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ON CARATHEODORY THEOREM FOR ONE CLASS OF MAPPINGS

This article is devoted to the study of mappings of Orlicz-Sobolev classes that are not closed. In other
words, we study the case when the mappings are open, discrete, but do not preserve the boundary of
a domain (i.e., the corresponding cluster set of the mapping may contain inner points of the mapped
domain). We investigated the problem of the existence of a limit of the above mapping at a fixed
boundary point. We have established that such mappings have a continuous boundary extension
whenever the corresponding Orlicz function satisfies the Calderon condition and the inner dilatation
of the mapping satisfies some constraints on its growth, written in terms of singular parameters.
In this case, we also impose conditions on the definition domain of the mapping. In particular, the
domain must be locally connected on the boundary and finitely connected with respect to the pre-
image of the corresponding cluster set. This approach is primarily related to the fulfillment of modulus
inequalities of the Poletsky type in Orlicz-Sobolev classes. The available facts about the fulfillment of
such inequalities require that the mapping be a homeomorphism, or more generally, an open discrete
and closed mapping. If we consider more general classes of mappings, we cannot directly use the
apparatus of modulus. Nevertheless, the conditions on the cluster set guarantee that the study of a
mapping in an arbitrary domain can be reduced to some subdomain in which the mapping is already
closed. The work is structured as follows. In the first part, we formulate the relevant definitions
necessary for the formulation of the main result and present this formulation. The second section is
devoted to the modulus of families of paths and surfaces. Here we formulate, in particular, a statement
about the connection of Orlicz-Sobolev classes with upper modulus inequalities of the Poletsky type.
The third part of the work is the proof of the main result, Theorem 1. The proof is carried out by the
method of contradiction. The main tool of the proof is the apparatus of paths. We construct paths
in the pre-image under the mapping, the diameter of which tends to zero. The ends of the paths are
elements of sequences of points converging to a given point of the boundary. If the mapping has no
boundary, the diameter of the mapped paths does not tend to zero. We show that the latter contradicts
both the geometry of the definition domain and the proposed estimates of the growth of the dilatations
of the mappings.
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1. Introduction. Recall some definitions. Let U be an open set in R™. In what

follows, C(])“(U ) denotes the space of functions u : U — R with a compact support in U,
having k partial derivatives with respect to any variable that are continuous in U. Let
U be an open set, U C R", and let u : U — R be some function, u € LI})C(U). Suppose
that, there is a function v € L;! (U) such that

loc

52 (@u(e) din(i) = — [ pla)ots) dm(a)
U

U
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for any function ¢ € C?(U). Then we say that the function v is a weak derivative of
the first order of the function u with respect to x; and denote it by %(az) = .

A function u € VVI})CI(U ) if u has weak derivatives of the first order with respect to
each of the variables in U, which are locally integrable in U. A mapping f : U — R"
belongs to the Sobolev class VVIEC1 (U), write f € VV&)C1 (U), if all coordinate functions
of f = (fi1,..., fn) have weak partial derivatives of the first order, which are locally
integrable in U. We write f € VVli)’f(U), p > 1, if all coordinate functions of f =
(f1,-.., fn) have weak partial derivatives of the first order, which are locally integrable
in U to the degree p.

Let ¢ : Rt — R* be a measurable function. The Orlicz-Sobolev class W,=? (D) is the

loc
class of all locally integrable functions f with the first weak derivatives whose gradient

V f belongs locally in D to the Orlicz class. Note that by the definition I/V1 Y C W]})Cl
For the case when ¢(t) =P, p > 1, we write as usual f € VVIOC

Later on, we also write f € VVI})C‘p(D) for a locally integrable vector-function f =
(fis-- -+ fm) of n real variables z1, ...,z if fi € WH(D) and

loc

/ o IV F(@)]) dm(z) < o0

G

_ 2
for any domain G C D such that G C D, where |V f(x)| =, /> (gj:;) )
i7j
Recall that a mapping f : D — R" is called discrete if the pre-image {f~! (y)} of
each point y € R"™ consists of isolated points, and s open if the image of any open set
U C D is an open set in R".

