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Ðîçãëÿíóòî iíòåãðàë òèïó Êîøi äëÿ ôóíêöié, ÿêi äiþòü ç C â C2 i çà-
äîâîëüíÿþòü ðiâíÿííÿ Ãåëüìãîëüöà. Âñòàíîâëåíî äîñòàòíi óìîâè ðiâ-
íîìiðíîãî iñíóâàííÿ éîãî ìåæîâèõ çíà÷åíü òà äîâåäåíî ôîðìóëè äëÿ
íèõ.

There is considered a Cauchy-type integral for functions acting from C
to C2 and satisfying the Helmholtz equation. Su�cient conditions for its
boundary values to exist uniformly are determined and formulae for them
are proved.

1. Âñòóï. Ó ðîáîòi [1] (äèâ. òàêîæ [2]) ïîáóäîâàíî îñíîâè òåîði¨
òàê çâàíèõ α-ãiïåðãîëîìîðôíèõ ôóíêöié, ÿêi äiþòü ç ïðîñòîðó R2 ó
ïðîñòið C4. Âîíà ïîâ'ÿçàíà ç îïåðàòîðîì Ãåëüìãîëüöà ∆R2 + α2 òàêèì
æå ÷èíîì, ÿê êëàñè÷íà òåîðiÿ ãîëîìîðôíèõ ôóíêöié � ç îïåðàòîðîì
Ëàïëàñà ∆R2 . Âëàñòèâîñòi ÿäðà Êîøi â öié òåîði¨ ïîäiáíi âiäïîâiäíèì
âëàñòèâîñòÿì ÿäðà Êîøi â êëàñè÷íîìó êîìïëåêñíîìó àíàëiçi (çîêðå-
ìà, âîíî ¹ α-ãiïåðãîëîìîðôíîþ ôóíêöi¹þ òà äîçâîëÿ¹ âiäíîâèòè α-
ãiïåðãîëîìîðôíó ôóíêöiþ çà ¨¨ çíà÷åííÿìè íà ìåæi îáëàñòi).

Â ðîáîòi [3] äîâåäåíi ôîðìóëè Ñîõîöüêîãî-Ïëåìåëÿ òà òåîðåìà òèïó
Ïëåìåëÿ-Ïðèâàëîâà äëÿ ìåæîâèõ çíà÷åíü iíòåãðàëà òèïó Êîøi ç α-
ãiïåðãîëîìîðôíèì ÿäðîì Êîøi äëÿ ôóíêöié Ãüîëüäåðà íà çàìêíåíèõ
êóñêîâî-ëÿïóíîâñüêèõ êðèâèõ.

Ïðîòå â êëàñè÷íîìó êîìïëåêñíîìó àíàëiçi Ì. Î. Äàâèäîâ [4] äî-
âiâ áiëüø çàãàëüíi ôîðìóëè, ÿêi ìàþòü ìiñöå äëÿ ìåæîâèõ çíà÷åíü
iíòåãðàëà òèïó Êîøi íà äîâiëüíié çàìêíåíié æîðäàíîâié ñïðÿìëþâà-
íié êðèâié i óçàãàëüíþþòü ôîðìóëè Ñîõîöüêîãî-Ïëåìåëÿ, ÿêi ñïðàâå-
äëèâi ëèøå äëÿ êóñêîâî-ãëàäêèõ êðèâèõ, ùî óòâîðþþòü ïiäêëàñ âñiõ
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ñïðÿìëþâàíèõ êðèâèõ. Â ñòàòòÿõ [5, 6] ìè äîâåëè àíàëîãè òåîðåìè
Ì. Î. Äàâèäîâà â òåîði¨ α-ãiïåðãîëîìîðôíèõ ôóíêöié.

