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1. Introduction.

Let D be a domain in the complex plane C, i.e., a connected open subset of C, and
let o : D — C be a measurable function with |p(z)| < 1 a.e. (almost everywhere) in D.
A Beltrami equation is an equation of the form

fe=n(2) f2 (1)

with the formal complex derivatives fz = 0f = (fy +ify)/2, f- = 0f = (fo — ify)/2,
z = x + 1y, where f, and f, are partial derivatives of f in x and y, correspondingly.
The function p is said to be the complex coefficient and

1+ |p(2)]
1 —|p(2)]

the dilatation quotient of the equation (1). The Beltrami equation is called dege-
nerate if esssup K, (z) = co. Homeomorphic solutions of the Beltrami equations with

Ku(z) = (2)

K, < Q < oo in the Sobolev class I/Vlicl are called Q-quasiconformal mappings.

It is well known that if K, is bounded, then the Beltrami equation has homeomor-
phic solutions, see e.g. [1,5,24] and [45]|. Recently, a series of effective criteria for the
existence of homeomorphic Wli)cl solutions have been also established for degenerate
Beltrami equations, see e.g. historic comments with relevant references in monographs
the [3,16] and [25], in BMO-article [36] and in the surveys [17] and [44].

These criteria were formulated both in terms of K, and the more refined quantity
that takes into account not only the modulus of the complex coefficient u but also its

argument

- 2

1—220(2)

KT(z, %) = == (3)
A el
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On mappings with asymptotic homogeneity at infinity and Beltrami equations

that is called the tangent dilatation quotient of the Beltrami equation with respect
to a point 29 € C, see e.g. [2,7,8,13,23] and [36-41|. Note that

K;l(z)gKE(z,zo)éK“(z) VzeD, 2peC. (4)
The geometrical sense of KE can be found e.g. in the monographs [16] and [25].

By the well-known Gehring-Lehto-Menchoff theorem, see [12] and [28], see also the
monographs [1| and [24], each homeomorphic VVI})’Cl solution f of the Beltrami equation
is differentiable a.e. Recall that a function f : D — C is differentiable by Darboux—
Stolz at a point zy € D if

f(2) = f(20) = f2(20)(2 — 20) + fz(20)(2 — 20) + o(|z — 20]) (5)

where o(|z — 20])/|z — 20| = 0 as z — zp. Moreover, f is called conformal at the
point zj if in addition fz(z9) = 0 but f,(z0) # 0.

The example w = z(1 — In|z|) of B.V. Shabat, see [4, p. 40|, shows that, for a
continuous complex characteristic p(z), the quasiconformal mapping w = f(z) can
be non-differentiable by Darboux—Stolz at the origin. If the characteristic p(z) is
continuous at a point zg € D, then, as was first established, apparently, by P.P. Belinskij
in [4, p. 41], the mapping w = f(z) is differentiable at zy in the following meaning:

Aw = A(p) [Az + podz +o(p)] (6)

where 119 = p(20), p = |Az+ppAz|, A(p) depends only on p and o(p)/p — 0 as p — 0.
As it was clarified later in [34], see also [14], here A(p) may not have a limit with p — 0,

however,
im A _ 1 yys (7)
=0 A(p)

Following [34], a mapping f : D — C is called differentiable by Belinskij at a
point zy € D if conditions (6) and (7) hold with some pup € D := {u € C: |u| < 1}.
Note that here, in the case of discontinuous u(z), it is not necessary po = u(zp). If in
addition ug = 0, then f is called conformal by Belinskij at the point z.

For quasiconformal mappings f : D — C with f(0) =0 € D, it was shown in [34],
see also [14], that the conformality by Belinskij of f at the origin is equivalent to each
of its properties:

lig(l) ];(gf)) =( along theray 7 >0 V ( €C, (8)
lim{f(Z/) —Z/}:O along z,2' € C, |2/| < 07| Vé>0 9)
z—0 f(Z) z ’ ’ ’ ’

lim J;f(f)) —¢ along z € C* = C\ {0} V(eC, (10)

101



V. Gutlyanskii, V. Ryazanov, E. Sevostyanov, E. Yakubov

and, finally, to the property of the limit in (10) to be locally uniform with respect to
¢eC.

Following the article [14], the property (10) of a mapping f : D — C with f(0) =
0 € D is called its asymptotic homogeneity at 0. In the sequel we sometimes write
(10) in the shorter form f((z) ~ (f(2).

In particular, we obtain from (9) under |2/| = |z| that
max |f(2)]
— =1 11
r30 min [ /(2) 1D
Z|=r

i.e., that the Lavrent’iev characteristic is equal 1 at the origin. It is natural to say in
the case of (11) that the mapping f is conformal by Lavrent’iev at 0. As we see,
the usual conformality implies the conformality by Belinskij and the latter implies the
conformality by Lavrent’iev at the origin meaning geometrically that the infinitesimal
circle centered at zero is transformed into an infinitesimal circle also centered at zero.

However, condition (10) much more stronger than condition (11). We obtain from
(10) also asymptotic preserving angles

: [0 _ .
and asymptotic preserving moduli of infinitesimal rings
_f(z9)| ;
lim = vV (eC". 13
lim HOsE = 1| v (13)

The latter two geometric properties characterize asymptotic homogeneity and demon-
strate that it is close to the usual conformality.

It should be noted that, despite (13), an asymptotically homogeneous map can send
radial lines to infinitely winding spirals, as shown by the example f(z) = ze'V —Infz|
see [4, p. 41]. Moreover, the above Shabat example shows that the conformality by
Belinskij admits infinitely great tensions and pressures at the corresponding points.

It was shown in [34] that a quasiconformal mapping f : D — C, whose complex
characteristic p(z) is approximately continuous at a point zy € D, is differentiable by
Belinskij at the point with g = p(2p) and, in particular, is asymptotically homogeneous
if u(z9) = 0. Recall that p(z) is called approximately continuous at the point 2z
if there is a measurable set E such that p(z) — p(z0) as z — zp in F and zq is a point
of density for F, i.e.,

. |[END(z,¢)]
lim ——————

=1
e—0 ‘D(ZQ,&“)‘ ’

where D(zg,e) = {2z € C: |z — z9] < e}. Note also that, for functions p in L™, the
points of approximate continuity coincide with the Lebesgue points of u, i.e., such zg
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for which

lim / 1(z) — p(z0)| dm(z) = 0,

r—0 12
|z—z0|<r

where dm/(z) := dxdy, z = x + iy, stands to the Lebesgue measure (area) in C.
2. More definitions and preliminary remarks.
The above results on the asymptotic homogeneity, i.e., on the conformality by
Belinskij, were extended to some cases of the Beltrami equations with degeneration.
Further dm(z) := dxdy, z = x + iy, corresponds to the Lebesgue measure (area) in
C)
dm(z) dxdy

a5() = AT+[R2 ~ A+ P2 R

is an element of the spherical area in the extended complex plane C := C U {oo}.
Set

D(zg,7) = {z€C:|z—20| < r}, D(r) := D0O,r), D := D,1).

