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DIFFERENTIAL AND INTEGRAL EQUATIONS

FOR JUMP RANDOM MOTIONS
UDC 519.21

A. O. POGORUI AND R. M. RODRÍGUEZ-DAGNINO

Abstract. In this paper we obtain a differential equation for the characteristic func-
tion of random jump motion on the line, where the direction alternations and ran-
dom jumps occur according to the renewal epochs of the Erlang distribution. We
also study random jump motion in higher dimensions and we obtain a renewal-type
equation for the characteristic function of the process. In the 3-dimensional case we
obtain the telegraph-type differential equation for jump random motion, where the
direction alternations and random jumps occur according to the renewal epochs of
the Erlang-2 distribution.

1. Introduction

In the years of 1951 and 1956 Goldstein and Kac solved the problem of a one-
dimensional random motion driven by a Poisson process, i.e., defined by the movement of
a particle at a constant velocity v traveling in some direction a random distance drawn
from an exponential distribution. After that, the particle change to the opposite di-
rection under the same stochastic conditions. The problem can be seen as a random
motion governed by a switching Poisson process with alternating directions and having
exponentially distributed sojourn times. Goldstein and Kac found that the solution of
this problem satisfies the one-dimensional telegraph-type equation, which is similar to
the Heaviside telegraph equation for wave propagation in transmission lines. Namely,

(1)
∂2f (t, x)

∂t2
+ 2λ

∂

∂t
f (t, x) = v2

∂2f (t, x)

∂x2
,

and it is called the Goldstein–Kac telegraph equation. Many variations of this basic idea
have been approached by many researchers worldwide, and in this paper we are devoted
to the important case of the jump telegraph process on a line and in higher dimensions.
The one-dimensional jump telegraph process, which is a generalization of the telegraph
process, was introduced and studied (including its applications in financial market theory)
by Ratanov [1, 2, 3], and Ratanov and Melnikov [4]. Some limit theorems for the jump
telegraph process on a line were studied by Di Crescenzo and Martinucci [5]. The jump
telegraph process with random jumps was introduced and studied by Di Crescenzo and
Iuliano [6]. Some previous results regarding Erlang distributions in the telegraph process
context can be found in [7, 8, 9], random motions in multidimensional spaces [10, 11],
connections between random motion and partial differential equations in physics [12], and
recent results on jump-telegraph processes governed by alternating fractional Poisson
process [13]. Other recent results find the telegraph equation as a proper model of
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physical absorption problems with partially reflecting boundaries, of run-and-tumble
particles in one space dimension [14].

In this paper we obtain differential equations for the one-dimensional jump telegraph
process in case of Erlang distributed switching times for velocities, and arbitrary dis-
tributed random jumps. We also study the jump telegraph process in Rn, n > 1, and we
obtain the Volterra integral equation of convolution type for the characteristic function
of the process. As a particular case, we consider a differential equation for the jump
process in R3 and study its solution.

2. The Erlang jump telegraph process on a line

Let us consider the random motion of a particle on the line described in the following
manner: the particle moves according to one of two velocities c > 0 or −v < 0. Starting
from the point x0 ∈ R the particle moves with velocity c during the random time
τ1 = ξλ1

+ · · · + ξλn
, n ≥ 1, where ξλi

is exponentially distributed with rate λi > 0.
Then, the particle jumps a random length η1 and continues its motion with velocity −v
during the random time τ2 = ξμ1

+ · · ·+ξμm
, m ≥ 1, where ξμi

is exponential distributed
with rate μi > 0. Furthermore, the particle jumps a random length η2 and moves
with velocity c a random time τ3, and so on. It is assumed that random variables{
η1, η2, ξλi

, ξμj
, i = 1, . . . , n, j = 1, . . . ,m

}
are mutually independent. Thus, during the

random times τ1
d
= τ3

d
= τ5 · · · , the particle has velocity c whereas during the random

times τ2
d
= τ4

d
= τ6 · · · has velocity −v.

The motion of this particle can be described by using theory of random evolutions in
the following form: Denote by ψ(t), t ≥ 0, the alternating semi-Markov process on the
phase (or state) space T = {1, 2}, with sojourn time τi at state i ∈ T , and with transition
probabilities matrix of the embedded Markov chain

P =

(
0 1
1 0

)
.