Íåõàé H(C) := {∑3
k=0 ak ik : ak ∈ C, i0 = 1, i21 = i22 = i23 = i1i2i3 =

−1} � àñîöiàòèâíà íåêîìóòàòèâíà àëãåáðà êîìïëåêñíèõ êâàòåðíiîíiâ
(ó âèïàäêó ak ∈ R ìà¹ìî àëãåáðó äiéñíèõ êâàòåðíiîíiâ H(R)); Γ ⊂ R2

� çàìêíåíà æîðäàíîâà ñïðÿìëþâàíà êðèâà; Ω+, Ω− � âiäïîâiäíî âíó-
òðiøíÿ òà çîâíiøíÿ îáëàñòi ç ìåæåþ Γ. Ïiä Ω ðîçóìiòèìåìî äîâiëüíó
ç îáëàñòåé Ω+ ÷è Ω−.

Ñëiäóþ÷è [1, 2], çàïðîâàäèìî â R2 ñòðóêòóðó äiéñíèõ êâàòåðíiîíiâ
z := x + yi3 ∈ R2 i îçíà÷èìî iíòåãðàë òèïó Êîøi âiä ôóíêöi¨ f : Γ →
H(C) íàñòóïíèì ÷èíîì:

Φα[f ](z) :=
∫

Γ

Kα(ζ − z) dζ f(ζ), z ∈ R2 \ Γ, (1)

äå êâàòåðíiîííà ôóíêöiÿ Kα ãðà¹ ðîëü ÿäðà Êîøi â öié òåîði¨. Ïî-
çíà÷àòèìåìî ÷åðåç Φ+

α [f ], Φ−α [f ] çâóæåííÿ iíòåãðàëà òèïó Êîøi Φα[f ]
âiäïîâiäíî íà îáëàñòi Ω+, Ω−.

Â öié ðîáîòi ìè âñòàíîâëþ¹ìî äîñòàòíi óìîâè äëÿ iñíóâàííÿ ìåæî-
âèõ çíà÷åíü íà êðèâié Γ iíòåãðàëiâ Φ+

α [f ], Φ−α [f ] òà äîâîäèìî ôîðìóëè
äëÿ íèõ. Îòðèìàíi ðåçóëüòàòè áóëè ðàíiøå àíîíñîâàíi â ðîáîòi [7].

2. Êâàòåðíiîííi α-ãiïåðãîëîìîðôíi ôóíêöi¨. Âèáið ÿäðà Êî-
øi òà îçíà÷åííÿ α-ãiïåðãîëîìîðôíî¨ ôóíêöi¨ çóìîâëåíi îïåðàòîðîì
Ãåëüìãîëüöà

∆α2 := ∆R2 + α2
M,

äå α ∈ C, α2
Mf := α2f (äèâ. [1, 2].

Âií ôàêòîðèçó¹òüñÿ íàñòóïíèì ÷èíîì:

∆α2 = Dα ◦ (−Dα), (2)

äå
Dα := i2

∂

∂x
− i1

∂

∂y
+ i3

αM.

Îïåðàòîð Dα âèñòóïà¹ àíàëîãîì îïåðàòîðà Êîøi-Ðiìàíà ∂ =
∂

∂x
+i

∂

∂y
ç êëàñè÷íîãî êîìïëåêñíîãî àíàëiçó.

Îçíà÷åííÿ ([1]). Íåõàé Ω � îáëàñòü â R2. Ôóíêöiÿ f : Ω → H(C)
íàçèâà¹òüñÿ α-ãiïåðãîëîìîðôíîþ, ÿêùî Dαf ≡ 0 â îáëàñòi Ω.
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Ïîäiáíî äî êëàñè÷íîãî âèïàäêó ÿäðî Êîøi Kα âèçíà÷à¹òüñÿ ÿê
ôóíäàìåíòàëüíèé ðîçâ'ÿçîê îïåðàòîðà Dα (òîáòî Dα[Kα](z) = δ(z),
äå δ(z) � äåëüòà-ôóíêöiÿ Äiðàêà). Çàâäÿêè ôàêòîðèçàöi¨ (2) ÿäðî Êî-
øi Kα îá÷èñëþ¹òüñÿ çà ôîðìóëîþ