Here we apply the notation of the mean integral value of a function ¢ over the disks
D(zp,r)
1
P dm() = o [ ) ame).
ﬁ)(zo,r) |]D)(207 7’)|

D(zo0,r)

Moreover, the continuity of functions & : R+t — R is understood ‘with respect
to the topology of RT := [0,00]. A nondecreasing convex function ® : Rt — R+ is
called strictly convex if tlim ®(t)/t = oo, see e.g. I11.3.1.1 in [33]. Here we also use

— 00

the following notions of the inverse function for monotone functions. Namely, for a
non-decreasing function ® : Rt — RT, its inverse function ®~! : Rt — R+ can be
well-defined by setting
—1 L .
O (1) = q)ztr;fZTt (14)
Here inf is equal to oo if the set of ¢ € [0, 00] such that ®(¢) > 7 is empty. Note that
the function ®~! is non-decreasing, too.

Recall that a mapping f : D — C is called regular at a point zp € D, if f has
the total differential at this point, and its Jacobian J¢(2) = |f.|? — |fz|* # 0, see e.g.
[.1.6 in [24]. In what follows, a homeomorphism f of the class VVIEC1 is called regular,
if J¢(z) > 0 a.e. Finally, a regular homeomorphism that satisfies a Beltrami equation
a.e. in D is called a regular homeomorphic solution of the Beltrami equation in
D. The notion of such a solution was first introduced in [6].

The next statement was first proved as Theorem 6.1 in the article [15] and it
extended the corresponding result in [34] mentioned in Introduction from the non-
degenerate case to a degenerate case of the Beltrami equations.
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Proposition 1. Let D be a domain in C, 0 € D, and let f : D — C be a regular
homeomorphic solution of the Beltrami equation (1) with f(0) = 0. Suppose that

limsup][ O (Ku(2)) dm(z) < oo (15)
D(r)

r—0

for a nondecreasing convex function ® : RT — RT such that, with some o > ®(+0),

[e.e]

dr

- 0. 16
/7'<I>1(7') e (16)

Then the following assertions are equivalent:

1) f is conformal by Belinskij at the origin,

2) for all ¢ € C,

b 100

70, f(7)

=G (17)

3) for all § € (0, 1], |2'| < d|z| and z € C*:= C\ {0}

[ fZ) A
13“{ O } =0, (18)
4) for all ( € C
- f(z0)
S "

5) the limit in(19) is uniform in the parameter ( on each compact subset of C.

Thus, the conformality by Belinskij still remains equivalent to the property of
asymptotic homogeneity under conditions (15) and (16). Hence we recall the connection
of condition (16) with other integral conditions, see e.g. Theorem 2.5 in [41].

Remark 1. Let ® : [0, 00] — [0, 00] be a non-decreasing function and set
H(t) = log®(t). (20)
Then the equality

/E@?:m, (21)
A

implies the equality

tde@):““ )
A
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and (22) is equivalent to
[ dt
/ H(t) b = oo (23)
A

for some A > 0, and (23) is equivalent to each of the equalities

7}1 (1) it = (24)
0

for some d, > 0,

) dn -
/Hl(n) - (25)
Ay

for some A, > H(+0) and to (16) for some § > ®(40).

Moreover, (21) is equivalent to (22) and hence to (23)—(25) as well as to (16) are
equivalent to each other if ® is in addition absolutely continuous. In particular, all the
given conditions are equivalent if ® is convex and non-decreasing.

Note that the integral in (22) is understood as the Lebesgue—Stieltjes integral and
the integrals in (21) and (23)—(25) as the ordinary Lebesgue integrals. It is necessary
to give one more explanation. From the right hand sides in the conditions (21)-(25)
we have in mind +oo. If ®(¢) = 0 for ¢ € [0,¢,], then H(t) = —oo for ¢t € [0,¢,] and
we complete the definition H'(t) = 0 for ¢ € [0, ¢.]. Note, the conditions (22) and (23)
exclude that t, belongs to the interval of integrability because in the contrary case the
left hand sides in (22) and (23) are either equal to —oo or indeterminate. Hence we
may assume in (21)—(24) that § > to, correspondingly, A < 1/t where to := sup ¢t,

®(t)=0
and set top = 0 if ®(0) > 0.

The most interesting of the above conditions is (23) that can be rewritten in the

form:

r dt
/log D(t) 5= +o0 for some A > 0. (26)
A

Thus, by Theorem 6.2 in [15] we have the next conclusion.

Proposition 2. Let D be a domain in C and let f : D — C be a regular solution
of the Beltrami equation (1). Suppose that

lim sup ][ B (K, (2)) dm(z) < oo (27)
D(z0,r)

r—0

for a nondecreasing strictly convex function ® : R — R* with condition (26). If u(2)
is approximatively continuous at a point zg € D, then the mapping f is differentiable
by Belinskij at this point with py = p(zo).
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Corollary 1. Let D be a domain in C, 0 € D, and let f : D — C be a regular
homeomorphic solution of the Beltrami equation (1) with f(0) = 0, (15) and (26) for
a nondecreasing strictly convex function ® : Rt — R*. Suppose that

lim — / u(2)| dm(z) = o. (28)

Then f is asymptotically homogeneous at the origin.

Corollary 2. Under hypotheses of Corollary 1, f preserves infinitesimal circles
centered at the origin, i.e.,

lrglfiX\f(Z)l
i A | 2
P 29)
asymptotically preserves angles, i.e.,

. (=] _ _

ll_% arg [f(z) = arg( v¢eeC, [¢] = 1, (30)

and asymptotically preserves the moduli of infinitesimal rings, i.e.,

Ol .
lim Sl = ) YCeT = C\{o) (31)

Moreover, by Theorem 6.3 in [15] we have also the next assertion on logarithms.

