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Dirichlet problem for general 

A-harmonic equations in simply connected domains
Presented by Academician of the NAS of Ukraine I.I. Skrypnik

The article is devoted to theorems on the existence, representation, and regularity of solutions to the Dirichlet problem 
with continuous data for general A-harmonic equation div A grad U = 0 in the real plane with matrix valued coefficients 
A. The equation is one of the main equations of the hydromechanics (fluid mechanics) in anisotropic and inhomogene
ous media. Here we present a number of effective integral solvability criteria for this problem of the type of Calderon—
Zygmund, Dini—Lavrentiev—Lehto, Orlicz, BMO, FMO and VMO in arbitrary bounded simple connected domains 
including all Jordan domains. These results are based on the theory of the so-called Beltrami equations with two charac
teristics in the complex plane and formulated in terms of the corresponding two complex parameters associated with A. 
Keywords: Dirichlet problem, A-harmonic equation, simply connected domains, Beltrami equations.

1. Introduction. Let us denote by 2 2×  the collection of all 2 × 2 matrices with real entries, 

11 12

21 22

( ) ( )
( ) =

( ) ( )
a z a z

A z
a z a z
 
 
 

	 (1)

and the ellipticity condition det( ) > 0I A+ , where I  is the unit 2  ×  2 matrix, i.e., 
11 22 12 21(1 )(1 ) >a a a a+ +  (see Section 16.1.5 in [1]).
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By default, we often use here the natural isomorphism of the real plane 2  and the complex 
plane  , implicating the natural one-to-one correspondence := ( , ) :=Z x y z x i y↔ + . Given a 
domain D  in  , let us consider the A-harmonic equation in standard notation 

( ) ( ) = 0A Z U Z∇ ∇ 	 (2)

with a measurable matrix valued coefficient 2 2:A D ×→  .
A continuous function :U D →  is called A-harmonic function (see e.g. [2]), if U  is a weak 

solution of the equation (2), i.e., if 1,1
loc ( )U W D∈  and 

0( ) ( ), ( ) ( ) = 0 ( )  .
D

A Z U Z Z dL Z C D∞〈 ∇ ∇Ψ 〉 ∀Ψ∈∫ 	 (3)

Hereafter ( )dL Z , 2:= ( , )Z x y ∈ , corresponds to the Lebesgue measure in 2 .
A function :V D →  in the Sobolev class 1,1

loc ( )W D  is further called A-harmonic conjugate of 
the potential function U  (stream function) if 

( ) = ( ) ( )V Z A Z U Z∇ ∇ 	 (4)

with the Hodge operator 

0 –1
=

1 0
 
 
 

 .	 (5)

Since 2 = I− , i.e.,   plays the role of imaginary unit in the space of matrices 2 2× , the 
functions U  and V  satisfy generalized Cauchy—Riemann system 

11 12

21 22

= ,
– =  .

y x y

x x y

V a U a U
V a U a U

+

+
	 (6)

By means of (rather lengthy) purely algebraic calculation (see Theorem 16.1.6 in [1]), it follows 
that the function :=f U iV+  satisfies the general Beltrami equation with two characteristics 

= ( ) ( ) ,z zzf z f z fµ ⋅ + ν ⋅ 	 (7)

where = ( ) / 2z x yf f if+ , = ( ) / 2z x yf f if− , =z x iy+ , and, with 11 22T :=r A a a+ , 

12 2122 11 12 21 1 det ( )( )
= = , = =

1 T det 1 T detA A
A i a aa a i a a

r A A r A A
− + −− − +

µ µ ν ν
+ + + +

.	 (8)

In terms of the characteristics µ  and ν , the ellipticity condition is written as 

| ( ) | | ( ) |<1 a .e . in  .z z Dµ + ν 	 (9)
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Vice versa, given measurable complex valued functions µ  and ν , satisfying (9), one can invert 
the algebraic system (8) and obtain the matrix valued function 

2 2

2 2 2 2

2 2

2 2 2 2

2Im( )|1 | | |
|1 | | | |1 | | |

=  .
–2Im( ) |1 | | |

|1 | | | |1 | | |

A

 ν −µ−µ − ν
 

+ ν − µ + ν − µ 
 ν +µ +µ − ν 
 + ν − µ + ν − µ 

	 (10)

Thus, (7) is in fact a complex form of one of the main equations of mathematical physics (2) 
in anisotropic and inhomogeneous media. We will call the dilatation quotient of equation (2) the 
function 

1 | ( ) | | ( ) |
( ) :=  .

