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We study the Dirichlet problem lim Ref (2)=¢(0) as z—>(, zeD, (eoD, with continuous boundary data ¢(C)

zZ—>
in arbitrary simply connected bounded domains D of the complex plane C, where f satisfies the degenerate Beltrami
equation f.=p(2)f,, |u(z)|<1, a.e. in D. We give in terms of p the BMO and FMO criteria as well as a number of
other integral criteria on the existence and representation of regular discrete open solutions to the stated above problem.

Keywords: BMO, bounded mean oscillation, FMO, finite mean oscillation, Dirichlet problem, degenerate Beltrami
equations, simply connected domains

1. Introduction. Let D be a domain in the complex plane C, and p: D — C be measurable with
|n(z)|<1 a.e.in D . A Beltrami equation is an equation of the form

fz=n@)f, (1)

with the formal complex derivatives f; =(f, +if,)/2, f, =(f,—if,)/2, z=x+iy, where f,
and f, are partial derivatives of f in x and y, correspondingly. The dilatation quotient of the
equation (1) is the quantity

K, (2):= (2|

: . 2
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The Beltrami equation is called degenerate if ess sup K, (z) =o0. The quantity

2
1-27%00(2)
-z
K (z,2y):= 02 (3)
1-{u(z)|
is called the tangent dilatation quotient of (1). Note that
K.'(2) < K,(zz) < K,(2) VzeD, zeC. (4)

The Dirichlet problem by [1] and [2] for the nondegenerate Beltrami equations (1) in a domain
D < C is the problem on the existence of a continuous function f:D — C in the Sobolev class
Wloc , satisfying (1) a. e, such that, for each prescribed continuous function ¢:0D - R,

lirr}; Ref(z)=¢() V{edD. (5)
Z—>

Recall that mapping f:D — C is called discrete if the preimage f™'(y) consists of isolated
points for every y € C, and open if f maps every openset U D onto an open setin C. Further,
it (&) = const, then the regular solution of the Dirichlet problem (5) for the Beltram1 equation
(1) is a continuous, discrete and open mapping f : D — C of the Sobolev class W " with its Jaco-
bian ], (z)=| f, P —|f.#0 a.e. satisfying (1) a.e. and the condition (5).

If D is the unit disk, some criteria for the solvability of the Dirichlet problem for the degener-
ate Beltrami equation can be found in a monograph [3]. The case of Jordan domains have been
studied e.g. in papers [4] and [5]. With the help of the concept of the Carathéodory prime ends, we
have extended the above criteria to more general domains in [6]. However, this approach can be
quite complex and difficult to apply in practice. The following proposition, together with appro-
priate existence theorems for the degenerate Beltrami equation in the whole complex plane, offers
another approach to studying the Dirichlet problem in the classic setting (5) in arbitrary bounded
domains D < C. These results are provided in the following sections.

Proposition 1. Let D be an arbitrary bounded simply connected domain in C and let
u:D—-C be a measurable function with |w(z)|<1 a. e. in D . Suppose that there exists a homeo-
morphic W (C) solution g to the Beltrami equation (1), with the same . in D extended by zero
outside of D. Then the Beltrami equation (1) has a regular solution f of the Dirichlet problem (5)
in D for each continuous function ¢:0D — R, () = const. Moreover, such a solution f can be
represented as the composition f =ho g, where h:D. — C, D. =g(D), is a holomorphic solution
of the Dirichlet problem

éi“é Reh(&)=.(C) V{edD., with.:=¢og™.
-

Proof. First note that the domain D. is also bounded. Then, by Theorem 4.2.1 and Corollary
4.1.8 in [7], there is a unique harmonic function u: D. — R that satisfies the Dirichlet boundary
condition

émé u(€):=¢.() VCeodD., where @.:=@o g_l.
5
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Ontheotherhand, thereisa conjugate harmonic function v: D. - R suchthat h:=u+iv: D, ->C
forms a holomorphic function, because the domain D. is simply connected, see e.g. arguments
at the beginning of the book [8]. Thus, the function f=hog gives the desired solution of the
Dirichlet problem (5) in D for the Beltrami equation (1).