Thus, the alternating renewal process ψ(t), t ≥ 0 can be written in the equivalent
expression

ψ(t) =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

1, if 0 ≤ t < τ1,

2, if τ1 ≤ t < τ1 + τ2,

1, if τ1 + τ2 ≤ t < τ1 + τ2 + τ3,

2, if τ1 + τ2 + τ3 ≤ t < τ1 + · · ·+ τ4,

· · ·

2.1. Description of the random evolution y(t). Denote by y(t), t ≥ 0, the position
of the particle at time t.

Let us introduce the following function C1 on T

(2) C1(y) =

{
c, if y = 1,

−v, if y = 2.

Thus, the process y(t) is a random evolution in the semi-Markov medium ψ(t) satis-
fying the following equation [15]

(3) y(t) = x0 +

∫ t

0

C1 (ψ (s)) ds+

ν(t)∑
k=1

ηk,
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where ν(t) is the number of renewal events of ψ(t), and ηk has the same distribution as η1
for odd k, and ηk has the same distribution as η2 for even k. In addition, the random
variables η1, η2, . . . are mutually independent.

Lemma 1. P (ν(t) < ∞) = 1 for each t ≥ 0.

Proof. It is enough to show that for each t ≥ 0, P (ν(t) ≥ x) → 0 as x → +∞. Since
P (ν(t) ≥ x) is monotonically decreasing with respect to x, then it is enough to prove
that P (ν(t) ≥ 2r) → 0 as N � r → ∞.

Firstly, we should notice that if θk is exponential distributed with parameter λ,
{θk, k ∈ N}, then for any t > 0 we have

P

(
r∑

k=1

θk ≤ t

)
= 1−

r−1∑
n=0

(λt)
n

n!
e−λt → 0, r → ∞.

It is easily verified that

P (ν(t) ≥ 2r) = P

(
2r∑
k=1

τk ≤ t

)

≤ P (τ1 + τ3 + · · ·+ τ2r−1 ≤ t) + P (τ2 + τ4 + · · ·+ τ2r ≤ t)

≤
n∑

j=1

P
(
θ
(1)
λj

+ θ
(3)
λj

+ · · ·+ θ
(2r−1)
λj

≤ t
)

+

m∑
j=1

P
(
θ(2)μj

+ θ(4)μj
+ · · ·+ θ(2r)μj

≤ t
)
→ 0 as r → ∞.

Here we have used the fact that τ2l−1 =
∑n

j=1 θ
(2l−1)
λj

, τ2l =
∑m

j=1 θ
(2l)
μj , l ≥ 1. �

Now, let us show that the evolution y(t) can be represented as an evolution driven
by a Markov process. Denote by ξ(t), t ≥ 0, a Markov chain in the phase space
E = {1, 2, . . . , n, n+ 1, . . . , n+m} with the infinitesimal operator Q = q [P − I], where
q = diag (λ1, λ2, . . . , λn, μ1, . . . , μm) and P is the following (n+m)× (n+m) transition
probabilities matrix

P = ‖pij‖ =

⎛
⎜⎜⎜⎜⎜⎝

0 1 0 . . . 0
0 0 1 . . . 0
...

...
...

. . .
...

0 0 0 . . . 1
1 0 0 . . . 0

⎞
⎟⎟⎟⎟⎟⎠ .

We assume that P (ξ(0) = 1) = 1.
Let us introduce the following function C on E

C (i) =

{
c, if i = 1, . . . , n,

−v, if i = n+ 1, . . . , n+m

and consider the equation

(4) x(t) = x0 +

∫ t

0

C (ξ (s)) ds+

n(t)∑
k=1

αk, t ≥ 0,

where n(t) is the number of renewal events of ξ(t), and αkn+(k−1)m, k = 1, 2, . . . , has
the same distribution as η1, and αkm+kn, k = 1, 2, . . . , has the same distribution as η2,
and αk = 0 in other cases. We suppose that there exist the probability density functions
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(pdf) gηi
(y), i = 1, 2, and we assume gαi

(y) = δ(y) for αi = 0, where δ (·) is the delta
function.