1 | ( ) | | ( ) |
A A

A
A A

Z Z
K Z

Z Z
+ µ + ν
− µ − ν

	 (11)

2. Setting the task. The purpose of this paper is to study the Dirichlet problem 

( ) = ( )lim
Z

U Z D
→ζ

Φ ζ ∀ζ∈∂ 	 (12)

in arbitrary bounded simply connected domains D  with continuous boundary data : DΦ ∂ →  
to locally uniformly elliptic A-harmonic equations (2), i.e., with locally bounded dilatation 
quotients 1( )AK L D∈ , that allow singularities at the boundary.

A point Dζ∈∂  is hereinafter referred to as a singular point of equation (2) if the dilatation 
quotient AK  is not essentially bounded at each neighborhood of the point  .ζ Here we give a series 
of integral conditions on AK  at neighborhoods of boundary points that guarantee the existence of 
solutions for the Dirichlet problem (12) to (2).

It is clear that if ( ) constΦ ζ ≡ , then we have a trivial constant solution to the Dirichlet problem 
(12) to (2). However, in the case ( ) const,Φ ζ ≡  we will seek solutions U  with its A-harmonic 
conjugate V  such that the function :=f U iV+  is a continuous, discrete and open mapping 

:f D →  of the Sobolev class 1,2
locW , for which the Jacobian 

2 2( ) = | | | | = det 0 a .e . in , = = ,x y
f z z

x y

U U
J z f f D z x iy

V V
 

− ≠ 
  

	 (13)

that are called regular solutions of the Dirichlet problem (12) to (2). Note that (13) implies, in 
particular, that grad 0U ≠  and grad 0V ≠  a.e. in D .

Recall that a mapping :f D →  is called discrete if the preimage –1( )f w  consists of isolated 
points for every w∈ , and open if f  maps every open set to an open set in  .

The advanced theory of Beltrami equations (7) (see e.g. articles [3—9]) makes it possible to obtain 
a number of useful consequences for A-harmonic equations (2). The theory of Beltrami equations 
with 0ν ≡  is much more advanced (see e.g. mononographs [10—13] as well as further references 
therein). By remarks 1 and 2 to Theorem 16.1.6 on the page 413 in [1], they correspond to the 
A-harmonic equations (2) with symmetric A , i.e. with 12 21=a a , and det =1A . The consequences 
for the Dirichlet problem to such A-harmonic equations (2) can be found in articles [14, 15].



6 ISSN 1025-6415. Dopov. Nac. akad. nauk Ukr. 2026. No. 2

V.Ya. Gutlyanskiĭ, V.I. Ryazanov, R.R. Salimov, E.O. Sevost’yanov

We refer the reader for a brief summary of the theory of BMO (bounded mean oscillation), 
FMO (finite mean oscillation), and VMO (vanishing mean oscillation) function classes, the 
relevant auxiliary statements and historic comments to our last article [9].

3. The main lemma. Combining Lemma 3.1 from our article [9] and Theorem 16.1.6 from 
monograph [1], we obtain the following lemma.

Lemma 1. Let D  be a bounded simply connected domain and 2 2:A D ×→   be a measurable 
matrix valued function with the locally bounded 1( )AK L D∈  and, for each 0Z D∈∂ , 

2 2
, 00 0

<| |<0 0

( ) (| |) ( ) = ( ( )) as 0A Z Z
Z Z

K Z Z Z dL Z o Iε
ε − ε

⋅ψ − ε ε→∫ 	 (14)

 for measurable functions ,0
: (0, ) (0, ),Z εψ ∞ → ∞  0(0, ),ε∈ ε  0 0= ( )Zε ε , with 

0

,0 0
0 < ( ) := ( ) <  .Z ZI t dt

ε

ε
ε

ε ψ ∞∫ 	 (15)

Then the Dirichlet problem (12) for the A-harmonic equation (2) has a regular solution U  for each 
inconstant continuous function : DΦ ∂ → . 