A wide range of effective criteria is well known for the existence of homeomorphic solutions to
the degenerate Beltrami equation, defined in the whole complex plane, see e. g. historic comments
with relevant references in monographs [3] and [9]—[11]. Assuming, for example, that the complex
dilatation p(z) has a compact support and the corresponding regular homeomorphic solution g to
the Beltrami equation (1) is normalized by the condition g(z)=z+o0(1) at the infinity, we can apply
to the study of the Dirichlet problem some criteria estabhshed in our last paper [12].

From now on, we assume that the functions K (z,7,) and K (z) are extended by 1 outside
of the domain D .

Proposition 2. Let D be a bounded simply connected domain in C. Suppose that u: D — C is
a measurable function with |u(z)|<1 a. e., K, e (D) and

| Ky (z.20) w3 o(12=2 ) dm(2)=0(L; () as &0 Vz,eD (6)

e<|z—zy|<g,
for some €, =¢€(z,) >0 and a family of measurable functions L :(0,&,) = (0, 0) with

0}

I (&)= [ v, (Ddt<o  Vee(,g,). (7)

Then the Beltrami equation (1) has a regular solution f of the Dirichlet problem (5) in D for each
continuous function ¢:0D — R, ¢(C) = const.
Moreover, such a solution f can be represented as the composition

f=hog, gz)=z+0(l) as z— o, (8)

where g : C — C is a regular homeomorphic solution of the Beltrami equation (1) in C with p extended
by zero outside of D and h: D. — C, D. := g(D), is a holomorphic solution of the Dirichlet problem

gné Re h(§)=¢. () V(edD., whereq.:=¢pog. 9)
>

Proof. By Lemma 1 in [12], there is a regular homeomorphic solution g to the Beltrami
equation (1) in C with hydrodynamic normalization g(z):=z+0(1) as z — o . Consequently,
by Proposition 1, the function f:=hog gives the desired solution of the Dirichlet problem (5) in
D for the Beltrami equation (1).

Remark 1. Note that if the family of the functions y, . (f)=wy, (¢) is independent on the
parameter €, then condition (6) implies that I, (¢) > as € = 0. This follows immediately
from arguments by contradiction, apply for it (4) and the condition K, € L' (D) . Note also that
(6) holds, in particular, if, for some g, =€(z,),

I K:(z,zo)-\yioﬂz—zo|)dm(z)<oo VZOEB (10)

lz—zyl<¢
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and I, (¢) > as € —>0. In other words, for the solvability of the Dirichlet problem (5) in
D for the Beltrami equation (1) for all continuous boundary functions ¢, it is sufficient that
the integral in (10) converges for some nonnegative function vy, (¢) that is locally integrable
over (0, g,] but has a nonintegrable singularity at 0. The functions log el z- z,|), Ae€(0,1),
zel, z,eD, and y(t)=1/(tlog(e/t)), t €(0,1), show that the condition (10) is compatible
with the condition I, (¢) - o as € = 0. Furthermore, condition (6) shows that (10) is sufficient
for the solvability of ?he Dirichlet problem, even if the integral in (10) is divergent in a control-
led way.

2. Existence theorems. The definitions of classes BMO, which denotes functions of bounded
mean oscillation, and FMO, which denotes functions of finite mean oscillation, can be found e.
g., in the paper [12]. Choosing y(t)=1/(tlog(1/t)) in Proposition 2 and applying Lemma 2 from
[12], we obtain the following result.

Theorem 1. Let D be a bounded simply connected domain in C and let a function p: D — C

be measurable with |u(z)|<1 a. e. and K e (D). Suppose also that K (z, zO)<Q (2) a. e in
U, for every point z,€D, a nezghborhood U of z, and a function Q 20 :U, 2 —>[O o] in the

class FMO((z,). Then the Beltrami equation (1) has a regular solution of the Dirichlet problem (5) in
D with the representation (8) for each continuous function ¢:0D — R, () = const.

In particular, by Proposition 1 in [12] the conclusion of Theorem 1 holds if every point z, € D
is the Lebesgue point of the function Q,

Corollary 1. Let D be a bounded simply connected domain in C, p: D — C be a measurable
function with |u(z)|<1 a.e. and K, have a majorant Q:C —[1,) in the class BMO. Then the
Beltrami equation (1) has a regular solution of the Dirichlet problem (5) in D with the representa-
tion (8) for each continuous function ¢@:0D —> R, ¢(£) = const .