Corollary 3. Under hypotheses of Corollary 1,

lim 2Ly (32)

z—0 ln]z\

Recall also that a real-valued function v in a domain D in C is said to be of
bounded mean oscillation in D, abbr. u € BMO(D), if u € L{. (D) and

loc

1
Jull i=sup - [ Ju(z) ~ uldm(z) < oc. (33)
B |B| J

where the supremum is taken over all discs B in D and
5 [ u@dn()
up = — [ u(z)dm(z).
| Bl J

We write u € BMOyo.(D) if u € BMO(U) for every relatively compact subdomain U
of D (we also write BMO or BMOj,, if it is clear from the context what D is).
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The class BMO was introduced by John and Nirenberg (1961) in the paper [22] and
soon became an important concept in harmonic analysis, partial differential equations
and related areas, see e.g. [19] and [32].

A function ¢ in BMO is said to have vanishing mean oscillation, abbr. ¢ € VMO,
if the supremum in (33) taken over all balls B in D with |B| < e converges to 0 as
e — 0. VMO has been introduced by Sarason in [42]. There are a number of papers
devoted to the study of partial differential equations with coefficients of the class VMO,
see e.g. [10,21,26,29,30] and [31].

Remark 2. Note that W12 (D) C VMO (D), see e.g. [9].

Following [20], we say that a function ¢ : D — R has finite mean oscillation at
a point zg € D, abbr. ¢ € FMO(zy), if

Tim lp(2) = @e(20)| dm(z) < o0, (34)
e—0 B(z0,¢)

where

Be(20) = Ji el (35)

is the mean value of the function ¢(z) over the disk B(zp,¢) := {2z € C: |z — 20| < €}.
Note that the condition (34) includes the assumption that ¢ is integrable in some
neighborhood of the point zy5. We say also that a function ¢ : D — R is of finite mean
oscillation in D, abbr. ¢ € FMO(D) or simply ¢ € FMO, if ¢ € FMO(z) for all
points zg € D. We write ¢ € FMO(D) if ¢ is given in a domain G in C such that
D C G and ¢ € FMO(G).

The following statement is obvious by the triangle inequality.
Proposition 3. If, for a collection of numbers p. € R, € € (0,¢e¢],
lim |0(2) = ¢e| dm(2) < o0, (36)
e—0 B(ZO,E)
then ¢ is of finite mean oscillation at zg.

In particular, choosing here ¢. = 0, ¢ € (0,e0] in Proposition 3, we obtain the
following.

Corollary 4. If, for a point zy € D,
lim p(2)[ dm(z) < oo, (37)

e—0 B(Zo,a)

then ¢ has finite mean oscillation at zg.

Recall that a point zg € D is called a Lebesgue point of a function ¢ : D — R if
 is integrable in a neighborhood of zg and

lim (=) — p(z0)  dm(z) = 0. (38)

e—0 B(z0,¢)
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It is known that, almost every point in D is a Lebesgue point for every function ¢ €
LY(D). Thus, we have by Proposition 3 the next corollary.

Corollary 5. FEvery locally integrable function ¢ : D — R has a finite mean
oscillation at almost every point in D.

Remark 3. Note that the function ¢(z) = log (1/|z|) belongs to BMO in the unit
disk A, see, e.g., [32, p. 5], and hence also to FMO. However, ¢.(0) — oo as € — 0,
showing that condition (37) is only sufficient but not necessary for a function ¢ to be
of finite mean oscillation at zy. Clearly, BMO(D) € BMO)o.(D) € FMO(D) and as
well-known BMO)o. C Lf . for all p € [1,00), see, e.g., [22] or [32]. However, FMO is

not a subclass of L} for any p > 1 but only of L] .. Thus, the class FMO is much
more wider than BMOj,..

Versions of the next lemma has been first proved for the class BMO in [36]. For the
FMO case, see the papers [20,35,38,39] and the monographs [16] and [25].

Lemma 1. Let D be a domain in C and let p : D — R be a non-negative function
of the class FMO(zg) for some zg € D. Then

/ p(z) dm(z)

1
e<|z—z0|<e0 (|Z - Z0| log |z—z0|)

1
5 =0 <log log E) as €—0 (39)

for some g € (0,0¢) where §o = min(e™¢,dp), do = Sug |z — 20].
zE

The following statement will be also useful later on, see e.g. Theorem 3.2 in [41].

Proposition 4. Let @ : D — [0, 00] be a measurable function such that

/ B(Q(2)) dm(z) < oo (40)

D

where ® : [0, 00] — [0, 00] is a non-decreasing convez function such that

o0

dr
/M = 00 (41)

)

for some 6 > ®(4-0). Then

1
dr
/ ra(r) (42)
0

where q(r) is the average of the function Q(z) over the circle |z| = r.
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3. On homeomorphic solutions in extended complex plane.

Here we start from establishing a series of criteria for existence of regular homeomor-
phic solutions f : C — C to the degenerate Beltrami equations in the whole complex
plane C with the normalization f(0) =0, f(1) =1 and f(oc0) = oc.

It is easy to give examples of locally quasiconformal mappings of C onto the unit
disk D, consequently, there exist locally uniform elliptic Beltrami equations with no
such solutions. Hence, compared with our previous articles, the main goal here is to
find the corresponding additional conditions on dilatation quotients of the Beltrami
equations at infinity.

Lemma 2. Let a function p : C — C be measurable with [u(z)| < 1 a.e., K, €
Ll (C). Suppose that, for every zy € C, there exist g9 = £(z9) > 0 and a family of
measurable functions v, - : (0,00) = (0,00) such that

L@ = [vacdt < 0 Vec () (43)

and
Kg(z,zo)-wgoﬁ(]z—zo]) dm(z) = oI (¢)) ase -0 VzoeC (44)
e<|z—z0|<e0

and, moreover,

J RSN R d’[gff) = o(I%()  ase—0,  (45)

e<|¢l<eo

where K['(¢,00) := K[ (1/¢,0).
Then the Beltrami equation (1) has a regular homeomorphic solution f in C with
the normalization f(0) =0, f(1) =1 and f(o0) = oco.

