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Cexkmig 1

lNnepkomiuiekcuuii anaaiz / Hypercomplex Analysis

Gryshchuk S.V. (Zhytomyr, Ukraine,
Institute of Mathematics of NAS of Ukraine,
Zhytomyr Military Institute named after S.P. Korolyov,
serhii.gryshchuk@gmail.com)

Plaksa S. A. (Kyiv, Ukraine,
Institute of Mathematics of NAS of Ukraine,
plaksa62@gmail.com)

A HYPERCOMPLEX METHOD OF SOLVING THE DIRICHLET
PROBLEM FOR THE LAME SYSTEM

A hypercomplex method for solving the Dirichlet problem for the Lamé system in a
bounded simply connected domain is developed. It is based on representing solutions via
components of a monogenic function in a commutative biharmonic algebra (they have
small differences with respect to similar representations obtained in [1]).

A theory of monogenic functions with values in the biharmonic algebra is well devel-
oped by the authors (cf., e.g., [2]).

The Dirichlet problem is reduced to a system of integral equations by using a hy-
percomplex Cauchy type integral. Sufficient conditions for the Fredholm property of
the specified system are established for bounded domains with a smooth boundary. A
boundary of such domains belongs to a class which is essentially wider than the class of
Lyapunov curves. At the same time we assume that given boundary functions belong to
certain classes of continuous functions. These classes are wider than the Holder classes
of continuous functions. The solution of the Dirichlet problem for a disk is obtained in
explicit form.

All results with full proofs can be found in the paper |[3].

REFERENCES

1. Gryshchuk, S.V. Representations of solutions of Lamé system with real coefficients
via monogenic functions in the biharmonic algebra. Proc. Intern. Geom. Center., 16 (1),
78 — 90 (2023).

2. Gryshchuk, S.V., Plaksa, S.A. Basic Properties of Monogenic Functions in a
Biharmonic Plane. In: M. L. Agranovskii, M. Ben-Artzi, G. Galloway, L. Karp, V. Maz’ya
(eds.), “Complex Analysis and Dynamical Systems V”. Contemporary Mathematics, 591,
Amer. Math. Soc., Providence, RI, 127-134 (2013).

3. Gryshchuk, S.V., Plaksa, S.A. Solving the Dirichlet problem for the Lamé system
by the hypercomplex method, Ukr. Mat. Z. 78(5-6), 339-358 (2026) [Ukrainian|.



Tamila Kolomiiets (Zhytomyr, Ukraine,
Zhytomyr Ivan Franko State University, tamila.kolomiiets@gmail.com)

ORDERING OF A COMPLEX-VALUED SAMPLE BY THE METHOD OF
MUTUAL PLACEMENT OF COMPLEX POINTS

Set theory studies the concept of orderings, according to which every set can be ordered
— this is equivalent to the axiom of choice. However, no ordering of the set of complex
numbers can satisfy the trichotomy law. There are various plausible ways to order the set
of complex numbers, along with explanations for why they fail [1].

This paper analyzes a method for ordering a sample (subset) of complex numbers
with respect to the position of complex points on the complex plane and formulates an
analogue of the trichotomy law for this approach. The results of this work are published
in the article [2].

Let’s consider a complex-valued sample (subset) S C C:

S:{wk:ak+bki, ag, by € R, k::1,2,...,n}.

Let (<1,>) denote an ordered pair of comparison symbols (<, =, >) for the real Re wy
and imaginary Imwy, parts of the complex numbers wy,.

In that case, the two complex points w; = a1 + bt and ws = ag + byt have nine
relative positions with respect to each other, corresponding to nine situations:

1) Same place (center):

Re wy = Re wo, N {al = as,

(W1 = W) = wi(= =)ws = {Im wy = Im ws. by = by.

2) Straight up (above):

p o - Re wi = Re ws, a1 = ao,
(w1<w2) '_w1<_’<>w2<:>{lmw1<lmw2. <:>{b1<b2.
3) Straight down (below):
o o - Re wiy = Re wo, a1 = ao,
(w1>w2) '_w1<_’>>w2<:>{]mw1>lmw2. <:>{b1>b2.
4) Straight right (right):
o B Re wi < Re ws, a1 < as,
<) = (<D o { e S e o fn <
5) Straight left (left):
o B Re wy > Re ws, a1 > as,
(wlk‘_WQ)'_w1<>7_>w2<:>{]mw1:[mw2. <:>{b1:b2
6) Right and up (right-above):
o Re wy < Re ws, a1 < as,
(U.)1<OJ2) =W <<’<>w2@{lm w1<[m Wa. ¢>>{bl<bg.
7) Left and down (left-below):
o Re wy > Re ws, ai; > ao,
(CL)1>-W2) =W <>’>>w2@{lm w1>[m Wa. ¢>>{bl>bg.



8) Right and down (right-below):

(W1 <= we) i=wy (<, >)wy & Re w; < Re wo, ap < Gz,

1 2) = WIS, 2 Im wy; > Im w,. by > b,.
9) Left and up (left-above):

B Re wy > Re wo, a; > az,

(w1 >“<W2) =W <>7<>w2<:>{]mw1<]ﬂ’LWQ- {b1<b2'

Lemma [2|. The complex plane C can be represented as the union of disjoint subsets

c=Js;, sinSi=@, j#l 1=1,...9, (1)

where
Si={w,weClw=w}; Ss={wweC|lww}; Ss={w,weC|w>w};

Si={w,weClwxw}l; Ss={w,weC|lwirzw}l; S ={w,weC|w<w};
Si={w,weClw>w}; Ss={w,weC|w=<>w}; Sg={w,weC|w=<w}.

We formulate an analogue of the trichotomy law for complex number: Any two complex
numbers can be compared to each other only under one of the nine relations that make up
the partition of the complex planes S; .

Remark. Although an analogue of the trichotomy law holds for the partition of
the complex plane C, this does not imply a complete ordering of the complex plane, but
only a partial ordering.

Acknowledgments. The author was supported by the National Research Foundation
of Ukraine, Project number 2025.07/0014, Project name: “Modern problems of Mathe-
matical Analysis and Geometric Function Theory”.

REFERENCES
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of a complex numbers.. Center for languages and International Education, Institute of
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2. Kolomiiets T. Yu., Kolomiiets R. O., Targonskii A. L.. Organizing a complex sample.
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Tetiana Kuzmenko
(Zhytomyr, Ukraine, Zhytomyr Military Institute, kuzmenko.ts15@Qgmail.com)

DIFFERENT CLASSES OF MONOGENIC FUNCTIONS IN THE
THREE-DIMENSIONAL NONCOMMUTATIVE ALGEBRA A,

Let us consider a three-dimensional noncommutative algebra A, over the field C with
the basis {I1, I, p}, satisfying the following multiplication rules:

| hlb|p]
L|| |00
IQ 0 [2 1% ’
plp | 0]0

where unit of the algebra is decomposed as: 1 = I} + I5.
We consider the triple of the vectors

iy = ayly + axly, Qg = bily + boly, i3 =c1ly + oy,
where ay, b, cp € C, k= 1,2. Let us consider the linear span
Es = {( =ziy + yis + zi3 : z,y,z € R}

over the field R, generated by the vectors iy, 19,73. The element ( € Fj3 is represented as
¢ = &1+ &als, where

§1:=ax+biy+ iz, &= axx + by + 22

A domain Q C E3 we identify with the domain {(z,y,2) € R®: ¢ € E3}.
A locally bounded mapping ® : 2 — Ay is called right-G-monogenic in the domain

Q) C Ej, if for every point ¢ € 2 there exists an element ®/.({) of the algebra Ay such that
the following equality is true:

Lo B(CHER) — Q)

e—0+0 £

= hd.(¢() VheE;

Theorem 1. [1] Let a domain Q C R® be convex in the direction of the straight lines
&i(zyy,2) =0, &(z,y,2) = 0. Then every right-G-monogenic mapping ® : Q — Ay is of
the form

() = Fi(&) N + Fa(&a) Iz + F3(82)p,
where Fy is some holomorphic in the domain Dy = {{ = ez + biy + 1z = ( € Q}
function of the variable &, and Fy, F3 are some holomorphic in the domain Dy := {& =
asx + boy + o2 : ¢ € Q} functions of the variable &;.

Let 2 be a domain in the algebra A,. Further a domain (2 = {¢ =& +E&+E&p € .&2}
we will be identify with the congruent domain in C3.
A function

D(C) = f1(&1, 82, &) 1 + fo(61,€2,83) 12 + f3(&1, 62, €3)p5 (2)

where fi.(&1,&2,&3), K = 1,2, 3, are holomorphic functions of three complex variables, is
called right-differentiable in a domain €2, if at every point ¢ € ) there exists the element
®'({) of the algebra A, such that the equality d® = d¢ - ®'(() is fulfilled.

12



Theorem 2. [2| A function ® : Q — Ay of the form (2 , where f, : Q@ — C3 are

holomorphic functions, is right—differentiable in the domain € C A, if and only if the
conditions

Oh_0h_, 0h_0h_, oh_,  0h_oh
08 0 T0& 04 T 04 ’ 06 0&

are satisfied.

Therefore, every right-differentiable function can be expressed in the form

O(Q) = (s + B) It + fo&) o + (f3(&2) +aés) p, a,B € C.

A function ® : Q — A, of the form is called H-analytic in a domain €, if ® is
differentiable by Hausdorff at every point ¢ € €, i.e., if the differential d® is a C-linear
homogeneous polynomials of the differential d( = d&;1; + d& 1 + d€sp:

ZA ) d¢ By(¢

where A, and B, are some ,&g—valued functigns of the variable (
Theorem 3. [3] A function ® : Q — Ay of the form , where f, : Q — C3 are
holomorphic functions, is H-analytic in the domain Q C Ay if and only if the conditions

ofi _0fi _0fr Ofs _ 0 fs

oG 06 06 o6 0 og

are satisfied.
Therefore, every H-analytic function can be expressed in the form

D(¢) = fi(§) L1 + fo(&2) Iz + [p1(&1,62)Es + 02(&1,&2)] p
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AN ANALOG OF TOLSTOV THEOREM IN A COMMUTATIVE
THREE-DIMENSIONAL BANACH ALGEBRA

We weaken the conditions of monogenicity for functions taking values in commutative
banach algebra Aj over the field of complex numbers by generalizing Tolstov’s theorem.
Theorem [G. Tolstov|. Let

f(2) = u(z,y) +iv(z,y)

be a locally bounded function of the complexr variable z = x + iy in a domain D C C.
Suppose that the partial derivatives

ox’ 0oy 0x’ Oy

exist everywhere in D and satisfy the Cauchy—Riemann equations almost everywhere:

ou Ov ou ov

or oy’ 9y  ox
Then the function f(z) is analytic in D.

Consider the three-dimensional commutative associative Banach algebra Aj with iden-
tity 1 over the field C, whose basis is the triple {1, p, p*}, where p* = 0. Note that this
basis is a Cartan basis.

Define the Euclidean norm of an element of the algebra by

la+bp+cp’ll = VaP+ P + [P, a.bceC.
The algebra Aj has a unique maximal ideal
I = {)\1/)—0— )\2p2 . )\1,/\2 € C},

which is also its radical.
Consider the linear mapping f : A3 — C defined by

fla+bp+cp?) =a.

Since the kernel of f is the maximal ideal Z, the mapping f is a continuous multiplicative
functional.
Fix a real three-dimensional subspace

Es ={( =xe; +yes + zes : x,y, 2 € R} C Ag,

where the vectors eq, es, €3 are linearly independent over the field of real numbers R, but
do not necessarily form a basis of the algebra A3. We impose only one condition on the
choice of the subspace Fj:

f(E3) =C,

that is, the image of E3 under f is the entire complex plane.
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Let ® : Q — Aj be a function defined in a domain 2 C FEs5. If for every point { € Q)
there exists an element @ (() € A3 such that

im (@(C+0h) = ()0 = h(()  Vh € Ey, (3)
then the function @, : Q@ — Aj is called the Gateaur derivative of ®.
A function ® : Q2 — Aj is called monogenic in the domain 2 C Ej if ® is continuous
and has a Gateaux derivative at every point of ()
Theorem. Let () C E3 C Az be a domain whose intersections with lines parallel to
the line f=1(0) are connected. Let ® : Q — Agz be a locally bounded function satisfying
for the vectors

{£a, +b, +£c}.
Then the function ® admits the representation
1 _
5(0) = 5o [ (RO + Fip+ B(0) (- O e,
gl

where Fy, Fi, and Fy are analytic functions in the domain

D = f(Q),
and v is a closed rectifiable Jordan curve in D = f(Q) C C enclosing the point f(().
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CAUCHY’S MEAN VALUE THEOREM IN COMMUTATIVE ALGEBRAS
The article [1] proves the following general Cauchy mean value theorem for complex-
valued functions.

Theorem 1. Suppose that D is a subset of the complex plane C, and f and g are
functions from D into C, and a and b are different points in D such that:

(1) the line segment |a,b] is contained in D;
(2) the restrictions of f and g to |a,b] are continuous;
(3) the functions f and g are holomorphic at each point of (a,b).

Then there are some points & and & in (a,b) such that
Re (10~ F@) (6 ) = e () (60) ~ g(a)) ),

tn ((70) - £(a) ¢(@)) = Im ( £162) (90) - ta)) )

In this paper, we prove an analogue of the Cauchy mean value Theorem 1 for commu-
tative associative algebras. The results of this work are published in article [2].

Let A be a n-dimensional (1 < n < co) commutative associative algebra with a basis
{I,.}_, over the complex field C.

Let us consider the vectors e; = 1,es,..., e, in A, where 2 < k < 2n, and these vectors
are linearly independent over the field of real numbers R. It means that the equality

k
Z are, =0, a, € R,
r=1

holds if and only if a,, =0 for all r =1,2,... k.
k k
Let ¢ := Y_ x,e,, where z, € R. Denote by Ej, := {C =Y mze: X € ]R} the linear
r=1

r=1
span of vectors e; = 1,eq,..., e, over the field R.
Let © be a domain in Ej,.

Definition 1. A continuous function ® : Q — A is monogenic in Q if ® is differen-
tiable in the sense of Gateaux—Mel'nychenko in every point of ), i. e. if for every ¢ € €2
there exists an element ®'(¢) € A such that

L B(C+eR) — Q)

e—040 £

= h¥'(¢) Vhe E, (4)

d'(() is the Gateaur—Mel'nychenko derivative of the function ® at the point (.
Setting in h=e.,r=1,2 ...,k we get

o®
or,

(e, for all r=1,2,... k. (5)
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Thus, if a function is monogenic, then equalities are true.
The theory of monogenic functions is described in monograph |[3].

Definition 2. For the element ¢ := > ¢sl,, ¢s € C, of the algebra A we denote

s=1
Re;(c) := Re(cy), Img(c) := Im(cy), s=1,2,...,n.

Theorem 2. Let Q be a domain in E, C A, and let ® and V be functions from 2
into A, and a and b are different points in Q such that:
(1) the line segment [a,b] is contained in §2;
(2) the element (b — a) is invertible;
(3) the restrictions of ® and ¥ to [a,b] are continuous;
(4) the functions ® and ¥ are R-differentiable and monogenic at each point of (a,b).

Then, on (a,b) there exist some points &, s = 1,2,...,n, such that
Re, (((6) = @(a)) W'(&,)) = Re, (((b) — ¥(a)) @'(€.)).

I, ((2(0) - @(a) (&) ) = I, ( (¥(b) — ¥(a) ¥'(€))
foralls=1,2,...,n.
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tion (SFI-PD-Ukraine-00014586,V.S.Sh.). The author was supported by budget program
“Support for the development of priority areas of research” (KPKVK 6541230).
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Cexkmiga 2

Excrpemanbhi 3a7a4i / Extremal Problems

Alexander Ukhlov
(Ben-Gurion University of the Negev, Israel
e-mail: ukhlov@math.bgu.ac.il)

VARIATIONAL EIGENVALUES ON METRIC MEASURE SPACES

The talk is devoted to the geometric analysis of Sobolev spaces on doubling metric
measure spaces X = (X, p, u) satisfying

w(B(x,2r)) < C,u(B(x,r)), zeX,r>0,

and supporting a weak p-Poincaré inequality. In bounded Sobolev (p,p*)-embedding
domains Q@ C X, p* = vp/(v —p), v = log, C,,, we establish the existence of minimizers
for the variational Neumann (p, q)-eigenvalue problem, 1 < ¢ < p*, and give a min—max
characterization of the first non-trivial eigenvalue A, ,(£2) in terms of the best constant in
the corresponding (p, ¢)-Sobolev-Poincaré inequality.
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Andriy Targonskii
(Zhytomyr, Ukraine, Zhytomyr Ivan Franko State University, targonsk@zu.edu.ua)

MOSAIC SYSTEM OF POINTS

Let the numbers n,m,d € N be fixed. The system of points A,
1,n,p = 1,m}, is called an (n,m)-ray system of points, if, for all k
relations hold:

m={a, €C: k=

1,n, the following

0<|ag:1| <...<|agm| < oo;
argay = argags = ... = arg ajm =: O;
0=0,<0<...<0,<0, :=2m.

For such systems of points, let us consider the following quantities:

1 L n
= — [Or1 — 0], k=10, any1 = a1, ag = ay, E ap = 2.
k=1

Let (B, a) the define of inner radius domain B C C with respect to a point a € B [1].
Consider the system of angular domains:

B (Apm) ={weC: 0, <argw < 1}, k=1n.

For a fixed number 5,R € RT, 0 < 8 < 27”, consider the unique branch of the

multibranch analytic function

{ : L L 16
zn(w) = —/——- (— (e7*w)*k + Rk - cos —) : (6)
Rex - sin O% Ok

For each k = 1,n, it realizes the one-sheet conformal mapping of the domain P} onto the
right half-plane Rez > 0.
For each k = 1,n we denote

ng) = {z |z —igjl =1, 0<argz < §,0; € Ry € R*} ,j=1,m,
Qﬁk) = {z Dz =gl =1y, -5 <argz < 0,05 € R € R+} , (7)
j=m+1,2m,
where
01 +7T1>02+T2> ... > 02 + Tom-
Let {bx};_, C C be a set of points such that

b € Py, argby — 0, = f3, ‘bk‘ =R, kzl,_n

2m
Let, for each fixed k, k =1, n, {Lg.k)} — be a collection of curves such that
i=1

LY c P, b e LV, j=12m,

app € ng:;ll, agp € Li,’jlp, p=1m, (8)
g0 LW Q5 =T 2m.
It is easy to see from relations (@, , that
2 (br) = 1, 25 (Qrg1,p) = PAps 2k (Arp) = =1 Amp,
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Api1p = 0C1p, M >0, =12m,k=1,n,p=1m.

For each k = 1,n we denote the corresponding systems of points by
D= {2 € 1 0 < Jarg s (&) < farea (3) <

< ... < |arg zg (cﬁ?)‘ <g, 1=12 ,s:m}.

The system of points

ADn,m,d - O Dg:,z’d U An,m

k=1

Let { Bip, B be any collection of pairwise nonoverlapping domains of the mosaic
system AD,, 1, 4 such that

will be c{alled mosalc

" eBY, BBl cT
k=1,np=1,m,j=1,2m 2m,s—1d

akp € By, C e Bk

Let D, D C C, be any open set, and let the point w = a € D. By D(a), we denote a
connected component of the set D, which contains the point a. For an arbitrary system
of points A,,, = {ar, € C: k = 1,n,p = 1,m} and for the open set D, A,,, C D
we denote, by Dy, (a,,), the connected component of the set D (as,) () P containing the
point asp, k =1,n, s =k, k+ 1, ani1,p = a1,

We say that the open set D, A, ,, C D satisfies the condition of disjointness relative
to the system of points A, ,, if the relation

[Dk(ak,t> ﬂDk(ak,u)} U [Dk(ak—l-l,t) ﬂ Dk(ak—&-l,u)} U

U [Dk(ak;,t) ﬂDk(akH,p)] U
U [B(k (1 Di(aw,) } U [B](.”‘Q ﬂDk(akH,p)] =2,

k=T,n ptiu=1m,t#uj=12m,s=1,d, a,i1,:= a, on all angles P, holds.
The author has obtained an upper bound for the functional

H(ﬁpk )T (3%, ]5)>

k=1 \p=1 j=1s=1
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Dmytro Bushev (Lutsk, Ukraine, Lesya Ukrainka
Volyn National University, bushev-d@ukr.net)
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Yurii Kharkevych (Lutsk, Ukraine, Lesya Ukrainka
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ON THE EQUALITY OF CHARACTERISTICS OF APPROXIMATION
IN ISOMETRIC FUNCTION SPACES BY ENTIRE FUNCTIONS OF
EXPONENTIAL TYPE

Let X™ be one of the spaces C™, L, Lg,ﬁg (1<p<=) 1],
Fa)_(n = {T5-7L<Z> = To—-n(.rl + itl, B 7 -+ Ztn) . Ta—n(x) € Xn}

is the space of entire functions of exponential type not larger than

=N —

o" = (o01,...,0,), which belong to the space X" on phe real n-dimensional
Euclidean  space  E™, (F&LZ N i ey G s 7 i 0l F;°>
X" D Ff"(E") = {Ton(z) : Tyn(2) € FX"} is their restriction to the space E™.