By Corollary 2 in [12], we obtain the following nice consequence of Theorem 1.

Corollary 2. Let D be a bounded simply connected domain in C and let w: D — C be a mea-
surable function with |u(z)|<1 a. e., K, e L' (D) and

lim — | Kj(zz)dm(z)<o  Vz,eD. (11)
£—>0 TCS B(

Z, €)

Then the Beltrami equation (1) has a regular solution of the Dirichlet problem (5) in D with the
representation (8) for each continuous function @:0D — R, ¢(C) = const.

Similarly, choosing in Proposision 2 y(t) =1/t , we come to the next statement.

Theorem 2. Let D be a bounded simply connected domain in C and let w: D — C be a mea-
surable function with |u(z)|<1 a. e. and K, € L' (D). Suppose also that, for some &, =¢(z,)>0,
as € —>0

2
[ Kl(zz) dm(z) [{1 og~ ” vz, €D. (12)
e<|z—zy|<g, | 0|

Then the Beltrami equation (1) has a regular solution of the Dirichlet problem (5) in D with the
representation (8) for each continuous function ¢:0D — R, ¢(C) = const.
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Remark 2. Choosing in Lemma 1 the function y(¢t)=1/(¢tlogl/t) instead of y(t)=1/t, we
can replace (12) by

T 2
[ K ine :oﬁlogmgﬂ J (13)

e<|z—zy|<g, (|Z—ZO |10g| 1 |
Z2—2

In general, we are able to give here the whole scale of the corresponding conditions using func-
tions y(¢) of the form 1/(tlogl/t-loglogl/t-...-log...logl/t).

Now, choosing in Proposition 2 Ve (t)= Ve, (t) :1/[tk§ (zy,t)], where kg (zy,7) is the in-
tegral mean of K 5 (2, z,) over circle S(z,,r)={z€C:z—z, |=r}, we obtain one more important
conclusion.

Theorem 3. Let D be a bounded simply connected domain in C and let p: D — C be a mea-
surable function with |p(z)|<1 a. e. and K, € L' (D). Suppose also that, for some g, =€(z,)>0,

€
0 —
ITLzoo, Vz,€D. (14)
0 rk“ (24> 7)
Then the Beltrami equation (1) has a regular solution of the Dirichlet problem (5) in D with the
representation (8) for each continuous function ¢:0D — R, ¢() = const.

Corollary 3. Let D be a bounded simply connected domain in C and let w: D — C be a mea-
surable function with |u(z)|<1 a. e., K, e (D) and

K (zo,s)=o[1og3 ase >0 Yz eD. (15)
Then the Beltrami equation (1) has a regular solution of the Dirichlet problem (5) in D with the

representation (8) for each continuous function ¢:0D — R, ¢({) = const.
Remark 3. In particular, the conclusion of Corollary 3 holds if

Kf:(z,zo)zO[log } as z—>z, VZOEB. (16)

|z—2, |

The condition (15) can be also replaced by the whole series of weaker conditions

kE (zO,s)=Oqlogl'loglogl-..ulog...long Vz, eD. (17)
€ € €

Combining Theorems 2.5 and 3.2 in [13] and Theorems 3, we obtain the following result.
Theorem 4. Let D be a bounded simply connected domain in C and let \: D — C be a measur-
able function with [u(z)|<1 a.e.and K, € L' (D). Suppose also that, for a neighborhood UZ0 of 2,

chZO (K[ (z,2,) dm(z)<0 ¥z, eD, (18)
U
0
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where @ 2 :[0, 0] = [0, ] is a convex non-decreasing function such that

° dt
I logq)z0 (t)t—2=+oo (19)

A(zo)

for some A(z,)>0. Then Beltrami equation (1) has a regular solution of the Dirichlet problem (5) in
D with the representation (8) for each continuous function ¢:0D — R, ¢() = const.

Corollary 4. Let D be a bounded simply connected domain in C andlet n: D — C be a mea-
surable function with |p(z)|<1 a. e. and K, € L' (D). Suppose also that

I D (K, (2)) dm(z) <o (20)
D

for a convex non-decreasing function @ :[0, ] — [0, o] such that, for >0,
J log CD(t)d—2t=+oo. (21)
t
5

Then the Beltrami equation (1) has a regular solution of the Dirichlet problem (5) in D with the
representation (8) for each continuous function ¢:0D — R, ¢() Z const.

