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The article is devoted to theorems on the existence, representation, and regularity of solutions to the Dirichlet problem
with continuous data for general A-harmonic equation div A grad U = 0 in the real plane with matrix valued coefficients
A. The equation is one of the main equations of the hydromechanics (fluid mechanics) in anisotropic and inhomogene-
ous media. Here we present a number of effective integral solvability criteria for this problem of the type of Calderon—
Zygmund, Dini—Lavrentiev—Lehto, Orlicz, BMO, FMO and VMO in arbitrary bounded simple connected domains
including all Jordan domains. These results are based on the theory of the so-called Beltrami equations with two charac-
teristics in the complex plane and formulated in terms of the corresponding two complex parameters associated with A.

Keywords: Dirichlet problem, A-harmonic equation, simply connected domains, Beltrami equations.

1. Introduction. Let us denote by S*? the collection of all 2 x 2 matrices with real entries,

a,,(2) alz(z)}

ay,(2) ay(z)

A(z)={ (1)

and the ellipticity condition det(I+A)>0, where I is the unit 2 x 2 matrix, ie,
(1+a,,)(1+a,,)>a,,a,, (see Section 16.1.5 in [1]).
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By default, we often use here the natural isomorphism of the real plane R* and the complex
plane C, implicating the natural one-to-one correspondence Z:=(x,y)<>z:=x+iy. Given a
domain D in C, let us consider the A-harmonic equation in standard notation

VA(Z)VU(Z)=0 (2)

with a measurable matrix valued coefficient A: D — S*2.
A continuous function U: D — R is called A-harmonic function (see e.g. [2]), if U is a weak

solution of the equation (2), i.e., if U € W (D) and

[(Az)vVU@2), ve(2)dLz)=0 ¥¥eCT (D). (3)
D

Hereafter dL(Z), Z :=(x,y) € R?, corresponds to the Lebesgue measure in R?.
A function V: D — R in the Sobolev class W10C (D) is turther called A-harmonic conjugate of
the potential function U (stream function) it

VV(Z)=HA(Z)VU(Z) (4)
with the Hodge operator
T )
|1 oo

Since H* =1, i.e., H plays the role of imaginary unit in the space of matrices S**, the
functions U and V satisfy generalized Cauchy—Riemann system

Vy =a11Ux +a12Uy, (6)
-Vey=a,U,+a,U,.

By means of (rather lengthy) purely algebraic calculation (see Theorem 16.1.6 in [1]), it follows
that the function f:=U +iV satisfies the general Beltrami equation with two characteristics

f=n@) f, +v(@) ., (7)

where fz =(f,+if,)/2, f, =(f, —if,)/2, z=x+iy,and, with TrA:=a,; +a,,,

a,, —a,, —i(a,, +a,,) 1—-detA+i(ay, —a,,)
1+ TrA+detA 1+ TrA+detA
In terms of the characteristics p and v, the ellipticity condition is written as
|n(z)|+|v(z)|<1ae.inD. (9)
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Vice versa, given measurable complex valued functions p and v, satisfying (9), one can invert
the algebraic system (8) and obtain the matrix valued function

P -|vf  2mv—p
Ve Pl |

2Im(v+p)  |1+pf =] v

[1+vP =[P [1+vP =|uf

(10)

Thus, (7) is in fact a complex form of one of the main equations of mathematical physics (2)
in anisotropic and inhomogeneous media. We will call the dilatation quotient of equation (2) the
function

I+ uy (D) [+]va(2)|

K,(2):= : (11)
! I=|pa (D) =|va(2)]

2. Setting the task. The purpose of this paper is to study the Dirichlet problem

lim U(Z) =®(C) v{edD (12)

Z—C

in arbitrary bounded simply connected domains D with continuous boundary data ®:6D — R
to locally uniformly elliptic A-harmonic equations (2), i.e., with locally bounded dilatation
quotients K, € L}(D), that allow singularities at the boundary.

A point £e€0D is hereinafter referred to as a singular point of equation (2) if the dilatation
quotient K, is not essentially bounded at each neighborhood of the point . Here we give a series
of integral conditions on K, at neighborhoods of boundary points that guarantee the existence of
solutions for the Dirichlet problem (12) to (2).