Remark 4. After the replacements of variables ¢ — z := 1/(, e — R := 1/,
€00 m Ry 1= 1/e and functions oo c(t) = Yr(t) := ¥ 1/r(1/t), the condition
(45) can be rewritten in the more convenient form:

/ K (2,0) vh(]2]) d’g’(f) = o(I*(R)) as R — oo, (46)

Ro<|z|<R

with the family of measurable functions g : (0,00) — (0, 00) such that

R
I(R) : = /¢R(t)f§ < o0 VYRe (Roo0). (47)
Ro
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Before to come to the proof of Lemma 2, let us recall that a condenser in C is
a domain R in C whose complement in C is the union of two distinguished disjoint
compact sets C; and Cy. For convenience, it is written R = R(C1,C2). A ring in
C is a condenser R = R(C1,C2) with connected C7 and Co that are called the
complementary components of R. It is known that the (conformal) capacity of
a ring R = R(C1,C2) in C is equal to the (conformal) modulus of all paths in R
connecting C7 and Cy, see e.g. Theorem A.8 in [25].

Proof. By Lemma 3 and Remark 2 in [40] the Beltrami equation (1) has a regular
homeomorphic solution f in C under the conditions (44). Applying conformal (linear)
transformation of the plane C, generating by suitable shift, tension and rotation, we
may assume that f(0) = 0 and f(1) = 1. Moreover, by Lemma 3 in [40] we may also
assume that f is a ring Q—homeomorphism with Q(z) = Kg(z, 0) at the origin, i.e.,
for every ring A = A(ry,r2) :== {z € C: 1 < |2| < r2}, we have the estimate of the
capacity Cf(r1,r) of its image under the mapping f:

Cy(ri,re) < / KZ(Z,O) dm(z) Vory,re: 0<r <rg < oo.
A(ri,r2)

Let us consider the mapping F(z) := 1/f(1/2) in C, := C\ {0}. Note that F(c0) =
oo because f(0) = 0. Since the capacity is invariant under conformal mappings, we
have by the change of variables z — ( := 1/z as well as r;1 — e := 1/r; and
ro — €1 := 1/ry that

dm(¢)
¢l

CF(é‘l,EQ) < / Kg(l/c,()) Veer: 0<er <eg <o,

Ae1,e2)

i.e., F is a ring Q—homeomorphism at the origin with Q(¢) := KZ(I/C, 0)/[¢|*. Thus,
in view of the condition (45), we obtain by Lemma 6.5 in [16] that F' has a continuous
extension to the origin. Let us assume that ¢ := %in(l) F(¢) #0.

—

However, C is homeomorphic to the sphere S? by stereographic projection and
hence by the Brouwer theorem in S? on the invariance of domain the set C, := F(C,)
is open in C, see e.g. Theorem 4.8.16 in [43]. Consequently, ¢ ¢ C, because F is a
homeomorphism. Then the extended mapping F is a homeomorphism of C into C,
because f # oo in C. Thus, again by the Brouwer theorem, the set C':= F(C) is open
in C and 0 € C\ C # (. On the other hand, the set C is compact as a continuous
image of the compact space C. Hence the set C\ C # () is also open in C. The latter
contradicts the connectivity of C, see e.g. Proposition 1.1.1 in [11].

The obtained contradiction disproves the assumption that ¢ # 0. Thus, we have
proved that f is extended to a homeomorphism of C onto itself with f(oo) = co. [J

Choosing ¥, -(t) =1/ (t log (1/t)) in Lemma 2, we obtain by Lemma 1 the following.
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Theorem 1. Let y1: C — C be measurable with |u(z)] <1 a.e., K,, € Ll (C) and

loc
[ B2 e d’[;,(f) — o(P(R)  asR oo (48)

Ro<|z|<R

for some Ry > 0 and a measurable function ¢ : (0,00) — (0, 00) such that
i d
t
I(R) : = /¢(t> G <o YRE(Ryo0) (49)
Ro

Suppose also that Kg(z, 20) < Q2 (2) a.e. in Uy, for every point zg € C, a neighborhood
U., of zo and a function Q, : Uy, — [0,00] in the class FMO(zp).

Then the Beltrami equation (1) has a regular homeomorphic solution f in C with
the normalization f(0) =0, f(1) =1 and f(o0) = 0.

In particular, by Proposition 3 the conclusion of Theorem 1 holds if every point
2o € C is the Lebesgue point of the function @,.

By Corollary 4 we obtain the next nice consequence of Theorem 1, too.
Corollary 6. Let y : C — C be measurable with |u(z)| < 1 a.e., K, € LL _(C), (48)
and
lim K;‘f(z,zo) dm(z) < o0 VzeC. (50)

e—0 ]D)(Z(),E)
Then the Beltrami equation (1) has a regular homeomorphic solution f in C with the
normalization f(0) =0, f(1) =1 and f(co0) = co.
By (4), we also obtain the following consequences of Theorem 1.

Corollary 7. Let pu: C — C be measurable with |u(z)| <1 a.e., (48) and K,, have
a dominant Q : C — [1,00) in the class BMOjo.. Then the Beltrami equation (1) has a
regular homeomorphic solution f in C with the normalization f(0) =0, f(1) =1 and
f(o0) = oo.

Remark 5. In particular, the conclusion of Corollary 7 holds if Q) € Wllog because
W,b2 € VMOyqc, see e.g. [9].

loc
Corollary 8. Let pu: C — C be measurable with |pu(z)| < 1 a.e., (48) and K,(z) <
Q(z) a.e. in C with a function Q in the class FMO(C). Then the Beltrami equation (1)
has a regular homeomorphic solution f in C with the normalization f(0) =0, f(1) =1
and f(o00) = o0.

Similarly, choosing 1, -(t) = 1/t in Lemma 2, we come to the next statement.

Theorem 2. Let p1: C — C be measurable with |p(z)] < 1 a.e., K, € L (C), (48)
and

/ Kg(z,zo)m =0 ({logir> ase —0 VzeC (51)

|2 — 20/?
e<|z—z0|<e0
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for some €9 = €(z9) > 0. Then the Beltrami equation (1) has a reqular homeomorphic
solution f in C with the normalization f(0) =0, f(1) =1 and f(oc0) = 0.

Remark 6. Choosing v, -(t) = 1/(tlog1/t) instead of ¥(t) = 1/t in Lemma 2, we

are able to replace (51) by
KT(z, z) dm 112
M (Z ZO) (Z))2 =0 <|:]og log 5:| ) (52)
1

e<|z—z0|<eo (‘Z o ZO’ log [z—20]

In general, we are able to give here the whole scale of the corresponding conditions in

log using functions 1 (t) of the form 1/(tlog1/t-loglogl/t-... log...log1/t).