The boundary of D is called weakly flat at the point x¢ € 9D, if for every P > 0
and for any neighborhood U of the point xg there is a neighborhood V' C U of the same
point such that M (I'(E, F, D)) > P for any continua E, F C D such that ENJU #
@ # ENJV and FNOU # @ # F N AV. The boundary of D is called weakly flat if
the corresponding property holds at any point of the boundary of a domain D. Given
a mapping f : D — R", we denote

C(f,z) ={yeR": Iz, € D:ap — 2, f(rx) = y, k — 00} (1)
and
C(f,oD)= ] C(f.2). (2)
x€dD

In what follows, Int A denotes the set of inner points of the set A C R™. Recall that,
the set U C R™ is neighborhood of the point zg, if 29 € Int A.

We say that the boundary 0D of a domain D in R", n > 2, is strongly accessible at
a point xg € 0D with respect to the p-modulus if for each neighborhood U of z( there
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exist a compact set £ C D, a neighborhood V' C U of zg and § > 0 such that

for each continuum F' in D that intersects OU and dV. When p = n, we will usually
drop the prefix in the “p-modulus” when speaking about (3).

Assume that, a mapping f has partial derivatives almost everywhere in D. In this
case, we set

/ B .| f(@)h]
L) = nermvgoy ||
, B |f'(x)h]
I @)l = me S (W

J(x, f) =det f'(x).

and define for any z € D and o > 1

e @) #0,
(@) =0, (5)

1,
0, otherwise

Kf,a(xaf) =

The version of the following statement for ring Q-mappings was given in [1].

Theorem 1. Leta > 1, let D and D' be bounded domains in R®, n > 3, letb € 9D,
let Q: D — [0,00] be a Lebesgque measurable function and let ¢ : [0, oo) [0,00) be an

increasing function. Let f : D — D' be a bounded open discrete mapping of the class
WL (D), f(D) = D'. In addition, assume that C(f,dD) C E, for some closed (with

loc

respect to D') set E, C D' and f ~Y(E.) = E for some closed (with respect to D) set
E C D, besides that,

1) the set E is nowhere dense in D and D is finitely connected on EUJD, i.e., for
any zo € EUAID and any neighborhood U of zo there is a neighborhood VcuU of 20
such that (D N V) \ E consists of finite number of components,

2) for any neighborhood U of b there is a neighborhood V- C U of b such that:
2a) V N D is connected,
20) (VN D)\ E consists at most of m components, 1 < m < oo,

3) all components of the set D'\ E, have a strongly accessible boundary with respect
to a-modulus,

4) the function ¢ satisfies the following Calderon condition

17)<(P€t)>ni2dt<oo. (6)
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Suppose that Kiq(z, f) < Q(z) a.e. and the following condition holds: there is
g0 = €o(b) > 0 and some positive measurable function 1 : (0,e9) — (0,00) such that

0 < I(e, &) = /zp(t) dt < oo (1)

for sufficiently small € € (0,e0) and, in addition,

[ @@ w2 = bl) dm(a) = o1, c0)). ®)
A(b,e e0)
where A := A(b,e,¢e0) is defined in (10). Then f has a continuous extension to b.

2. Preliminaries. A Borel function p : R" — [0,00] is called admissible for the
family I' of paths v in R", if the relation

JEOIZES

v

holds for all (locally rectifiable) paths v € I'. In this case, we write: p € admT'. Let
p = 1, then p-modulus of T is defined by the equality

M) = int | @) dmia).
R?’L

Let 2o e R™", 0 < r1 <1y < 00,
S(zg,r) ={x € R": |x —xo| =71},
B(zg,r) ={x € R": |z — xo| < r} (9)
and
A= A(zg,r1,m2) ={x € R": 1 < |z — 20| < 1o} . (10)
The most important tool of the paper is the connection between Sobolev (Orlicz-
Sobolev) classes and lower (ring) @-mappings. The theoretical part of this connection
is mainly established in [2].
Let w be an open set in RF := R¥ U {0}, k=1,... ,n—1. A (continuous) mapping
S :w — R™is called a k-dimensional surface S in R”. Sometimes we call the image
S(w) € R™ the surface S, too. The number of preimages