Let’s denote by Usn (A, f,x) = ( an * f)(z f )\o-n (x — t)f(t)dt a linear operator
defined by convolution with the kernel Azn(t).

We shall determine sufficient conditions under which the operator Uz« (A, f,z) maps
the space X™ into the subspace FZ2X"(E™).

Theorem 1. Let X" be one of the spaces C", L, Ly, or Ly, where 1 < p < oo and

(1<p< ). Let j\ﬁn(z) be an entire functions of exponentzal type not larger than ",
belonging to the space F1", and let f € X™. Then the function

Un (A, fo2) = Ghn % £)(2) = / S (2 — 1) (1) dt

E'"

s an entire functions of exponential type not larger than "™, which belongs to the space
X" dee., Usn(A, f,2) € FX".

Theorem 2. Let
Mu) = H H (@ (uj) + it (u;))
j=1 j=1

where the functions a’ (u;) are real and even, and ¥ (u;) are real and odd, and all are abso-
lutely continuous on the segments [—0j,04] for j =1,...,n, with the boundary conditions
a(|loj|) =¥ (|oj|) = 0. Then for any p > 1, the function

(Q%W/A(u)e_wz du

n
Aé‘

Aon(2) =

belongs to the space FL". Moreover, if the derivatives (af(u;)) and (b (u;)) belong to the
space Ly(—o; ;) for some q > 1, then \sn(2) € F".
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Let Wym(x) be a non-negative delta-like kernel. If X is either one of the spaces L,
(1 < p < o0) or the space C, of uniformly continuous functions defined on E, then the
space X * Wy m is isometric to the space X, and the subspace F:X(F) is isometric to the
subspace FX (E) x Uym. Then, due to this isometry, the following equalities hold:

px(f,Us(A, f)) = pxas, (f % Wgm, Us(A % Uym, £)),

px(M,Us(N, M)) = pxar,, {M * Wgn}, Uy (A, {Wgm x M})),
Eo(f)x = Eo(f * Vym)xar,,, Eo(M)x = Eo({M * Vyn })xn,,,
AWM, FX( Nx = A{M 5 Uy}, {F(E) % Ugm}) x 1, -

(The definitions of the approximation characteristics can be found in [1]).
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EXCEPTIONAL FAMILIES OF MEASURES ON CARNOT GROUPS

We found necessary and sufficient condition for the family of intrinsic Lipschitz surfaces
passing through a common point to be p-exceptional for p > 1.

Let G be a Carnot group, N its topological dimension, () its Hausdorff dimension. A
subgroup M of a Carnot group G is called a homogeneous subgroup if M is a homogeneous
group with respect to the group dilation. We assume that the group has a decomposition
G = My - Hy into complementary homogeneous subgroups over a set U C G. The
decomposition may not be unique and is parametrized by a parameter a € N.

Definition 1. Suppose 1 <dy < N—1and 1 <d, <@ — 1. A non-empty subset
S C G is called an intrinsic (dg, dy )-Lipschitz surface in G (having topological dimension
d¢ and the Hausdorff dimension dy,) if to every point = € S there correspond an open
neighborhood U(x,r) C G, a decomposition G = M, - H; and an open set 2 C My such
that

o v cU,;
e My is a (dy, dm)-subgroup of G;

e there exists an intrinsic Lipschitz map fy: €2 — Hy such that SN U = graphfy N
U(z,r).

Theorem 1. Let ¥ be a family of intrinsic (dg,dwm)-Lipschitz surfaces where each
graph s parametrized over one of the decompositions G = M, - H,, o« = 1,2,...,1l.
Moreover any term M, - H, is an element in the orbit of a subgroup K, of the isometry
group of G preserving the decomposition M, - H,.

Let ¥y =SNU, S e, andU C G be an open set. Then M,(Ey) =0 forp € (0,1).

Theorem 2. Let ¥ C Sdedm) pe o collection of intrinsic (d¢, dm)-Lipschitz graphs.
Suppose that all the graphs S € ¥ contain a common point go € G. Then for dmp < Q
we have My(X) = 0.
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EVOLUTIONARY-TYPE ESTIMATES FOR INNER RADII OF
DOMAINS RELATIVE TO N-RADIAL SYSTEMS OF POINTS

A function gp(z, a) which is continuous in C, harmonic in B\{a} apart from z, vanishes
outside B, and in the neighborhood of a has the following asymptotic expansion

gp(z,a) = —In|z —a|+J+0(1), z—a,

(if @ = oo, then gp(z,00) = In|z| + 0 + o(1), 2 — o0) is called the (classical) Green
function of the domain B with pole at @ € B. The inner radius r(B, a) of the domain B
with respect to a point a is the quantity r(B,a) = €°.

Let n € N. A set of points A, = {ak eC: k= I,_n} is called n-radial system, if
lay| € RY, k=1,n, and 0 = arga; < argas < ... < arga, < 2.

Let the function f be regular in the disk U = {z : |z| < 1} and take values w therein
belonging to a domain D that has an inner radius (D, a) at the point a € D. If f(0) = a,

then the following (Hayman’s) inequality holds:

[F(0)] <r(D,a). (9)

Equality in @D is attained if f maps the disk U conformally and univalently onto D; in
this case, r(D,a) is called the conformal radius of the domain D at the point a. The
conformal radius of the domain D with respect to the point at infinity is defined as
r(D,o0) = r(p(D),0), where p(z) = 1/z.

This work is devoted to obtaining inequalities of evolutionary type for functionals of
the following form for all values of the parameter v € (0, n]

L(v) = (Bo,0) [ [ r (Bk, ax) ,
k=1

Ja(7) = (r (B0, 0) 7 (B, )" [ [ (B, a)

n

Ly, o) = [ [ (Br aw),

k=1

where n € N, A,, = {ak}Z | is an arbitrary fixed n-radial system of points in the com-
plex plane C\{0}; By, Bu, {Bx}j—, is an arbitrary system of mutually non-overlapping
domains such that aqp = 0 € By C C, oo € By, C C, a;, € B, C C, k = 1,n. These
functionals have been studied in many papers under various conditions, but at present,
there are no methods for obtaining their exact maxima for all values of the parameter
v € (0, n]. In this paper, we obtain evolutionary-type estimates for the products of in-
ner radii of mutually non-overlapping multiply connected domains with respect to fixed
n-radial systems of points of the complex plane. The problem of obtaining evolutionary-
type inequalities for these functionals is a generalization of the results of M.A. Lavrentiev,
G.M. Goluzin, Z. Nehari, J. Jenkins, P.M. Tamrazov, and N.A. Lebedev.

Theorem 1. Letn € N, n > 2, ¢ >0, v € (0,n], 7 € (0,7). Then, for an
arbitrary fived n-radial system of points A, = {ax}y_, € C\{0} and any set of mutually
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non-overlapping domains By, k = 0,n, ax € B, C C, k = 0,n, ag = 0, such that
r(Bk,ar) = €, k = 1,n, the following inequality holds:

L) <07 () [ a5

Theorem 2. Letn € N, n > 2 ¢ >0, v € (0,n], 7 € (0,7). Then, for an
arbitrary fived n-radial system of points A, = {ax}y_, € C\{0} and any set of mutually
non-overlapping domains By, Bso, Bi, a9 =0 € By C C, oo € B C C, a;, € B, C C,
k =1,n, under the condition that v(By,ay) = €, k = 1,n, the following inequality holds:

(y—r)ntL n(v— T> (v=7)
Ja(7) < (4 1)7O7RE H|ak|23+2 .

Theorem 3. Letn € N, n > 3, and let v, 0y, k = 1,n, be some positive real numbers

such that v, > 0y, for k = 1,n. Then, for an arbztmry fixed n-radial system of points

= {ar}}_, € C and any set of domains By C C, k =1, n, such that ay, € By, k=1, n,

Bi NB; =10, # j, and under the condition that T(Bk, ak) >¢e, k=1,n, for somee >0,
the following inequality s true:

- Z w6 ~1 30 (—0%)
Li(tyeeoym) <& =00 n—1) BT
n , n
% H |a; — ai’ﬁ(%—i_’“_ai_eﬂ H,,,Hk (Bg, az).
i,j=1,i<j Pl
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APPROXIMATION PROPERTIES OF WEIERSTRASS INTEGRALS ON
THE CLASS W'H,

Let C be the space of 2rm-periodic continuous functions with the norm
[flle = max | £(1)].

Let w(t) be a fixed modulus of continuity. A function f € C belongs to the class H,
if [f(t1) = f(t2)] S w([t1 —t2]), t1, 12 € R.

Denote by W", r € N, the set of 27-periodic functions whose derivatives up to order
r—1 are absolutely continuous and whose r-th derivative satisfies | f(")(¢)| < 1 for almost
all t. Then WH, = {feW": fW e H,}, reN.

In this paper we study approximation properties of the Weierstrass integrals

x)z%/f@%—t{ Z_é cosk’t} d > 0.

The main problem is to investigate the asymptotic behavior, as d — oo, of the quantity

EW'H,;Ws)e = sup  [|f(-) = Ws(f;-)le-

ferHw

The following result gives an asymptotic estimate for the class W H,, [1].
Theorem 1. For any modulus of continuity w(t), as d — oo, the following asymptotic
wnequality holds:

where ®(x) = \%f@‘“Q du is the probability integral. If w(t) is a conver modulus of

0
continuity, then this inequality becomes an asymptotic equality.
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ITPO OZIHY 3AJAYY KOJIMOT'OPOBA-HIKOJIBCBKOTI'O

Posrasinemo kinac lenbgepa H® dyukiiil f, 3a1anux Ha cermenTi [—1; 1] 1 ski 3a10BOIBHSAIOTH
HA IILOMY CerMeHTi YMOBY

| (t2)| < |t1—t2|a \V/tl,tge[ 1,1], O0<a<l1 (10)

2
Hexaii HO \/7 H \/j costarccost,i € N, — opTOHOPMOBaHa 3 Barow
1

Jioe"

dbyukmii f nosnaunmo ¢; = ¢(f f ( )dt nociIoBHiCTh Koeditmientis Dyp’e

\/l—z

dbyukuii f 3a cucremor I:[Z(t) [1]. Heckinwenunii psig » ¢;H; masuBators pagom Pype-
i=0

na [—1, 1] cucrema nosinomis Hebuimosa neprroro posy. st KoxHOT HElepepBHOT

Yebummona GyakIil f.

3a gonomororo MuOKUHU M = f1,(1) dyHKIiH HATYPAJIBbHOIO apryMeHTa, 3aJesKHHX
Bix mificroro mapamerpa a, 0 < p < 1, 11,(0) = 1, koxkHoi HemepepsHoi Ha [—1, 1] dyHKIil
f mocraBuMo y BiAIOBIIHICTD Psiy

iup(k)cﬁi@), 0<p<l. (11)

Hexait psan npu Bcix 0 < p < 1 6yne paaom Pyp’e- Hebuinosa jaesskoi HeriepepBHOT
byuxmii. dkmo p,(i) = p',p=0,1,2,..., 10 mo dbynkuino Gymemo nosnagaru A,(f;t; H).

E(H"; Ap;t) = sup |f(t) — A,(f;1; H)| (12)
feH~
B KOokHilt Touni t € [-1,1Jupu p - 1—, 0 <a < 1.
dxmo y sisHOMY BUIsiAl 3Hafinena dbyukiis ¢(p) = ¢(p;t) raka, mo npu p — 1—

E(H" Apit) = ¢(p;t) +o(d(p;t)), t € [-1,1],

To 3rinHo [2] Gyaemo kaszarm, mo po3s’azana 3amada Kosmoroposa-Hikosbeskoro st
inrerpanis Ilyaccona-Hebumona A, kmacy HY, 0 < o < 1.

B cyyacHEX NpUKJIaIHEX JOCIKeHHSIX OCOOTUBHI iHTepec cTaHOBIATh 3a1a49i Komoroposa-
Hikombcpkoro came juist omepatopis Ilyaccona—ebumosa A,(f) Ha kmacax dbyHKIif
Tenpiepa. B po6ori orpumano poss’si3ok 3agadi Konmoroposa-Hikonbebkoro (3).
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DISCRETE EQUATIONS AND EXTREMAL PROBLEMS

For a general discrete dynamics on a Banach and Hilbert spaces we give necessary
and sufficient conditions of the existence of bounded solutions under assumption that
the homogeneous difference equation admits an discrete dichotomy on the semi-axes. We
consider the so called resonance (critical) case when the uniqueness of solution is disturbed.
We show that admissibility can be reformulated in the terms of generalized or pseudo-
invertibility. As an application we consider the case when the corresponding dynamical
system is e-trichotomy. Examples of the simplest discrete boundary value problems which
have a strong generalized bounded solutions were considered (the set of such solutions
with using of the notion of strong Moore-Penrose operator were represented). Part of the
results is an extension of Palmer’s lemma to the case of boundary value problems, the
generating operators of which can have a non-closed set of values. Such problems also
arise when solving extreme problems.

Statement of the problem

Consider the following equation
Tnt1 = Anxn + hny n e Z7 (13)

with boundary condition
lz. =« (14)

where A, : B — B - is a set of bounded operators, from the Banach space B into itself.
Assume that

A= (A)nez € loo(Z, L(B)), h = (hn)nez, € lo(Z, B).

It means that
[[|Al[l = sup [|An]| < +oo, [[|2]]] = sup |[h,]| < +o0,
nez nez

l:1.(Z,B) = B,

is a linear and bounded operator which translates bounded solutions of into the
Banach space By, a is an element of Banach space B;. It should be noted that an arbitrary
solution of a homogeneous equation can be represented as: z,, = ®(m,n)x,, m > n, where

w(m.m) = {

It is clear, that ®(m,0) = A,,—1An—2...Ag. Also, we denote U(m) := ®(m,0) and U(0) =
1.

Suppose that the homogeneous equation is exponentially dichotomous on the semiaxes
Z, and Z_ with projectors P and @ in the space B respectively, which means that there
are projectors P(P? = P) and Q(Q* = Q), constants k12 > 1, 0 < A\; 2 < 1 such that

|U(n)PU (m)|| < ki AT™,n > m,
|U(n)(I — P)U (m)|| < kAT ", m >n

AmflAmf2---An; ifm>n
I, if m=n.
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for arbitrary m,n € Z, (dichotomy on Z,);

IU)QU™ (m)|| < kA3 ™™, n > m
U = QU (m)|| < k223", m >

for arbitrary m,n € Z_ (dichotomy on Z_).

For the solutions of the considered linear boundary-value problem we can obtain the
following estimates.

Theorem 1. We have the following estimates for the norm of the solution

n N k1 koA
el < kot Pycorel + kDT (125 + 1222 a4
(1+ A — AD)

k
th 1— )\

l[Al], n =0,

N IS 5 VIR 9
el < kaAs™|[Proyell + koA ||D ||( i “)|||h|||+

1—X 1— Xy
1 /\ _/\—n—f—l
T Sk R TTATTP)
1— X

From these inequalities follows the estimate

_ ki koo 14+ A
<K Kl||D h K h
lell < KIPxcoell + KD (225 + 7222 ) il + K2l

where K = max{ky, ko}, Ay = max{A;, A2}, Ay = min{A\, \2}. Here D = P — 1+ Q,
PN(D) =1—-—D"D.

The work was supported by the National Research Foundation of Ukraine (Project
number 2025.07/0014. Project name: Modern Problems of Mathematical Analysis and
Geometric Function Theory).
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APPROXIMATION OF CONTINUOUS FUNCTION BY REPEATED DE
LA VALLEE POUSSIN MEANS

Let L(T%) be the space of all integrable functions f(x) = f(x1,2s,...,14) defined on
T¢ = [—7, 7]%, which are 27-periodic in each variable. Let f € L(T?). The rectangular
repeated de la Vallée Poussin means are defined as the arithmetic means of the rectangular
partial Fourier sums. For fixed vectors

n,u,v e N wi+v; <ng, i€ {l,d},
they are given by
d n;—1
1 3
VELAR =T Y. VeI,
=1 k =n;—u;
where
d 1 ni—l
Va1 =11 > SlAX),
i=1 " ki=n;—v;

and Sk[f] is the rectangular partial sum of the Fourier series of f.

We obtain asymptotic formulas for the exact upper bounds of the deviations of the
rectangular repeated de la Vallée Poussin means on multidimensional analogues Cwoo(’]l“d)
of function classes generated by a fixed sequence ¢ = (¢(k));2, and an argument shift
p € R (see the definitions in [1, p. 33], [2,3]).

Let us denote by

E(ChaT)VEL) = s () Ol
FeCy (T4

Our main result is follows.
Theorem 1. Let (Vi(k:i))—; € Dy, (\Ifl(krl));o:l € Dg,, 8,8 € R4, u,v € N, and

let u;+v; < ny, i € {1,d}. Then, asn; —u; —v; — oo, i € {1,d}, the following asymptotic
formula holds:

P dy. 11(2) i(n; v; + 1) 4q; 2,/q
g(c <T)V““V) Z uzvzl+qz) H<(1+Qz)2’1+%

d . .
Y(ng —u; — v;) Yi(ni —u; —v; +1)(¢" +¢q;")
+0(1) (; (uvl(nl —u; — ;) (1 — q)* + u;vi (1 —¢;)? "

5n¢—uz'—vi+1(¢i))
(1 —q)?
where I1(n; k) is the complete elliptic integral of the third kind,

wk:+ 1) B Pk +1)
‘ q q—]}ggo—w(k) :

+ +H§uv (Uy;.. .;\Ild)) , (15)

em (1) = sup

k>m
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d ng— s+1 nj_uj_vj(\]:lj)
e, (W)= 3 Y [ I

=2 (r)c{1,d} £Ch(r) sE1 usvs (1 — Qs) jee

and O(1) is a quantity uniformly bounded with respect to all parameters.
Formula is an asymptotically exact equality under the conditions u; — oo, v; —
o0, ¢; = @Q;, and
hin Enj—u;—v; WiV = O, 1€ {1,d}
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ON THE BEST NON-SYMMETRIC RELATIVE APPROXIMATIONS OF
SOME CONVOLUTION CLASSES BY GENERALIZED SPLINES

Let L, (1 < p < 00) be the space of 2r-periodic functions f : R — R with standard
norms || ||,. For o, 8 > 0, the non-symmetric norm is defined by || f||p.0.5 = llaf++ B8/l
where fi(t) = max{£f(¢),0}. The best non-symmetric (a, §)-approximation of a class
M C L, by aset H C L, in L, metric is defined as E(M, H) 0,5 = sup ey infucn || f —

Ul|psa,p-
Let 0 < h < 2% We consider generalized splines with floating knots xop = %TW and

Toks1 = 2% + h (k € Z). For a given kernel K € CVD (K L 1), let Sy, x denote the set
of generalized splines of the form

2n 2n

u(t):c+chK(t—xk), ceR, ch:(),
k=1 k=1

and S;;fK denote the set of generalized splines of the form

u(t) = c—l—/o 7rK(t—v)so(v)dv,

where sy € Séln,o is a piecewise constant function with step knots at points xy.
Let ¢1.45(t) be the 2m-periodic comparison function, and let ¢y g0 5(t) = (K *
©1.0,5)(t). On the interval [0, ], we define the functions:

1
Py k(a, B2) = 2 (01.1:0,8(%) + Q1,508 — 1)),

RLK(O&, B) I) =P (QOI,K;a,B(x) + 801,[(;@75(77' — .Z‘)) ,
where P(f,x) denotes the non-increasing rearrangement of the function f on [0, 7].

We study the problems of best non-symmetric Li-approximation for the convolution
classes K71+ WP and K, « WY by sets of generalized splines S5, ., MK W and Sy, N
Ky x WY, respectively, where K, = K * B, and B, is the Bernoulli kernel.

Theorem 1. For any n € N and odd kernel K € CV D, the following equality holds:

E(Kl * W107 Sgnj(l N K * W\[})l;a,ﬁ :(I)l,Kl (Oé, 57 tmax)_

1 h ™ h
5 (@1,1(1 (aaﬁ;tmax + 5) + @17[(1 (Oz,ﬁ;tmax + E — 5)) ,

where tyax 15 the point such that ¢1 k,.0.8(tmax) = MaXier P1.K1:0,8(t)-

Theorem 2. For any n € N and even kernel K € CV D, the following equality holds:

Lh 0 1 M tmax+]\/j
E(KQ * W107 827’17[(2 N KQ * W1 )1;a,ﬁ = éRl,Kg (O[, 67 tmax) - 7 Rl,Kz (&7 67 t)dta
tmax
where M = max {%, ﬁ}, and tmax 18 the mazimum point of V1 ky.a.5(t).