Now, choosing in Lemma 2 the functional parameter 1, - (t) =1, (t) := 1/[tkf(zo, )],
where k/:f(z:g, r) is the integral mean value of Kg(z, z0) over the circle S(zp,r) := {z €
C: |z — zp| = r}, we obtain one more important conclusion.

Theorem 3. Let i : C — C be measurable with |u(z)] <1 a.e., K,, € L} (C), (48)

loc
and
€0

dr
—— = 00 VzoeC 53
/rkg(zo,r) 0 (53)

for some €9 = €(z9) > 0. Then the Beltrami equation (1) has a reqular homeomorphic
solution f in C with the normalization f(0) =0, f(1) =1 and f(c0) = 0.

Corollary 9. Let u : C — C be measurable with |u(z)| < 1 a.e., K, € LL (C), (48)
and

kg(zo,a) =0 <log i) ase —0 VzeC. (54)

Then the Beltrami equation (1) has a regular homeomorphic solution f in C with the
normalization f(0) =0, f(1) =1 and f(c0) = 0.

Remark 7. In particular, the conclusion of Corollary 10 holds if

Kg(z,zo) =0 <log ) as z—2 VzeC. (55)

|z — 20|

Moreover, the condition (54) can be replaced by the whole series of more weak condi-
tions

1 1 1
k;‘f(zo,s):O<[log€~loglog€~...~log...logJ> Y zp € C. (56)

Combining Theorems 3, Proposition 4 and Remark 1, we obtain the following result.

Theorem 4. Let y1: C — C be measurable with |u(z)| < 1 a.e., K,, € Li (C), (48)
and

/ ., (Kg(z,zo)) dm(z) < o0 V2zeC (57)
Uz
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for a neighborhood U, of zy and a convex non-decreasing function @, : [0, 00] — [0, o]
with

T dt
/ log @, (1) 5 = +oo (58)
A(zo)

for some A(zg) > 0. Then the Beltrami equation (1) has a regular homeomorphic
solution f in C with the normalization f(0) =0, f(1) =1 and f(co0) = oo.

Corollary 10. Let 1 : C — C be measurable with |u(z)] < 1 a.e., K, € L (C),
(48) and

/ e(20) K[ (2,20) dm(z) < oo V2o C (59)
Uz

for some a(zp) > 0 and a neighborhood U, of the point zy. Then the Beltrami equation
(1) has a regular homeomorphic solution f in C with the normalization f(0) = 0,

f(1) =1 and f(o0) = 0.

Since KE(Z, 2p) < K, (z) for z and 2y € C, we also obtain the following consequences
of Theorem 4.

Corollary 11. Let i : C — C be measurable with |u(z)| < 1 a.e., (48) and

/ B (K, (2)) dm(z) < o (60)

C

over each compact C in C for a convexr non-decreasing function ® : [0,00] — [0, 0]
with

/10g Dt = 400 (61)
0

for some § > 0. Then the Beltrami equation (1) has a regular homeomorphic solution
f in C with the normalization f(0) =0, f(1) =1 and f(o0) = 0.

Corollary 12. Let p : C — C be measurable with |p(2)| < 1 a.e., (48) and, for
some a > 0, over each compact C' in C,

/eaK“(z) dm(z) < oo . (62)
c

Then the Beltrami equation (1) has a regular homeomorphic solution f in C with the
normalization f(0) =0, f(1) =1 and f(c0) = co.

4. On existence of solutions with asymptotic homogeneity at infinity.
Let us start from the following general lemma on the existence of regular homeomor-
hic solutions for the Beltrami equations in C with asymptotic homogeneity at infinity.
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Lemma 3. Let i : C — C be a function measurable with |u(z)| < 1 a.e., K, €

L}, (C),
[ el ase) = o( ) (63)
l2[>R

and, moreover,

for a nondecreasing strictly convex function ® : Rt — R+ with

o0

dt
/log (1) B = +0o0 for some A > 0. (65)
A

Suppose also that, for every zy € C, there exist eg = €(z0) > 0 and a family of
measurable functions 1, - : (0,00) = (0,00) such that

L) : = / b dt < 00 Ve (0,e0) (66)

and
Kg(z,zo)-lbgo’s(\z—zd) dm(z) = 0([30(8)) ase -0 VzeC. (67)
E<‘Z—Z0‘<60

Then the Beltrami equation (1) has a regular homeomorphic solution f in C with
f(0) =0, f(1) = 1 and f(oco) = oo that is asymptotically homogeneous at infinity
f(Cz) ~(f(z) as z — oo for all ¢ € C, i.e.,

i 1O
==eo, f(2)

= V(eC (68)

and the limit (68) is locally uniform with respect to the parameter ¢ in C.

Remark 8. In particular, the property of the asymptotic homogeneity of f at
infinity implies its conformality by Belinskij at infinity, i.e.,

| f(z) = Alp) [z + olp)] | asz— o0, (69)

where A(p) depends only on p = |z|, o(p)/p — 0 as p — oo and, moreover,

. Altp)
lim —— =1 \
plm ) t >0, (70)
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its conformality by Lavrent’iev at infinity, i.e.

?

the logarithmic property at infinity
In |f(2)|

lim ———~— =
z—00 In ‘z|

asymptotic preserving angles at infinity, i.e.,

lim arg
Z—00

L,

V(eC”

and asymptotic preserving moduli of rings at infinity, i.e.,

o 1G]
]

= [¢l

Y ¢ eC.

(71)

(73)

(74)

The latter two geometric properties characterize asymptotic homogeneity at infinity
and demonstrate that it is close to the usual conformality at infinity.

Proof. After the replacements of variables z — £ :=1/z and R+ r := 1/R, the

condition (64) can be rewritten in the form

hI:lj(l]lp 7% / (I)<Ku (é)) dm(€) < oo,

lgl<r

and the latter implies, in particular, that, for some

ro € (0, 1],

! (s () o <

[€l<ro

ie., for Q(¢) :== Ku(1/r9() and ¢ := £/rg, we have that

/ B(Q()) dm(() < .