N(S,y) = card S~ (y) =card {r cw: S(z) =y} (11)

is said to be a multiplicity function of the surface S at a point y € R™. In other words,
N(S,y) denotes the multiplicity of covering of the point y by the surface S. It is known
that the multiplicity function is lower semi continuous, i.e.,

N(S,y) > lini}nf : N (S, ym)
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for every sequence y,, € R", m = 1,2,..., such that y,, —» y € R™ as m — oo, see,
e.g., 3], p. 160. Thus, the function N(S,y) is Borel measurable and hence measurable
with respect to every Hausdorff measure H* (see, e.g., [4], p. 52).

If p: R™ — [0, 00] is a Borel function, then its integral over a k-dimensional surface
S in R™, n > 2, is defined by the equality

/p dA = /p(y) N(S,y) dH*y . (12)

S R™

Given a family S of such k-dimensional surfaces S in R", a Borel function p: R"™ —
[0, 00] is called admissible for S, abbr. p € adm S, if

/pk dA > 1 (13)

S

for every S € S. Given p € [k, ), the p-modulus of S is the quantity

M,(8) = inf / PP (x) dm(x (14)

p€adm S

The next class of mappings is a generalization of quasiconformal mappings in the sense
of Gehring’s ring definition (see [5]; cf. [6, Chapter 9]). Let D and D’ be domains in
R™, n > 2. Suppose that 2o € D \ {oo} and Q: D — (0,00) is a Lebesgue measurable
function. A metric p is said to be extensively admissible for I' (p € exty,admI’) with
respect to p-modulus if p € adm (I"\I'g) such that M,(I'y) = 0. A mapping f : D — D’
is called a lower Q-mapping at a point xg relative to p-modulus if

My(f(S2) > inf ”p

pEexty, adm.
DNA(zo,e,m0)

dm(z) (15)

for every spherical ring A(zg,e,r9) = {z € R" : ¢ < |z — 20| < 10}, o € (0,dp),

do = sup |z — x¢|, where ¥, is the family of all intersections of the spheres S(zg,)
xeD

with the domain D, r € (e, ). If p = n, we say that f is a lower Q-mapping at xy. We
say that f is a lower Q-mapping relative to p-modulus in A C R™ if (15) is true for all
To € A.

Let
N(y, [, A) = card{z € A: f(z) =y}, (16)
N(faA): sSup N(y7f7A) (17)
yeR”

The following lemma holds, see e.g. |7, Lemma 5.1].

Lemma 1. Let D be a domain in R", n > 2, and let ¢: (0,00) — (0,00) be a
monotone nondecreasing function satisfying (6). If p > n — 1, then every open discrete
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mapping f: D — R™ of class Wli’f with finite distortion and such that N(f, D) < oo
s a lower Q-mapping relative to the p-modulus at every point xg € D for
p—n+1

Q(.%') = N(f7D) ' Kl,g_l (.%', f)a

o= 7+’ where the inner dilation Ky o(x, f) for f at x of order « is defined by (5),
and the multiplicity N (f, D) is defined by the relation (17).

Given sets E, F C R" and a domain D C R™ we denote by I'(E, F, D) a family
of all paths 7 : [a,b] — R™ such that y(a) € E,v(b) € F and v(t) € D for t € (a,b).
Let S; = S(x0,74), i = 1,2, where spheres S(x¢,7;) centered at xo of the radius r; are
defined in (9). The following statement holds, see [2].

Lemma 2. Let xg € 0D, let f: D — R™ be a bounded, open, discrete, and closed

n—1

lower Q-mapping with respect to p-modulus in a domain D C R", Q € LP~ "' (R™),

loc
n—1<p, and o := Then, for every g9 < dy := sup |x — zo| and every compact
xeD

set Co C D\ B(xo,£0) there exists €1, 0 < g1 < €¢, such that, for each ¢ € (0,e1) and
each compact Cy C B(xzg,e) N D the inequality

p
p—n+1-°

Ma(f(T(Cy, Co, D / Q7 (2)n° (j& — o) dim(z) (18)