Hereinafter we assume that AK  is extended by 1 outside the domain D .
Corollary 1. Let D  be a bounded simply connected domain and let 2 2:A D ×→   be a measurable 

matrix valued function with the locally bounded 1( )AK L D∈  and, for each 0Z D∈∂ , 

0
2

0
<| |<0 0

( ) (| |) ( ) ( ) as 0A
z z

K Z Z Z dL Z O t dt
ε

ε − ε ε

 
 ⋅ψ − ψ ε→
 
 

∫ ∫ 	 (16)

for some 0 > 0ε  and a measurable function : (0, ) (0, )ψ ∞ → ∞  such that 
0 0

0
0

( ) = , 0 < ( ) < (0, )  .t dt t dt
ε ε

ε

ψ ∞ ψ ∞ ∀ε∈ ε∫ ∫ 	 (17)

Then the Dirichlet problem (12) for the equation (2) has a regular solution U  for each inconstant 
continuous function : DΦ ∂ → . 

Remark 1. By Remark 3.10 in [9], each regular solution u  to the Dirichlet problem (12) for 
the A-harmonic equation (2) in Lemma 1 and Corollary 1 is locally Hölder in D  and has the 
representation 

= ,U H h 	 (18)

where :h D →  is a locally quasiconformal homeomorphism of D  onto the unit disk  , which 
extends to a homeomorphism h  of PD  (the completion of the domain D  by prime ends of 
Caratheodory) onto  , and :H D →  is the unique harmonic solution in   of the Dirichlet 
problem with 

–1( ) = ( ) : ( ( )) ,lim
w

H w h
→ξ

ϕ ξ =Φ ξ ∀ξ∈∂  	 (19)
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and where the same boundary values hΦ = ϕ   under the mapping  : Ph D →   correspond to the 
prime ends of the domain D  associated with the same points ς  in D∂  (cf. Theorems 4.1.8 and 
4.2.1 from the classic potential theory in [16]).

4. Criteria in terms of BMO, FMO and VMO. Recall that a real-valued function Φ  in a 
domain D  of 2  is called a bounded mean oscillation in D , abbr. BMO ( )DΦ∈ , if 

*
1:= | ( ) | ( ) < ,sup

| | B
B B

Z dL Z
B

Φ Φ −Φ ∞∫  	 (20)

where 1
loc( )L DΦ∈ , the supremum is taken over all discs B  in D  and 

1:= ( ) ( ) .
| |B

B

Z dL Z
B

Φ Φ∫

We also write BMO( )DΦ∈  if * *BMO( )DΦ ∈  for some extension *Φ  of the function Φ  into 
a domain *D  containing D .

The class BMO was introduced by John and Nirenberg (1961) in the paper [17] and soon 
became an important concept in harmonic analysis, partial differential equations and related areas 
(see e.g. monographs [2] and [18]).

Theorem 1. Let D  be a bounded simply connected domain in 2  and let 2 2:A D ×→   be a 
measurable matrix valued function with locally bounded AK . Suppose also that AK  has a dominant 

2: [1, )Q → ∞  in the class BMO( )D . Then the Dirichlet problem (12) for the A-harmonic equation 
(2) has a regular locally Hölder continuous solution U  with the representation (18) for each inconstant 
continuous function : DΦ ∂ → . 

A function Φ  in BMO is considered to have a vanishing mean oscillation, abbr. VMOΦ∈ , if 
the supremum in (20) taken over all balls B  in D  with | |<B ε  converges to 0  as 0ε→ . VMO has 
been introduced by Sarason in [19]. There are a number of papers devoted to the study of PDEs 
with coefficients of the class VMO. Note that 1,2( ) VMO( )W D D⊂  (see e.g. [20]).

Corollary 2. In particular, the conclusion of Theorem 1 on existence of a regular solution for the 
Dirichlet problem (12) for the A-harmonic equation (2) holds if the dominant Q  of AK  belongs to 
the class 1,2( )W D .