Kα(z) := −Dα[θα](z),

äå θα(z) � ôóíäàìåíòàëüíèé ðîçâ'ÿçîê îïåðàòîðà ∆α2 , ÿêèé ìîæíà
ïîäàòè ó íàñòóïíîìó âèãëÿäi:

θα(z) =
1
4
N0(α|z|)− 1

2π
J0(α|z|)(C − log 2),

äå C � ñòàëà Åéëåðà i äëÿ öiëîãî n Jn òà Nn � âiäïîâiäíî ôóíêöi¨
Áåññåëÿ òà Íåéìàíà ïîðÿäêó n. Íàäàëi íàì çíàäîáëÿòüñÿ íàñòóïíi ¨õ
âëàñòèâîñòi (äèâ. [8]):

∂

∂t
N0(t) = −N1(t), (3)

∂

∂t
J0(t) = −J1(t), (4)

∂

∂t
J1(t) =

1
2

(J0(t)− J2(t)) , (5)

tJ2(t) = 2J1(t)− tJ0(t). (6)
Âèêîðèñòîâóþ÷è ðiâíîñòi (3) òà (4), îòðèìó¹ìî

Kα(z) :=−Dα[θα](z) =

=
1
4
αi3

(
M1(α|z|) z

|z| i1 −M0(α|z|)
)

= Kα,1(z) + Kα,2(z)i1,
(7)

äå
Kα,1(z) := −αi3

4
M0(α|z|), Kα,2(z) :=

αi3
4

M1(α|z|) z

|z| ,

Mn(α|z|) := Nn(α|z|) +
2
π

(log 2−C)Jn(α|z|).
Íàñòóïíà òåîðåìà ¹ êâàòåðíiîííèì óçàãàëüíåííÿì òåîðåìè

Ì. Î. Äàâèäîâà [4]. Âîíà åêâiâàëåíòíà òåîðåìi 4.3 ðîáîòè [6] (äèâ.
òàêîæ òåîðåìó 3.2 ðîáîòè [5], äå ðîçãëÿíóòî áiëüø çàãàëüíèé âèïàäîê
α ∈ H(C)).
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Òåîðåìà 1. Íåõàé α ∈ C, Γ � çàìêíåíà æîðäàíîâà ñïðÿìëþâàíà
êðèâà, f : Γ → H(C) � íåïåðåðâíà ôóíêöiÿ i íåõàé iíòåãðàë

lim
δ→0

∫

Γ\Γt,δ

|Kα(ζ − t)| · |dζ| · |f(ζ)− f(t)|, t ∈ Γ,

äå Γt,δ := {ζ ∈ Γ : |ζ − t| 6 δ}, iñíó¹ ðiâíîìiðíî âiäíîñíî t ∈ Γ. Òîäi
iñíó¹ iíòåãðàë

Fα[f ](t) := lim
δ→0

∫

Γ\Γt,δ

Kα(ζ − t) dζ (f(ζ)− f(t)), t ∈ Γ;

ôóíêöi¨ Φ+
α [f ], Φ−α [f ] íåïåðåðâíî ïðîäîâæóþòüñÿ íà çàìèêàííÿ Ω+,

Ω− âiäïîâiäíî îáëàñòåé Ω+, Ω+ i ñïðàâåäëèâi íàñòóïíi ôîðìóëè:

Φ+
α [f ](t) = Fα[f ](t)− (Iα,Γ(t) + 1) i1 f(t), t ∈ Γ, (8)

Φ−α [f ](t) = Fα[f ](t)− Iα,Γ(t) i1 f(t), t ∈ Γ, (9)
äå Φ±α [f ](t) := lim

Ω±3z→t
Φα[f ](z),

Iα,Γ(t) := −α

∫∫

Ω+

Kα(ζ − t) i3 dξdη.