Itis clear that if ®({) = const, then we have a trivial constant solution to the Dirichlet problem
(12) to (2). However, in the case ®({) = const, we will seek solutions U with its A-harmonic
conjugate V' such that the function f:=U+iV is a continuous, discrete and open mapping
f:D — C of the Sobolev class Wli’cz , for which the Jacobian

2 2 U.U,
Jr@)=|f, [T =|fz [ =det #0 ae.inD, z=x=iy, (13)
vV, V,
that are called regular solutions of the Dirichlet problem (12) to (2). Note that (13) implies, in
particular, that grad U#0 and grad V #0 a.e.in D.
Recall that a mapping f:D — C is called discrete if the preimage f~'(w) consists of isolated
points for every w e C, and open if f maps every open set to an open set in C.
The advanced theory of Beltrami equations (7) (see e.g. articles [3—9]) makes it possible to obtain
a number of useful consequences for A-harmonic equations (2). The theory of Beltrami equations
with v=0 is much more advanced (see e.g. mononographs [10—13] as well as further references
therein). By remarks 1 and 2 to Theorem 16.1.6 on the page 413 in [1], they correspond to the
A-harmonic equations (2) with symmetric A, i.e. with a;, =a,,, and detA =1. The consequences
for the Dirichlet problem to such A-harmonic equations (2) can be found in articles [14, 15].
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We refer the reader for a brief summary of the theory of BMO (bounded mean oscillation),
FMO (finite mean oscillation), and VMO (vanishing mean oscillation) function classes, the
relevant auxiliary statements and historic comments to our last article [9].

3. The main lemma. Combining Lemma 3.1 from our article [9] and Theorem 16.1.6 from
monograph [1], we obtain the following lemma.

Lemma 1. Let D be a bounded simply connected domain and A:D —S** be a measurable
matrix valued function with the locally bounded K , € L'(D) and, for each Z, € 0D,

| K, (2)wy (1Z=2,]) dL(Z) =0T (2)) ase—0 (14)
e<|Z-Z|<g,

for measurable functions Yz (0,00) > (0,0), €€(0,¢,), €, =¢€(Z,), with

&g
0<I, (@)= [ Wy ,(B)di<o0. (15)

Then the Dirichlet problem (12) for the A-harmonic equation (2) has a regular solution U for each
inconstant continuous function ®:0D - R.

Hereinafter we assume that K, is extended by 1 outside the domain D .

Corollary 1. Let D be a bounded simply connected domain and let A: D — S** be a measurable
matrix valued function with the locally bounded K , € I'(D) and, for each Z, € 0D,

&g
[ K,@ v (12-2,))dL2)<0| [ y®)dt | ase—0 (16)

e<|z—zy| <

for some €, >0 and a measurable function  : (0,00) = (0,0) such that
&g &g
[wrdt=m, 0<[yt)dt<co Vee(0g,). (17)
0 €

Then the Dirichlet problem (12) for the equation (2) has a regular solution U for each inconstant
continuous function ®:0D - R.

Remark 1. By Remark 3.10 in [9], each regular solution u to the Dirichlet problem (12) for
the A-harmonic equation (2) in Lemma 1 and Corollary 1 is locally Holder in D and has the
representation

U=Hoh, (18)

where h:D — D is a locally quasiconformal homeomorphism of D onto the unit disk ID, which
extends to a homeomorphism h of D, (the completion of the domain D by prime ends of
Caratheodory) onto D, and H:D — R is the unique harmonic solution in ID of the Dirichlet
problem with

lim Hw) = (&) :=d(h (&) VEeaD, (19)

w—E
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and where the same boundary values ® = @oh under the mapping h: D, — I correspond to the
prime ends of the domain D associated with the same points ¢ in 6D (cf. Theorems 4.1.8 and
4.2.1 from the classic potential theory in [16]).

4. Criteria in terms of BMO, FMO and VMO. Recall that a real-valued function @ in a
domain D of R? is called a bounded mean oscillation in D , abbr. ® € BMO (D), if

1
D . ::sup—j |D(Z)- D, | dL(Z) <, (20)
B |B| B

where @ e Llloc(D) , the supremum is taken over all discs B in D and

1
D, = 5] l[ D(Z) dL(Z).

We also write ® e BMO(D) if ®. € BMO(D.) for some extension ®. ofthe function @ into
a domain D, containing D.

The class BMO was introduced by John and Nirenberg (1961) in the paper [17] and soon
became an important concept in harmonic analysis, partial differential equations and related areas
(see e.g. monographs [2] and [18]).