Eq. (4) describes a random evolution in Markov media ξ(t), t ≥ 0. In addition, it is
easily verified that P (y(t) = x(t)) = 1 for each t ≥ 0. Thus, we reduce the semi-Markov
case described by Eq. (3) to the Markov case described by Eq. (4).

In the rest of this paper we will study the process x(t), t ≥ 0, which is described by
Eq. (4), and we will consider the two-component process ζ(t) = (x(t), ξ(t)) in the phase
space Z = R× E, where R = (−∞, +∞), E = {1, . . . , n, n+ 1, . . . , n+m}.

It is well-known [15, 16] that the process ζ(t) = (x(t), ξ(t)) has the following infinites-
imal operator

Aϕ(x, i) = C(x, i)
∂

∂x
ϕ(x, i) + λi (Pϕ(x, i)− ϕ(x, i)) +A0ϕ(x, i), i ∈ E,

where ϕ(x, i) is a differential function with respect to x ∈ R for all i ∈ E and such that
there exists

∫∞
−∞ gαi

(y)ϕ (x+ y, j) dy for any x ∈ R, i ∈ E, Pϕ(x, i) =
∑

j∈E pijϕ (x, j)
and the operator A0 is of the following form, for i = n or i = n+m,

A0ϕ(x, i) = λi

⎛
⎝∑

j∈E

pij

∫ ∞

−∞
gαi

(y) [ϕ (x+ y, j)−ϕ(x, i)] dy

⎞
⎠

and for other i ∈ E
A0ϕ(x, i) = 0.

Let us write the operator A in more detail:

Aϕ (x, 1) = c
∂

∂x
ϕ (x, 1) + λ1 (ϕ (x, 2)− ϕ (x, 1)) ,

Aϕ (x, 2) = c
∂

∂x
ϕ (x, 2) + λ2 (ϕ (x, 3)− ϕ (x, 2)) ,

...

Aϕ (x, n) = c
∂

∂x
ϕ (x, n) + λn (ϕ (x, n+ 1)− 2ϕ (x, n))

+ λn

∫ ∞

−∞
gη1

(y)ϕ (x+ y, n+ 1) dy,

Aϕ (x, n+ 1) = −v
∂

∂x
ϕ (x, n+ 1) + μ1 (ϕ (x, n+ 2)− ϕ (x, n+ 1)) ,

...

Aϕ (x, n+m) = −v
∂

∂x
ϕ (x, n+m) + μm (ϕ (x, 1)− 2ϕ (x, n+m))

+ μm

∫ ∞

−∞
gη2

(y)ϕ (x+ y, 1) dy.

Consider

f (t, x, k) dx = P {x ≤ x(t) ≤ x+ dx, ξ(t) = k} , k ∈ E.

The function f (t, x, k) satisfies the Kolmogorov backward equation

(5)
∂f (t, x, k)

∂t
= Af (t, x, k) ,

with the initial condition (similarly to the initial conditions stated in Chapter 2 of [17])∑
k∈E

f (0, x, k) = δ(x).
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2.2. Using characteristic functions to solve the PDEs. Passing in Eq. (5) into
characteristic functions

Hk (t, ω) =

∫ ∞

−∞
eiωxf (t, x, k) dx,

we obtain

(6)

∂H1 (t, ω)

∂t
= −iωcH1 (t, ω) + λ1 (H2 (t, ω)−H1 (t, ω)) ,

∂H2 (t, ω)

∂t
= −iωcH2 (t, ω) + λ2 (H3 (t, ω)−H2 (t, ω)) ,

...

∂Hn (t, ω)

∂t
= −iωcHn (t, ω) + λn (Hn+1 (t, ω)− 2Hn (t, ω))

+ λnĝη1
(−ω)Hn+1 (t, ω) ,

∂Hn+1 (t, ω)

∂t
= iωvHn+1 (t, ω) + μ1 (Hn+2 (t, ω)−Hn+1 (t, ω)) ,

...

∂Hn+m (t, ω)

∂t
= iωvHn+m (t, ω) + μm (H1 (t, ω)− 2Hn+m (t, ω))

+ μmĝη2
(−ω)H1 (t, ω) .

Let us write Eq. (6) in the matrix form

MH (t, ω)= 0,

where H (t, ω) = (H1 (t, ω) , H2 (t, ω) , . . . , Hn+m (t, ω))
�

and the matrix M is as follows

M =

⎛
⎜⎜⎜⎝

∂
∂t + iωc+ λ1 −λ1 0 · · · 0

0 ∂
∂t + iωc+ λ2 −λ2 · · · 0

...
...