3. C2-çíà÷íi α-ãiïåðãîëîìîðôíi ôóíêöi¨ â C. Â ÷àñòèííîìó
âèïàäêó, êîëè α � äiéñíå ÷èñëî i f =

∑3
k=0 fk ik ïðèéìà¹ çíà÷åííÿ â

àëãåáði äiéñíèõ êâàòåðíiîíiâ H(R), (òîáòî fk � äiéñíîçíà÷íi ôóíêöi¨)
ïîäàìî ôóíêöiþ f ó âèãëÿäi f = g1 + g2i1, äå g1 := f0 + f3i3, g2 :=
f1 + f2i3.

Òîäi ôóíêöiÿ f ñòà¹ C2-çíà÷íîþ ôóíêöi¹þ, âèçíà÷åíîþ ó C. Ìà¹ìî

Dα[f ](z) =
(

i2
∂

∂x
− i1

∂

∂y
+ i3

αM

)
(g1(z) + g2(z)i1) =

=i3 (αM + i1∂) (g1(z) + g2(z)i1) =

=i3
(
αg1(z)− ∂g2(z) + (αg2(z)− ∂g1(z))i1

)
,

äå ∂ :=
∂

∂x
− i3

∂

∂y
i âåðõíÿ ðèñêà ïîçíà÷à¹ êîìïëåêñíå ñïðÿæåííÿ.
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Îòæå, óìîâà α-ãiïåðãîëîìîðôíîñòi ôóíêöi¨ f ó îáëàñòi Ω ⊂ C ðiâíî-
ñèëüíà ñèñòåìi ðiâíÿíü:

{
αg1(z)− ∂g2(z) = 0,

αg2(z) + ∂g1(z) = 0,
(∀z ∈ Ω). (10)

Çàóâàæåííÿ. Âèïàäîê êîìïëåêñíîãî α â ñèñòåìi (10) ïîòðåáó¹
îêðåìîãî äîñëiäæåííÿ ç âèêîðèñòàííÿì ìåòîäiâ ðîáîòè [5].

0-ãiïåðãîëîìîðôíiñòü ôóíêöi¨ f ó îáëàñòi Ω ðiâíîñèëüíà àíòèãîëî-
ìîðôíîñòi êîìïëåêñíèõ ôóíêöié g1, g2 â Ω, òîáòî

D0[f ](z) = 0 (∀z ∈ Ω) ⇔
{

∂g1(z) = 0,

∂g2(z) = 0,
(∀z ∈ Ω).

Çà ôîðìóëîþ (1) iíòåãðàë òèïó Êîøi Φ0 ó öüîìó âèïàäêó ïîäà¹òüñÿ
ó âèãëÿäi:

Φ0[f ](z) =
∫

Γ

K0(ζ − z) dζ f(ζ) = − 1
2πi3

∫

Γ

1
ζ − z

dζ (g2(ζ)− g1(ζ) i1) =

=Φ[g2](z)− Φ[g1](z) i1,

äå
Φ[g](z) =

1
2πi3

∫

Γ

g(ζ)
ζ − z

dζ

� êëàñè÷íèé iíòåãðàë òèïó Êîøi. Òåîðåìà 1 ó öüîìó âèïàäêó çâîäè-
òüñÿ äî òåîðåìè Ì. Î. Äàâèäîâà äëÿ ôóíêöié g1, g2.

Íåõàé C2 � êîìïëåêñíèé ëiíiéíèé ïðîñòið ç áàçèñîì e1, e2. Iíòåð-
ïðåòóþ÷è êâàòåðíiîííîçíà÷íó ôóíêöiþ f = g1 + g2i1 ÿê C2-çíà÷íó
ôóíêöiþ g = g1e1 + g2e2 â îáëàñòi Ω ⊂ C, ïðèéìåìî ñèñòåìó (10) çà
îçíà÷åííÿ α-ãiïåðãîëîìîðôíî¨ ôóíêöi¨ g : Ω → C2:

(
0 1

−1 0

)
∂g = αg.