As corollaries, exact values for standard best one-sided approximations E*(-); are also
obtained.
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3BYPEHHSA CUCTEMU PIBHAHBL 'A30BOI INMHAMIKU

s cucremu nudpepeHIiaabHIX PIBHAHD 3 YACTUHHUMH IMOX1THUMHE IEPIIOr0 HOPIIKY
po3ryIgHeMo 3a7a4dy Korri:

t u x:O7
{p+(p) )

u + (“72 + 9(p)> =0,

T

{u‘f:o = U()(l'), (2)

P’t:O = pO(aj)v

ne u=u(t,z), p=p(t,x), 0(p) € C>* 0p>0,0"(p) >0, ug(x), po(z) € L>=(R).
3a BUKOHAHUX YMOB cucTeMa (1) It Ta30IMHAMIYHIX MapaMeTpiB € rirnepOoiaHO.
Pasom 3 3amauero (1), (2) mpu koxknomy € > 0 posrisgnemo 3agady Kol gis 36ypenoi
CHCTEMH:

(3)

{ujt=0 = u6<x>> (4)

Tyt u§(x), p§(x) — cepenni dbyukuil asa bynkuiit ug(x), po(x).
Hexait U(p,u) = “72 +0(p), Fp,u) = %3 + ub'p. i GyHKIHT yTBOPIOIOTH €HTPOIIHHY
napy, sKa J03BOJISE BUILIUTH JOMYCTUMUIN y3araabHeHuil po3s’s30k 3agadi (1), (2).

Oo6mezkena Bumipna BekTop-byHKINS (p(t, ), u(t, T)) HABUBAETHCS Y3a2aAbHEHUM PO3E AZKOM

sagadi (1), (2), axmo Vf(t,z) € C5°([0,T] x R') BUKOHYIOTBCS PIBHOCTI:

/OT /_:)o(ftp + feup) dz dt =0,

/oT /_:O (f”“r £ (%2 + 9(0))) dz dt = 0,
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Ta Vf(t,z) € C([0,T] x RY), f(¢,) > (0 BUKOHYETHCs HEPIBHICTE:

T +o00
[ ] whwss sy dsar <o

a HO4YaTKOBI yMOBH (2) mpHAMAIOTECS y CHIABHOMY CeHCI B Ly 1o (R).

Theorem 1. Hezati uy(x), po(x) € C?, modi sadaua (1), (2) mae 2aadxuii pose’asox
y deaxomy oxoai t = 0.

Y BUNAJKY JOBUIBHEX MOYaTKOBUX (DyHKIH mas cucremn (1) BHHMKAIOTH PO3PUBHI
po3p’s3km 3agadi (1), (2). Oxanu 3 MAXOAIB IS BU3HAYEHHS JOMYCTHMHX DO3B'S3KiB
HoJIATaE y mepexoji 10 mapabosivaHol CUCTeMH i allpoOKCUMAIil 3a JOIIOMOI0I0 PO3B’d3KiB
HOBOI BIIIIOBIIHOI 33,1a41.

Theorem 2. Cim’a poss’askie (p°,u®) szadawi (3), (4) xomnaxmua, i daa desroi
nocaidosnocmi £, maemo (p=,u") — (p,u), de (p,u) — ysazasvrenud pose’a3ox 3adawi

(1), (2).

Otrpumani pesysibraT € Bapiali€io pesyJabraris pobir [1-2].
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A NOVEL HYBRID L1-DGJM APPROACH FOR FRACTIONAL
DIFFERENTIAL EQUATIONS INVOLVING THE CAPUTO-FABRIZIO
OPERATOR

In this work, a novel hybrid L1-DGJM scheme is proposed for solving fractional dif-
ferential equations involving the Caputo—Fabrizio derivative operator. The proposed ap-
proach combines the L1 approximation for the discretization of the fractional derivative
with the Daftardar-Gejji and Jafari Method (DGJM) for constructing the solution itera-
tively. We develop the numerical scheme for Caputo—Fabrizio fractional-order differential
equations of the form

IDI(t) = f(t,90(1),  $(0) =1, 0<n<l, telo,T],

where represents the Caputo—Fabrizio fractional derivative. The stability and error
analysis of the proposed method are established, and the approach is further extended
to systems of fractional differential equations. The effectiveness and applicability of the
proposed scheme are demonstrated through several numerical examples, including the
fractional Riccati equation, Lotka—Volterra system, and Rikitake system. The obtained
results are presented graphically and compared with the solutions generated by the frac-
tional Adams—Bashforth method and a recently developed predictor—corrector method.
The numerical results indicate that the proposed hybrid L1-DGJM scheme provides highly
accurate and efficient solutions for Caputo—Fabrizio fractional differential equations and
their systems.

CFD;I
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ELECTRIC FIELD INFLUENCE ON OPTICAL RESPONSE OF
ELLIPTICAL NANOTUBES

We investigate the electronic states and optical response of electrons confined in el-
liptical nanotubes under the action of an external electric field. The system is modeled
within the effective mass approximation, where the Hamiltonian takes the form

~ h? 0? 0?
H=- +

or?  0y?

with m* the effective mass, V(x,y) the confining potential of the elliptic cross section,

and F the applied electric field. The boundary conditions correspond to hard walls at the
ellipse defined by

py ) +V(z,y) —eF -r, (16)

22 2

S+ %2 — 1, (17)

where a and b are the semi-axes of the ellipse. Numerical solutions were obtained using

the finite element method, allowing us to calculate eigenvalues F,, and eigenfunctions
'lpn(xv y)

The analysis shows that ellipticity strongly modifies the energy spectrum, leading to

quasi-degenerate states and anticrossings when the field is applied along different axes.

The oscillator strength of optical transitions is given by

fig o< (B — E) [{il2]v;) (18)

which demonstrates clear dependence on the orientation of the electric field. For fields
along the major axis, transitions polarized in the x direction dominate, while fields along
the minor axis enhance y-polarized transitions. This tunability of anisotropic optical
response highlights the potential of elliptical nanotubes for polarization-sensitive opto-
electronic devices.

Our results extend earlier studies of elliptic quantum wires [1] and theoretical models
of electric field effects in elliptical systems [2|, confirming that geometry and external
fields act as complementary parameters for tailoring quantum confinement and optical
properties.
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FTEOMETPIIYHA IHTEPIIPETATIIA JIOPEHII-THBAPIAHTHOI
MOJMNPIKAIIII PIBHAHHSA INTPE/ITHT'EPA

[IpobGsiema oGy 10BU Y3r0/IZKEHOTO TEOPETUIHOr0 ONUCy (Di3UYHOT peasibHOCTI, 110 TMo-
€JIHy€ TMPHUHIMIN KBAHTOBOI MeXaHIKH Ta creniaabHoi Teopii BimHocHocti (CTO), 3amu-
MIAETHCS OJTHIEIO 3 IIEHTPATBHUX ¥ cyvacHiii dbyHmamenTanbhiii dbizuni [1, 2|. Hespaxkatoun
HA YCIIXH KBAHTOBOI TeOPil MOJIsd, HUTAHHS PO MOMKJHBICTH (DOPMYJIIOBAHHS PIBHSIHD
PYXY, sKi 6 0ZHOYACHO 33/I0BOJIBHSIN YMOBAM OO0 XBUJIHOBOI (DYHKIIIT Ta OY/IU JIOpEHII—
iHBApIAHTHUMH, He BTPATUIO CBOET aKTyaIbHOCTI |3, 4].

Kitacuune pisusnus [lpejinrepa ne € inBapiaHTHUM BiJTHOCHO 1lepeTBOpeHb JIopenna,
mo obmexye cdepy ioro 3acrocyBanus [5|. Bimomi peastuBicrchKi y3aragbHeHHs —
piBugnansa Kieitna—T'opona ta lipaka — 3abe3medyoTh KOBapiaHTHMI OTINC, OHAK CYIIPO-
BOJZKYIOThCS HU3KOIO KOHIIENTYAJbHUX TPYIHOMIB [4, 5].

Y naniit poboTi 3alpoOIOHOBAaHO MmiAXia g0 momudikamil piBugaHsa [lpeniarepa, mo
Ga3yeThesl Ha HOro aHAMITHYHOMY mepeTBopeHHi [4]. Po3risHeMo ofHOBUMIpHE DiBHSHHS
st Binbaol wactuaku (U = 0):

ov h? 0*W

ot = " om oar 2)

st BUSIBJI€HHS IPUXOBAHUX CUMETPiil BUKOPHCTAEMO JI0IIOMIXKHE qudpepeHIiiajibHe piBHAH-
s [6]:
0*v ov
— +tiw— =0 >
ot? ot (5)
. Ey
[Mpunyckatoun cramionapuauii cran W(z,t) = R(x)e "+ M MOXKEMO BEHPa3HTH MEpITy
MOXi/THY 4Yepe3 JApyTy Ta, MiCJsi BBJEHHsI KOOpAUHATH w = ct, orpumaru |7, 8):

?v  2E,, 0°V

o2 E, ow?
Posrsnemo Bunagok 2E,,/E, = 1. Toxi piBusanus (15) nabysae BHIVISIY olepaTopa
1’ Anambepa:

i

=0 (15)

aw v 9?0V

T o2 ou?

JloBeiemo JsiopeHI-inBapianTHicTh orpuManoi ¢gopmu. Ilepeitgemo o cucremu z’, 10

pyxaerbes 3i mBuakicTio v: ' = y(x —ovt), w' = y(w— fx). BUKOPHCTOBYIOYHN JIAHIIOTOBE
NPABUJIO JIJIsl YaCTHHHUX TOXimHuX [9]:

0 0 0 0 0 0
%:7%—75%, Jw 2—75%+78w, (19)

~0 (21)

ol AN ok ARGk A '
MOKHA TIOKA3aTH, MO 55 — G5 = =5 — 55 |[10].

J1s1 3araqbHOTO KBAaHTOBOMEXAHITHOIO BUIAJIKY BBeIeMo mapamerp o = F,/2E,, [11].
Toxi y3arajbHene piBHAHHA 3alUCYETHCA Yepe3 MacTaboBaHy 4aCcOBY KOOPAMHATY W, =
act [12]:

®izuunnii 3micT mapamMmerpa «. Beegennit koedimieHT BU3HAYAE MACIITAD 9aCOBOT
koopanHaTh. lLle mMoxkHA TpakTyBaTh 9K jedopMmaliiio 9acoBol OcCi, Jie XBUIs «DauUTh»
inmuii Macmrrab gacy 3a1ekKHo B 1i emeprerwdnoro cramy [13, 14]:
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e « = 1 — pengaruBicTchbKuil pexkum, jie piBHAHHS (42) ONMUCY€e MONUPEHHS XBHI 31
mBuKicTio ¢ |15, 16].

e o < 1 — KBaHTOBHIl PeXKHUM, JIe €Heprid MeHIIa 3a €HePriio CIO0KOIO, 0 IPU3BOIUTH
70 «pO3TAryBaHHs» dacy [16].

e o > 1 — HaJApeJATHBICTCHKUN PEKHUM, IO XapPAKTEPU3YETHCSI «CTHUCHEHHAMY YaCy

[16].

Taxka iHTeppeTallisd A03BOJISIE He JIKIIe 30eperTH iMOBIPHICHMIH 3MICT XBHILOBOI (DYHKIILII,
a il iIHTerpyBaTH peJATUBICTCHKY CUMETPilo 6e3nocepeiHbo B CTpYKTYPY piBHsHbs Ipemin-
repa [10, 14].
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MATEMATNYHE MOJAEJIOBAHHSA EHEPITETIIYHOI'O CIIEKTPA
TA XBNJIbOBUX ®YHKIIN EJIEKTPOHA ¥V 'EKCATOHAJIbBHNX
HAHOT'ETEPOCTPYKTVYPAX

Po3BuTOK cy4acHOI HAaHOEJIEKTPOHIKH BUMAra€ TOUHOTO MAaTEMATHIHOTO MOJIETIOBAHHS
KBAHTOBO-MeXaHIYHUX IIPOIECIB y HAIIIBIIPOBIIHUKOBUX CTPYKTYPax 31 CKJIa/JHOIO T€OMETPIEIO.
Y 11ift poboTi JOC/IRKYETHCI €HEPreTHYHUI CIIEKTD Ta IIPOCTOPOBUIT PO3IOII XBUIBOBUX
dyHKIII{ eeKTpoHA B HAHOTPYOI 6e3MezKHOI JIOBXKHUHY 3 IMOMEPEYHUM TIepepi3oM y dhopmi
NpaBUJIBHOTO TecTuKyTHHKA [1]. Taka cucrema posrismacTbes stk 6araromnaposa rerepo-
CTPYKTYPA, Jie TOTEHIAIbHUIT peJIbed BUBHAYAETHCS PI3HUIICIO CIIOPIIHEHOCTI 0 eJeKTPOHaA
MaTepiasiiB BHYTPIIIHBOTO MUJIIHIpA, caMoi TPYOKH Ta 30BHINIHBOTO cepejopuina |2, 3.

OcHOBHUM 3aB/IaHHSIM € 3HAXO/IKEHHS BIACHUX 3HAYEHb Ta BJACHUX (DYHKIIIH ommepaTopa
laminbrona: A

HY = EV (3.1)
VY mutiHApuIHii cucTeMi KOOpARHAT (p, ¢, 2) TAMLILTOHIAH [T €JIeKTPOHA 3 KOOPAUHATHO-
3aJIEKHOI0 ePeKTUBHOIO MACO0 m*(p, @) Mae BUTIISI:

~ h? 1
H 5 \Y (m*(p7 %) V) + Ul(p, 9) (3.2)
[orennianbua enepris U(p, ¢) MOAEMIOETHCS SIK KYCKOBO-CTasTa (DYHKIIis, MO HAOYBAE
suavenb —Uy, —Up, —Us y BiANOBiIHAX 06J1aCTSIX HAHOCTPYKTYpH [4, 5].

3 orssy HA TPAHCAAIINHY IHBAPIAHTHICTD CUCTEMU B3J0BXK akciaabHoi oci OZ, MOBHY
XBHJIbOBY (DYHKIIIO MOXKHA& HPEJACTABUTU Y BUIJIsA] JIOOYTKY IJIOCKOI XBuJIi Ta (DYHKITT
HOTIEPEYHOTO PYXY:

1 )
ik z
U(p, ¢,2) = —=t(p, )™ (3.5)
VL
[TigcTanoBKa 1bOro BUpa3y B OCHOBHE PIBHIHHS JIO3BOJISIE BUIIIATH €HEPTII0 MO3I0BKHBOIO
h2 k2 . . . .
pyxy E, = lez Ta 3BeCTU 3aJ/iady /10 ABOBUMIpHOTO piBHAHHS Lllpesninrepa B miomuHi

nepepisy Hanorpyoku [6].

Yepes BiICYTHICTH pa/IiaIbHOI CUMeTPil y MeCTUKYTHii TeoMeTpil, po3aiTeHHs 3MIHHIX
y piBusinni (3.6) yekaagnoerbes. st MaTeMaTuaHOro po3B 3aHHs 3342491 BAKOPUCTAHO
MerToj, anpokcumvariii (Meros Bere), ne peajsbHHil MeCTHKYTHHI Hepepi3 3aMiHIOETHCs
eKBIBAJIEHTHAM KiJTbIIEBHM MTAPOM 3 pajiycamu pg Ta pp |6, 7|. Ile mo3Bossie npegcraBuTu
paJiaJibHy YacTHHY XBUJIBLOBOI (DYHKINI Yepes jiHiiiny kombOinamnio ¢pyakiiii beccens ta
moandikoBannx byukiii Beccens (8, 9):

Am[m(XOP)a P < po
R (p) = § Bundm(kp) + CuNen(kp),  po < p < p1 (3.15)
D Ko (x2p), p > p1
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Tyt napamerpu k, xo, X2 3aJdexkarh BiJ eHeprii F Ta Mac HOCIB y KOxHIil obiacti [9,
10]. Bukopucranus cTaHJapTHUX YMOB HEIEPEPBHOCTI Ta 30€peKeHHs TYCTHHH IIOTOKY
HMOBIPHOCTI HA TPAHUIISX IOy CEePEeIOBHII JA€ JTUCIEPCiiiHe PIBHIHHS, PO3B’I3KH STKOT'O
BU3HAYAIOTH JUCKPETHI piBHI eHepril erekrpona [10, 11].

Pesynbrar po3paxyHKiB BKa3ylOTh Ha Te, IO reKcaroHajibHa ¢popMa TpyOKH MPU3BOJIUTD
JI0 TOAATKOBOT'O 3HATTSA BUPOJZKEHHS PIBHIB Ta Mepepo3MOJILTy T'YCTHHHA WMOBIPHOCTI, IO
€ KPUTHIHUM JIJTsi PO3YMiHHs ONTHYHUX BJIACTHBOCTeil Takux HaHocucTeM [12; 13].

REFERENCES

1. Hasumos O. C. Keanmosa mexanixa: nidpyuwnur. Kuis: BJl «Arkagemmepiognkay,
2012. 708 c.

2. Bakapuyk 1. O. Kseanmosa mexanixa: nidpyunux. 3-te Bum., nomn. JIbsis: JIHY
imeni Isana Ppanka, 2007. 848 c.

3. Buconpkuit B. I. Keanmosa mexanira ma ii sukopucmarna y npuxaadnit @izuuy.
Kwuis: KuiBcpkuit yaisepcutet, 2008. 367 c.

4. Holovatsky V. A., Gutsul V. L. Electron energy spectrum and wave functions in
complicated elliptic quantum wires. Journal of Optoelectronics and Advanced Materials.
2007. Vol. 9, No. 5. P. 1437-1441.

5. Harrison P. Quantum Wells, Wires and Dots: Theoretical and Computational
Physics of Semiconductor Nanostructures. Chichester: John Wiley & Sons, 2016. 616
p.

6. Bastard G. Wave Mechanics Applied to Semiconductor Heterostructures. Les Ulis:
Les Editions de Physique, 1988. 350 p.

7. Abramowitz M., Stegun 1. A. Handbook of Mathematical Functions. New York:
Dover Publications, 1972. 1046 p.

8. Crpmxkak I1. €. Keanmosa ximia: nidpyurnur. Kuis: Knepo-MoruasHchbka akaaemMid,
2009. 458 c.

9. Whittaker E. T., Watson G. N. A Course of Modern Analysis. Cambridge: Cam-
bridge University Press, 1996. 608 p.

40



Volodymyr Makarov
(Kyiv, Ukraine, Institute of Mathematics of the NASU, makarovimath@gmail.com)

Nataliya Mayko
(Kyiv, Ukraine, Taras Shevchenko National University of Kyiv, mayko@knu.ua)

Vyacheslav Ryabichev
(Kyiv, Ukraine, Taras Shevchenko National University of Kyiv, ryabichev@knu.ua)

AN EXPONENTIALLY CONVERGENT METHOD
FOR A FRACTIONAL-ORDER EVOLUTION EQUATION
IN A BANACH SPACE

In a Banach space F, we consider the initial-value problem for an abstract evolution
equation within the setting of [1]:

du+ 0y “Au= f(t), te(0,T],
u(0) = uy,

where A : D(A) — FE is a strongly positive operator, f : [0, T] — E is a given vector-

valued function, ug € F is a given vector, u : [0, T| — E is a sought solution, 9, = %,
and
(t—s) i
thFl—i— ) u(s)ds if —1<a<0,
Ca «
or0m =1 .- =

[

In various applications, A is a llnear second—order partial differential operator charac-
terized by time-independent coefficients and spatial derivatives.

For convenience, we recall the following definition.

Definition [2|. A closed linear operator A : D(A) — E with dense domain D(A) C E
and resolvent set p(A) C C is called strongly positive if there exist constants ¢ € (0, 7/2),
v >0, and L > 0 such that

u(s)ds if 0 <a<1.

1~ 4)7] <

L

) by
T3 2] for all z € X,
where [ denotes the identity operator, and ¥ = {z € C|¢ < |argz| <7} U{z € C| |z| <
7} Cp(A

The solution u(t) can be formally expressed in the form:
ut) = U(tyug + [y U(t — s)f(s) ds,

where U(t) = Z P () Q s a solving operator, Q = A(I+ A)~! is the Cayley trans-

form of the operator A, and p\® (t'T*), n = 0,1,..., are the Laguerre-Cayley functions
given explicitly by the formula.

n—1 (_ 1)r+lcf77;_1t(r+1)(a+1)

pET) = %

neN, p@et) =1,
= T(1+ (r+1)(a+1)) po (#7)

Next, we approximate u(t) as follows:
N
un(t) = Un(tyug + [3 Un(s)f(t — s)ds, Un(t) = 3 pi? (tH)Q™. (1)
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We investigate the accuracy of uy(t) under specified conditions on the input data vy and

£(t), assuming that the Laguerre-Cayley functions p'® (%) satisfy the inequality

p{ ()| < Ct)n”, (2)

where v € R and C(t) > 0 is independent of n. This is supported by extensive numerical
evaluations conducted using the computer algebra system Maple.
Let v > 0 and let (m,), be a nondecreasing sequence of positive numbers. On the

set C°(A) = [ D(A") of infinitely differentiable vectors of the operator A, we introduce
n=0

A" f
the norm [3]: [ Flleen pmyn = sup 12l
neNg MplV

For infinitely smooth uy and f(¢), we obtain the following result [4].