1075 81

holds, where A(xg,e,e1) ={x € R" 1 e < |x —xo| < e1} and n: (g,1) — [0,00] is an
arbitrary Lebesgue measurable function such that

€1

/n(r) dr=1. (19)

£

Let D C R, let f : D — R"™ be a discrete open mapping, 5 : [a, b) — R™ be
a path, and = € f~(B(a)). A path a : [a, ¢) — D is called a mazimal f-lifting of
B starting at x, if (1) afa) = 2; (2) foa = Blg.); (3) for ¢ < ¢ < b, there
is no a path o : [a, ) = D such that a = o/[f, ) and foa’ = B, ). Here and
below we say that a path 3 : [a,b) — R™ converges to the set C C R™ as t — b, if
h(5(t),C) = sup h(B(t),C) — 0 at t — b. The following is true (see [8, Lemma 3.12]).

zeC

ProprosITION 1. Let f: D — R"™, n > 2, be an open discrete mapping, let xg € D,
and let 8 : [a, b) — R™ be a path such that 8(a) = f(z¢) and such that either 1in% B(t)
4>

exists, or f(t) — Of(D) as t — b. Then S has a maximal f-lifting o : [a, ¢) - D
starting at zo. If a(t) - x1 € D ast — ¢, then ¢ = b and f(z1) = }tmé B(t). Otherwise
—>

a(t) - 0D as t — c.

The following statement is proved in [1, Lemma 2.1].
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Lemma 3. Let D be a domain in R™, n > 2, and let xg € dD. Assume that E is
closed and nowhere dense in D, and D is finitely connected on E, i.e., for any 29 € F
and any neighborhood U of zy there is a neighborhood V. C U of zy such that (DNV)\ E
consists of finite number of components.

In addition, assume that the following condition holds: for any neighborhood U of
xq there is a neighborhood V-.C U of x¢ such that:

a) VN D is connected,

b) (VN D)\ E consists at most of m components, 1 < m < oo.

Let i,y € D\ E, k = 1,2,..., be a sequences converging to xo as k — oo.
Then there are subsequences xy, and yy,, | = 1,2,..., belonging to some sequence of
neighborhoods Vi, 1 = 1,2,..., of the point xo such that V; C B(x¢,27%),1=1,2,...,
and, in addition, any pair xy, and yr, may be joined by a path vy in Vi N D, where
contains at most m — 1 points in E.

3. Proof of Theorem 1. Firstly let us to prove that, under conditions of Theorem 1,
D\ F consists of finite number of components Dy, ..., Dy, 1 < s < oo. Indeed, assume
the contrary, namely, that D\ E consists of infinite number of components Dj, Do, . ...
Let z; € D;, 1 = 1,2,.... Since D is bounded, there is a subsequence z;,, k1,2,...,
which converge to some point zg € D. On the other hand, there is a neighborhood V' of
the point zg such that (VND)\ E consists of m components. Thus, there is at least one
such a component K intersecting infinitely many components D;,, D;,,.... However,
by the assumption there is a neighborhood V' of zy such that (V N D) \ E consists
of finite number of components Vi,...,V;,. Now, there is my € [1,m] such that V,,
intersects infinitely many D;, contradiction. Thus, Dy, ..., Ds, 1 < s < 00, as required.

Now, let us to prove that f is closed in each D;, i = 1,2,..., i.e. f(S) is closed in
f(D;) whenever S is closed in D;. Since f is open and discrete, it is sufficient to prove
that f is boundary preserving, that is C'(f,9D;) C 0f(D;) (see, e.g., [9, Theorem 3.3]).
Indeed, let z; € D;, k= 1,2,..., let zx — 29 € OD; and let f(zx) — wo as k — oc.
We need to prove that wg € 0f(D;). Assume the contrary, i.e. wg € f(D;). There are
two cases: z9p € 0D or zy € D. 1) In the first case, when zg € 9D, we obtain that
wo € C(f,0D) C E,. But since wy € f(D;), there is ¢; € D; such that f({;) = wo.
Now, since wy € F,, we obtain that ¢; € f~'(FE,) = E and, consequently, {; ¢ D;,
contradiction. 2) Let us consider the second case, when zg € D. Now, by the definition
of D;, we have that zg € E. Now, wg € f(F) C E.. But since wy € f(D;), there is
¢; € D; such that f((;) = wo. Since wy € Ey, we have that ¢; € f }(E.) = F and,
consequently, (; ¢ D;, contradiction.