Following [21], we say that a locally integrable function :DΦ →  has finite mean oscillation 
at a point 0Z D∈ , abbr. 0FMO( )ZΦ∈ , if 

0

00 0 ( , )

1lim ( ) ( ) ( ) ,
( , ) B Z

Z Z dL Z
B Z εε→

ε

Φ − Φ < ∞
ε ∫   	 (21)

where 

0

0
0 B(Z , )

1( ) ( ) ( ) ,
( , )

Z Z dL Z
B Zε

ε

Φ = Φ < ∞
ε ∫  	 (22)

is the mean integral value of the function ( )ZΦ  over disk 2
0 0( , ) : { : } .B Z Z Z Zε = ∈ − < ε

Theorem 2. Let D  be a bounded simply connected domain in 2  and let 2 2:A D ×→   be a 
measurable matrix valued function with locally bounded AK . Suppose also that 

0
( ) ( )A ZK Z Q Z  
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a.e. in 
0ZU  for every point 0Z D∈∂ , a neighborhood 

0ZU  of 0Z  and a function 
0 0

: [0, ]Z ZQ U → ∞  
in the class 0FMO( )Z . Then the Dirichlet problem (12) for the A-harmonic equation (2) has a regular 
locally Hölder continuous solution U  with the representation (18) for each inconstant continuous 
function : DΦ ∂ → .

Corollary 3. Let D  be a bounded simply connected domain in 2  and 2 2:A D ×→   be a 
measurable matrix valued function with locally bounded AK . Suppose also that 

0

00 0 ( , )

1lim ( ) ( )  .
( , ) A

B Z

K Z dL Z Z D
B Zε→

ε

< ∞ ∀ ∈∂
ε ∫ 	 (23)

Then the conclusion of Theorem 2 holds.
Corollary 4. Let D  be a bounded simply connected domain in 2  and 2 2:A D ×→   be a 

measurable matrix valued function with locally bounded AK . Suppose also that ( ) ( )AK z Q z  a.e. 
in D  with a function Q  of the class FMO( )D . Then the conclusion holds.

5. Criteria of the Calderon—Zygmund type.
Theorem 3. Let D  be a bounded simply connected domain in 2  and let 2 2:A D ×→   be a 

measurable matrix valued function with locally bounded 1( )AK L D∈ . Suppose also that 

2

02
0<| |<0 0

( ) 1( ) = log
| |A

Z Z

dL ZK Z o Z D
Z Zε − ε

    ∀ ∈∂  ε−   
∫ 	 (24)

as 0ε→  for some 0 0= ( ) > 0Zε ε . Then the Dirichlet problem (12) for the A-harmonic equation (2) 
has a regular locally Hölder continuous solution U  with the representation (18) for each inconstant 
continuous function : DΦ ∂ → .

Remark 2. We are also able here to replace (24) by 

2

2
<| |<0 0

0
0

( ) ( ) 1= log log
1| | log

| |

A

Z Z

K Z dL Z
o

Z Z
Z Z

ε − ε

     ε    − − 

∫ .	 (25)

In general, we can present the entire scale of the corresponding conditions in terms of iterated 
logarithms, i.e., in terms of functions of the form 1/ ( log1/ log log1/ log log1/ )t t t t⋅ ⋅ ⋅  .

6. Criteria of the Dini—Lavrentiev—Lehto type. Further 0( , )Ak Z r  denotes the integral mean 
of ( )AK Z  over the circle 2

0 0( , ):={ :| |= }S Z r Z Z Z r∈ − .
Theorem 4. Let D  be a bounded simply connected domain in 2  and let 2 2:A D ×→   be a 

measurable matrix valued function with locally bounded 1( )AK L D∈ . Suppose also that

0
00

= , 0 .
( , )A

dr Z D
rk Z r

ε

∞ ∀ ∈∂ ε >∫ 	 (26)

Then the Dirichlet problem (12) for the A-harmonic equation (2) has a regular locally Hölder 
continuous solution U  with the representation (18) for each inconstant continuous function 

: DΦ ∂ → .
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Corollary 5. Let D  be a bounded simply connected domain in 2  and 2 2:A D ×→   be a 
measurable matrix valued function with locally bounded 1( )AK L D∈ . Suppose also that 