Theorem. Let the Laguerre—Cayley functions p%a) (t') be subject to condition (2)

with sup C(t) < oo and f(f C?%(s)ds < oo, let ug € C (A, (1),v) with v = Czs—ﬁ), and let
te[0, T

the right-hand side f(t) satisfy the conditions:

ft) € C(A,(1),v) S LF (D) lleea, .0 < 00, Jo IF )1, 1y, ds < 00
€lo,

Then, the Cayley transform method (1) is exponentially convergent, and the following
estimate holds:

67\/N+1

1/2
Ju(t) = () < MO Zm {ollecn o + L5 17 B, 45

where M(t) > 0 is independent of N.
The case of the finitely smooth input data ug and f(¢) was studied in [5].
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REGULARITY FOR DOUBLY NONLINEAR EQUATIONS IN THE
MIXED REGIME

Let Q be a domain in RY, T > 0, Qp := Q x (0,7). We study nonnegative (sub)
super-solutions to the equation

uy — divA(z, t, u, Du™) = 0, (z,t) € Q. (20)

Throughout the paper we suppose that the functions A = (A;,- -+, Ay) : Qp xR xRY —
RY are Carathéodory, i.e. such that A(-,-,u,§) are Lebesgue measurable for all u € R,
¢ € RY, and A(z,t,-,-) are continuous for almost all (z,t) € Qp. We also assume that
the following structure conditions are satisfied

21
Az, t,u, Dum)| < K |Dump-t, 21

{A(x,t,u, Du™) - Du™ > Ky |Du™|?,
where m > 0, p > 1, and K, Ky are positive constants.
Definition 1.We say that a function u is a nonnegative, locally bounded, local weak

(sub) supersolution to if

0 < u € Cul(0,T; LI™(Q)), u™ e L

loc loc

(0, T; WP (), w € L2 (Qr),

loc loc

and for any compact set E C Q2 and every subinterval [t,ts] C (0,7 there holds
to t2
/u( dx| + //{—ug + A(x, 7,u, Du™) - D(} dxdr < (2)0, (22)
t1

E t1 F

1
for any testing functions ( € VVllO’ch (0,T; L (E)) N LY

(0,75 WP(E)), ¢ > 0.
A function that is both a weak sub and supersolution to s called a weak solution to
([20); in such a case, (1.6) becomes an integral identity.

Remark 1.In order to simplify the presentation, we have decided to give a definition
of solution that already encodes the nonnegativity of u and its local boundedness, besides
a certain integrability of the gradient of small powers of u. For these topics, we refer to
[1] and references therein.

Our main result reads as follows. Let the main degeneracy exponent be
A=m(p—1).

Theorem 1. [2] Let u be a nonnegative, local weak solution to (20)-R1) in Qr and
assume also that one of the following conditions holds

A<l and p+N(A—-1)>0, (23)
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or
A>1 and

<p<?2 24
N+1-Pe® (24)

or
A>1 and p>2, (25)

then w is locally Holder continuous in p.
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CLASSES OF EXTENSIONS OF GRADIENTS ASSOCIATED WITH
MONOGENIC FUNCTIONS

We consider classes of piecewise smooth extensions across a smooth curve for gradients
of biharmonic functions in the corresponding domains adjacent to the given curve.

Each gradient in every domain is expressed as a pair of some real-valued components
of monogenic function in the biharmonic algebra. A theory of biharmonic functions in
the biharmonic algebra may be found in [1].

Necessary and sufficient conditions have been found [2] for the existence of an extension
across a smooth curve for the gradients of functions for each considered classes. Moreover,
the found extension determines the gradient of the biharmonic function in the union of
the indicated domains and has certain smooth properties at the curve’s points.
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ITPO 3AI‘AJ’IbI§I/II7I PO3B’4A30K PIBHAHb PIBHOBATU JIAME /1JI4
ITPY2KHOI CMVYT'1 3 ®YHKIIOHAJIBHO-IT'PAJIIEHTHOI' O
MATEPIAJIY

BacrocyBanns dbyHKIIOHATBHO-TPaIieHTHEX MaTepianis (PI'M) y cyvacHiit aepokocMi-
YHIl raJaysi, MarmuHoOyIyBaHHI Ta TPUOOTEXHII /1a€ 3MOT'Y CYTTEBO 3MEHIIHTH KOHIICHT-
paIiio HalmpyzKeHb Ha MeKaxX pO3/LTY Pi3HUX MaTepiaJiB Ta MIBUIIATH 3HOCOCTIHKICTH
KOHTAKTYIOUUX eJeMeHTiB. AHa/li3 MeXaHi9HUX XapaKTePUCTUK eJIeMEeHTIB KOHCTPYKIIii
3 @I'M norpebye po3pobKku edeKTUBHUX MaTeMaTHIHUX MOJe/eil KOHTAKTHOI B3a€MO/Iil
MMTaMIIIB Ta HEOAHOPITHUX OCHOB PI3HUX TeOMeTpiii.

YucesibHi PO3B’A3KY 337124 TJIAJIKOTO KOHTAKTY 3 BIJIPUBOM JJIsl IPY2KHOI CMYTH, MOJLY.JTh
3CYBY KOI 3MIHIOETBCS 3 TOBIIUHOK 3a eKCIOHeHniaabHuM 3akoroM (PI'M),; orpuMano B
poGorax S. El- Borgi, R. Abdelmoula ta L. Keer [1], I. Comez [2], J. Yan ta X. Li [3],
G. Adiyaman, A. Birinci, E. Oner ta M. Yaylaci [4], I. Comez, S. El-Borgi, V. Kahya Ta
R. Erdol [5].

Meroro panoi 3aga4i € 1) nobyoBa MaTeMaTuIHOI MOJE/] [JIAJAKOrO KOHTAKTY MixkK
MiBHECKIHYEHHUM IITAMIIOM 13 TPSIMOJITHIHHOIO OCHOBOIO Ta MPYKHOI0 CMYTO0I0 3 (DYHKITIOHA~
JBHO-TPAJIEHTHOTO MaTepiay, gKa Mae KOPCTKO 3aKPIIIeHy HHZKHIO TPaHb, 2) aHATITHIHA
o0y/10Ba 3araJbHOrO PO3B’sI3Ky DIBHSHB PIBHOBArW B NepeMileHHaxX (piBHSHB Jlame).

Y nmaHiit 3a1adi poO3MISIIAEThCS TIOCKa Jedopmaliiss TPy»KHOI CMYTH TOBIIHHOKO h
(—o0 < x < 00,0 < y < h). Marepian cMmyru € QYHKIIOHATBHO-TPAIEHTHAM 13
eKCIOHEHITIaJTbHIM 3aKOHOM 3MiHH MOJIYJIS 3CYBY IO TOBIIWHI:

G(y) = Goe™,

e Gy = G(0) — momyab 3cyBy Ha Bepxwiil rpani emyru (y = 0), G, = G(h) — mMoaynb
3CyBY Ha HUKHIH rpani cmyru (y = h), a 7 — napamerp I'DaJi€HTHOCTI MaTepiaJy, 1Mo
BU3HAYAECTHCS CIIBB1IHOIIEHHIM
1 1 G,
=—In({—=).
TR\ Gy

KoedimienT [lyaccona v BBaXKaeThCs CTAIOI0 BEJIUYUHOIO B3/I0BK BCi€l TOBITUHU CMYTH.

Y BepxHIO I'palb cMyru (y = 0) BAABIIOETHCS MIBHECKIHYeHHUTT KOpeTKui mtami (0 <
T < 00) i3 TOPU3OHTAIBHOI OCHOBOO T/ JII€I0 PIBHOMIPDHO PO3IOALIEHOr0 HOPMAIBLHOTO
HABaHTAKEHHS iIHTEHCUBHOCTI P, CIPUYNHSIOYH IPOCIIaHHA CMYTH Ha BeanduHy §. KoHTakT
MK IIITAMIIOM Ta CMYTOIO BBAXKAETHCS TVIAJIKAM (Cuam TepTs BijcyTHi). Huxkms rpanb
emyru (y = h) € KOPCTKO 3aKPIIIEHOO.

Cdopmyaoemo Kpaiiosi ymoBr KoHTakTHOI 3ama4i. Ha Bepxniii rpani cmyru (y = 0):

uy(2,0) =9, Tuy(x,0) 0 <z < oo,

0
oo (26)
oy(,0) =0, T4y(zr,0)=0, —oco<z<O.
Ha mwkHiil rpani emyru (y = h):
ug(z,h) =0, wuy(r,h)=0, —oo<uz < o0, (27)
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TYT Uy (T, ), Uy (2, y) — KOMIOHEHTH BEeKTOpA IepeMillienb; o, (%, y), Ty (2, y) — HOpMaIbHI
Ta JIOTUYHI HAIIPY2KEHHS BiJIIIOBIIHO.

Orxe, cPopMyTbOBAHO MATEMATHIHY TOCTAHOBKY KOHTAKTHOI 3a/a4i PO B3AEMOJIIIO
HiBHECKIHYEHHOT'O YKOPCTKOTO TIITaMIa 3 MpyzKHooo cMyroio 3 PI'M npwu mirockiit gepopmartii.
Buseieno piBusinusg pisHoBaru JlaMe B iepeMilieHHsIX 78 CePEJIOBUIINA 3 €KCIIOHEHIIaIbHO
3MIHHUM 3a TOBIIHHOW MojyJeM 3cyBy G(y) = GoelV.

3a J0MOMOIoI0 iHTerpaJibHOTO neperBopennd Pyp’e oTpUMaHO 3araJbHUR PO3B’A30K
piBHsAHD piBHOBaru Jlame. OTpuMaHi pe3yJIbTaTH € TEOPETHIHOI OCHOBOIO /I MOOYIOBH
AHAJITUYHUX 1 9UCEIbHAX aJTOPUTMIB OOUHCIEHHST PO3MIOLIY KOHTAKTHUX HAIIPYKEHb Ta
JOCTIIZKeHHA BIIUBY IapaMeTpa IPaJi€HTHOCTI ¥ Ha KOHIIEHTPAIIIO0 HAIIPYKEeHb MOOJIH3Y
KyTOBOI ToukH mramia (x = 0).
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THE USE OF A TWO-DIMENSIONAL KINEMATIC LINEAR KALMAN
FILTER WITH ROBUST HUBER CORRECTION FOR FILTERING A
HEART RATE SIGNAL

The Kalman filter is one of the most common and at the same time one of the most
effective methods of digital signal filtering. It is a powerful mathematical tool for re-
cursively estimating the state of dynamical systems, which is widely used to clean noisy
signals [1].

Let’s say we constantly receive data from a sensor that somehow characterizes an
object. In this case, it is an optical heart rate sensor that is used to obtain a person’s
pulse waveform, which provides information about the person’s heart rate. We know
that the sensor is inaccurate (because all sensors have a certain error, which cannot
be accurately determined without complex and laborious measurements using reference
means). An additional feature of this problem is that we do not have all the data at once,
they come in turn. That is, we cannot use classical statistical methods such as averaging,
regression, etc.

We roughly know that the pulse should be a periodic (rather — quasi-periodic) func-
tion, but we cannot predict anything in advance: neither the shape of this function, nor
its period, and even more so — we do not have an analytical expression for it. It cannot
even exist, since a person’s pulse depends on a large number of factors, and primarily
on physical activity at the moment. It turns out that even under such conditions, the
Kalman filter can be used. However, if a one-dimensional Kalman filter is used for this
problem (the signal in this case is one-dimensional), then in its practical implementation
on any microcontroller, the effect of “over-smoothing” will inevitably appear, as a result
of which the output signal will lose small details. To prevent this from happening, it is
necessary to use a two-dimensional (2D) kinematic linear Kalman filter with robust Huber
correction [2].

We model the signal not as a static number, but as a physical object that moves in
time and has a value and a rate of change. At each discretization step k, the state of the

system is described by a vector 2 x 1. x;, = [mk} where xj is an estimate of the true value

Ty,
of the PPG signal and iy, is the rate of change of the signal (first derivative, %),
We assume that for a short time interval At (discretization period, for example, At =
0.02 s for 50 Hz) the process is described by the equations of uniform motion: z;, =

Tp—1 + Tp—1 - At + Wy p—1; Ty = Tp—1 + Wi k1. In matrix form:
xp = Fxp 1 +wi_g,

where F' is the state transition matrix:

1 At
=l 1l

and wy_; is the process noise vector that takes into account unpredictable changes in
speed (acceleration of the heart rate).
The uncertainty of the model is described by the covariance matrix ) of size 2 x 2:

A_#A_ﬁ}
?

2
Q =04 [% A2t2
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where o2 is the parametric variance of the signal “acceleration” (the tuning parameter of
the filter flexibility).

Before updating the state, we check whether the new measurement z; is not an outlier.
To do this, first calculate the value of the residual: y, = 2z, — HX, , where 2, is raw sensor
data, its variance is Sy, = HP, H' + R = P1;(1,1) + R, and the standardized error is

Yk

N

Based on the last parameter, the concept of Huber weight (wy) is introduced [1]: for
a given threshold ¢ € [1.3;1.8]

Cr =

{1, if lex| < ¢
WE =

e A lex| > ¢

Then adapted measurement noise is Ry = w—i and adjusted innovation variance is

gk: = Pk_,(l,l) + Rk
This processing step computes a matrix of Kalman gains K = P,;HTS,;I, which

determines how much the filter will adjust its prediction based on the new measurement.
For our 1D measurement, this simplifies to a vector:

Kp =+ [P k}w} _ [K} |
Sk Pk,(2,1) Ky

At the final stage, we adjust our knowledge of the system and obtain the final (a
posteriori) estimates, i.e. the final filtered signal):

The last expression is calculated component-wise as follows:
T =2, + Ky -y i’k:%];‘i‘KQ'yk-

The Kalman filter improved in this way provides good smoothing of the output signal,
but at the same time, small details that are important for medical diagnostics based on
the heart rate signal are also quite noticeable.
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Cexkmig 4

MareMaTu4dHuii Ta KOMIJIEKCHUI aHAJI3 /
Mathematical and Complex Analysis

Volodymyr Kimak, Andriy Zagorodnyuk (Ivano-Frankivsk, Ukraine, Vasyl
Stefanyk Carpathian National University, volodymyr.kimak.22@pnu.edu.ua,
andriy.zagorodnyuk@pnu.edu.ua)

w,m-SYMMETRIC POLYNOMIALS ON BANACH SPACES

Let w, = {ao,a1,...,a,-1} be the group of nth roots of unity so that oy = 1, and
o) = a; = e2mi/m () < j < n. We construct the set of indexes N, as a matrix n rows
with entrles ma; for 0<j<n-—1and m € N. For every 1 < p < oo, we denote by
¢,(N,,) the Banach space of all absolutely summable power p complex sequences indexed
by numbers in N, . Any vector = in ¢,(N,, ) can be represented as

Loy Tlag s L2ayg s ) Tmag s
Loy HATIE L2y s e Tmay s
Tr = (xmaj)meN, 0<j<n : - : : .. : : ’
xan71 Ilan,U x2an71, RIS Imanflv
where 7o, = (714, T2a;, - - - » Tmay, - -~ ) is in £, for all j € {0,1,2,...,n — 1}, and
oo n—1
P
EEIOI M )"
=1 7=0

A polynomial P on (,(N,,,) is called w,-symmetric if it is a finite algebraic combination
of polynomials {2}, where

n—

1 0o
OV (@) =Dy ok . keN, k> [pl.

]:O =1

The algebra of all w,,-symmetric polynomials on £, (an) is denoted by Ps (ﬁp(an)). An
wi-symmetric polynomial is called symmetric.

The concept of w,-symmetric polynomials on ¢; was introduced in [1]. In this talk
we consider more general case of ¢, and discuss some new properties of w,-symmetric
polynomials.

For vectors x, y € £, we denote z @y = (1,y1, T2, Y2, - - Tp, Yn, - - -)-
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Theorem 1. Let P € Py((,(N,,)) and a € £,. Then

Ta, ®Q Ty Lag
To, ®Q Loy Ty
P _ =P for every x = _ € l,(N,,).
xa'nfl ®a xa'nfl 'I‘anfl

For a given z € ¢, we define z, € (,(N,,,) as
oz
a1z

T, =

Ap_17

Theorem 2. For every k > [p]| and integer n, the map z — Q,(cn) (x,) is a symmetric
polynomial on £,

This research was supported by the National Research Foundation of Ukraine,
2023.03/0198.
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TOTALLY POSITIVE SEQUENCES GENERATED BY REAL
POLYNOMIALS

Definition. A sequence of nonnegative numbers (ax);2, is called totally positive, if
all minors of the infinite matrix

Gp Qi Gz as
0 ap a1 as
0 0 ag aq

are non-negative.

Concept of total positivity found numerous applications and was studied from many
different sides. It has applications in distribution of zeros of polynomials and entire func-
tions, Pdlya frequency sequences, unimodality and log-concavity, stochastic processes and
approximation theory, mechanical systems, planar networks, combinatorics and represen-
tation theory.

Let P, P(0) > 0, be a real polynomial of degree m. It is easy to check that Y -, P(k)z* =

%, where () is a real polynomial of degree at most m.
We will discuss the following problem: for which P the sequence (P(k))2, is totally
positive? Due to the famous theorem by Aissen, Schoenberg, Whitney and Edrei it

happens if and only if all the zeros of () are real and non-positive.
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GROWTH ESTIMATES FOR ANALYTIC FUNCTIONS IN THE UNIT
POLYDISC WITH BOUNDED L-INDEX IN DIRECTION

We will use notations and definitions from [1]. Let 0 = (0,...,0), b = (by,...,b,) €
C" \ {0} be a given direction, Ry = (0,+00), D" = {2 = (21,22,...,2,) € C": || <
1,7 € {1,2,...,n}}, L: D™ — R, be a continuous function such that for all z =
(21,22, ...,2,) € D"

L(z) >  max 5]

1<j<n 1——|zj|’ 3 = const > 1. (28)

An analytic function F': D™ — C is called a function of bounded L-index in a direction
b, if there exists my € Z, such that for every m € Z, and every z € D" one has

O P max{‘a‘gF(z)‘: 0<k< mo}, where 0 F(2) = F(z2),0uF(2) = 32", 2@y

mIL™(z) KILF(2) j=1"98z; “J>

OpF(2) = 0p(0y 7 F(2)), k > 2.

Theorem 1. Let L: D" — R, be a continuous function satisfying and for every
20 € D" and every 0 € [0,2x] the function u(r,z°,0) be a continuously differentiable
Junction of real variable r € [0, R), where R = R(2°,0) = min{R € R, : [2) + Reb)| =
1, j € {1,...,n}}. If an analytic function F: D" — C is of bounded L-index in the
direction b then ¥2° € D", V0 € [0, 27|, Vr € [0, R) Vp € Z, one has

|aﬁF(ZO—|—tb)| |5’|§F(z0)|
o | S —— . 0<k<
In Iﬂ‘jﬁ‘( PLr(20+tb) ) = Inmax R (0) 0<k<N i

r ) 2 (50 9 t))+
N £ DL + i) 1 N U0 dt
+eg[lo%§§r]/o {( DL+ 1eh) + L(z0 + te?b)

If, in addition, for every 2° € D", 0 € [0, 2x] one has (—ul.(z°,0,7))" /(L*(2°+reb)) — 0
as max |29 +re®by| — 1 then for every z° € D" and 0 € [0, 2n]
<j<n

_ Inl|F 0 i@b
maxi<;j<n |z§?+rei9bj|ﬁ1 fO L(ZO + teleb)dt
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LAPLACE-STIELTHJES TYPE INTEGRALS: THE BOREL RELATION
AND THE h-MEASURE OF AN EXCEPTIONAL SET

By Z(v) denote the class of functions F': R — R, represented by integrals of the form
m@—/a@wmm
Ry

For F € Z(v) and x € R let us denote
i, F) = esssup{ f(u)e™: u € S}.

We denote by L the class of positive continuous functions ®: R, := [0, +00) — R,
such that ®(z) / +oo (0 < x — +00), and by L' the class of positive continuous
differentiable functions h(z): [0, +00) — [0,+00) such that f0+°° dh(z) = 400 and 1 <
h'(z) /400 (0 < x  +00). Denote by £ the class of function ¢» € £ such that
f;goo dt/(t) < +oo, ¥(t) >t for t >ty > 0, and by L, the class of the functions ¢ € £,
such that the inverse function 1/ ~! to function 1) satisfies the condition v~ (uv) < up=1(v)
(u,v > 1). Let ® € L. Let us introduce the following class of Dirichlet series

DN ®)={FeD\): Inu(z,F)>zP(x) (x> x0)}.

For a Lebesgue measurable set E C [0, +00) we call

WEEAM@)

its h-measure, at h(z) = = the h-measure of a set E is its Lebesgue measure.
In the article [6] the following theorem was proved.

Theorem 2. [6] Let h € LT, ® € L. If a function F € D(\,®) and a number b > 0
such that
f K (p(An) +0)

< )
A, +00

n=1
then asymptotic relation In M (x, F) ~ Inp(z, F) holds as x — +oo outside some set E
of finite h-measure (mp,E < +00), where the function ¢ is an inverse function to the
function P.

In this article we will prove a similar statement for the functions from the class Z(v).
The proof method differs from the classical Wiman-Valiron type method was used in the
article [6].

We say that F' € Z(v,®) if F' € Z(v) and

InF(z) > x®(x) (x> x0).
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We prove the following theorem.

Theorem 3. Let h € LT, ® € L, y(x) = 2P(x). If a function F € (v, ®) and there
exists a function ¢ € Ly that the condition

W (eolt) muo(t) = o(v7(1)) (£ — +00)

satistfy with vo(t) = v([0,1]), then asymptotic relation In F(x) = (1 + o(1)) In p(z, F)
holds as © — 400 outside some set E of finite h-measure (mpE < +00), where the
function @q 1s an inverse function to the function ®.