D

Consequently, by Proposition 4, see also Remark 1,

1
[
/ pq(p) ’

we obtain that

(75)

(76)
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where g(p) > 1 is the average of the function @ over the circle |(| = p € (0,1). Hence
it is easy to see that

/ Q(Q) - (¢l dm(¢) = 2m-I(e) = o(I*(e)) &—0, (79)
e<|¢l<1
where )
1
Wie) = e 1 ;:/W)dt <%  Vee(01). (80)
Setting Ry := 1/rp and 1. (t) = ¥(1/t), we also see from here that
[ R ) T = o) s (s1)
Ro<|z|<R
where
R
dt
_/w*(t) G <o YRE(Ryo00) (82)

By (4) and (81)-(82) we obtain also that

[ Ko e & mE) _ o2(R)). (83)

Ro<|z|<R

Thus, by Lemma 2 and Remark 4, the Beltrami equation (1) has a regular homeomor-

phic solution f in C with the normalization f(0) =0, f(1) =1 and f(c0) = oo.
Setting f*(&) := 1/f(1/¢) in C, we see that f*(0) =0, f*(1) =1, f*(c0) = co and

that f* is a regular homeomorphic solution in C* = C\ {0} of the Beltrami equation

with
2
because
1 f=(3) . 1 f(3) .
fg(f) €2 f2é) ) fe€) = £2f2é) a.e. in C, (85)

see e.g. Section I.C and the proof of Theorem 3 of Section V.B in [1].

Note that f* belongs to the class VVl (C*) and, consequently, f* is ACL (absolutely
continuous on lines) in C, see e.g. Theorems 1 and 2 of Section 1.1.3 and Theorem of
Section 1.1.7 in [27]. However, it is not clear directly from (85) whether the derivatives
fg and f¢ are integrable in a neighborhood of the origin, because of the first factors
n (85). Thus, to prove that f* is a regular homeomorphic solution of the Beltrami
equation in C, it remains to establish the latter fact in another way.
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Namely, by (76) and (84), as well as by spherical symmetry of the domains of
integrability, we have that

(K (€)) dm(§) < oo (86)
l€l<ro
for some ro € (0,1] because the function ® is nondecreasing. Moreover, since ® is

strictly convex, in particular, ®(t)/t — 0 as t — oo, we obtain that there is ¢y > 1 such
that ®(t)/t > 1 for all ¢t > to. Thus, (86) implies that

[ Be©am(©) < mord + [ 0o dn©) < w60

[€]<ro |€]<ro

i.e., the dilatation quotient K+ of the given Beltrami equation is integrable in the disk
D(To).

Now, since f* is a regular homeomorphism in C*, in particular, its Jacobian J(§) =
\fg‘]z - \f§]2 # 0 a.e. and hence | 7| — \fg[ # 0 a.e. as well as f¢ # 0 a.e., the following
identities are also correct a.e.

@] + 1520
@] — 17:©)

D=

(6T, (89)

tNl\ﬂH

THOIENAGIE [ L JE(E) =

Hence by the Holder inequality for integrals, see e.g. Theorem 189 in 18], we have that

1 1
2 2

[ (@1 + 1z@) ame) < | [ Ke©dm© | - [ € dme)

l§l<ro £l<ro £l<ro
(89)
and, since the latter factor in (89) is estimated by the area of f*(ID(rg), see e.g. the
Lebesgue theorem in Section I11.2.3 of the monograph [24], we conclude that both
partial derivatives f¢ and fg‘ are integrable in the disk D(ry).
Next, since the function ® is nondecreasing, we have by (75) and (84), as well as
by spherical symmetry of the domains of integrability, that

fimsup 5 [ @ (K, (€) dm(e) < o (90)
[El<r

Moreover, by (63) and (84), we obtain that

lm — / ()] dm(z) = 0. (91)
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Thus, by Theorems 6.1 and 6.2 in [15], see also Remark 1, we conclude that f* is
asymptotically homogeneous at the origin, i.e.,

. f*(&Q)
]
5;—23 f*(€)

—=¢ V(eC (92)

and, furthermore, the limit in(92) is locally uniform in the parameter .
After the replacements of variables { — w:=1/§ and f*(§) — f(w)=1/f*(1/w)
the relation (92) can be rewritten in the form

o fw)
lim ———— =¢( v¢eC. 93
w=oo, f(w¢™1) %)
Finally, after the change of variables w — z := w(™!, the latter is transformed into
(68), where the limit is locally uniform with respect to the parameter ¢ € C. O
Choosing ¢, -(t)=1/ (t log (1/t)) in Lemma 3, we obtain by Lemma 1 the following.

Theorem 5. Let pu: C — C be a measurable function with |pu(z)| < 1 a.e., K, €
Ll (C), (63)-(65). Suppose also that Kg(z,zo) < Qz(2) a.e. in Uy, for every point
z0 € C, a neighborhood U, of zy and a function Q,, : U, — [0,00] in the class
FMO(zp). Then the Beltrami equation (1) has a regular homeomorphic solution f in C
with f(0) =0, f(1) =1 and f(o0) = oo that is asymptotically homogeneous at infinity.

In particular, by Proposition 3 the conclusion of Theorem 5 holds if every point
2o € C is the Lebesgue point of the function Q.
By Corollary 4 we obtain the next fine consequence of Theorem 5, too.

Corollary 13. Let p : C — C be a measurable function with |u(z)] < 1 a.e.,
K, € Ll _(C), (63)-(65) and

loc
lim Kg(z,zo) dm(z) < o0 VzpeC. (94)
e—0 ]D)(zo,{—:)
Then the Beltrami equation (1) has a reqular homeomorphic solution f in C with f(0) =
0, f(1) =1 and f(c0) = oo that is asymptotically homogeneous at infinity.
By (4), we also obtain the following consequences of Theorem 5.

Corollary 14. Let pi: C — C be a measurable function with |u(z)| <1 a.e., (63)-
(65) and K, have a dominant @ : C — [1,00) in the class BMOioc. Then the Beltrami
equation (1) has a regular homeomorphic solution f in C with f(0) =0, f(1) =1 and
f(o0) = oo that is asymptotically homogeneous at infinity.

Remark 9. In particular, the conclusion of Corollary 14 holds if Q) € Wllog because
VVlif C VMO, see e.g. [9].

Corollary 15. Let p : C — C be a measurable function with |u(z)] < 1 a.e.,
(63)(65) and K,(z) < Q(z) a.e. in C with a function Q in the class FMO(C). Then
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the Beltrami equation (1) has a regular homeomorphic solution f in C with f(0) =0,
f(1) =1 and f(o0) = oo that is asymptotically homogeneous at infinity.