Remark 4. By the Stoilow theorem (see [14]), a regular solution f of the Dirichlet prob-
lem (5) in D for the Beltrami equation (1) with K u € Llloc (D) can be represented in the form
f=hoF where h is a holomorphic function and F is a homeomorphic regular solution of (1)
in the class Wlicl Thus, as shown in Theorem 5.1 of [13], condition (21) is not only sufficient
but also necessary for the existence of a regular solution of the Dirichlet problem (5) in D for
arbitrary Beltrami equations (1) with the integral constraints (20) for all continuous functions
¢:0D >R, ¢(f) = const.

Corollary 5. Let D be a bounded simply connected domain in C and let p: D — C be a mea-
surable function with |u(z)|<1 a. e., K, e (D) and

(z)K ! (z,2,) —
J.ea 0% dm(z) <o Vz,eD (22)

Uz,
for some o(z,) >0 and a neighborhood U, of the point z,. Then the Beltrami equation (1) has a
regular solution of the Dirichlet problem (53 in D with the representation (8) for each continuous
function ¢:0D - R, ¢(C) = const.

Corollary 6. Let D be a bounded simply connected domain in C and let n: D — C be a mea-
surable function with |u(z)|<1 a. e. and, for some o.>0,

I eaK“ (Z)dm(z) < o0, (23)
D

Then the Beltrami equation (1) has a regular solution of the Dirichlet problem (5) in D with the
representation (8) for each continuous function ¢:0D — R, ¢(C) = const.
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IMTPO 3AJAYY OIPIXJIE IJIA BUPOIJKEHOI'O PIBHAHHA BEJTBTPAMI

Bus4aernca sagava Jlipixie 1 BUPOIPKEHOTO PiBHAHHA BenbTpaMi 3 HenmepepBHUMY MEXOBMMM JAHVMMU Y JI0-
BiNbHIT OFHO3B sI3HIT 06/1acTi KOMITTIEKCHOI ITOIMHY. BcTaHOBIeHI KpuTepil iCHyBaHHS PETy/LIPHUX JUCKPET-
HUX BiJKpUTUX pO3B’s13KiB Lji€l 3aadi, 1110 BilI6y710CH IIAIXOM BUKOPMCTaHHA QyHKLiN kiaciB BMO — obmexe-
HOTO cepefHboro KonupaHHsA Ta FMO — CKiHYeHHOTO CepeHbOTO KOMMBAHHS, a TAKOXK PAAY epeKTUBHUX iHTe-
rpanbHUX KpuTepiiB. Bi/biie TOro, HaMu IOKA3aHO, [0 BKa3aHi PO3B’SI3KM MOXYTb OyTu 300paskeHi y BUITIAAL
KOMITO3MIIil peryasipHux roMmeoMopdHUX po3B’sa3KiB piBHAHD benbTpaMmi 3 TifpogMHaMiYHMM HOPMYBaHHSAM Y
HeCKiHYeHHO BifaieHilt To4ni Ta roroMopdHOro po3s’sa3Ky BifmosifHOI 3ajadi [lipixie, fAxa € aconiifoBaHOIO 3
UM piBHAHHAM. J0/10BHi Kpurepii cpopMynboBaHi B TepMiHax JOTUYHOI i MakcuMaabHOL guaranii. OTpumani
pesyIbTaTy MOXYTb OyTHU 3aCTOCOBAHI /LA /LA MEXaHIK! PiIVH B CU/IbHO aHi30TPOITHUX i HEOHOPITHUX cepefi-
OBHIIAX, OCKIZIbKY piBHAHH: Benbrpami € ckagHo0 GOpMOI0 OCHOBHOTO PiBHSAHHS IiIpOMeXaHiKIL.

Knrouosi cnosa: BMO, obmesxncene cepedne konusanus, FMO, ckinuenne cepedne xonusanus, sadaua Jlipixne, 6upo-
Oxceni pieHsaHHA Benvmpami, 001036 A3Hi 06nacmi
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