Remark 1. It is easy to verify that condition f;goo dx /¢ (x) is equivalent to condition
f;roo t=2p"1(t)dt < +o00. On the other hand, for given non-decreasing function o(t) the
0

condition j;joo t~2a(t)dt < 400 is equivalent to the condition that there exists a function
Y € Ly such that a(t) = o(yp~(t)) (t — +00).

The authors do not know whether it is possible to choose the function 1 so that the
condition of belonging to the class L, is fulfilled.
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APPROXIMATION OF FUNCTION BY ZYGMUND METHOD AND
THE BEST APPROXIMATION IN WEIGHTED ORLICZ TYPE SPACES
WITH VARIABLE EXPONENT

We consider linear methods of summation of Fourier series in weighted Orlicz type
spaces S, , with variable exponent. The spaces S, , are defined in the following way. Let
p = {pr}2_., be a sequence of positive numbers such that

1<p <K, k=0,+1,%2,..., (k€Z),

where K is a positive number, and p = {1 }32 . be a sequence of nonnegative numbers.
Let S, , be the space of all 27r-periodic Lebesgue summable functions f (f € L;) such
that the following quantity (which is also called the Luxemburg norm of f) is finite:

[ fllp, . = inf {a >0: Zuk|f(k)/a|pk < 1}.

kEZ

ry 2

where f(k) := (2m)~! [7 f(t)e"*dt, k € Z, are the Fourier coefficients of f. The spaces
S, . defined in this way are the Banach spaces. They were considered in [1],
Let T,, n =0,1,..., be the set of all trigonometric polynomials 7,(x) := ngn cpel®

of the order n, where ¢, are arbitrary complex numbers. Let also

En(f)p,u = inf ||f - Tn“p,p

Tn-1€Tn

denotes the best approximation of a function f € §, , by the trigonometric polynomials

7, €T, in S

p7 ll‘.
Further, for any function f € L; with the Fourier series of the form

S[f)(x) =Y Flk)e™,

kez
consider for n = 0,1,..., the following linear transformations:
noo . n k s\ .
5.0 =YWt 20N =Y (1- (5) ) fkes >0
k=—n k=-n

The expressions S, (f) and Z (f) are called the partial Fourier sum and the Zygmund
sum, respectively.
Let ¢ = {¢(k) }rez be a numerical sequence whose members are not all zero and

Z() = {k € Z: (k) =0}

In what follows, assume that the number of elements of the set Z(v)) is finite.
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If for a function f € Ly, there exists a function g € Ly with the Fourier series of the

form

kET\Z (¢
then we say that for the function f, there exists ¢-derivative g, for which we use the
notation ¢ = f¥. We consider 1)-derivatives defined by the sequences of the following
form: (k) = |k|™°, k € Z, s > 0, and use in this case the notation f()
This definition of ¢-derivative is adapted to the needs of the our research and it is not
fundamentally different from the established concept of ¢-derivative of A.I. Stepanets [2].
The modulus of smoothness of f € S, , of the index a > 0 is defined by

wdﬂﬁn:—&mHAfMu—ﬁmHX: p(3) s

where § > 0, (§) := 1, (3“) =ala—1)-...-(a—j+1)/j, jeN.
Let w be a function defined on the interval [0, 1]. For a > 0, we set

Sy HY ={feS, 1 walf,0)p,=0w®), §—0+}.

Let B and By, s € N, denote the sets of all continuous strictly increasing functions w(t),
t € [0,1], with w(0) = 0 satisfying the following conditions, respectively:

>, W(lv/v) = Olw(n™)], Y v w™) =0wn™)], n-oo.

Theorem 1. Assume that f € L1, s > 0 and w € B. The following statements are
equivalent:

D 1Su(f)lp, = Ow(n™)),  n— oo

)£ -200)||  =owm), n— oo
3) feS, H

Furthermore, if one of the statements 1), 2) or 3) is satisfied, then
4) En(f)pw =0O(w(n™)), n— oo;
If w € BN By, then the statements 1)-4) are equivalent.
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ON THE UNIFORM BOUNDARY SEPARATION FOR MAPPINGS IN
VARIABLE DOMAINS

Let R™, n > 2, be the n-dimensional Euclidean space. The boundary 0A and the
closure A of a set A C R™ are considered with respect to the extended space R? =
R™ U {oo}, and h(z,y) stands for the standard chordal metric. For a given set £ C R™,
its chordal diameter is defined as h(E) = sup, ,cp h(z,y).

A Borel function p : R™ — [0, 00] is called admissible for a family T" of paths v in R™,
if the relation f7 p(x)|dz| > 1 holds for all locally rectifiable paths v € T'. In this case, we
write p € admT'. For p > 1, the p-modulus of T' is defined by the equality

pEadmT’

M) = inf / () dm(z), (29)

where dm(x) is the element of the Lebesgue measure in R".

For xzyp € R" and 0 < 1 < 7y < 00, denote S(zo,7) = {x € R" : |z — xo| = r} and
A(xg,r1,m9) = {x € R" : 1y < |z — 29| < 12} Given a domain D C R" and a measurable
function @ : R® — [0, 00], a mapping f : D — R™ is called a ring Q-mapping at a point
xo € D with respect to the p-modulus, if the condition

My (f(T(S(xo,71), S0, 72), D)) < / Q(x) - 1" (lx — xol)dm(z) — (30)
A(a:o,?"l,rz)ﬂD

holds for any 0 < r; < ry < d(x¢,0D) and every measurable function 7 : (ry,75) — [0, 00]

such that f:f n(r)dr = 1. All other basic definitions, including functions of finite mean

oscillation (FMO), can be found in [1].
For xy € R", denote

1
Qmo(r):m / Q(x)dS,
|z—z0|=r

where dS' is the surface area element and w,,_; is the area of the unit sphere in R". We
say that () satisfies the integral divergence condition at xy € R" if

——— =0 (31)

for some 9y > 0.

58



We study the problem of the uniform boundary separation for images of compact
sets under spatial mappings in variable domains. Let Dy C R" be a domain, and let

D = {D,,}>_, be a sequence of domains the kernel of which (in the sense of Carathéodory)
is Do.

Theorem 1. Let A be a non-degenerate continuum in Dy such that A C (\o_; Dp,.
Let f, 0 D, — R™ be a sequence of open, discrete, and closed mappings that are ring Q)-
mappings at any point xg € Dy with respect to the n-modulus. Assume that the following
conditions are satisfied:

1) the majorant Q has a finite mean oscillation in A (or satisfies the corresponding
integral divergence condition (8) for every xo € A);

2) there exists 0 > 0 such that h(fn(A)) =6 for allm > 1;
3) there is r > 0 such that h(E) > r whenever E is any component of O fn (D).

Then there exists a positive constant 61 > 0 such that the separation condition

B(fn(A), Dfin(D)) > 61 (32)

holds for every m > 1.
Furthermore, if Ag is some another compactum in Dy, then there are 6o > 0 and
My € N such that Ay C D,, for all m > My and the uniform separation condition

h(fm<A0),8fm(Dm)) > 52 (33)

holds for every m > M,.
The detailed proofs of the formulated results established in |2].
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FOURIER QUASICRYSTALS: THEOREMS AND PROBLEMS

The Fourier transform
o) = [ eltje
R
is well-defined for all ¢ belonging to Schwartz’ class S of C* with the properties
tme™(t) -0  VYm,n € NU{0}, |t| = o0,

For a tempered distribution f € S the Fourier transform is defined by the formula

~

flo):=f(¢), VeeSs.

Here we consider only the very rare but extremely important case where f and f are

measures of the form
f:M:thﬁ,\, fZﬂ:vaév.

AEA ~yel

The above definition is equivalent to the Poisson formula

SThp() =Y amgh),  VeeS.

vyel AEA

If A and T are locally finite (intersections with any interval are finite), then pu is a
crystalline measure, and if the variations |u|, |@| belong to S*, then p is the Fourier
quasicrystal. In 2023, I constructed the first example of a crystalline measure, which is
not the Fourier quasicrystal.

A measure (4 is called translation bounded if sup,cp |p|(z, 2 4+ 1) < o0,

Theorem 1. (S.Favorov 2024) If a measure 1 € S* non-positive and [i is a measure
then p 1s translation bounded.

Theorem 2. A measure |p| € S* if and only if M, (r) = |p|(—r,r) grows no more
than polynomaially.

Theorem 3. (S. Favorov 2023) If 1 € §* as above and
Jh>0 YANeEA A= N|>cmin{l, A"}
then |u| € S*

Theorem 4. (P. Boivalenkov, S. Favorov 2025) Let a measure ;1 € S* be translation
bounded. Then

a) the measure v = Eyer |b,]20,,, where ' = suppji, is also translation bounded,

b) if restrictions of T to any interval of length 1 are linearly independent over Z, then
the measure [i is also translation bounded.

Problem. Show that we cannot replace the power 2 in the definition of the measure
v with any smaller one.
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In 2020 A. Olevsky and A. Ulanovsky proved 1-1 correspondence between Fourier
quasicrystals with unit masses and zeros of real-rooted exponential polynomials

P(z) = Z q e*m*, g; €C, w;eR.
1<j<N

In 2025, F. Goncalves discovered a one-to-one correspondence between Fourier quasicrys-
tals and a special class of meromorphic functions whose poles coincide with the supports of
Fourier quasicrystals, and whose residues coincide with the masses of Fourier quasicrystals
at these points.

Generalizations to measures in horizontal strips of a finite width. For p € §
with compact support consider the extending of ¢ to the entire function on C

52) = [ elte i
R

For a measure p in a strip Sy = {z =2 +iy: v € R, |y| < H} under assumption
M, (r) == |pl{z: |z| <7, |y < H} =00"Y), for some N < oo,
set

[ewirtan = [ &

In 2025, we proved an analogue of A.Olevskii-A.Ulanovsky’s result for measures in a strip
and its generalization to the class of Dirichlet series with a bounded spectrum 2

Qz) = quewz, supQ € Q, infQ e,

wes

We will say that the measure p on Sy is translation bounded if

sup |pl{z: 2 <x <2 +1, |yl < H} < c0.
z’€R

Theorem 1*. (S. Favorov, O. Deger 2026) If a measure u € S* is non-negative then
it s translation bounded.

Theorem 4*. (S. Favorov, O. Deger 2026)
M, (r) < Cre'™7 Mye(r) < Coe®™.

It 1s tmpossible to remove the constant H from here.

Problems. Generalize other theorems about measures on R, in particular Goncalves’
result, Theorem 3, to the case of measures on strips.
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ARGUMENTS OF THE TAYLOR COEFFICIENTS
AND GROWTH OF AN ENTIRE FUNCTIONS

We denote by M(r) = max{|f(z)|: |z| < r} maximum modulus of the function

+oo +oo
F2) = an2" = |an|e” 2", 0, = agray, (34)
n=0 n=0
and by
+oo +o00
9(2) =) lalz", My(r) = My(r) =Y lan|r"
n=0 n=0

the majorant of the series .

The equation how essentially do the arguments of coefficients influence on the growth
of its maximum modulus may be reformulated to the following: how quickly may 9ts(r)
grow with respect to My(r)?

Remark that M(r) < 9s(r) (r > 0). But on the other hand, for every noncon-
stant entire function f(z) there exist a set £ C [1;+00) of finite logarithmic measure
(g r~'dr < +00) such that

InMp(r) —InMs(r) 1

0< lim < -, 35
=, 30 Inln My(r) -2 (35)
r¢E
Counsider random entire functions
+oo
f(zv w) = Zgn(w)anznv (36)
n=0

where &,(w) = exp{2mia,(w)} be Steinhaus random variables, that is {a,(w)} is a se-
quence of independent randon variables uniformly distributed on [0;1]. Let My(r,w) =
max{|f(z,w)|: |z| = r} be the maximum modulus of the function (36)).

Then for every nonconstant entire function there exist a set F C [1;+00) of finite
logarithmic measure such that almost surely

0< Tm InMts(r) — In My(r,w)
r—+00 Inln My(r,w)

r¢F

<. (37)

1 =

Remark, that constants 0 and 1/4 in previous inequality are sharp.
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QUANTITATIVE REGULARITY AT LEBESGUE POINTS
OF THE BELTRAMI COEFFICIENT

It is well known that a quasiconformal mapping is differentiable almost everywhere
and that almost every point is a Lebesgue point of its Beltrami coefficient. These two
full-measure properties are not pointwise equivalent: a Lebesgue point of the coefficient
need not be a differentiability point of the mapping, nor need a differentiability point
of the mapping be a Lebesgue point of the coefficient. The qualitative study of local
behavior at Lebesgue points of the Beltrami coefficient was initiated by Gutlyanskii and
Ryazanov and developed further with their collaborators; see [1] for an extensive account.

We prove that power-rate convergence in the Lebesgue-point condition for u yields a
pointwise C1T¢ real-linear expansion of f.

Theorem 1. Let f: Q2 — C be a quasiconformal mapping with Beltrami coefficient pu,
and let zy € Q. Suppose that, for some pg € C with |po| < 1 and some 5 > 0,

/| )~ ldAG) = 007 (o)

Then, for every 0 < a < /(8 + 2), there exists a € C\ {0} such that, as h — 0,
f(z0 + h) = f(20) + a(h + poh) + O(|h|"*).

If po = 0, this is the pointwise conformal expansion f(zo + h) = f(20) + ah + O(|h|*T%),
with a # 0.

The hypothesis is a quantitative S-Lebesgue condition, since the averaged L!-deviation
of p from pg is O(r?). When pg = 0, the conclusion gives pointwise C1+ conformality;
this special case has a direct proof and also follows, via a standard dyadic estimate,
from Shishikura’s C'*-conformality criterion [2]. We also discuss the interplay between
differentiability of a quasiconformal mapping and quantitative Lebesgue behavior of its
Beltrami coefficient, together with refinements based on Teichmiiller’s Modulsatz [3| in
the setting of u-homeomorphisms.
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SCHWARZ LEMMA FOR HARMONIC MAPS

Let n > 2, let F': D — H (in particular F' : D — B™) be harmonic, and write F' = P[®],
where ® € h*°(D,H) (® : T — B") is the radial boundary function. Suppose that
F(0) = p and that dF} is conformal, meaning that F,(0) and F,(0) are orthogonal and
have the same Euclidean norm. If dFy = 0, the desired estimate is trivial. Otherwise let

A = dFy(R?)

be the image plane, and let A > 0 be the conformal factor. The plane A is a linear two-
plane through the origin in the ambient space R™. The point p = F(0) need not lie in A;
throughout this section, myp denotes the orthogonal projection of the position vector p
onto this direction plane. Write

D=DA T DL, pA = TAp € A, pL LA

Choose an orthonormal basis e, e5 of A with py = ae;y, where a = |p,|; if @ = 0, choose
e1 arbitrarily. Since dFj is a similarity onto A, a rotation of the source variable gives the
normalization

Fw(()) = )\617 Fy(O) = )\62. (38)
Put b= |p.|, and if F': D — B" set

c=VI—p, @ s= % (39)

Consider the standard Mobius transformation ¢,(2) = 5% for [2| = 1, 0 < s < 1, and
define the boundary-support vector field

E(z) = EX(2) = (cps(z),p1) EAD AT, ¢>0, (40)

where the first component is understood as a vector in A. Define the total weighted
support integral:

I=1(®)=(D,E), = /w(z)(@(z), E(z)) dm(z). (41)

T
Note that £¢(0) = p if and only if ¢s = a.
Let D denote the unit disk and pp the hyperbolic metric on it.

Theorem 1. Text of Theorem 1

Let H be a real or complex Hilbert space, and let F' : D — H be a harmonic map belonging
to the Hardy space h>*(D, H). Let F(0) = p, and suppose that the real differential dFj
is conformal (or more generally, K-quasiconformal) and the tangent plane T, is parallel
to D. If dFy # 0, let A = dF,(R?) be the closed two-dimensional image plane in H, and
let A = ||dFy]| be the conformal factor and assume that |(®, E€),| < 1+ s* (the support
inequality w.r.t. Mobius transformation E¢). If in addition F¢(0) = p (i.e. ¢s = a), then
E¢ is the unique extremal, and we obtain:

1—|p?
V1= p? + |mapl?

A< A= (42)
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For p € B" and v € R" ~ T,B", define

V=P + (p.v)?
1—[pl?
This is the infinitesimal norm of the Beltrami—Klein model of real hyperbolic space. Let

B% denote the unit ball in Hilbert space H. We use this definition also for p € B}, and
v € H, and by CK we also denote the Cayley—Klein metric on BY.

CKgn(p;v) = (43)

Theorem 2. Let F' : D — B} be harmonic, let zy € D, and suppose that dF,, is
K -quasiconformal at zo. Then, for every v € T,,D,

|v]
1 — |z

CKpn(F(2);dF.,v) < K (44)

Equivalently, in the Schwarz—Pick normalization,

CKpn(F(20); dF,,v) < pp(z0;v).

From Theorem 2 we derive:

Theorem 3. Let F': D — B}, be a harmonic K-quasiconformal map, then

CKpn(F(20), F(2)) < Kpp(20, 2).

The part of the plan of communication is joint work with M. Knezevic.
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CONTINUOUS EXTENSIONS OF OPEN DISCRETE MAPPINGS WITH
INTEGRAL CONSTRAINTS

We consider open discrete mappings which are not assumed to preserve the boundary;
an approach to the study of such mappings was developed in [1]. The boundary behavior
of these mappings and the behavior of the corresponding families in the closure of the
domain are studied.

Let D C R", n > 2, be a domain, and let n — 1 < a < n. A Borel function
p: R™ — [0, 00] is admissible for a family I" of paths if

L p(w) lda| = 1

for every locally rectifiable path v € I'. In this case, we write p € admI'. The a-modulus
of ' is

M,(T') = inf /n p*(z) dm(x).

peadm T

For 79 € D \ {0} and 0 < r; < 7y, denote
SZ‘:S(ZE(),TZ‘), Z':1,2,

and
A(zg,r1,1m0) = {x € R" : ry < |x — 20| < 12}

Let f: D — R™\ F be an open discrete mapping. For every zo € D, suppose that
there exists Ry = Ry(zo) > 0 such that

M (1S5, ) < [ Qs(a)n’ (2 — o) dm() )
A(wo,T‘l,T‘Q)ﬂD
whenever 0 < r; < 1y < Ry and 7 : (ry,re) — [0,00] is a Lebesgue measurable function

satistying
T2
/ n(r)dr > 1.

T1

Here Q) : D — [0, 00] is a Lebesgue measurable function.
Let E be a closed subset of D, and let F, be a closed subset of R". We require that

C(f,0D) C E., fY(E,) CE.

Assume that E is nowhere dense in D and that D is finitely connected on E.

For each xy € 0D, there is a finite integer m = m(xy) > 1 such that every neighbor-
hood U of z contains a neighborhood V' C U for which VN D is connected and (VND)\ E
consists of at most m components.
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For every component K of f(D)\ E,, suppose that there exists a continuum K; C K
such that
WEp) >96,  h(f7'(Ky),0D) >4,

where 6 > 0 is fixed.

Let @ : [0,00] — [0,00] be an increasing convex function. We consider mappings for

which
dm(x)

| @@ g < M ©)

where M > 0 is fixed. Integral constraints of this type were studied in [2].

Denote by B the family of all open discrete mappings f : D — Rn\ F for which there
exists a Lebesgue measurable function Q) = Q) : D — [0, 00| satisfying the condition (1)
at every point ry € D and (2), together with the conditions on C(f,0D), f~'(E.), and
the continua K stated above.

The following result is an analogue of the classical equicontinuity theorem of Nakki
and Palka [3].

Theorem 1. Let I be a set of positive capacity if « = n, and let it be an arbitrary
closed set if n — 1 < a < n. Suppose that

e dr
|, s = )

for some &y > ®(0).

If, over all f € B, the components of f(D) \ E. form an equi-uniform family with
respect to a-modulus, then every mapping f € B admits a continuous extension to 0D.
The corresponding family of extended mappings is equicontinuous in D.

Acknowledgements. This talk is supported by the National Research Foundation
of Ukraine (Project “Analogues of Carathéodory and Koebe-Bloch theorems for Orlycz-
Sobolev classes”, Project number 2025.02/0010).
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FINITE ULTRAMETRIC SPACES WITH MAXIMUM CARDINALITY
OF THE CENTER OF DISTANCES

A metric space (X, d) is called an ultrametric space if the strong triangle inequality
d(z,y) < max{d(z,z),d(z,y)}

holds for all z, y, z € X.

Let (X,d) be a metric space and let D(X) be the distance set of (X,d), D(X) :=
{d(z,y) : =,y € X}. The center of distances of (X,d) is a subset C(X) of the distance
set D(X), defined as the set of numbers ¢t € D(X) such that for each p € X there exists
z € X for which d(p,x) = t.

The concept of the center of distances was introduced by Wojciech Bielag, Szymon
Plewik, and Marta Walczyriska in [1]. This concept was used in [1] to generalize John
von Neumann’s theorem on permutations of two sequences with the same set of cluster
points [2]. The centers of distances of ultrametric spaces generated by labeled trees were
studied in [3]. Several interesting properties of the center of distances were established in
[4-8|.

The following theorem is the main result of [9].