Let K be a component of D'\ E, consisting f(D;). Observe that f(D;) = K.
Indeed, f(D;) C K by the definition. Let us to prove that K C f(D;). Let us prove
this inclusion by the contradiction, i.e., let ap € K \ f(D;). Chose by € f(D;) and join
the points by and ag by a path 5 :[0,1] — K. Let a: [0,¢) — D be a maximal f-lifting
of 3 starting at co := f ~*(bg) N D; (this lifting exists by Proposition 1). By the same
proposition either one of two cases are possible: a(t) — 1 as t — ¢, or a(t) — 0D; as
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t — c. In the first case, by Proposition 1 we obtain that ¢ = 1 and f(5(1)) = f(x1) = ao
which contradict with the choice of ag. In the second case, when «a(t) — dD; as t — ¢,
we obtain that f(8(c)) € C(f,0D;) C E.. The latter contradicts the definition of
because [ does not contain itself points in E,.

Observe that, D'\ E, consists of finite number of components. Otherwise, D'\ E, =
o0
‘L—J1 K/, @ # K/ # K] # @ for i # j. Let K; be some component of the set Y K)).

1=
By the definition K; C D\ F and @ # K; # K; # @ for i # j. The latter contradicts
the proving above for the number of components of D \ E.

Now, we proceed directly to the proof of the main statement of Theorem 1. We
apply the approach used under the proof of [1, Lemma 3.1]. Suppose the opposite, i.e.,
the conclusion of the theorem is not true. Since D’ is bounded, there are at least two

sequences T, yx € D, i =1,2,..., such that x, yp € D, k=1,2,..., 2, = b, yp — b
as k — oo, and f(xg) — vy, f(yx) =y’ as k — oo, while y’ # y. In particular,
|f (k) = flye)| =6 >0 (20)

for some § > 0 and all £ € N. By the assumption 2), there exists a sequence of
neighborhoods Vj, € B(b,27%), k = 1,2,..., such that V; N D is connected and (V} N
D)\ E consists at most of m components, 1 < m < oo.

We note that the points x and yi, k = 1,2, ..., may be chosen such that xy, yr € E.
Indeed, since under condition 1) the set E is nowhere dense in D, there exists a sequence
xp; € D\E,i=1,2,...,such that z3; — z} as i — oco. Put € > 0. Due to the continuity
of the mapping f at the point xj, for the number k € N there is a number 7;, € N such
that |f(xg,) — f(zr)| < 2% So, by the triangle inequality

Faia) =l < | F ) = Fn)l+ 1Fex) — ol < o + <.

k > ko = ko(e), because f(xr) — y as k — oo and by the choice of 2 and y. Therefore,
x € D may be replaced by zy;, € D\ E, as required. We may reason similarly for the
sequence yy.

Now, by Lemma 3 there are subsequences xy, and yg,, [ = 1,2,..., belonging to
some sequence of neighborhoods V;, [ = 1,2, ..., of the point b such that diamV; — 0
as [ — oo and, in addition, any pair zj, and y;, may be joined by a path v; in V;, where
~; contains at most m — 1 points in £. Without loss of generality, we may assume that
the same sequences xj and yj satisfy properties mentioned above. Let 7y : [0,1] — D,
Y(0) =z and (1) = yx, K =1,2,....