0 0
1( , ) = log as 0  .Ak Z O Z D ε ε→ ∀ ∈∂ ε 

	 (27)

Then the conclusion of Theorem 4 holds.
Remark 3. In particular, the conclusion of Theorem 4 holds if 

0 0
0

1( ) = log as  .
| |AK Z O Z Z Z D
Z Z

 
→ ∀ ∈∂ − 

	 (28)

Moreover, the condition (27) can be replaced by the whole series of more weak conditions 

0 0
1 1 1( , ) = log log log log log  .Ak Z O Z D

  ε ⋅ ⋅ ⋅ ∀ ∈∂  ε ε ε  
  	 (29)

7. Criteria of the Orlicz type.
Theorem 5. Let D  be a bounded simply connected domain in 2  and let 2 2:A D ×→   be a 

measurable matrix valued function with locally bounded AK . Suppose also that 

( ( )) ( ) <A
D

K Z dL ZΦ ∞∫ 	 (30)

for a convex non-decreasing function :[0, ] [0, ]Φ ∞ → ∞  such that, for > 0∆ , 

2log ( ) =  .dtt
t

∞

∆

Φ +∞∫ 	 (31)

Then the Dirichlet problem (12) for the A-harmonic equation (2) has a regular locally Hölder 
continuous solution U  with the representation (18) for each inconstant continuous function 

: DΦ ∂ → . 
Remark 4. Note that condition (31) is not only sufficient but also necessary the existence 

of ordinary solutions to the Dirichlet problem (12) for the A-harmonic equations (2) with the 
integral constraints (30) for all continuous inconstant data : DΦ ∂ → .

Corollary 6. Let D  be a bounded simply connected domain in 2  and 2 2:A D ×→   be a 
measurable matrix valued function with locally bounded AK . Suppose also that for some > 0α , 

exp ( ) ( ) <  .A
D

K Z dL Zα ∞∫ 	 (32)

Then the conclusion of Theorem 5 holds.
Conclusions. The main result of this work is a series of effective integral criteria of the type of 

BMO (Bounded Mean Oscillation by John—Nirenberg), Dini—Lavrentiev—Lehto, Zygmund—
Calderon and Orlich for the existence, representation and regularity of solutions to the Dirichlet 
problem with continuous data for the general equation of hydrodynamics in anisotropic and 
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inhomogeneous media. These results are formulated in arbitrary bounded simply connected 
domains in the real plane, which include, in particular, all Jordan domains, and based on the 
authors’ recently developed theory of the Dirichlet problem for the so-called Beltrami equations 
with two characteristics in the complex plane, that admit singularities at the boundary. The results 
of this article can be applied for mathematical modeling of the filtration of incompressible fluids 
under development of oil fields and aquifers. 

The first two authors are partially supported by the grant from the Simons Foundation (SFI-
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as a part of the budget programme “Support for the development of priority areas of scientific research” 
for 2025—2026, p/n 0125U000299. 
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ЗАДАЧА ДІРІХЛЕ ДЛЯ ЗАГАЛЬНОГО А-ГАРМОНІЧНОГО 

РІВНЯННЯ В ОДНОЗВ’ЯЗНИХ ОБЛАСТЯХ

Розглянуто теореми існування, представлення та регулярності розв’язків задачі Діріхле з неперервними 
даними для загального A-гармонічного рівняння div A grad U = 0 на дійсній площині з матричнозначними 
коефіцієнтами. Зазначене рівняння є одним з основних рівнянь гідромеханіки (механіки рідини) в анізо
тропних та неоднорідних середовищах. Наведено ряд ефективних інтегральних критеріїв розв’язності цієї 
задачі типу Кальдерона—Зигмунда, Діні—Лаврентьєва—Лехто, Орліча, BMO, FMO та VMO у довільних 
обмежених однозв’язних областях, які включають всі жорданові області. Ці результати базуються на теорії 
так званих рівнянь Бельтрамі з двома характеристиками на комплексній площині і сформульовані через 
відповідні два комплексні параметри, пов’язані з A.
Ключові слова: задача Діріхле, A-гармонічне рівняння, однозв’язна область, рівняння Бельтрамі.