Theorem 1. Let D be a bounded simply connected domain in R* and let A:D —S*? bea
measurable matrix valued function with locally bounded K , . Suppose also that K , has a dominant
Q:R? —[1,) in the class BMO (D). Then the Dirichlet problem (12) for the A-harmonic equation
(2) has a regular locally Holder continuous solution U with the representation (18) for each inconstant
continuous function ®:0D > R.

A function @ in BMO is considered to have a vanishing mean oscillation, abbr. ® e VMO, if
the supremum in (20) taken over all balls B in D with | B|< & convergesto 0 as € - 0. VMO has
been introduced by Sarason in [19]. There are a number of papers devoted to the study of PDEs
with coefficients of the class VMO. Note that W " (D) c VMO(D) (see e.g. [20]).

Corollary 2. In particular, the conclusion of Theorem 1 on existence of a regular solution for the
Dzrzchletproblem (12) for the A-harmonic equation (2) holds if the dominant Q of K, belongs to
the class W" (D)

Following [21], we say that a locally integrable function @ :D — R has finite mean oscillation
ata point Z, € D, abbr. ® e FMO(Z,), if

- 1 ~
lim ——— D(Z)- D (Z,)| dL(Z) < oo, (21)
£—0 |B(ZO,£)| Z'[ ) | 0 |
where
- 1
D (Z))=T— D(Z2)dL(Z) < o, (22
(Z,) |B(Z0,8)| e )dL(Z) < )

is the mean integral value of the function ®(Z) over disk B(Z,¢): {Z eR?: |Z V4 |< g}
Theorem 2. Let D be a bounded simply connected domain in R* and let A:D—S** bea
measurable matrix valued function with locally bounded K , . Suppose also that K ,(Z) < QZ0 (2)
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a.e. inU, for every point Z, € 0D, a neighborhood Uz of Z, and a function Q, :U, —[0,0]
in the class FMO(Z,). Then the Dirichlet problem (12) for the A-harmonic equation 82) haos a regular
locally Holder continuous solution U with the representation (18) for each inconstant continuous
function ®:0D —>R.

Corollary 3. Let D be a bounded simply connected domain in R*> and A:D—S** be a
measurable matrix valued function with locally bounded K ,. Suppose also that

lim W [ Ku2)dLz)<w V Z, €dD. (23)

B(Z,,¢)

Then the conclusion of Theorem 2 holds.

Corollary 4. Let D be a bounded simply connected domain in R* and A:D—S** be a
measurable matrix valued function with locally bounded K , . Suppose also that K ,(z) < Q(z) a.e.
in D with a function Q of the class FMO(D). Then the conclusion holds.

5. Criteria of the Calderon—Zygmund type.

Theorem 3. Let D be a bounded simply connected domain in R* and let A:D —S*? be a
measurable matrix valued function with locally bounded K , € L'(D) . Suppose also that

2
J. K, (Z)LZ)|2 = o[[logl} J VZ,e0dD (24)
€

Z-Z
e<|Z-Zy|< g | 0

as € >0 for some g, =&(Z,) >0. Then the Dirichlet problem (12) for the A-harmonic equation (2)
has a regular locally Holder continuous solution U with the representation (18) for each inconstant
continuous function ®:0D - R.

Remark 2. We are also able here to replace (24) by

2
K, (2)dL(Z) = oL{loglogé} ] . (25)

e<|Z-Z|<g, [|Z—ZO |log|Z IZ |
40

In general, we can present the entire scale of the corresponding conditions in terms of iterated
logarithms, i.e., in terms of functions of the form 1/(¢tlogl/t-loglogl/t-...-log...logl/t).

6. Criteria of the Dini—Lavrentiev—Lehto type. Further k,(Z,,r) denotes the integral mean
of K, (Z) over the circle S(Z,,r): ={ZeR*|Z- Z, |=r}.

Theorem 4. Let D be a bounded simply connected domain in R* and let A:D—S*?* bea
measurable matrix valued function with locally bounded K , € L'(D) . Suppose also that

r dr

————=w  VZ,edD, &>0. (26)
o Tka(Zy,1)

Then the Dirichlet problem (12) for the A-harmonic equation (2) has a regular locally Holder
continuous solution U with the representation (18) for each inconstant continuous function
®:0D—->R.
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Corollary 5. Let D be a bounded simply connected domain in R*> and A:D—S** be a
measurable matrix valued function with locally bounded K , € L'(D). Suppose also that

kA(ZO,s):O(loglj ase—0 V Z, €0D. (27)
€

Then the conclusion of Theorem 4 holds.
Remark 3. In particular, the conclusion of Theorem 4 holds if