Theorem 1. Let n > 1 be an integer number, let logy(n) be the binary logarithm of
n, and let |logy(n)| be the integer part of logy(n). Then the inequality

|C(X)| < 1+ [log,(n)]

holds for each ultrametric space (X, d) with | X| = n. Moreover, there exists an ultrametric
space (Y, p) such that |Y|=n and

[CY) =1+ [logy(n)].

Theorem 1 implies the following corollary.
Corollary 2. The inequality

1 X| > 9lC(X)-1

holds for each finite ultrametric space (X, d).

It is easy to see that isometric ultrametric spaces have the same center of distances.
The following theorem claims, in particular, that the converse also holds under suitable
restrictions on the spaces and their centers of distances [10].

Theorem 3. Let (X,d) and (Y, p) be finite ultrametric spaces satisfying the equalities

| X| = 216X gpd |y | = 21¢00=L
Then the following statements are equivalent.

(i) C(X)=C(Y).
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(i1) D(X) = D(Y).
(11i) (X,d) and (Y, p) are isometric.

The following result from [10] is motivated by the work of Mateusz Kula on the center
of distances of Bernstein subsets of R [11].

Proposition 4. Let A be a finite subset of RT and let 0 € A. Then, up to isometry,
there exists a unique finite ultrametric space (X,d) such that

1X| =291 gnd D(X)=C(X) = A
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ON WEAKLY (n —1)-CONVEX SETS AND (n — 1)-CONVEX HULLS IN
LOW-DIMENSIONAL EUCLIDEAN SPACES

We study generalized convex sets in the real n-dimensional Euclidean space for n = 2,3
known as weakly (n — 1)-convex sets, and the closely related but not identical (n — 1)-
convex sets.

Recall that an (n — 1)-dimensional affine subspace of R™, n > 2, is called a hyperplane.
In R?, a hyperplane is a straight line. A hyperplane in R3 is a plane.

An open set in R" is called weakly (n — 1)-convez if through every boundary point
of the set there passes a hyperplane that does not intersect the set. A closed set in
R™ is weakly (n — 1)-convez if it can be approximated from the outside by a countably
decreasing family of open weakly (n — 1)-convex sets. A set in R" is (n — 1)-convez if
through every point in the complement of the set (with respect to the entire space) there
passes a hyperplane that does not intersect the given set. For a subset £ C R"”, the
intersection of all (n — 1)-convex sets containing E is called its (n — 1)-convez hull and
is denoted by conv,_1E. A point in the complement of a set in R™ is called an (n — 1)-
nonconvexity point of the set if every hyperplane passing through the point intersects the
set. The (n — 1)-nonconvexity-point set corresponding to a subset F C R" is denoted by
Eo .
Theorem 1. Let E C R? be an open weakly 1-convex subset and ElA #+ @. Then

(a) EX is open and weakly 1-conve;
(b) the components of EX are conves;

(c) any connected component of 8E1A consisting of only smooth points is either a line
segment, or a ray, or a single point;

(d) each component of ElA 1s the interior of a convex polygon if E is bounded and consists
of a finite number of components.

Theorem 2. Let E C R® be an open weakly 2-convex subset and E2A # . Then
(a) ES is open and weakly 2-conver;
(b) the components of ES are conves;
(c) for any bounded component EQZ of £?2A and any plane L such that L N E2Z #+ O, the
intersection L N 8/@5 does not consist of only smooth points of /E\’g;

(d) there exists a bounded open weakly 2-conver set with a finite collection of compo-

nents, and such that EQA s open, bounded, and distinct from the interior of a conver
polyhedron.

Theorem 3. Let E C R", n = 2,3, be a closed subset such that Int E # @. If E is
weakly (n — 1)-conver, then Int E is weakly (n — 1)-convex.
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Theorem 4. For any open subset E C R, n = 2,3, the (n — 1)-convex hull conv,, 1 FE is
open.

Theorem 5. For any subset E C R", the following equality holds:

conv, 1 =EU EnA_l.
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ESTIMATES OF THE SOLID MODULUS OF CONTINUITY OF THE
LOGARITHMIC DOUBLE LAYER POTENTIAL

Let v be a closed rectifiable Jordan curve in the complex plane C, and let D" and D~
be the interior and exterior domains bounded by 7, respectively.
We consider the logarithmic double layer potential

1 0 1 B 1 g(t) 4

Y v

Q)
—
W
N—

where n; and s; denote the unit vector of the outward normal to the curve v at a point
t € v and an arc coordinate of this point, respectively, and the integral density g : v — R
takes values in the set of real numbers R.
We consider an Ahlfors-regular curve (see [1, 2|), i.e., a closed rectifiable Jordan curve
satisfying the condition sup mes~y.(§) = O(e), € = 0, where 7.(§) :={t € v : [t—&| < ¢}
ey
and mes denotes the linear Lebesgue measure on the curve 7. The necessary and sufficient

condition

/ (9(t) — 9(&)) darg(t —€) | 50, =0, (1)

Y= (©)\v5(€)

M,(g,€) :=sup sup
gey 5€(0.)

for the continuous extension of the function § from the domain D* to the Ahlfors-regular
boundary ~ is established in [3]. Continuous extensions of the function g to the closures
D¥ is denoted by g*.

For a function f: E — C continuous on E C C, we use its modulus of continuity

we(f,e) == sup  |f(t1) = f(t2)].

t1,to€E: |t17t2‘§5

An upper estimate for the solid modulus of continuity of the function g*

D= is established in the following theorem.

on the set

Theorem 1. Let a closed Jordan curve v be Ahlfors-regular and let a function g: v —
R be continuous on . If condition (1) is satisfied, then the following estimate is true:

2d
wpE(§e) < ¢ | Mylg.e) +e /%5792’ ) dn Vee (0,d/8],  (2)
where d := max |t; — t3| and the constant ¢ depends only on ~ but does not depend on

ti,to€y
E.

Consider a Krdl curve (see 3, 4]), i.e., an Ahlfors-regular curve v satisfying the condi-
tion sup V, [arg(t — )] < oo, where V, [arg(t — )] is the variation of the function arg(t —¢)
3

on 7\, (€},

In the case where the integration curve «y is a Kral curve, condition (1) is satisfied,
and estimate (2) is specified in the following theorem.
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Theorem 2. Let a closed Jordan curve v be a Krdl curve and let a function g: v — R
be continuous on . Then the following estimate is true:

2d

wpe(g7,e) < ce /Mdn Vee (0,d/8], (3)

n2

€
where the constant ¢ depends only on v but does not depend on .

It is also proved that estimates (2) and (3) are exact with respect to the order of
smallness as € — 0.

Special cases of Theorems 1 and 2, including estimates for the moduli of continuity on
the integration curve, were obtained jointly with A.A. Sarana.

The talk is dedicated to the memory of Professor Oleg Gerus from Zhytomyr, Ukraine.

The work is supported by the National Research Foundation of Ukraine, Project num-
ber 2025.07/0014, Project name "Modern problems of Mathematical Analysis and Geo-
metric Function Theory".
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ON THE COMPLETENESS OF SYSTEMS OF BESSEL FUNCTIONS OF
POSITIVE HALF-INTEGER INDEX

Let m € N, let L?((0;1);2*™dz) be the weighted Lebesgue space of all measurable
functions f : (0;1) — C satisfying fol z?™| f(x)? de < o0, let ([1])

JV<Z) _ - (_1)k<z/2)u+2k = C,

— KT(v+k+1)

be the Bessel function of the first kind of index v € R, and let (pg)ren be a sequence of
distinct nonzero complex numbers such that pi # p2 for k # n. An entire function G is
said to be of (|2]) exponential type o € [0; 400) if for any € > 0 there exists a constant c¢(e)
such that |G(z)| < c(¢) exp((o + €)|z|) for all z € C. A system of elements {uy : k € N}
in a separable Hilbert space  is called complete ([2]) if span {u; : k € N} = H.

We establish necessary and sufficient conditions for the completeness of system

{PNTpRTmsr2(zpr)  k € N}

in L*((0;1); z*™dx) in terms of sequences of zeros of functions from certain classes Eo,, —
of odd entire functions of exponential type ¢ < 1 (see Theorems 2-5). In this case, we
obtain several analogues of the Paley-Wiener theorem for the Hankel type transform of
order m + 1/2 in L2((0;1); z*™dx) related to this system ([3]).

Let PWfﬁ be the class of all odd entire functions of exponential type o € (0;+00)
whose narrowing on R belongs to L*(R).

Theorem 1 ([3]). Let m € N. An entire function H,,11/2 has the representation

1
Hm+1/2(2’) = Zm/ \/EJm+1/2(tZ)t2mhm+1/2(t) dt (45)
0

with some function hpq1/2 € L*((0;1); 2*™dx) if and only if it is an odd entire function
of exponential type o < 1 such that

1d\°
Hm+1/2(0) :0, (;%) Hm+1/2(2) :O, s € {172,,771— 1}, (46)

2=0

and the function (27'd/dz)" Hy11/2(2) belongs to PWfﬁ. If these conditions are fulfilled,

then
21 [T 1d\™
Pamg1/2(t) = \/;153_’”/0 sin(tz) (;%) Hpy1/0(2) dz.

Let m € N, let Es, _ be the class of entire functions H,, /5 that can be presented in
the form (45)) with some function hy,41/0 € L*((0;1); 2*"dx), and let Es,, _ be the class
of odd entire functions H,,,/, of exponential type o < 1 satisfying and the function
(27'd/dz)"™ Hpy1/2(2) belongs to PWE_. Evidently, Eop, — = Eop, .

Theorem 2. Let m € N and (pr)ren be a sequence of nonzero complex numbers such

that pi # p2 for k # n. For a system {pp\/TprJmi1j2(zp) : k € N} to be incomplete
in the space L*((0;1);2*™dx) it is necessary and sufficient that a sequence (py)rez) {0}
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where p_y == —pi, k € N, is a subsequence of zeros of some nonzero odd entire function
Hoi1)2 € Bo, .

Theorem 3. Let m € N and (pr)ren be a sequence of distinct nonzero complex
numbers such that p; # p2 for k # n. Let a sequence (py)ren\joy, where p_i := —py, be a
sequence of zeros of some odd entire function G ¢ Ea,,  of exponential type o < 1 such
that for o < 2 —m holds

1G(2)] > ey (1 + |z)~ ™= ¢ >0, argz=mn/4+4j7/2, j€{0;1;2;3}.

Then the system {pi\/TprJmi1/2(xpr) : k € N} is complete in L*((0;1); 2*™dx).

Theorem 4. Let m € N and (pr)ren be a sequence of distinct nonzero complex
numbers. Assume that |px| < Ak + B+ ay for 0 < A < 37— —A < B < A(1l +2m),
and a sequence (ay)gen Such that ap >0, ag, = O(1) as k — +o0 and

o0 oo a
k
o — | < 400 — < +00.
;’ k+1 k‘ ; ; L

Then the system {pi\/TprJms1/2(xpr) : k € N} is complete in L*((0;1); 2*™dx).

Theorem 5. Let m € N and (pg)ren be a sequence of distinct nonzero complex num-
bers such that | Im pg| > 0|px| for all k € N and some § > 0. If a system {p}c"\/a;_pkjmﬂ/z(xpk) :
k € N} is complete in L*((0;1); 2*™dx), then

=1
> =t
1 okl

We remark that, analogues of Theorems 1-5 for the Hankel type transform of order
—m — 1/2 with m € N in L?((0;1); 2*™dx) were obtained in [4, 5.
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(Dnipro, Cherkasy, Dnipro, Kyiv, Ukraine)

ON BOUNDARY VALUE PROBLEMS FOR GENERALIZED
CAUCHY-RIEMANN EQUATIONS WITH SOURCES

In short, as we promissed in our last paper [1], we give in [2]| a survey of the corresponding
consequences from the well developed theory of the Beltrami equations in the complex
plane C to generalized Cauchy-Riemann equations grad v = B grad u+ .S in the real plane
R2. By the physical interpretation, u represents a potential function of the incompressible
fluid steady flow in anisotropic inhomogeneous media, that is reflected by matrix valued
coefficients B, and v is a stream function. Thus, we are dealing here with the fundamental
equations of hydromechanics (fluid mechanics) in anisotropic inhomogeneous media. The
survey includes various types of results as theorems on existence, representation and
regularity of solutions to the generalized Cauchy-Riemann equations with sources for the
main boundary value problems of the potential theory of the type of Hilbert, Dirichlet,
Neumann, Poincare and Riemann.

As it is well-known, the characteristic property of an analytic function f =« +iv in
the complex plane C is that its real and imaginary parts satisfy the Cauchy-Riemann

system
ou ov ou v

- - — = - 47
Ox oy Oy Ox’ (47)

which can be also written as a single equation in the matrix form
Vv = HVu, (48)

where V v and V u denotes the gradient of v and u, correspondingly, interpreted as vector-
columns in R? and H : R? — R? is the so-called Hodge star operator represented as
the 2 x 2 matrix

H:H _01} (49)

which carries out the counterclockwise rotation of vectors by the angle 7/2 in the real
plane R?. Note that H is an analog of the imaginary unit in the space M?*2 of all 2 x 2
matrices with real entries because, for the unit matrix I,

H? = —1. (50)

The article [2] is devoted to the study of the mentioned boundary value problems for
generalized Cauchy-Riemann equations with sources

Vv =BVu+ S (51)

with measurable coefficients B : D — M?*2 and sources S : D — R2.
Hereafter B2*? denotes the subspace of M?*? of all matrices

bi1 bz
B = 52
(bzl by ) (52)
with det B = 1, bys = —b11, b1 < 0 and by > 0. In this case |u| < 1, where

bia +ba1 —2ibny
big—boy —2

po= pp =
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In [2|, we establish integral criteria in terms of the complex dilatation pp of the
equations with measurable matrix valued coefficients B : D — B?*2 to have non-
classical but regular solutions to the boundary value problems of Hilbert, Dirichlet, Neu-
mann, Poincare and Riemann with suitable geometric interpretations of the corresponding
boundary values. Moreover, we give the representation of these solutions (u,v) as a com-
position of the corresponding generalized analytic pairs (U, V) with sources ¥, i.e.,
continuous solutions in the Sobolev class I/Vlicl for equations of the form

VV = HVU + %, (54)

and homeomorphic solutions of the associated Beltrami equations with the complex coef-
ficient p from which have the hydrodynamic normalization at oo.

Acknowledgement. The first 3 authors are partially supported by the grant from
the Simons Foundation (SFI-PDUkraine-00017674, V. Gutlyanskii, V. Ryazanov, A. Sal-
imov) and the first 2 also by the grant "Mathematical modelling of complex systems and
processes related to security" of the National Academy of Sciences of Ukraine under the
budget programme Support for the development of priority areas of scientific research
for 20252026, p/n 0125U000299. The fourth author R. Salimov was supported by the
National Research Foundation of Ukraine, Project number 2025.07/0014, Project name:
“Modern problems of Mathematical Analysis and Geometric Function Theory.”
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Evgeny Sevost’yanov (Zhytomyr, Ukraine,
Zhytomyr Ivan Franko State University, esevostyanov2009@gmail.com)

ON CARATHEODORY THEOREM ON RIEMANNIAN SURFACES

_In what follows, the Riemannian surfaces S and S, have hyperbolic type with metrics
h and h,, respectively (see, e.g., [1]). Besides that, ds; and dv, ds;; and dv, denote the
elements of length and area on the Riemannian surfaces S and S, respectively. We set

B(po,r) :={p€S:h(p,po) <7}, Spo,r):={p€S:h(p.p)=r}. (55)

A (mazimal) dilatation of f at z is defined in local coordinates by the relation

K y(z) = I (56)

|l = [ f=l
for Js(z) # 0, K¢(2) = 1 for || f'(2)|| = 0 and K;(z) = oo otherwise. It is not difficult
to see that Ky does not depend on local coordinates because the transition mappings
between two charts are conformal by the definition of the Riemannian surface.

Let D and D, be domains in S and S,, correspondingly. A mapping f : D — D,
is called a mapping with finite distortion, if f € T/Vl(l)cl(D) and, in addition, there is a
Lebesgue measurable K(z), K(z) < oo a.e., such that || f'(2)||> < K(z) - J;(z) for almost
all z € D. (Here || f'(2)|| and J¢(z) denote the matrix norm of f’ and the jacobian of
f, respectively; see, e.g., [1]). A mapping f : D — D, is called discrete if the preimage
f1(y) of any point y € D, consists of isolated points only. A mapping f: D — D, is
called open if the image of any open set U C D is an open set in D,.

A boundary 0G of the domain G is called strongly accessible at the point py € 0G if
for each neighborhood U of pgy there is a compactum E C G, a neighborhood V C U of
the same point and a number 6 > 0 such that M (I'(E, F,G)) > ¢ for any continua F and
F intersecting both QU and 0V. We say that a boundary 0G is strongly accessible if it is
strongly accessible at each of its points. The following result holds.

Theorem. Let D and D, be domains in S and S,, correspondingly, which have
compact closures D C S and D, C S, while 0D has a finite number of components.
Assume that QQ : S — (0,00) is a given function locally integrable with respect to the
measure U on S, Q(p) =0 in S\ D. Let f: D — D, be an open discrete mapping with a
finite distortion in D such that f(D) = D, and K(p) < Q(p) for almost all p € D. In
addition, assume that C(f,0D) C E, for some closed set E, C S, and f~'(F,) = E for
some closed subset E C D. Assume that:

1) the set E is nowhere dense in D, and D is finitely connected on E,

2) there is 1 < m < oo such that, for any P € Dp\ D and for every neighborhood U of
P, there is a neighborhood V- C U of P such that VN D is connected and (VN D)\ E
consists at most of m components,

3) all components of the set D, \ E. have a strongly accessible boundary,

4) for any py € OD there is N € N and ro = ro(po) > 0 such that the set S(po,7) N G
consists of at most N components for any 0 < r < ro whenever G is a component of
D\ E.
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Then f has a continuous extension f : Dp — ﬁ:ﬁ by some metric p defined in Dp as
a mapping between metric spaces (Dp,p) and (S,, hy), while f(Dp) = D,, whenever at
least one of the following conditions hold:

1) the relations
€0 €0

dt dt
, = o0, 57
/e =% S Telw o
hold at any py € 0D, where ||Q||(t) .= [ Q(p) ds; (p),
S(po,t)

2) the condition Q € FMO(9D) holds.

This result was accepted for print in [2].

Acknowledgements. This talk is supported by the National Research Foundation
of Ukraine (Project “Analogues of Carathéodory and Koebe-Bloch theorems for Orlycz-
Sobolev classes”, Project number 2025.02/0010).
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SOME OPEN PROBLEMS IN FUNCTION THEORY OVER 35 YEARS
OF MATEMATYCHNI STUDII
(inspired by A.A. Goldberg, M.M. Sheremeta, Ya.V. Vasylkiv)

For over 35 years, the journal Matematychni Studii has been a leading forum for
new discoveries in complex analysis and function theory. Since its foundation, prominent
mathematicians have proposed numerous open problems that stimulated further research.
In this abstract, we survey selected open problems formulated in the papers of A.A.
Goldberg, M.M. Sheremeta, Ya.V. Vasylkiv, and the authors of present text.

Here we mention Goldberg’s question from the first volume of Matematychni Studii [1].
Let F be the class of real entire functions of exponential type, all zeros of which are real,
and the sequence of these zeros is bounded neither from the left nor from the right. Let

LP(—o00; +00) = {f : fj;o |f(z)Pdx < oo}. Let the zeros of a function f € E be denoted

as follows: .-+ < xp < xpy1 < ... (without taking into account their multiplicities), let
&k € (zk, xp41) be a zero of the function f’, and let by, = |f(&)|. A.A. Goldberg showed
[1] that for f € LP N E, where p > 1, it is necessary, but it is not sufficient, that
Yope bl < oo. However, in a remark, he wrote that it was unable to clarify whether
the condition p > 1 could be replaced by p > 0.

Next, we address the theory of entire functions of bounded index. M.M. Sheremeta
initiated the study of boundednesss of [-index for entire functions and functions ana-
lytic in the unit disc. A persistent open problem formulated by M.M. Sheremeta [2]
is the complete characterization of the continuous positive functions [ for which an en-
tire function with given zeros has a bounded l-index. Although M.T. Bordulyak [3]
pointed out that a necessary and sufficient condition for the existence of such a function
is that the multiplicities zeros of the entire function are uniformly bounded, her proof —
despite its constructive nature — says nothing about the properties of the positive con-
tinuous function she constructed. In particular, regarding its membership in the class
Q ={l:1(r+0Q1/l(r)) = O(l(r)),r = |z| = +oo}, which is necessary for many
theorems in the theory.

In recent years, A.I. Bandura and O.B. Skaskiv extended this concept to functions of
several complex variables. They investigated functions analytic in the unit polydisc D"
and the unit ball B”. Some unsolved problems in the theory of entire functions of several
variables in connection with investigation of functions of bounded L-index in direction see
in [4]. In particular, an open problem proposed by A.I. Bandura is to find necessary and
sufficient conditions for an analytic function F' in a unit ball to have a bounded L-index
in joint variables, independent of the specific directional vectors.

Theorem. For every analytic function with bounded multiplicities of zeros at every
slice in a given direction from the unit polydisc, there exists a positive continuous function
L such that the primary analytic function has bounded L-index in the same direction.

