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Let us recall some definitions. A Borel function ρ : Rn → [0,∞] is called admissible for
the family Γ of paths γ in Rn, if the relation

∫
γ
ρ(x) |dx| > 1 holds for all (locally rectifiable)

paths γ ∈ Γ. In this case, we write: ρ ∈ adm Γ. Let p > 1, then p-modulus of Γ is defined
by the equality Mp(Γ) = inf

ρ∈ adm Γ

∫
Rn ρ

p(x) dm(x). We set M(Γ) := Mn(Γ). Let x0 ∈ Rn.

0 < r1 < r2 < ∞. S(x0, r) = {x ∈ Rn : |x − x0| = r}, B(x0, r) = {x ∈ Rn : |x − x0| < r} and
A = A(x0, r1, r2) = {x ∈ Rn : r1 < |x− x0| < r2}. Given sets E, F ⊂ Rn and a domain D ⊂ Rn

we denote by Γ(E,F,D) a family of all paths γ : [a, b] → Rn such that γ(a) ∈ E, γ(b) ∈ F
and γ(t) ∈ D for t ∈ (a, b). Let Si = S(x0, ri), i = 1, 2. If f : D → Rn, y0 ∈ f(D) and
0 < r1 < r2 < d0 = sup

y∈f(D)

|y − y0|, then by Γf (y0, r1, r2) we denote the family of all paths γ

in D such that f(γ) ∈ Γ(S(y0, r1), S(y0, r2), A(y0, r1, r2)). Let Q : Rn → [0,∞] be a Lebesgue
measurable function. We say that f satisfies Poletsky inverse inequality at the point y0 ∈ f(D),
if the relation

M(Γf (y0, r1, r2)) 6
∫

A(y0,r1,r2)∩f(D)

Q(y) · ηn(|y − y0|) dm(y) (1)

holds for any Lebesgue measurable function η : (r1, r2)→ [0,∞] such that

r2∫
r1

η(r) dr > 1. (2)

Later, in the extended space Rn = Rn ∪ {∞} we use the spherical (chordal) metric h(x, y) =
|π(x) − π(y)|, where π is a stereographic projection Rn onto the sphere Sn(1

2
en+1,

1
2
) in Rn+1.

The definitions related to prime ends may be found in [1] and [2]. The end of the domain
D is the class of equivalent chains of cuts in D. Let K be the end of D in Rn, then the set

I(K) =
∞⋂
m=1

dm is called the impression of K. Following [2], we say that the end K is a prime

end, if K contains a chain of cuts {σm} such that lim
m→∞

M(Γ(C, σm, D)) = 0 for some continuum
C in D. The following notation is used: the set of prime ends corresponding to the domain
D, is denoted by ED, and the completion of the domain D by its prime ends is denoted DP .
The boundary of a domain D in Rn is said to be locally quasiconformal if every x0 ∈ ∂D has
a neighborhood U that admits a quasiconformal mapping ϕ onto the unit ball Bn ⊂ Rn such
that ϕ(∂D ∩ U) is the intersection of Bn and a coordinate hyperplane. The sequence of cuts
σm, m = 1, 2, . . ., is called regular, if σm ∩ σm+1 = ∅ for m ∈ N and, in addition, d(σm) → 0
as m → ∞. If the end K contains at least one regular chain, then K will be called regular.
We say that a bounded domain D in Rn is regular, if D can be quasiconformally mapped to a
domain with a locally quasiconformal boundary whose closure is a compact in Rn, and, besides
that, every prime end in D is regular. Note that space DP = D ∪ ED is metric, which can be
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demonstrated as follows. If g : D0 → D is a quasiconformal mapping of a domain D0 with a
locally quasiconformal boundary onto some domain D, then for x, y ∈ DP we put:

ρ(x, y) := |g−1(x)− g−1(y)| , (3)

where the element g−1(x), x ∈ ED, is to be understood as some (single) boundary point of
D0, Let Dm, m = 1, 2, . . ., be a sequence of domains in Rn, containing a fixed point A0. If
there exists a ball B(A0, ρ), ρ > 0, belonging to all Dm. then the kernel of the sequence Dm,
m = 1, 2, . . ., with respect to A0 is the largest domain D0 containing A0 and such that for each
compact set E belonging to D0 there is N > 0 such that E belongs to Dm for all m > N. A
largest domain is one which contains any other domain having the same property. A sequence
of domains Dm, m = 1, 2, . . ., converges to a kernel D0 if any subsequence of Dm has D0 as its
kernel. Let Dm, m = 1, 2, . . ., be a sequence of domains which converges to a kernel D0, Then
Dm will be called regular with respect to D0, if Dm ⊂ D0 for all m ∈ N and, for every P0 ∈ ED0

there is a sequence σk, k = 1, 2, . . ., with the following condition: if dk is a domain in P0 then
there isM = M(k) such that dk∩Dm is a non-empty connected set for every m >M(k). Given
E1, E2 ⊂ Rn we set h(E1, E2) = inf

x∈E1,y∈E2

h(x, y). Given δ > 0, domains D,D0 ⊂ Rn, n > 2,

a compact set E in D0 and Lebesgue measurable function Q : Rn → [0,∞], Q(y) ≡ 0 outside
D0, we denote by FEQ,δ(D,D0) a class of all open, discrete and closed mappings f : D → D0 of a
domain D onto some domain f(D), E ⊂ f(D) ⊂ D0, such that (1)–(2) hold for every y0 ∈ D0

and, in addition, h(f −1(E), ∂D) > δ.
Theorem. Let δ > 0, let D,D0 ⊂ Rn be domains, n > 2, let E be a compact set in D0 and

let Q : Rn → [0,∞], Q(y) ≡ 0 outside D0, be a Lebesgue measurable function. Assume that, 1)
no connected component of the boundary of the domain D degenerates into a point, 2) D has
a weakly flat boundary and 3) D0 is a regular domain. Let fm ∈ FEQ,δ(D,D0), m = 1, 2, . . .,
be a sequence such that: 4) every fm, m = 1, 2, . . ., has a continuous boundary extension
fm : D → D0P , 5) the sequence of domains fm(D) is regular with respect to D0. Assume that,
for each point y0 ∈ D0 and for every 0 < r1 < r2 < r0 := sup

y∈D0

|y−y0| there is a set E1 ⊂ [r1, r2]

of a positive linear Lebesgue measure such that the function Q is integrable with respect to Hn−1

over the spheres S(y0, r) for every r ∈ E1. Then the family fm, m = 1, 2, . . ., is uniformly
equicontinuous by the metric ρ in D0P defined by (3). In other words, for any ε > 0 there
is δ = δ(ε) > 0 such that ρ(fm(x), fm(y)) < ε whenever |x − y| < δ and for every m ∈ N.
Moreover, there is a subsequence fmk , k = 1, 2, . . . , which converges to f uniformly by the
metric ρ. In this case, f has a continuous boundary extension f : D → D0P and, besides that,
for any x0 ∈ ∂D there is P0 := f(x0) ∈ ED0 = D0P \ D0 such that, for any ε > 0 there is
δ = δ(ε) > 0 and M = M(ε) ∈ N such that ρ(fmk(x), P0) < ε for all x ∈ B(x0, δ) ∩ D and
k >M0.
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2. Näkki R. Prime ends and quasiconformal mappings. J. Anal. Math., 1979, 35, 13 – 40.

85