K, (2)= O(log;] as Z—>2Z, Z,edD. (28)
| Z _Zo |
Moreover, the condition (27) can be replaced by the whole series of more weak conditions
1 1 1
kA(ZO,s)=Oﬂlog—-loglog—u..-log...log—D vV Z,eoD. (29)
€ € €

7. Criteria of the Orlicz type.
Theorem 5. Let D be a bounded simply connected domain in R* and let A:D—S** bea
measurable matrix valued function with locally bounded K , . Suppose also that

[ @K, (2) dL(Z) <o (30)
D
for a convex non-decreasing function ® :[0,00] —[0,0] such that, for A>0,

[ log 0 L (31)
A t

Then the Dirichlet problem (12) for the A-harmonic equation (2) has a regular locally Hélder
continuous solution U with the representation (18) for each inconstant continuous function
®:0D->R.

Remark 4. Note that condition (31) is not only sufficient but also necessary the existence
of ordinary solutions to the Dirichlet problem (12) for the A-harmonic equations (2) with the
integral constraints (30) for all continuous inconstant data ®:0D —> R .

Corollary 6. Let D be a bounded simply connected domain in R* and A:D —S*? be a
measurable matrix valued function with locally bounded K , . Suppose also that for some o.>0,

[exp ak 4 (2)dL(Z) <. (32)
D

Then the conclusion of Theorem 5 holds.

Conclusions. The main result of this work is a series of effective integral criteria of the type of
BMO (Bounded Mean Oscillation by John—Nirenberg), Dini—Lavrentiev—Lehto, Zygmund—
Calderon and Orlich for the existence, representation and regularity of solutions to the Dirichlet
problem with continuous data for the general equation of hydrodynamics in anisotropic and
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inhomogeneous media. These results are formulated in arbitrary bounded simply connected
domains in the real plane, which include, in particular, all Jordan domains, and based on the
authors’ recently developed theory of the Dirichlet problem for the so-called Beltrami equations
with two characteristics in the complex plane, that admit singularities at the boundary. The results
of this article can be applied for mathematical modeling of the filtration of incompressible fluids
under development of oil fields and aquifers.

The first two authors are partially supported by the grant from the Simons Foundation (SFI-
PDUkraine-00017674, V. Gutlyanskii, V. Ryazanov.) and the grant from the National Academy of
Sciences of Ukraine for “Mathematical modelling of complex systems and processes related to security”
as a part of the budget programme “Support for the development of priority areas of scientific research”
for 2025—2026, p/n 0125U000299.
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3ATAYA JOIPIXJIE JIA SATAJIBHOTI'O A-TAPMOHIYHOT'O
PIBHAHHS B OTHO3B’ A3HMX OBTACTAX

PosrsiHyTO TeopeMu iCHYBaHHsI, IPeACTaB/IeHHs Ta Pery/LIPHOCTI Po3B’A3KiB 3amadi Jlipixie 3 HemepepBHUMNI
JaHVMU IJIS 3arajlbHOro A-rapMoHiuHoro piBHAHHA div A grad U = 0 Ha fiVicHIl IVIOIMHI 3 MATPYYHO3HAYHUMMU
KoedirieHTami. 3a3HaueHe PIBHIHHSA € OfHMM 3 OCHOBHUX PIiBHSHD TifjpoMexaHiky (MeXaHiKy piiuHM) B aHi30-
TPOIIHNUX Ta HEOJHOPIZHNUX cepenoBuiax. HaBemeHo pax eeKTMBHUX iHTerpaJbHUX KpUTEPIiiB po3B’A3HOCTI Li€l
sagadi Tuny Kanbpepona—3urmynpa, [lini—J/laBpentbesa—Jlexro, Opniva, BMO, FMO Ta VMO y foBinbHMX
00OMe>XeHUX OIHO3B A3HUX 00/IaCTAX, AKi BKIIOYAIOTh BCi )KOpHaHoBi o6/acTi. Lli pesynbraty 6a3yloThcs Ha Teopil
TaK 3BaHUX PIBHSAHD BenbTpami 3 ABOMa XapaKTepUCTUKAMM Ha KOMIUIEKCHII IUIONVHI 1 copMynboBaHi depes
BiITIOBi/Hi /IBa KOMIUIEKCHI TapaMeTpu, OB sI3aHi 3 A.

Kntouosi cnosa: 3adaua ipixne, A-eapmoHiune pisHAHHS, 00H036 A3HA 001acmb, pieHAHHS Benvmpanmi.
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