Observe that, the path f(7) contains not more than m — 1 points in F,. In the
contrary case, there are at least m such points by = f(vk(t1)), b2 = f(v(t2)), ..., by =
F(tm)), 0 < t1 < tg < ... < t, < 1. But now the points a1 = i(t1),a2 =
Ye(ta), .. am = Y(tm) are in f ~1(E,) = E and simultaneously belong to 7. This
contradicts the definition of ~g.
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Let
b1

f(’yk‘(tl))’bQZf(’Yk(t?)) IEERE bl:f(r)/k(tl))’
0<ti <t <. < <1, 1<i<m-1,

be points in f(yx) N Ex. By the relation (20) and due to the triangle inequality,

-1
8§ < | f (k) = Flu)l < D1 (velte) — FOu(tar))] - (21)
k=1

It follows from (21) that, there is 1 <1 =1(k) < m — 1 such that such that

Lf (v (tiry)) — F v (tigy+1)| = 6/1 = 6/(m —1). (22)

Observe that, the set Gy := | f()|
contain any point in F,.

Since D'\ F, consists only of finite components, there exists at least one a component
of D'\ E,, containing infinitely many components of Gi. Without loss of generality,

going to a subsequence, if need, we may assume that all G; belong to one component
K of D'\ E,.

(tl(k)vtl(k)Jrl)‘ belongs to D'\ E, because it does not

Due to the compactness of R™, we may assume that the sequence wy, := f (7 (tiry));
k=1,2,..., converges to some a point wg € D’. Let us to show that wy € C(f,0D) C
E,. Indeed, there are two cases: either wy = f(vk(t;x))) € Ex for infinitely many &, or
wg € F, for infinitely many k& € N. In the first case, the inclusion wy € F, is obvious,
because E, is closed. In the second case, obviously, wy = f(xr), but this sequence
converges to y € C(f,0D) C E, by the assumption.

By the assumption, each component of the set D'\ E, has a strongly accessible
boundary with respect to a-modulus. In this case, for any neighborhood U of the point
wo € OK there is a compact set C; C D', a neighborhood V' of a point wgy, V C U,
and a number P > 0 such that

My (I(Cy, F,K)) =P >0 (23)

for any continua F, intersecting OU and 0V. Choose a neighborhood U of wqy with
d(U) < ¢/2(m — 1), where 0 is from (20). Let Cj and V be a compact set and a
neighborhood corresponding to wy. N

Observe that, G contains some a continuum G}, in K intersecting OU and 0V for
sufficiently large k. Indeed, by the construction of Gy, there is a sequence of points
ask = f(y(ps)) = wi == f(v(tir))) as s = 00 and by k. = f(k(gs)) = f(v(tir) 1))
as s — 00, where t4)) < ps < ¢s < Vk(tyr)+1)) and asp, bs . € K. By the triangle
inequality and by (22)

lask — bs | = |bsk — wi| — |wi — as k]
2 f(m iy 1)) — wiel = 1fF (Ve (tiry1)) — bsl — lwr — as (24)
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=0/(m—1) = [f(myr)+1) = bsk)| — lwr — asx -

Since asy = f(w(ps)) — wp = f(w(tiw))) as s — oo and by = f(k(gs)) —
(v (tiry+1)) as s — oo, it follows from the latter inequality that there is s = s(k) € N
such that

|a’s(k),k - bs(k),k| > 5/2(777, - 1) : (25)

Since V' is open, there is some neighborhood U}, of wy, such Uy, C V. Since a, j, — wy, =
f(v(tir))) as s — oo, we may assume that ayy), € V. Now, we set

Gk = f(’yk)‘[pg(k)v(IS(k)] :

In other words, Gy, is a part of the path f (k) between points ay) , and by i Let us
to show that G, intersects OU and 9V. Indeed, by the mentioned above, a1 C V, so
that V N Gy # @. In particular, U N Gy, # @, because V' C U. On the other hand, by
(25) d(Gg) = 6/2(m—1), however, d(U) < §/2(m —1) by the choice of U. In particular,
d(V) < §/2(m —1). It follows from this that

R\U)NGr#2, R\V)NGL#0.
Now, by [10, Theorem 1.1.5, §46]
UNGL+2,0VNGL+ 2,
as required. Now, by (23),
My (D(G, CLE) =P >0, k=12.... (26)

Let us to show that, the relation (26) contradicts the definition of f and conditions (7)—

(8). Indeed, let us denote by I'y the family of all half-open paths Sy : [a,b) — R™ such

that Sx(a) € |f(v)|, Br(t) € K for all t € [a,b) and, moreover, tlilr)noﬁk(t) := By € Cj.
o

Obviously, by (26)
My(Ty) = My(D(Gr, FK) > P >0, k=12.... (27)

Since by the proving above D \ E counsists of finite number of components, we may
assume that all paths V, := 7k|[:ﬂs(k)1qs<k)] belong to (some) one component Dj of
D\ E. By the proving above, f is closed in Dy and f(D;) = K. Consider the family T']
of maximal f-liftings oy, : [a,¢) — D of the family I'j starting at |Vy|; such a family
exists by Proposition 1.