...
. . .

...
−μm − μmĝη2

(−ω) · · · 0 · · · ∂
∂t − iωv+2μm

⎞
⎟⎟⎟⎠ .

Consider the function H (t, ω) =
∑n+m

i=1 Hi (t, ω). It is easily seen that H (t, ω) is the

characteristic function of f (t, x), where f (t, x) =
∑n+m

i=1 f (t, x, i). The function f (t, x)
is the pdf of the position x(t), of the particle at time t.

Theorem 1. The function H (t, ω) satisfies the following differential equation

(7)

n−1∏
k=1

(
∂

∂t
+ iωc+ λk

)m−1∏
l=1

(
∂

∂t
− iωv + μl

)

×
(

∂

∂t
+ iωc+ 2λn

)(
∂

∂t
− iωv + 2μm

)
H (t, ω)

− (1 + ĝη1
(−ω))

(
1 + ĝη2

(−ω)
) n∏
i=1

λi

m∏
j=1

μjH (t, ω) = 0.

Proof. It is well-known [8] that H (t, ω) satisfies the equation

(8) (det (M))H (t, ω) = 0,
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where det (M) is the determinant of the matrix M . It is easily verified that

det (M) =
n∏

k=1

(
∂

∂t
+ iωc+ λk

) m∏
l=1

(
∂

∂t
− iωv + μl

)

×
(

∂

∂t
+ iωc+ 2λn

)(
∂

∂t
− iωv + 2μm

)

− (1 + ĝη1
(−ω))

(
1 + ĝη2

(−ω)
) n∏
i=1

λi

m∏
j=1

μj .

�

Consider the case where c = v, n = m, λi = μi = λ. In this case Eq. (7) has the
following form

(9)

(
∂2

∂t2
+ 2λ

∂

∂t
+ω2c2 + λ2

)n−1(
∂2

∂t2
+ 4λ

∂

∂t
+ω2c2 + 4λ2

)
H (t, ω)

− (1 + ĝη1
(−ω)) (1 + ĝη2

(−ω))λ2nH (t, ω) = 0.

Without loss of generality, we assume that P (ξ(0) = 1) = 1, i.e., the particle starts
moving with velocity c. Therefore, H (0, ω) = H1 (0, ω) = 1. It follows from the first and
the last equations of the set of Eqs. (6) that (all derivatives are taken with respect to t)

H ′ (0, ω) = H ′
1 (0, ω) +H ′

n+m (0, ω) = −iωc+ λĝη2
(−ω) .

Similarly we can calculate H(n) (0, ω) for any n ∈ N.
Now, the pdf f (t, x) can be obtained through the inverse Fourier transform applied

to Eq. (9). Hence,(
∂2

∂t2
+ 2λ

∂

∂t
− c2

∂2

∂x2
+ λ2

)n−1(
∂2

∂t2
+ 4λ

∂

∂t
− c2

∂2

∂x2
+ 4λ2

)
f (t, x)− λ2nf (t, x)

+ λ2n

∫ ∞

−∞
(gη1

(−x+ u) + gη2
(−x+ u)− gη1+η2

(−x+ u))f (t, u) du = 0,

with initial conditions f (0, x) = δ (x), f ′ (0, x) = −cδ′ (x) + λgη2
(−x) and so on, where(

∂2

∂t2
+ 2λ

∂

∂t
− c2

∂2

∂x2
+ λ2

)m

is a formal m-times product of the differential operator

∂2

∂t2
+ 2λ

∂

∂t
− c2

∂2

∂x2
+ λ2,

and it is assumed that
(
∂2/∂t2

)m
= ∂2m/∂t2m.

3. Examples

3.1. Exponential case. In case where n = 1 Eq. (9) can be written in the following
form

(10)

[
∂2

∂t2
+ 4λ

∂

∂t
+ω2c2 + 4λ2 − (1 + ĝη1

(−ω)) (1 + ĝη2
(−ω))

]
H (t, ω) = 0,

with the initial conditions H (0, ω) = 1, H ′ (0, ω) = −iωc+ λĝη2
(−ω).