Separately, we must highlight the fundamental problems investigated by Ya.V. Va-
syl’kiv [5] in Matematychni Studii concerning the asymptotic behavior of Lebesgue in-
tegral means. In his works, particularly those co-authored with O.Z. Korenivs'ka, he
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studied the precise relations between the Lebesgue integral means of logarithms of ana-
lytic functions in the unit disc and their Nevanlinna characteristics. A challenging problem
arising from these studies is finding the exact asymptotic estimates and sharp inequalities

1 2
2w JO

T(R, f) for 1 < p < +oo. While sharp relations between the orders of these characteris-
tics were successfully established for functions of finite order, fully describing the extremal
functions that turn these asymptotic inequalities into precise equalities for arbitrary an-
alytic functions in the unit disc remains a deep open question.

The problems discussed above represent only a small part of the open mathemati-
cal problems published in Matematychni Studii on function theory. Their solution will
undoubtedly lead to new methodologies and insights in modern complex analysis.

Acknowledgement. The authors would like to express their gratitude to the Ministry
of Education and Science of Ukraine for the grant awarded to the journal "Matematychni
Studii. Proceedings of the Lviv Mathematical Society" as part of Order No. 149 dated
February 3, 2026, "On the Approval of the List of Ukrainian Scientific and Professional
Publications That, Based on the Results of a Competitive Selection Process, Have Been
Determined as Winners and Recommended by the Selection Committee for Financial
Support." The authors completed this work using funds from the aforementioned grant
with the aim of improving the quality and promoting the journal.

. 1/p
for my(r,log f) = ( | log f(rew)|pd0> in terms of the Nevanlinna characteristic
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POWER-TYPE DISTORTION ESTIMATES FOR SOLUTIONS OF THE
BELTRAMI EQUATION WITH TWO CHARACTERISTICS

Let D be a domain in the complex plane C and let i and v: D — C be measurable
functions with |u(z)|+|v(z)| < 1 a.e. (almost everywhere) in D. We consider the Beltrami
equation with two characteristics

fz=upi)f.+v(z)f. ae in D, (58)

where fz = (fo+if,)/2, f. = (fa—if,)/2, 2 = x+iy, f, and f, are the partial derivatives
of f by x and y, respectively. The functions u and v are called the complex coefficients

and
L+ |pu(2)] + [v(2)]

1= |pu(2)] = [v(2)]
is the dilatation quotient for the equation (58)).

We use in C = C U {oo} the chordal distance h(z,() = |w(z) — 7({)|, where 7 is the
stereographic projection of C onto the sphere S* (1es, 1) in R*:

[z —dl

K, .,(z):=

h(z,¢) = T r if zFoc0#(,
(T4 [22)2 (1 +[¢]*)?
1
h(z,00) = —— if z# oo.
(1+]22)2
The chordal diameter of a set E C Cis h(E) = sup h(z,22).

21,20€F
Suppose that zop € D and a function ¢: D — C is integrable in a disk B(zg,&9) = {z €
C : |z — 20| < €0}, where 0 < gy < dist(z9,0D). For a centering function [: (0,g9] — C
and for every € € (0,¢0], define the quantity

vealzns) = [ lole) = 1) dudy,
B(ZQ,E)
We say that ¢ has a finite mean l-oscillation at a point z; and denote
© € FMOy(z) if
wcp,l<2076)

limsup ———— < oo.
e—0 e

Theorem 1. Let D be a domain in the complex plane C, 2o € D, and let D" be a
domain in C with h (C \ D’) > A > 0. Suppose that u and v: D — C are measurable

functions with |u(2)| + [v(2)] < 1 a.e., f: D — D' is a homeomorphic Wl solution of
the Beltrami equation with K,,,, € FMO;(2), and

N
1
lim sup — l(ep)] < 00, ep=e e
s N;' (ex)] - 05
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where 0 < gy < \/dg, 6o = min {1/e,dist(29,0D)}. Then

32 1
h(f(¢), f(20)) < N IC — zo|”

for all ¢ € B (z,€3), where 0 = 2(dpe* + 2L) and

e€(0,e0] TE N2>1
B(z0,¢)

N
1 1
do= sup —5 / | Kyuw(2) = Ue)|dxdy, L =sup N ; | (ex)]-
Recall that a point 2y € D is called a Lebesgue point of a function ¢: D — C if ¢ is
integrable in a neighborhood of z; and

lim — / 0(2) — o(z0)| dady = 0.

e—0 e
B(Z(),E)

Corollary 1. Let D be a domain in the complex plane C, zg € D, and let D" be a
domain in C with h (@\ D’) > A > 0. Suppose that u and v: D — C are measurable
functions with |u(2)| + [v(2)| < 1 a.e., f: D — D' is a homeomorphic W2 solution of
the Beltrami equation , and 2o 15 a Lebesgque point of the function K, ,. Then

32 1
h(f(¢), f(20)) < N ¢ — zol*

for all ¢ € B (20,€3), where 0 < g9 < /&g, 6 = min{1/e,dist(z9,0D)}, k = 2(dpe® +
2[K}(20)]), and

1
dy= sup — / | K, (2) — K,uu(20)| dady.
ee(0,e0] TE
B(zo,a)
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KOEBE THEOREM FOR ORLICZ-SOBOLEV CLASSES

Let

o | (@)h
L(f'(z)) = T

J(@, [) = det f'(x),
and define for any x € D
ek, J(@, f) #0,
K](:E, f) = L, fl(x) =0, >

0, otherwise

Let @ : D — [0, 0] be a Lebesgue measurable function. Denote by g, (r) the integral
average of Q(z) under the sphere |z — x¢| = r,

1
(7)) = ——
Qo (T) o

| awan,
|x—xo|="r
where w,,_; denotes the area of the unit sphere in R".

The definitions of the Orlicz-Sobolev classes W,¥ and finite mean oscillation (FMO)
may be found in [1|. Given a continuum F C D C R", n > 3, 6 > 0, a non-decreasing
function ¢ : [0,00) — [0,00) and a Lebesgue measurable function @ : R" — [0, 0o]
we denote by 3%’,?(D) the family of all homeomorphisms f : D — R", such that g :=
£ belong to W,b#(f(D)) with K;(y, f~) < Q(y) for almost all y € f(D) such that
h(f(E)) = 0. The following statement is true.

Theorem 1. Let D be a domain in R", n > 2, and let B(xg,e1) = {x € R" :
|z — x| < e1} C D for some g1 > 0. Assume that, ¢ satisfies the Calderon condition

j%)%m,

Q € LY(R™) and, in addition, one of the following conditions hold:
1) Q € FMO(R");
2) for any yo € R™ there is 6(yo) > 0 such that the relation

holds. Then there is ro > 0, which does not depend on f, such that
f(B(xo,€1)) D Bu(f(wo),m0) YV f€ 3}6;?(17) ;
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where By (f(x0),70) = {w € R" : h(w, f(z0)) < 70}
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SOBOLEV INEQUALITIES FOR DIFFERENTIAL FORMS

Sobolev inequality for differential forms extend classical to the setting of differential
forms on manifolds. These inequalities relate the norms of differential forms and their
exterior derivatives. These inequalities have applications to partial differential equations
on manifolds in areas like Hodge theory and geometric analysis problems.

REFERENCES

1. Vladimir Gol’dshtein and Marc Troyanov, Sobolev Inequalities for Differential and
Lq,p-Cohomology, The Journal of Geometric Analysis, Volume 16, Number 4, 2006, 597-
630.

2. V.Gol’dshtein, Ya. Kopylov, R.Panenko. Some Poincare-Sobolev inequalities for
differential forms. Journal of Mathematical Sciences, Volume 298, pages 532-549 (2026)

85



Zarina Kovba (Zhytomyr, Ukraine, Zhytomyr Ivan Franko
State University, mazhydova@gmail.com)

Evgeny Sevost’yanov (Zhytomyr, Ukraine, Zhytomyr Ivan Franko
State University; Institute of Applied Mathematics and Mechanics,
esevostyanov2009@gmail.com)

UPPER MODULUS ESTIMATES IN ONE CLASS OF MAPPINGS

Let zg e R", 0 <11 <1y < 00,
S(xo,r) ={x € R": |z —xo| =7}, Bl(xo,r)={r € R": |z —xo| <71}
and
A= A(xg,r1,m9) ={z € R" 11y < |z — 20| <712} . (59)

In what follows, M, denotes the p-modulus of families of paths (or surfaces). The
notion ext, adm may be found in [1|. Let D and D’ be domains in R™, n > 2. A mapping
f:D — D'is called a lower Q-mapping at a point xq relative to p-modulus if

My(f(S) > inf / pp dm(x)

pEexty admX,
DNA(zo,e,7m0)

for A(zg,e,7m0) = {x € R" : € < |x — xo| <10}, 70 € (0,dyp), dy = sup |z — zg|, where X,
zeD
is the family of all intersections of the spheres S(xo,r) with the domain D, r € (e,ro).

Given a mapping f : D — R", we denote
C(f,z)={yeRr:3a, €D :ap — xz, f(wp) =y, k — oo}

and

C(f,oD)= | C(f,x).

The definitions of a regular domain, prime ends space, cuts, nested domains etc. may be
found in [1]. Denote by w,_; the area of the unit sphere S*~! = S(0,1). In what follows,
we denote by Ep the set of all prime ends in D. The completion of the domain D by its

prime ends is denoted by Dp. Given A, B C R", we set d(A, B) = qunf 5 |z — y|. The
TEAYE

following statement holds, see [2].

Theorem 1. Let f : D — R" be a bounded, open and discrete lower QQ-mapping

with respect to p-modulus, () € Lfoc"“ (R™), p >n—1 and a = = P Let D be a
reqular domain, let Py € Ep and let d,,, m = 1,2,..., be a sequence of nested domains
corresponding to Py such that the cuts o,, corresponding to d,,, m = 1,2,..., lies on the

spheres S(xo, 1), where xg € 0D and v, — 0 as m — oo. Let E be a closed set with
respect to D, let E, be a closed in R", R" = R™ U {oo}, such that C(f,0D) C E, and
f~YE,) = E. Then, given 1 > 0 and m € N there is kg = ko(m,e1) € N such that the
relation

Wn
Ma(f(0(C1, 0o, D\ E)) < a5
e dr " 1 _n=1_ _
I :=/ o ()= oo / Qv () A
S Teds (r) T ool
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holds for any k > ko(m, e;), every compactum Cy C D\(d,,UE) such that d(f ~*(f(Cy)), z0) =
g1 and each continuum Cy C di \ E which contains in the same component of D\ E as
Cy, where A(xg,15,61) ={z € R" 11y < |x — 0| < &1}
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HARDY SPACES OF MAPPINGS

We discuss the Hardy spaces of quasiconformal and quasiregular mappings including
their brief history and some recent developments by the speaker and coworkers. The
presentation is based on the joint works with Katrin Fassler, Maria Gonzalez and Ivan
Caamano.
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ENTIRE FUNCTIONS OF SEVERAL VARIABLES: BEHAVIOUR OF
DIRECTIONAL DERIVATIVES

The present paper is devoted to the analogues of the main relation of the Wiman-Valiron
theory for entire functions of several complex variables which are bounded in the half-
spaces. We will prove counterparts of the second relation in (1) for the directional deriva-
tive of an entire multiple Dirichlet series with arbitrary non-negative exponents. We will
obtain the relation as a consequence of the theorem on the behavior of the directional
derivative of an entire function F' of several complex variables z = (z,...,%,) at the
neighborhood of a point w. This point w is chosen such that the value F(w) is close to
the supremum of its modulus on the topological boundary of polylinear domains.

The Wiman-Valiron theorem [2| states that for every entire function f, for small |n|
in some sense and for any point z, |z| = r, such that |f(z)| = M(r), we have

el Nenuf(r) > f(k)(z) ~ Vf(?”) ’
e ~emOp, G () (60

as |z| =r — 400, r ¢ FE, and F is some set of finite logarithmic measure (f.1.m.), that
is fEﬁ[l,-‘roo) dlnr < +oo0.

Let us denote Ky¢(r) = r(In My(r))"., where (In M(r))’, is the righ-hand derivative.
From the theorem obtained in [3| for the entire Dirichlet series, it follows that for each
entire function f, K(r) ~ ve(r) (r — +oo, r ¢ E), where E = E(f) is some set of
f.l.m.

Let R? and C? (p € N) be real and complex p-dimensional vector spaces, respectively;
Z, = NU{0}, Ry = (0,400), p € N. For a = (ay,...,a,) € R?, b = (by,...,b,) € RP
we write a < b and a < b, if (V5,1 < j < p):a; < bj, and (V5,1 < j < p):a; <bj,
respectively. For z = (z1,...,2,) € C?, w = (wy,...,w,) € CP, we denote (z,w) =
AW A 2pwy, ||2]] = 214 A2, [|2ll0 = 21+ 222+ . +Dp2p, Re 2 = (Re 21,...,Re 2,),
and for R = (ry,...,7,) € R? we denote Il = {# € C": Re z < R}.

Let A= (A4;,...,4,) € RP\ {0} be a fixed vector. We say that the system of domains
{G(r,A)},>0, G(r, A) C CP, is an exhaustion of the space C? from the class ¥, if

a) U G(r,4) = C;

r>0

b) G(r1,A) C G(re, A) (0 <1 <719 < 400);

c) if z = (z1,...,2,) € G(r, A), then for every y = (y1,...,yp) € R we get z + iy =
(21 +1iy1, ..., 2 +1y,) € G(r, A);

d) if z € G(r, A), then (z —rA) € G(0, A);

e) for given r > 0 there exist R,, R* € R? such that Iz, C G(r, A) C Ilg-.

We will denote the class of such exhaustions {G(r, A)},>0 by X.
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Consider the class HP of an entire functions in CP, that are bounded in an arbitrary
domain Iz, R = (Ry,..., R,) € RE. For a function F' € HP? and = € R? it is obvious that

M(z, F) :=sup{|F(z + iy)| : y € R’} < 400, (61)

and also that if the analytic function F'is bounded in a polylinear domain G, then for
every = such that {z € C?: Re z; = z1,...,Re 2, = x,} C G one has M(z, F) < +o0.
For a function F' € H? and r > 0 we also denote

Sp(r, A) == sup{|F(2)|: z € G(r, A)} = sup{|F(2)|: z € 0G(r, A)}. (62)

Since In Sg(r, A) is a convex function, it has a right-hand derivative everywhere Lg(r, A) :

(InSp(r, A)), , which is a non-decreasing function.

Let £ be the class of positive continuous functions which are increasing to +oo on
[0; +00).

Let Lo be the class of continuous positive non-decreasing on [0; +00) functions h such
that h(m + ﬁ) =O(h(x)) (z— +00).

Let h be a positive continuous non-decreasing function and E C [0; +00) be a locally
Lebesgue measurable set of finite measure with meas £ = fE dr < 4o00.

Then we define the asymptotic h-density of E as Dp(E) = thf h(R) - meas (E N
— 400
(R, 400)).

Theorem 1 ([1]). Let F' € ‘HP and A € R? be such that Lp(r, A) T +oo (r — 400).
If® € L, h € Ly satisfy conditions u(r) > ®(r) (r > rg), h(r) =o(®(r)) (r — +o0).,
then there exists a set E C R, of zero asymptotic h-density (i.e. Dy(E) = 0) such that
for each k € N one has

FF(w) = (1+0(1)) Lk (r, A) F(w) as r — +o00 (r € R\ E) (63)

for every point w € 0G(r, A) provided inequality |F(w)| > Sg(r,A)/(1 + €(r)) with a
given function e(r) which is decreasing to +0 (r — +00).
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ABOUT CONVERGENCE OF STOCHASTIC EQUATIONS INVOLVING
LOCAL TIME AND NON-REGULAR COEFFICIENTS

It is well known that the convergence of coefficients in an It6’s stochastic equation is
insufficient for the weak convergence of its solutions; an additional condition is required.

This paper investigates the weak convergence of solutions to stochastic equations in-
volving local time, specifically addressing cases with non-regular dependence of coefficients
on a small parameter e:

E(t) = o+ B.L*(t,0) + /0 (b(&(5)) + g(&(s)))ds + /O o.(E.(s))dw(s). (64)

A stochastic equation involving local time of a process was first investigated in [1| and
[2]. Moreover in [2], [3], [4] were obtained formulae which connect solutions of stochastic
equations with local time of a process with solutions of It6’s stochastic equations.

We assume that the coefficients of stochastic equation (1) satisfy the following condi-
tions: 5. — § when € — 0, |5.] < 1 and |5| < 1, there exists a constant A > 0 such that

lg-(7)| < A, — < o(x) < A and for every x € R

A
T bg
0o O¢ (y)
Denote by £(t) a weak solution following stochastic equation involving a local time of
a process (with |y| < 1)

t t

€(t) =2 +925(6.0) + [ gle(s)ds + [ ole(o)du(s). (63
0 0
Let (C[0,T], Cy),t € [0, T] be a space of continuous functions on the interval [0, T]. Let

e and p denote the measures on functional space (C[0, T, C;) generated by the processes
&(t) and £(t), respectively.

Theorem 1. We establish in [5, 6] the necessary and sufficient conditions for the weak
convergence of solutions of stochastic equations (1) to the solution of stochastic equation

(2)
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BAKCTEPIBCbKA OILIHKA ITAPAMETPA MACILITABY OJHOTI'O
BUIIAAKOBOTI'O IIPOLIECY MATEPHA

1. Jlesi [1| mosiB, mo amast cranmaprHOro OpoyHiBehKOrO pyxy W (t),t € [0,1], mae
Micie 3012KHICTh Zi; (W (2%) -Ww (%))2 — 1,n — oo 3 imoBipuicTio 1. Ilizmirmmie,
I"Bakcrep [2| y3arasbnus neil pesysbrar JJisi HEBHOIO KJIACY IayCCOBUX BHIAKOBHX
nporieciB. Taki rpannvHi TeopeMHu Ha3UBAIOTH DAKCTEPIBCHKOI'O THUILY, & BIANOBIIHI CyMH
— bakcrepiBcbKuME [3].

BakcrepiBchbKi TeopeMu 3aCTOCOBYIOTH y CTATHUCTHUIL MapaMETPUYHOTO OI[IHIOBAHHSI.
Tak, y crarti [4] 32 70m10MOror0 6aKCTEePIBCHKUX CTATHCTHK OTPUMAHO CHJIBHO KOHCUCTEHTHY
OIiHKa mapameTpa Xoopcra IpodoBoro 6poyHIBCbKOro pyxy. ¥ Monorpadii [3] 6akcrepiBebKi
CYMH 3aCTOCOBYBAJIU IIPH OIIHIOBAHHI TapaMeTpiB BUMAIKOBUX (DYHKIIIH Y PISHUX CTATUCTH-
YHUX MOJIeTISAX.

Bunankosuii mporiec Marepua X = {X(¢),t € R} — ne menrpoBanuii cramionapumit
rayccisebkuii npouec 3 Var X () = o2 i kosapiaiiiinoro QpyHKIL€:

(52 (52, o

kMatern (t) -

i3 momarniMu mapamerpamu macrmrafy [ ra rmagkocti v, ['(+) — ramma-dynkuis, a K,(+)
— momudikopana dyrkiiist Beccess 2-ro poay mopsiaky v, karatern(0)
= 02 [5]. Ilpu v = 2 xosapianiiima GymKIia MaTepaa Mae BALIAL;

ko2, (t) = o <1+?|t|> exp{—\/Tg|t|} : (66)

BayBazKuMO, 10 KoBapialina (QyHKIisa ¢ Heckindenno audepentiiiopnoo va R\ {0}
i 7ABivi HerepepBHO JMepenIiioBHOI0 Ha BCiil MuHokuHI R.

Bunaaksowuit npomec Marepna 3 KoBapiamiitHoo (yHKIIIEIO 3aCTOCOBYETHCA Y
MOJIEJIAX HPOCTOPOBOI CTATUCTUKH, T'€OCTATUCTHKH, a TAKOXK MAIMMHHOMY HaBYAHHI JIId
o0y I0BH MoJeseidl raycciBChbKUX MPOIECiB, IIPOCTOPOBOIO MPOTHO3YBAHHS, 1HTEPIOJISINT
Ta 3TJIaKyBaHHs JAHUX.

11 cIIpoItieH sl 3aIucy MOKIAIeMO o = ‘/T?’, b= %3 i 6y/1eMo OIIHIOBATH TapaMeTp [3.