Note that, C(f,0D1) C C(f,0D)UC(f, E) C E.. Now, observe that, the situation
when oy — 0D1 as k — oo is impossible because f is closed in D; and, consequently, f
is boundary preserving (see [9, Theorem 3.3]). Therefore, by Proposition 1 ay, — 1 € D
ast — ¢— 0, and ¢ = b and f(ag(b)) = f(z1). In other words, the f-lifting oy is
complete, i.e., ay, : [a,b] — Di. Besides that, it follows from that ax(b) € f ~1(C§)NDy.
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Since f(D;1) = K, we obtain that f(f ~1(C{)N D) = C{. In addition, f ~1(C§) N Dy is
a compactum in Dy, see e.g. [9, Theorem 3.3|. Thus, there is rj > 0 such that

d(f H(C3) N D1,0D) = 1o > 0. (28)
Moreover, it follows from (28) that
f7H(CG) € D\ B(b,mo) . (29)

We may consider that rg < €, where ¢ is a number from the conditions of the theorem.

Applying now Lemmas 1 and 2, we obtain for « := on +1 that

M, (f(rl/c» = Ma(r(éka CO/> K))
< (N(f,Dy))7mm / Qz)n®(|z — b]) dm(x) (30)

A(b,2 —k ,7‘0)

for sufficiently large k € N for any nonnegative Lebesgue measurable function 7 satisfying
the relation (19) with e = 27% and gy = rg. It is worth noting that N(f, D1) < oo
because f is closed in Dy, see e.g. [11, Lemma 3.3]. Observe that the function

w127, ), te (275 rg),
”(“_{ 0. tER\(Z_’“,r(?),

where I1(27%,7g) is defined in (7), satisfies (19). Therefore, by (30) and (7)-(8) we
obtain that

Mo (f(T})) = Ma(T'(G, Cf, K)) < (N(f, D1))7 1 A(k), (31)

where A(k) — 0 as kK — oo. The relations (31) together with (26) contradict each
other, which proves the theorem.

Some questions concerning the study of Orlicz—Sobolev classes are discussed in [12].
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=

BikTopia decarka, Anina I'anuubka, €Bren CeBoCcTbsIHOB

IIpo Teopemy Kapareomopi /iisi oTHOro KJiacy BijioGparkeHb.