Âèêîðèñòîâóþ÷è ôîðìóëè (1), (7), îòðèìó¹ìî

Φα[f ](z) :=
∫

Γ

Kα(ζ − z) dζ f(ζ) =

=
∫

Γ

(Kα,1(ζ − z) + Kα,2(ζ − z)i1) dζ f(ζ) =

=Φα,1[f ](z) + Φα,2[f ](z) i1,

(11)
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äå
Φα,1[f ](z) :=

∫

Γ

Kα,1(ζ − z)g1(ζ)dζ −Kα,2(ζ − z)g2(ζ)dζ,

Φα,2[f ](z) :=
∫

Γ

Kα,1(ζ − z)g2(ζ)dζ + Kα,2(ζ − z)g1(ζ)dζ.

Äëÿ ôóíêöi¨ g : Γ 7→ C2 α-ãiïåðãîëîìîðôíèé iíòåãðàë òèïó Êîøi
ìà¹ âèãëÿä Φα[g] := Φα,1[g]e1 + Φα,2[g]e2, äå Φα,k[g] := Φα,k[f ], k ∈
{1, 2}. Çàâäÿêè ðiâíîñòi (11) öþ ôîðìóëó ìîæíà ïîäàòè â òðàäèöiéíié
ôîðìi

Φα[g](z) :=
∫

Γ

Kα(ζ − z) (g(ζ) dζ)

ç ìàòðè÷íèì ÿäðîì Êîøi

Kα :=
(

Kα,1 −Kα,2 Z
Kα,2 Z Kα,1

)
,

äå ÷åðåç Z ïîçíà÷åíî îïåðàòîð êîìïëåêñíîãî ñïðÿæåííÿ.
Ïîçíà÷èìî òàêîæ ÷åðåç Φ+

α [g] òà Φ−
α [g] çâóæåííÿ iíòåãðàëà Φα[g]

âiäïîâiäíî íà îáëàñòi Ω+ òà Ω−.
Òàêèì ÷èíîì, ç òåîðåìè 1 âèïëèâà¹ íàñòóïíèé àíàëîã òåîðåìè

Ì. Î. Äàâèäîâà:
Òåîðåìà 2. Íåõàé α ∈ R, C ⊃ Γ � çàìêíåíà æîðäàíîâà ñïðÿìëþ-

âàíà êðèâà, g : Γ 7→ C2 � íåïåðåðâíà ôóíêöiÿ i iíòåãðàë

lim
δ→0

∫

Γ\Γt,δ

‖Kα(ζ − t)‖ · ‖g(ζ)− g(t)‖ · |dζ|, t ∈ Γ,

iñíó¹ ðiâíîìiðíî âiäíîñíî t ∈ Γ. Òîäi iñíó¹ iíòåãðàë

F α[g](t) := lim
δ→0

∫

Γ\Γt,δ

Kα(ζ − t) (g(ζ) dζ), t ∈ Γ, (12)

ôóíêöi¨ Φ+
α [g], Φ−

α [g] íåïåðåðâíî ïðîäîâæóþòüñÿ íà çàìèêàííÿ Ω+,
Ω− âiäïîâiäíî îáëàñòåé Ω+, Ω+ i ñïðàâåäëèâi íàñòóïíi ôîðìóëè:

Φ+
α [g](t) = Φ−

α [g](t)−
(

0 −1
1 0

)
g(t), t ∈ Γ,
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Φ−
α [g](t) = F α[g](t)−

(
Iα,Γ,2(t) −Iα,Γ,1(t)
Iα,Γ,1(t) Iα,Γ,2(t)

)
g(t), t ∈ Γ,

äå äëÿ k ∈ {1, 2}

Iα,Γ,k(t) := −α

∫∫

Ω+

Kα,k(ζ − t) i3 dξdη.

4. Äîâåäåííÿ òåîðåìè 1 âèïëèâà¹ ç òåîðåìè 4.3 ðîáîòè [6], â ÿêié
â ðîëi ÿäðà Êîøi âèñòóïà¹ ôóíêöiÿ Kα + K̂α, äå

K̂α(z) := α

(
(−1)p i

4
+

1
2π

(C − log 2)
) (

J1(α|z|) z

|z| i2 − J0(α|z|) i3

)
.