Hocmanosxa 3adavwi ouirrosanma. IloOyayBaTu oOIHKY mapamerpa [ BHIAIKOBOTO
nporecy MarepHa 3 KoBapianiitHoO (yHKIIIEIO npu 02 = 1 3a cCIOCTePeKEeHHIMH
y TOYKax

0,5 1 1.5 n—1 a,—0.5
07 ’ ) ) PR a 7a 7]‘7
Ay, Qp G Qp, Qp,

ne (a,) € N, a, — oco,n — oo.
g po3p’a3yBanHg 1€l 3a/a4i 3acTOCYEMO OAKCTEPIBCHKI CyMU 3 IPUPOCTAMU 2-T'O

MOPAIKY: X
wn E+1 k+0. 2
s0= 3 (v (7)) (00) +x (1)
k:U an a’n an
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3 2 . .
Cratucruka 3, = afLSq(l ), n > 1 Mae Taki BJaCTHBOCTI:
1. EB, — B,n— o0o;

2. Var@n:O(i) ;M — 0.

n

(67)

Teopema 1. Cmamucmuka B, € Koncucmewmuolo ouinkor napamempa 3. Axuio
S L < +oo, mo B, — cuavho Koncucmenmma ouitka napamempa 3.

n=1 a,

[Tobynyemo poBipumii inTepBaJs 3 piBHeM H0Bipu 1 — p it napamerpa 3. Hexait € > 0.
Buacmimok (67]),

IN €N VnZN:]EBn—ﬁ\<%. (68)
Teopema 2. Hexatli N susznauero y . Hoxnademo

4 Var 3,
ﬁ:min{N€N|n2N 7 ﬂ<p}.

c2

TodiP{ﬁe <Cﬁ,Bﬁ+€)} >1—p, de Cﬁ:max{O,Bﬁ—g}.
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DIFFERENTIABLE UPPER BOUND FUNCTION FRAMEWORK FOR
SURROGATE MIXING PROBABILITIES CONSTRUCTION IN A
MODEL OF MIXTURE OF VARYING CONCENTRATIONS

We consider a parameter estimation problem by observation from a mixture with a
finite number of components. Finite mixture models have a deep history, part of which
can be read in the works [1] and [2]. Mixture models are used for sociological, medical
and biological data description. There exist parametric and non-parametric models of
mixtures. In study [3] a non-parametric minimax approach was applied to a finite mixture
model with applications to DNA microarray data analysis.

We assume that each observed subject O belongs to one of M different mixture compo-
nents p,, m = 1, M. The sample contains n subjects Oy, ..., O,,. Let kj = m iif O; € pp,.
The true x; are unknown, but one knowns the mixing probabilities

pj = pj, = P(k; =m).

These mixing probabilities are used to to build minimax weights A, = (a;“);n:li? =
P,(PTP,)~!, where P, = (p?);n:linM and these weights are used to build various statistical

models like regression models.

The D-dimensional vector of observed variables of O will be denoted by £(0) =
(51(0)7 sy 6D<O)>T7 Sj = S(OJ)

Let F(™ be distribution of £(O) for O € py,

FU™(A) = P{¢(0) € A|O € p,}, and P{§; € A} =) pF™(A).

m=1

for all Borel A C RP.

In many problems, mixing probabilities are not observed, but they can be replaced by
surrogates. In this work we are building such kind of mixing probabilities surrogate and
assume their dependency on vector of parameters a. So,

(@) " = Au@) = Pule) (Pala) Pue))

where P,(a) = (p;(a))ig is a mixing probability matrix. The value p’(«) represents
the probability that the j-th element belongs to the component ¢ given the parameters a.
This vector a should be estimated.

In this talk we consider a differentiable upper bound function framework for the es-
timation of the parameter o and demonstrate it on classic and well known problem of
mean value estimation with MVC [4] and KNN clustering [5, p. 509]. Let’s remind a KNN
clustering loss function, where M is a fixed number of clusters, and Sy is a set of cluster
k and elements z are from sample =, = (£ €,): Losspnm = S0 S |z — x| |?

—n 1y-56n)- knn k=1 €S} BEl|™-

KNN clusterizer is fit by minimizing Lossy,, over all sample splits into M clusters.

Usually py, 1 < k <n is mean value inside cluster Sg.
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Now we use the MVC model and replace Lossy,, by its analogue. The idea is to fit
mixing probabilities parameters by minimizing this loss function:

Lossa(a, 1) ZZCL W& — |-

=1 i=1

This function has no lower bound and might obtain any negative value. That is why
we consider a different loss function:

M n
Lossumnaton ) = | 2 5=\ | S (O sb@le =

k=1 "'k k=1 i=1

where A\, () are eigenvalues of the matrix P,(a)” P, («).

It can be shown that |Loss,(a, )| < LoSSpounalcy, 1),

and minimization problem for Losspouna(cv, it) is much easier, especially for regression
models with a large number of unknown parameters « inside mixing function P,(« )

As a result, we will have following parameter estimators: jiz(a) = ", af(@)¢;, fi(a) =
(11 (), ..., ipr (0)) and surrogate mixing probabilities estimator for the parameter « is de-
fined as

A

a =a LOSSbound(a7/1’(a))
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DRIFT ESTIMATION IN THE CKLS MODEL:
ASYMPTOTIC NORMALITY AND SIMULATIONS

We consider the Chan—Karolyi-Longstaff-Sanders model
dr, = (a —br))dt +orl AW,,  a,b,0 >0, Be(1/2,1), 1y >0, (69)

where W is a Wiener process. This model was introduced in [1] for short-term interest-rate
dynamics and contains the Cox—Ingersoll-Ross model as the limiting case § = 1/2.

Assume that the trajectory {r,t € [0, 7]} is observed continuously and that o and
are known. Put

L) - | Toq, Dy @ B as(T)

T 17
We study the strongly consistent estimators introduced in [2]:

_ - BIT)  ~ A(1-B)L(T)
ar = T2DT y bT = TDT . (70)

The process is strictly positive and ergodic. If p,, denotes its invariant density and

Mo = / :Eapoo(x) dZE,
0
then pu, < oo for every a € R and

1
?[a(T) —> o A.S.

We also prove the uniform moment estimate

sup Er? < oo, p >0,
>0

which extends the second-moment bound established in [3].

Theorem 1. As T — oo,

VT (aT N a) 4 N(0,3),

by —b
where
E:LAFAT A= [H3-28 a/b D= (M —H
a?o%(1 — p)? 7 po—2s 1 )7 —H2 fa-25)

The proof is based on a representation of the normalized estimation error as a linear
transformation of the two-dimensional It6 martingale

T
ZT _ T—l/2 < f() Tf th > )

— [P aw,
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Its normalized quadratic variation converges to I' by ergodicity; therefore, the multidi-

mensional martingale central limit theorem gives Zp 4N (0,T'). The uniform moment
estimate makes the boundary remainders negligible, and Slutsky’s theorem yields Theo-
rem 1.

Numerical experiment. Weuseda =1,0=2,0 =0.5,ry =1, € {0.55,0.70,0.90},
and T" € {100, 300, 1000}. For every pair (3,T), N = 1000 independent trajectories were
generated by a truncated Euler scheme with A = 1073, and the integrals in were
approximated by left Riemann sums.

B8 T| ar br |RMSE, RMSE, | mean(Qr) coverage
0.55| 100]1.0028 1.9958 | 0.1035 0.2178 2.0255 0.943
0.55| 300]1.0010 1.9979| 0.0613 0.1275 2.0403 0.946
0.55(1000|0.9994 1.9992| 0.0336 0.0721 2.0662 0.945
0.70| 100]1.0022 1.9928 | 0.1083 0.2264 2.0661 0.944
0.70| 300]1.0003 1.9976| 0.0629 0.1350 2.0367 0.948
0.70 1000 | 1.0006 2.0009| 0.0330 0.0710 1.9057 0.954
0.90| 100|1.0029 1.9982| 0.1057 0.2295 1.8915 0.960
0.90| 300]0.9977 1.9918 | 0.0619 0.1352 1.9482 0.953
0.90| 1000 | 1.0002 1.9994 | 0.0353 0.0749 1.9815 0.958

~ T ~
— ET —a —1 gT —a d 2

The empirical means are close to the true values ¢ = 1 and b = 2, while the RMSEs

decrease as T grows. The scaled RMSEs are stable: v/T RMSE(dr) lies between 1.035 and

1.115, and v/T RMSE(by) lies between 2.178 and 2.368, supporting the T'/2 convergence
rate.

The empirical variances differ from the corresponding theoretical entries of 3 by at
most 8.5% for ar and 7.4% for by. The maximal absolute difference between empirical
and theoretical correlations is 0.0065. Since Ex3 = 2 and Var(x3) = 4, the observed values
mean(Qr) € [1.892,2.066], Var(Qr) € [3.388,4.994], and coverage 0.943-0.960 support
the bivariate normal approximation. The Q-Q plots agree well with x3 in the central
region, with moderate finite-sample deviations in the upper tail.

Thus, the simulations illustrate the small bias, the 7-1/? rate, the covariance matrix
¥, and the asymptotic x3 behavior implied by Theorem 1.

Here

REFERENCES

1. Chan, K.C., Karolyi, G.A., Longstaff, F.A., Sanders, A.B. An empirical comparison
of alternative models of the short-term interest rate, J. Finance 47, 1209-1227 (1992).

2. Mishura, Y., Ralchenko, K., Dehtiar, O. Parameter estimation in CKLS model by
continuous observations, Statist. Probab. Lett. 184, Paper No. 109391 (2022).

3. Mishura, Y., Pilipenko, A., Ralchenko, K. Gatheral double stochastic volatility model
with Skorokhod reflection, Theory Probab. Math. Statist. 113, 153-171 (2025).

97



O. Poberezhets (Kyiv, Ukraine,
Taras Shevchenko National University of Kyiv, oleksandr.poberezhets@gmail.com)

K. Ralchenko (Kyiv, Ukraine,
Taras Shevchenko National University of Kyiv, kostiantynralchenko@knu.ua)

TEMPERED FRACTIONAL ORNSTEIN-UHLENBECK PROCESSES:
ASYMPTOTICS AND INFERENCE

Tempered fractional Brownian motion preserves the local fractional behavior of frac-
tional Brownian motion, while exponential tempering weakens dependence at large lags.
We study stationary and non-stationary Ornstein—Uhlenbeck processes driven by its vari-
ants of the first and second kind, extending the classical fractional model [3]. Our aims are
to derive covariance asymptotics, establish ergodicity, and estimate the drift parameter
from continuous- and discrete-time observations.

Let H >0, A>0,0 >0, and let W = {W,,x € R} be a two-sided Wiener process.
For k € {I,II}, let Bj; , denote tempered fractional Brownian motion of the first kind [1]

or the second kind [2], respectively. The processes under consideration solve dX} =
—60X} dt + dBj; ,(t). The stationary solution is

t

Ve = Bl - 0e " [ Bl () ds

—00

whereas the non-stationary solution with X¥ = 0 is given by

t
X{ =B ,\(t) — Heet/ easBI]fL)\(s) ds.
0

The process Y* admits the Wiener integral representation Y = [, h¥(t — x) dW,,

where ;
h*(z) = (eAZzHl/z — akeez/ 0= Nyy H=1/2 dy) 1(0,00)(2),
0

ar = 0 and a;; = 0 — X\. Thus, Y* is a centered stationary Gaussian process with autoco-
variance

i(T) = /Rh’“(r + u)h* () du.

Theorem 1. As T — oo, the autocovariance functions satisfy the following asymptotic

relations:
r1(7) rii(7)
ji ji
0 <A LACES )il G
2(\2 — g2)H+3 20022 — 92)H 3
1 1
0=l ~— I'(H + 5) 67(-)7'7_H+% -~ I'(H + E) 679TTH7%
(H + 1)2H+3H 3 oH+3gH+3
I'(H+ % H-LYwHE+1 :
05 \l~— i ( jz) AT H-S (1 21) (H+3) e AH=3 1
2H+3  \H=5 (92 — \2) 22 A =20 - \)(0+ ) 2

In the exceptional case k =11, H = 1/2, 0 > X\, one has ri(1) = (20) e~ for 7 > 0.
Consequently, 1y(7) — 0 and Y* is ergodic.

For drift estimation, assume that H and A are known and set ¢y (0) = Eo(YJ)2
Following the ergodic-type approach of [4, 5|, we obtain

[(H +1/2)? /°° w? dw
- . (@) )

¢I<0) =
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CT(H+1/27? [ dw
vul®) = / 0+ )

T A2 w2)H-1/2

Both functions are continuous and strictly decreasing on (0, 00), so € is identifiable. For
every fixed h > 0,

e kY2 1 . kN2
?/0 (X7)” dt — (0), N;(th) — Y(0) as.

This motivates the estimators

ok = ;! l/T(X’“)th 0% ), = ;! li(x’? )?
T k T 0 t ) N,h k N — jh :

For k =1, they are well defined for all sufficiently large T" and N, almost surely.
Theorem 2. The estimators are strongly consistent. Moreover, as T — oo and, for
every fized h > 0, as N — oo,

@) (o) a0 (o).

where

op = 2/ re(7)?dr, Oop =2 Z re(mh)?.
R meZ

Thus, tempering yields the standard square-root normalization for every H > 0, unlike
the classical fractional model [3].
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ON COMPONENT DOMINANCE TRANSITION IN DYNAMIC
MIXTURES WITH SIGMOIDAL WEIGHTS

Classical finite mixtures of exponential distributions with constant weights are well
studied and widely applied for modeling heterogeneous populations [1]. However, when
modeling phenomena with sharp transitional regimes, such models lack flexibility. In
this context, dynamic (state-dependent) mixtures have been introduced, in which the
mixing weights depend on the state variable x or additional covariates |2]. Extending the
framework of sigmoidal weights [3], we consider the mixture density (PDF) p(z) defined

for x > 0: X
p(r) = e (w(z; a, ) e 4+ (1 — w(x;a, r))pe Y,

where A, 1 > 0 are the component rate parameters, a > 0 is the transition threshold, and
the logistic weight function

1
w(zya,r)=o(r(zr —a)) = T5 oo’ r >0,

controls the transition of component dominance along x > 0.
This study derives an explicit closed-form expression for the normalization constant
C in terms of the Lerch Phi function:

c-20 (—em, 1, 3) +1-to (—em, 1, ﬁ) .
r r r r
The continuous probability density p(x) is annihilated by the linear differential oper-
ator L:

Lp(x) = p'(x) + Playa,r)p'(z) + Qa;a,m)p(x) = 0,
where the coefficients of the annihilating operator are explicitly given by:
P(z;a,r) =2rw(xz;a,r) —r+ X+ u,
Qz;a,r) = (r = Np—r(A+ pw(z;a,r).

To analyze the limiting behavior as » — oo, we consider the unnormalized density
p*(x) = C - p(x). Applying the Method of Matched Asymptotic Expansions (MAE)
with Van Dyke’s matching principle [4], the outer expansions outside the boundary layer
(lx — a| > 1/r) reduce to:

Pour(2) = g(2) = pe™, 0<x<a,
Paut(w) = f(z) = X, x> a.

Inside the transition layer of thickness O(1/r), accounting for the difference (f(a) —
g(a)), Van Dyke’s procedure yields the composite asymptotic density:

9(x) + (f(a) = g(a))o(r(z —a)), 0<z<a,

Py ) = {fm +(f(@) = gl@)(olr@ —a) = 1), z>a
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The uniform error estimate,

||p*<$) - p:omp(I)HC’[O,oo) = 0(1/7"),

guarantees first-order asymptotic accuracy over the entire domain x € [0, 00).
Conclusions. This study characterizes the transition of component dominance in
dynamic mixture distributions. Constructing the annihilating differential operator and
applying Van Dyke’s matching principle show that the sigmoidal weight induces an inter-
nal transition layer of width O(1/r) around the threshold a. The constructed composite
density p7,,.(7) guarantees a uniformly valid O(1/r)-approximation across x > 0.
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THE ARCTAN-TAN-G DISTRIBUTION FAMILY:
PROPERTIES AND APPLICATIONS

Nowadays there exist many distribution families which are obtained by a trigonometric
transformation of a base distribution. Such families include, in particular, the Sin-G ([2]),
the Tan-G ([3]), the Arctan-X ([1]) models, to name but a few.

A new family of distributions, the Arctan-Tan-G family, is proposed. The cdf of this
model is defined as

1 m
F(z) = p—— arctan (a tan (4G(x)>> : (71)
where a > 0 and G(x) is the cdf of a base distribution.

Various properties of the new family are studied, including moments, quantile-based
moments, order statistics and stochastic ordering. A member of the Arctan-Tan-G family,
the Arctan-Tan-Weibull distribution, is considered and its properties are obtained. Suit-
ability of the Arctan-Tan-Weibull distribution for modeling real data is verified by fitting
this distribution to a survival data set.
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LIMIT THEOREMS FOR KARLIN’S OCCUPANCY SCHEME

Karlin’s occupancy scheme is defined as follows. Balls are thrown independently into
an infinite array of boxes numbered 1,2,... with probability p, of hitting box k. Here,
(p)k>1 is a discrete probability distribution with infinitely many p, > 0.

In practice, the role of boxes is played by the types or species of sample items. Such
a model with infinitely many boxes can approximate a sample from a large finite popula-
tion. As examples of possible applications, I will consider the risk estimation of personal
information disclosure and literature analysis.

The primary quantity of interest is the number of occupied boxes, denoted by K,,, after
n balls have been distributed. First, I will discuss the common assumptions imposed on
the distribution (pg)g>1-

Then, I will provide an overview of the limit theorems for the number of occupied
boxes K, including recent laws of the iterated and single logarithm [1].
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HADAMARD FRACTIONAL BROWNIAN MOTION AND OTHER
GAUSSIAN VOLTERRA PROCESSES

This is a common talk with L.Beghin and K. Ralchenko. We consider various types of
Gaussian processes with Volterra kernels. In particular, we study the Hadamard fractional
Brownian motion that is a Gaussian process which shares some properties with standard
Brownian motion (such as the one-dimensional distribution). However, it also resembles
the fractional Brownian motion in many other features as, for instance, selfsimilarity,
long/short memory property, Wiener-integral representation. The logarithmic kernel in
the Hadamard fractional Brownian motion represents a very specific and interesting aspect
of this process. Our aim here is to analyze some properties of the process’ trajectories (i.e.
Hoélder continuity, quasi-helix behavior, power variation, local nondeterminism) that are
both interesting on their own and serve as a basis for the Wiener integration with respect
to it. The respective integration is quite well developed, and the inverse representation
is also constructed. We apply the derived “multiplicative Sonine pairs” to the treatment
of the Reproducing Kernel Hilbert Space of the Hadamard fractional Brownian motion,
and, as a result, we establish a law of iterated logarithm.
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MATHEMATICAL MODELING OF DYNAMIC PROCESSES IN
COMPUTER SYSTEMS

Modern computer systems are characterized by highly dynamicc operation, a large
number of interconnected components, and irregular patterns of information and compu-
tational request arrivals. The increasing volume of data, number of users, and complexity
of information processes necessitate the development of adequate mathematical models
capable of describing the behavior of computer systems under different load conditions.
Of particular importance is the modeling of processes in which system characteristics vary
over time, while request arrival times and processing durations are stochastic in nature
[2]. One of the most widely used approaches to the mathematical modeling of dynamic
processes in computer systems is to represent them as queueing systems. This is due to
the fact that a significant proportion of computer system operations can be described in
terms of a stochastic stream of requests arriving at a limited number of service resources.

The aim of this work is to investigate a mathematical model of dynamic processes
in computer systems based on stochastic queueing systems. To achieve this aim, the
main operational parameters of a computer system are formalized in terms of a queueing
system, the dependence of its characteristics on the parameters of the input stream and
service process is investigated, and the main patterns of variation in system performance
indicators over time are identified. To describe the system dynamics, let us introduce the
state probabilities P,(t) = P{N(t) = n}, where P,(t) is the probability that there are n
requests in the system at time ¢. Obviously, the following normalization condition holds
at any time: 3. P,(t) = 1. For the internal states 1 < n < K, the dynamics of the
probabilities are described by the system of Kolmogorov differential equations [1; 3|

dP(1)
dt

= M) Pat(t) + pin1 (8) Prya (8) — [A(E) + i (8)] Pa(t),

where p,(t) = min(n, c)u(t) is the total service rate in state n.
Here:

e A\(t)P,_1(t) represents the transition from state n — 1 to state n due to the arrival
of a new request;

® [i,11(t)Pyy1(t) represents the transition from state n + 1 to state n due to the
completion of service;

o [\(t) + un(t)] P, (t) is the total rate of leaving state n.
For the boundary state n = K, the equation is

dPx (1)
dt

= A(t) Pr1(t) = puc (8) Prc ().

For a system with finite capacity K [1; 3]: pux(t) = min(K, c)u(t).

The following indicators are used for the quantitative assessment of the dynamics of
a computer system.

The average number of requests in the system is L(t) = Zf;o nPb,(t).

POAUEOVAGE
The average number of busy service channels is B(t) = S5 min(n, ) P, (t).

The average number of requests in the queue is L (t)
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The utilization coefficient of the service resources can then be determined as

The obtained relationships make it possible to investigate not only the current state
of the system but also the nature of its variation over time. In particular, it is possible to
determine the onset of overload, the duration of the transient process, the rate of queue
accumulation, and the time required for the system to return to an acceptable operating
mode. For a practical study, the initial state of the system must also be specified. Since
most modern computer systems are multitasking, let us consider a multichannel queueing
system in which several service devices operate simultaneously, namely an M /M /3 system.
For ¢ = 3 and pu = 5 requests/s, the total service capacity is ¢ - u = 15 requests/s.

At)

Therefore, p(t) = 5. For the specified operating modes:

)\1 = 6, P1 = 04, /\2 = 12, P2 = 08,
8
)\3 = ].8, pP3 = ]_2, /\4 = 87 P4 = E ~ 0.533.

Thus, the mathematical model makes it possible to formally describe the transition of
the system through four operating modes:

04—08—1.2—0.533.

This corresponds to the transition of the system from stable operation to high load,
overload, and subsequent recovery.
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