííÿ, äîâåäiòü, ùî ôîðìóëà Äþà-
ìåëÿ

u(x, t) =
1

2
(φ(x+at)+φ(x−at))+ 1

2a

x+at∫
x−at

ψ(y) dy+
1

2a

t∫
0

 x+a(t−τ)∫
x−a(t−τ)

f(y, τ) dy

 dτ

äà¹ îäèí ç ìîæëèâèõ ðîçâ'ÿçêiâ íåîäíîðiäíî¨ çàäà÷i Êîøi

utt = a2uxx + f(x, t) , a > 0 , f ∈ C(Ω) , (3.2.1)

Ω = {(x, t) : x ∈ R, t > 0} ,

u|t=0 = φ(x) , ut|t=0 = ψ(x) . (3.2.2)
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7. Êîðèñòóþ÷èñü ðåçóëüòàòàìè ïóíêòiâ 1 i 6, ÿê âiäîìèìè, à òàêîæ
çà äîïîìîãîþ ôîðìóëè Äàëàìáåðà, äîâåäiòü, ùî çàäà÷à (3.2.1)�(3.2.2) íå
ìîæå ìàòè áiëüøå îäíîãî ðîçâ'ÿçêó â ïðîñòîði äâi÷i ãëàäêèõ ôóíêöié
u = u(x, t).

8. Êîðèñòóþ÷èñü ðåçóëüòàòàìè ïóíêòó 6, ðîçâ'ÿæiòü çàäà÷ó Êîøi

utt = 9uxx + sin x ,

u|t=0 = 1 , ut|t=0 = 1 .

Ïåðåâiðòå, ùî çíàéäåíà ôóíêöiÿ u = u(x, t) äiéñíî ¹ ðîçâ'ÿçêîì öi¹¨ çà-
äà÷i.
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3.3 Çàâäàííÿ äëÿ ñàìîñòiéíî¨ ðîáîòè � 5

Çàäà÷à 5. Ðîçâ'ÿçàòè çàäà÷ó Êîøi (3.1.1)�(3.1.2) äëÿ çàäàíèõ a, φ i ψ
çà äîïîìîãîþ ôîðìóëè Äàëàìáåðà i ïåðåâiðèòè ïðàâèëüíiñòü ðîçâ'ÿçêó
øëÿõîì ïiäñòàíîâêè çíàéäåíî¨ ôóíêöi¨ ó âèõiäíó çàäà÷ó

Âàðiàíò a, φ, ψ

1 a = 1, φ(x) = sinx
2 , ψ(x) = 0

2 a = 2, φ(x) = sin x
2 , ψ(x) =

x
1+x2

3 a = 3, φ(x) = cosx, ψ(x) = x2

4 a = 4, φ(x) = x
1+x2 , ψ(x) = sinx

5 a = 5, φ(x) = x2, ψ(x) = 1
1+x2

6 a = 1, φ(x) = 1
1+x2 , ψ(x) = cosx

7 a = 1
2 , φ(x) = e−x2

, ψ(x) = (x− 1)2

8 a = 1
3 , φ(x) = cos 2x, ψ(x) = sin x

2

9 a = 1
2 , φ(x) = 4π, ψ(x) = x

10 a = 1
2 , φ(x) = x(2− x), ψ(x) = e−x

11 a = 1, φ(x) = x2, ψ(x) = sin 3x

12 a = 1, φ(x) = ex, ψ(x) = ωx

13 a = 3, φ(x) = sinx, ψ(x) = v0
14 a = 4, φ(x) = sin x

3 , ψ(x) = cosx

15 a = 5, φ(x) = x3, ψ(x) = sinx cosx

16 a = 3
2 , φ(x) = x(32 − x), ψ(x) = 2

3x

17 a = 2
3 , φ(x) = e

3
2
x, ψ(x) = 2

4+x2

18 a = 3
2 , φ(x) = x(x− 5

2), ψ(x) = ex

19 a = 2
5 , φ(x) = e−x, ψ(x) = 2π

20 a = 3
4 , φ(x) = x− π

3 , ψ(x) =
π
3

21 a = 4
3 , φ(x) =

1
4 cos

x
4 , ψ(x) = sin 3x

22 a = 1
4 , φ(x) =

x2

2 , ψ(x) = 2x− 1

23 a = 2, φ(x) = (x− 2)2, ψ(x) = 2− 4x

24 a = 1, φ(x) = 3x− 1, ψ(x) = cos x
3

25 a = 1, φ(x) = 3− 2x, ψ(x) = e
x
3

26 a = 5
2 , φ(x) = e−2x, ψ(x) = 2x+ 3

27 a = 4, φ(x) = 1
4+x2 , ψ(x) = 2πx

28 a = 2, φ(x) = π x
2 , ψ(x) =

x−3
2

29 a = 5, φ(x) = x− 5, ψ(x) = cos x
5

30 a = 4, φ(x) = 3x2, ψ(x) = e−2x
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