By solving Eq. (10), we obtain the characteristic function

H (t, ω) = e−2λt

(
cosh (A(ω)t) +

2λ− iωc+ λĝη2
(−ω)

A(ω)
sinh (A(ω)t)

)
,
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where A(ω) =
√
λ2 (1 + ĝη1

(−ω) + ĝη2
(−ω) + ĝη1

(−ω) ĝη2
(−ω))− ω2c2.

3.2. Erlang-2 case. In the case n = 2 Eq. (9) can be written in the following form(
∂2

∂t2
+ 2λ

∂

∂t
+ ω2c2 + λ2

)(
∂2

∂t2
+ 4λ

∂

∂t
+ ω2c2 + 4λ2

)
H (t, ω)

− λ4 (1 + ĝη1
(−ω)) (1 + ĝη2

(−ω))H (t, ω) = 0,

with the initial conditions H (0, ω) = H1 (0, ω) = 1;

∂H (0, ω)

∂t
=

∂H1 (0, ω)

∂t
+

∂H4 (0, ω)

∂t
= −iωc+ λĝη2

(−ω) ,

∂2H (0, ω)

∂t2
=

∂2H1 (0, ω)

∂t2
+

∂2H3 (0, ω)

∂t2
+

∂2H4 (0, ω)

∂t2

= −ω2c2 − λ2 + λ2ĝη2
(−ω)− 2iωcλĝη2

(−ω) ,

∂3H (0, ω)

∂t3
=

∂3H1 (0, ω)

∂t3
+

∂3H2 (0, ω)

∂t3
+

∂3H3 (0, ω)

∂t3
+

∂3H4 (0, ω)

∂t3

= 6icλ2ωĝη2
(−ω)− 3c2λω2ĝη2

(−ω) + 3icλ2ω

+ λ3 (ĝη1
(−ω) + 5ĝη2

(−ω) + 3) + ic3ω3.

Thus, the characteristic function is given by

H (t, ω) = e−3λt/2
(
C1 cosh (A(ω)t) + C2cosh (B(ω)t)

+ C3 sinh (A(ω)t) + C4 sinh (B(ω)t)
)
,

where

A(ω) =

√
L− 4λ

√
λ2 (1 + ĝη1

(−ω) + ĝη2
(−ω) + ĝη1

(−ω) ĝη2
(−ω)) + 2ω2c2,

B(ω) =

√
L+ 4λ

√
λ2 (1 + ĝη1

(−ω) + ĝη2
(−ω) + ĝη1

(−ω) ĝη2
(−ω)) + 2ω2c2,

where L = λ2 − 4ω2c2, and the coefficients Ci, i = 1, 2, 3, 4 can be calculated by using
initial conditions.

4. The jump telegraph process in Rn

Let us consider the following renewal process ξ(t) = max {m ≥ 0: τm ≤ t}, t ≥ 0,
where τm =

∑m
k=0 θk, τ0 = 0 and θk ≥ 0, k = 1, 2, . . . , are i.i.d. random variables

with cdf G(t) and corresponding pdf g(t) = d
dtG(t). Suppose that a particle starting

from (0, 0, . . . , 0) ∈ Rn, at t = 0, continues its motion with an absolute velocity v along

a direction −→η (n)
0 , where −→η (n)

0 = (x1, x2, . . . , xn) is a random vector in Rn uniformly
distributed on the unit sphere

Ωn−1
1 =

{
(x1, x2, . . . , xn) : x

2
1 + x2

2 + · · ·+ x2
n = 1

}
.

At instant τ1 the particle changes its direction to −→η (n)
1 and jumps by a random vec-

tor
−→
β 1, where

−→η (n)
1 , −→η (n)

0 and
−→
β 1 ∈ Rn are independent. Then, at time τ2 the particle

changes its direction to −→η (n)
2 and jumps by

−→
β 2, where

−→η (n)
2 , −→η (n)

1 , −→η (n)
0 ,

−→
β 1 and

−→
β 2

are independent, and so on. We assume that all −→η (n)
i , i = 0, 1, 2, . . . , are identically

distributed and all
−→
β i, i = 1, 2, . . . are identically distributed and radial (isotropic).
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Denoting by −→x (n)
(t), t ≥ 0, the particle position at time t, then we have

(11) −→x (n)
(t) =

ξ(t)∑
j=1

{
v−→η (n)

j−1 (τj − τj−1) +
−→
β j

}
+ v−→η (n)

ξ(t)

(
t− τξ(t)

)
.