Similarly, choosing v, -(t) = 1/t in Lemma 3, we come to the next statement.

Theorem 6. Let pn : C — C be a measurable function with |u(z)| < 1 a.e., K, €
(C), (63)—(65) and, for some €9 = €(z9) > 0,

/ Kg(z,zo)m —o<[logi]2> ase — 0 VzeC. (95

Ll

loc

|z — 20]?
e<|z—z0|<e0

Then the Beltrami equation (1) has a regular homeomorphic solution f in C with f(0) =
0, f(1) =1 and f(o0) = oo that is asymptotically homogeneous at infinity.

Remark 10. Choosing v, -(t) = 1/(tlog1/t) instead of ¢(t) = 1/t in Lemma 3,
we are able to replace (51) by

/ Kg(z, 20) dm(z)

_ _1
e<|z—z0|<e0 (‘Z ZO’ log [2—20]

112
)2 :o<[loglog6} ) ase >0 VzeC. (96)

In general, we are able to give here the whole scale of the corresponding conditions in

log using functions ¥ (t) of the form 1/(tlog1/t-loglogl/t- ... -log...log1/t).

Now, choosing in Lemma 3 the functional parameter ¢, - (t) =1, (t) = 1/[tkf(z0, )],
where k:;‘f(zo, r) is the integral mean value of K;f(z, zp) over the circle S(zg,r) = {z €
C: |z — 29| = r}, we obtain one more important conclusion.

Theorem 7. Let pu: C — C be a measurable function with |u(z)| < 1 a.e., K, €

Lt (C), (63)—(65) and, for some g9 = (zp) > 0,

loc

€0

dr

Then the Beltrami equation (1) has a regular homeomorphic solution f in C with f(0) =
0, f(1) =1 and f(o0) = oo that is asymptotically homogeneous at infinity.

Corollary 16. Let p : C — C be a measurable function with |u(z)| < 1 a.e.,
K, € L .(C), (63)-(65) and

loc
T 1
k, (z0,€) = O | log - ase — 0 V 29 € C. (98)

Then the Beltrami equation (1) has a regular homeomorphic solution f in C with f(0) =
0, f(1) =1 and f(o0) = oo that is asymptotically homogeneous at infinity.
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Remark 11. In particular, the conclusion of Corollary 10 holds if

1
KT(z,20) = O [ log —— as z—29 VzeC. (99)
" |z — 20|

Moreover, the condition (54) can be replaced by the whole series of more weak condi-
tions

1 1 1
kg(20,5)20<[10g6-loglogg-...-log...logg]) YV 29 € C. (100)

Combining Theorems 7, Proposition 4 and Remark 1, we obtain the following result.

Theorem 8. Let pu: C — C be a measurable function with |u(z)| < 1 a.e., K, €

L (C), (63)—(65) and

loc
/ ., (Kg(z,zo)) dm(z) < o0 VzeC (101)
Usg

for a neighborhood U, of zy and a convex non-decreasing function @, : [0, 00] — [0, o0]
with

o0

dt
/ log @, (t) ol +oo  for some A(zg) > 0. (102)
A(zo0)

Then the Beltrami equation (1) has a reqular homeomorphic solution f in C with f(0) =
0, f(1) =1 and f(c0) = oo that is asymptotically homogeneous at infinity.

Corollary 17. Let p : C — C be a measurable function with |u(z)] < 1 a.e.,
(63)—(65) and, for some a(zp) > 0 and a neighborhood Uy, of the point z,

/ e(20) K[ (2,20) dm(z) < o0 vV 29 € C. (103)

Usg

Then the Beltrami equation (1) has a reqular homeomorphic solution f in C with f(0) =
0, f(1) =1 and f(o0) = oo that is asymptotically homogeneous at infinity.

Since K;‘f(z, 2p) < K, (z) for z and zy € C, we also obtain the following consequences
of Theorem 8.

Corollary 18. Let u : C — C be a measurable function with |u(z)| < 1 a.e.,
(63)—(65) and over each compact C in C

/ O (K, (2)) dm(z) < o (104)
C
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for a convex non-decreasing function ® : [0, 00] — [0, 00] such that, for some d > 0,

o0

/log (¢ = +oo. (105)
é

Then the Beltrami equation (1) has a reqular homeomorphic solution f in C with f(0) =
0, f(1) =1 and f(oc0) = oo that is asymptotically homogeneous at infinity.

Corollary 19. Let p : C — C be a measurable function with |u(z)| < 1 a.e.,
(63)—(65) and, for some ac > 0, over each compact C' in C

/eaK“(Z) dm(z) < oo. (106)
C

Then the Beltrami equation (1) has a reqular homeomorphic solution f in C with f(0) =
0, f(1) =1 and f(oc0) = oo that is asymptotically homogeneous at infinity.

Remark 12. Recall that by Theorem 5.1 in [41] the condition (105) is not only
sufficient but also necessary for the existence of regular homeomorphic solutions for all
Beltrami equations (1) with the integral constraints (104), see also Remark 1.
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B. I'yrasucekuii, B. Pasanos, €. CeBocthsinos, E. Adky6os

ITpo BimoOpa>keHHsI 3 aCUMIITOTUYHOIO OTHOPIiAHICTIO HA HEeCKiHYeHHOCTI i piBusiHHa Besab-
Tpami.