Ïîçíà÷èìî

Φ̂α[f ](z) :=
∫

Γ

K̂α(ζ − z) dζ f(ζ), z ∈ R2,

F̂α[f ](t) :=
∫

Γ

K̂α(ζ − t) dζ (f(ζ)− f(t)), t ∈ Γ.

Çàâäÿêè íåïåðåðâíîñòi ôóíêöi¨ K̂α â R2, âèêîðèñòîâóþ÷è ôîðìóëó
Ãðiíà òà ðiâíîñòi (4) � (6) îòðèìó¹ìî:

Φ̂+
α [f ](t) = Φ̂−α [f ](t) =F̂α[f ](t) +

∫

Γ

K̂α(ζ − t) dζ f(t) =

=F̂α[f ](t)− Îα,Γ(t) i1 f(t), t ∈ Γ,

äå
Îα,Γ(t) := −α

∫∫

Ω+

K̂α(ζ − t) i3 dξdη.

Òàêèì ÷èíîì, äîäàíîê K̂α ó ÿäði Êîøi íå çìiíþ¹ âèãëÿäó ôîðìóë
(8), (9). Òåîðåìà äîâåäåíà.

5. Äîâåäåííÿ òåîðåìè 2. Ïîäàìî ó C2-ôîðìi êâàòåðíiîííi ôóí-
êöi¨ Fα, Iα,Γ, Φ±α â òåîðåìi 1 òà çàñòîñó¹ìî ðiâíîñòi (11), (12) ïðè óìî-
âàõ, ùî α ∈ R i f ïðèéìà¹ çíà÷åííÿ ó àëãåáði H(R). Òîäi òåîðåìà 1
ïåðåôîðìóëüîâó¹òüñÿ â òåîðåìó 2. Òåîðåìà äîâåäåíà.



8 Î. Ô. Ãåðóñ

Ëiòåðàòóðà
[1] Shapiro M., Tovar L. M. Two-dimensional Helmholtz operator and its

hyperholomorlhic solutions // Journal of Natural Geometry. � 1997. � 11.
� P. 77�100.

[2] Kravchenko V. V. Shapiro M. V. Integral representations for spatial models
of mathematical physics // Addison Wesley Longman, Pitman Research
Notes in Mathematics Series 351, 1996. � 248 p.

[3] Gerus O. F., Schneider B., Shapiro M. On boundary properties of α-
hyperholomorphic functions in domains of R2 with the piece-wise Liapunov
boundary // Progress in analysis, v. 1 (Proceedings of 3rd International
ISAAC Congress, Berlin, August 20�25, 2001). � World Scienti�c, 2003. �
P. 375�382.

[4] Äàâûäîâ Í. À. Íåïðåðûâíîñòü èíòåãðàëà òèïà Êîøè â çàìêíóòîé îáëà-
ñòè // Äîêë. ÀÍ ÑÑÑÐ. � 1949. � 64. � Ñ. 759�762.

[5] Gerus O. F, Shapiro M. On the boundary values of a quaternionic generali-
zation of the Cauchy-type integral in R2 for recti�able curves // Journal of
Natural Geometry. � 2003. � 24. � P. 120�136.

[6] Gerus O. F, Shapiro M. On a Cauchy-type integral related to the Helmholtz
operator in the plane // Boletin de la Sociedad Matem�atica Mexicana. �
2004. � 10(1). � P. 63�82.

[7] Gerus O. F., Shapiro M. V. On a generalization of the N. A. Davydov
theorem// Advances in analysis. Proceedings of the 4th international
ISAAC congress, Toronto, Canada, August 11-16, 2003. � Hackensack, NJ:
World Scienti�c, 2005. � P. 159�166.

[8] Ãðàäøòåéí È. Ñ., Ðûæèê È. Ì. Òàáëèöû èíòåãðàëîâ, ñóìì, ðÿäîâ è
ïðîèçâåäåíèé. � Ìîñêâà: Ôèçìàòãèç, 1963. � 1100 ñ.