Jana craTTs IPUCBSAYEHA JIOCJIXKEHHIO Bigobparkenb kiaciB Opsmaa-CobosieBa, siki He € 3aMKHEHU-
Mu. [HIMMET cjoBaMu, MU JTOC/TII2KYEMO BUTIA 0K, KOJTU BiIOOpaKeHHs € BIIKPUTUMUA, TUCKPETHUMHA Ta
He 30epiraroTb Mexy obsiacTi (TO6TO, BIIIOBIAHA MHOKMHA TOYOK HAKOIMYEHHS BiOODAKEHHS MOXKE
MmicTuTn B €06l BHyTpimHI Touku BimoOpazkenol obmacti). HamMm mocsikeHo muTaHHs IpO HASBHICTH
rpaHUIll y TaKuX BijiobpakeHb y dpikcoBaniit Touni mexi. Hamu BcTaHOBJIEHO, IO TaKi BiIoOparkKeHHsI
MalOTh HEIEPEPBHE MEXKOBE IPOJIOBXKEHHS, AKINO BiamoBimua dyukiis Opanda 3aJ0BOJbHSIE YMOBY
Kampnepona, a BHyTpilHs guiiaTalliss BioOpakeHHsT 3a/[0BOJIbHSIE JIeIKI OOMEXKEHHSI Ha, 3POCTAHHSI,
3amucaHi B TepMmiHax cuHTYaspHUX napamerpiB. IIpm mpomy, Mm TakoK HAKIAJAE€EMO YMOBH Ha 00-
JIaCTh, B sIKiii 3ajlaHe BiHOOpaykKeHHsI. 30KpeMa, Iisi 061acTh Ma€e OYTH JIOKAJTBHO 3B’ sI3HOIO Ha MeXKi i
OHOYACHO CKiHYEHHO 3B’SI3HOIO TI0 Bi/IHOIIEHHIO 70 TPO0Opa3y MHOXKHHU TOYOK HAKONMUYIEHHsI. Taknii
i IXi11 TTOB’ sI3aHMil TIepeyciM 3 BUKOHaHHSAM y Kitacax Opindua-CobosieBa MOMYIBHUX HEPIBHOCTEN TH-
y Ilosenrbkoro. HasiBHi dakTn 1po BUKOHAHHST TAKUX HEPIBHOCTEH BUMAaraloTh, 100 BiTOOparKeHHsI
Oys10 abo roMeoMopdizmMoM, abo GBI 3araJibHO, BIIKPUTHM AMCKPETHUM i 3aMKHEHUM BiToOparkeH-
HaM. KO 2K MU pO3IIsggaeMo Oinbll 3arajibHi KjIacu BioOpaskeHb, MU HE MOYKEMO HAIPAMY CKO-
PUCTATHUCS amapaToM MOIyaiB. TwMm He MeHIN, YMOBH HA MHOXKHWHY TOYOK HAKOMHUYEHHs] FapaHTYIOTH
MOXKJIMBICTH 3BeJIeHHS JOC/I/I?>KEHHS BiJ0OpaskeHb y JIOBLIbHIN 001aCTi 10 JOC/TIIPKEHHS BiJ0OparKeHb,
BU3HAYEHUX B JIeAKI migobacTi, ge BimoOpaKeHHs ByKe € 3aMKHEeHUM. PoboTa moby10BaHa HACTYTHUM
YUHOM. ¥ IIepIIiil YacTUHI MU (POPMYJIFOEMO BiAIOBiHI O3HAYEHHSI, HEOOXIIHI JIJIT HaBeIEHHSA OCHOBHO-

0 pe3yJIbTATy, Ta HABOAUMO Ite bopmysToBanHs. /pyruit po3aisn npucBsYeHuit MOIYITIO CiMelt KpUBUX
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Ta 1moBepxoHb. TyT My opmysroeMo, 30Kpema, TBEp/KEeHHs PO 3B’s130K KiaciB Opimua-CoboseBa
3 BepxHIMH MOAYJIbHUMHU HepiBHOcTaAMu Tuiy llonernpkoro. Tpera yactuna poboTu — I JTOBEIEHHS
OCHOBHOTO pe3yJbrary, Teopemu 1. JloBemeHHst BimOyBaeThcss METOAOM Bif cynmpoTuBHOTO. OCHOBHUM
IHCTPYMEHTOM JIOBEJIeHHsI € anapar KpuBux. Mu Oyjyemo KpuBi y mpoobpa3i nipu BijobparkeHHi, Jria-
MeTp sIKUX TpsiMye 70 Hyss. KiHmi KpuBoi — I1e eIeMEeHTHU MOCTIJOBHOCTEN TOYOK, 30iKHUX JI0 JTAHOT
TOUKM MexKi. fKIo BinobpaskeHHs He Ma€ TPAHUII, JiaMeTp BiJoOpaKeHnX KPUBUX JI0 HYJIS HE IPSIMYE.
Mu mokazyemo, 0 OCTaHHE CYIEepednTh K reoMeTpil 001acTi BU3HAYEeHHsI, TaK 1 OIIHKAM 3POCTAHHS

JuJtaTalii BiloOparkeHb.

Karouwosi caosa: wmeorcosa nosedinka, xaacu Opauna-Cobosesa, modyai cimell Kpusux, K6asiko-

Popmni 61006paHceHHA.
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