Here we have assumed
∑0

j=1 = 0.

Consider ϕ (t, α) = E
[
exp
{
itv
(−→α ,−→η (n)

0

)}]
, where α = ‖−→α ‖. We should notice that

the function ϕ (t, α) is well-known [9] and is of the following form

(12) ϕ (t, α) = 2
n−2
2 Γ
(n
2

) Jn−2
2

(αtv)

(αtv)
n−2
2

.

Theorem 2. The characteristic function

H (t, α) = E
[
eitv(

−→α ,−→x (n)(t))
]
, t ≥ 0,

is a solution of the following integral Volterra equation of a convolution type

(13) H (t, α) = (1−G(t))ϕ (t, α) + ϕβ(α)

∫ t

0

g (u)ϕ (u, α)H (t− u, α) du.

Proof. It follows from Eq. (11) that

H (t, α) = E
[
exp
{
i
(−→α ,−→x (n)

(t)
)}]

= E
[
exp
{
i
(−→α ,−→x (n)

(t)
)}

I {θ1 > t}
]
+ E
[
exp
{
i
(−→α ,−→x (n)

(t)
)}

I {θ1 ≤ t}
]

= E
[
exp
{
i
(−→α , v−→η (n)

0 t
)}

I {θ1 > t}
]

+ E
[
exp
{
i
(−→α , v−→η (n)

0 θ1 +
−→
β 1 + Sξ + v−→η (n)

ξ(t)

(
t− τξ(t)

))}
I {θ1 ≤ t}

]
= (1−G(t))E

[
e
itv

(−→α ,−→η (n)
0

)]
+

∫ t

0

g (u)E

[
e
iuv

(−→α ,−→η (n)
0

)]
ϕβ(α)H (t− u, α) du,

where

Sξ =

ξ(t)∑
j=2

(
v−→η (n)

j (τj+1 − τj) +
−→
β j

)
,

and

ϕβ(α) = E

[
e
i
(−→α ,

−→
β 1

)]
.

�

Denote by fn (t,
−→x ) the pdf of the particle position at time t. By using the n-dimension

inverse Fourier transform F−1 with respect to α, we get fn (t,
−→x ) = F−1 (H (t, α)).

5. The jump telegraph process in R3

Let us consider the three dimension case, that is n = 3 and ϕ (t, α) = sin (αtv) /(αtv).
For Erlang-2 distribution g(t) = λ2te−λtI{t ≥ 0}, we have

H (t, α) =
(
e−λt + λte−λt

) sin (αtv)
αtv

+
λ2ϕβ (α)

αv

∫ t

0

e−λusin (αuv)H (t− u, α) du.
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By denoting h (t, α) = H (t, α) eλt, we obtain

(14) h (t, α) = (1 + λt)
sin (αtv)

αtv
+

λ2ϕβ (α)

αv

∫ t

0

sin (α (t− u) v)h (u, α) du.

By differentiating twice Eq. (14), we have

(15)
∂2

∂t2
h (t, α) +

(
α2v2 − λ2ϕβ (α)

)
h (t, α) = 2

sin (αtv)− αtvcos (αtv)

αt3v

with initial conditions

h (0, α) = 1,
∂

∂t
h (0, α) = λ,

which can be obtained directly from Eq. (14).
By solving Eq. (15) with the initial conditions, we obtain

H (t, α) = e−λth (t, α)

=
sin (αtv)

αtv
e−λt +

sin (At)

A
λe−λt

+

[
ln

αv −A

αv +A
+
(
Si (t (A− αv))− Si (t (A+ αv))

)
sin(At)

+
(
Ci (t (A− αv))− Ci (t (A+ αv))

)
cos (At)

]
λ2ϕβ (α)

2Aαv
e−λt,

where A =
√
α2v2 − λ2ϕβ (α), Si (x) =

∫ x
0

sin(t)
t dt, Ci (x) = γ + ln(x) +

∫ x
0

cos(t)−1
t dt,

and γ is the Euler–Mascheroni constant.
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