V 1iit cTaTTi BCTAHOBJIEHO KPUTEPIT JJIsi ICHYBAHHST PETYJISIPHUX TOMEOMOP(MHUX PO3B’SI3KUB BUPOIZKe-
HUX piBHsiHB Besibrpami y komiutekcniit miomuni C 3 Hopmasnizaniero f(0) = 0, f(1) =1, f(oc0) = oo Ta
3 aCHMITOTUYIHOIO OJHOPiAHICTIO ¥ HecKindeHHOCTI. OCTaHHS BIACTUBICTD TSATHE, 30KpeMa, KOHMOPM-
HicTh 3a BinummcbkuM, a Takoxk KoHMOpPMHICTH 3a JIaBpeHTHEBUM Ha HeckiHdeHHOCTI. Berym micturs
HeoOXimHy iH(MOpMAIlio PO ICTOPi0 MUTAaHHSI, SIKEe MOBEPTAETHCS /10 MOHOTpadil BioMoro creriasti-
cTra B Teopil KBa3ikoH(OPMHUX Bimobpakenb, mpodecopa Ilasna Ilerposuua Binmmuacbkoro. Asropu
MIPUCBAYYIOTH CBOIO CTATTIO Horo mam’siti. Ilepmmi nBa aBTOpi cTarTi Oym cBOro dacy 6e3mocepesHbo
OB ’s13aHi 3 MMOJAJIBIINM PO3BUTKOM ITi€l TEMU i, 30KpeMa, BCTAHOBUJIN €KBiBaJIEHTHICTh KOH(MOPMHICTI
3a BinmnHCHKMM acHMOTOTHYIHOT OJHOPIMHOCTI y CKIHYEHMX TOYKAX IJIONIUHU JJIsi KBA31KOH(MOPMHUX
BijobparkeHb Ta IX ysarajbHeHb. JIpyruil po3mis MicTUTH BiAIOBiIHI O3HAYeHHS Ta (DOPMYJIIOBAHHS
y BUIAJIKy BUPOJKeHUX piBHsiHb Bembrpami. KpiMm Toro, meit po3zmain Micturh HeOOXimHYy iHpOpMAILio
IIPO €KBiBAJIEHTHICTH IIJIOrO sy IHTErpaJIbHUX YMOB, a TAKOXK KPHUTEPIl JJIs CKIHYEHOrO0 CepeTHbOrO
KOJIMBaHHsI (DYHKINH y TOYII, SIKi BAKOPUCTOBYIOTHCSA B HACTYITHUX PO3iJIax Il JIOKAa3y OCHOBHUX pe-
3yabTaTiB. Y TPEThOMY pO3/iiji poOOTH aBTOPU BCTAHOBUJIM PsiJi KPUTEPIIB /Il ICHYBAHHS PETYJISPHAX
roMeoMOp(MHIUX PO3B’sI3KiB BUPOPKEHNX PIBHAHDB BesibTpaMi y KOMILIEKCHI# TIJTOIUHI 3 HOPMAJTI3AIEI0
f(0)=0, f(1) =11 f(co) = co. [lounHaerbest po3aia i3 3aranbHOL gemu 2, sika GOPMYIIIOETHCS B TEP-
MiHAX CHHIYJIAPHUX (DYHKIIOHAJBHUX ITapaMerpiB. Ha 1iit ocHOBI, 1moTiM BHUBOJIMUTHCS GaraTo iHIIKAX
KpuTepiiB. Y I[bOMY PO3/iI iHTErpa/ibHI yMOBUA Ha HECKIHUYEHHOCTI 3aJIMINMAIOTHCS 3 CUHTYISPHUMUA
GYHKIIOHAIBPHIMY ITapaMeTPaMH 3arajbHol hOpMH, a y CKIHYEHHX TOYKaX IJIOUMHUA MAalOTh 0COOJIH-
BUil BUIJIsA y pizHux Kpurepisgx. Ocranuiit yeTBepTHil PO3/IiJI TAKOXK MOYNHAETHCS 13 3arajbHOL JIeMu 3
Ta NMPUCBSIYEHO ICHYBAHHIO PEryJISPHIX TOMEOMOP(MHNUX PO3B’sI3KIB BUPOIZKEHUX PIBHsSIHb bBesbTpami y
KOMILTEKCHI TIOIUHI 3 aCHMIITOTUIHOIO OJHOPIIHICTIO Ha HecKindeHHOCTI. TyT yMOBa Ha HeCKiHYeH-
HOCTI HOCHJIIOETHCSI, & YMOBH y CKiHYEHNX TOYKAX 3aJIHINAIOTbCS He3MiHHMMY. Mu 3rajiyeMo TyT juine
Haimikagimi 3 Hux. Ileprn 3a Bce, 11e € Kpurepiit B HaCaiAKy 14 icCHyBaHHS JOMIHAHTH JIjIsl JUJIaTaIlii-
HOTI'O BiJIHOIIEHHsI PiBHsIHHS y Bisomomy kiacy BMO (dbyskuiit 3 o6MeKeHuM cepeiHiM KOJIMBAHHSIM)
o /Ixony—-Hipeubepry, Ta inmmnit 6inbin 3araabHIil KpuTepiit B Hacaiaky 15 icHyBanus ifioro mominan-
™ B kimaci FMO (dbyHKmil 3 CKIHYeHUM CepeiHIM KOJMBAHHAM ). [HIMUMK CJIOBAMH, OCTAHHE O3HAYMAE
1[0 TaKa JOMIHAHTA MAa€ CKIHYEHHY AUCIEPCIIO HaJl HECKIHYEHHO MAJUMU JUCKAMHU. 30KpeMa, Iie TakK,
SIKIIO CEepeJHE 3HAYEHHS UJIATAIll HaJ HECKIHYEHHO MAaJIMMH IUCKAMHU CKiHYEeHO, AWB. HACTITOK 13.
Hauti, Teopema 6 Ta 3ayBarkerHsi 10 MicTsiTh KpuTepii B TepMiHaX KOHTPOJIBOBAHOI PO30i>KHOCTI CHHTY-
nsapuaux inTerpadis tumny Kambaepona—-3urmysaa. 3 jleMu 3 TAKOXK BUILIABAE TeOPEMa 7 3 KPUTEPIEM
Tuny JlaBpenTbeBa—JlexTo Ipo cepesiHi 3HAYEHHs Y3/0BXK Kij Ta Hacliok 16 i 3ayBaxkeHHs 11, aki

MMOKA3yIOTh, [0 BUCHOBOK MAag€ MICITe, SIKITO JUIATAIlis 3pOCTaE He MIBU/IIIE, HiK jorapudm BimcTani g0
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nenTpis Kisi. Hapemrri, Hacaigok y Teopemi 8 mae inTerpassuuiit kpurepiit Tuny Opoiva ta Hacaigok 19
TOBOPUTH IIPO IIPOCTi IHTErpaibHi yMOBU €KCIIOHEHIIaJIbHOTO TUITY.

Karowost caosa: eupodrceri pishanma Beavmpami, xongopmmicmv 3a Biauncoxum ma 3a Jlas-
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Institute of Applied Mathematics and Mechanics Received 01.12.21
of the NAS of Ukraine, Slavyansk,

Holon Institute of Technology,

Holon, Israel

vgutlyanskii@gmatl.com, vl.ryazanovi@gma<il.com,
esevostyanov2009@gmatl.com, yakubov@hit.ac.zl

124



