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Ñåêöiÿ 1

Ãiïåðêîìïëåêñíèé àíàëiç / Hypercomplex Analysis

Gryshchuk S.V. (Zhytomyr, Ukraine,
Institute of Mathematics of NAS of Ukraine,

Zhytomyr Military Institute named after S. P. Korolyov,
serhii.gryshchuk@gmail.com)

Plaksa S.A. (Kyiv, Ukraine,
Institute of Mathematics of NAS of Ukraine,

plaksa62@gmail.com)

A HYPERCOMPLEX METHOD OF SOLVING THE DIRICHLET
PROBLEM FOR THE LAM�E SYSTEM

A hypercomplex method for solving the Dirichlet problem for the Lam�e system in a
bounded simply connected domain is developed. It is based on representing solutions via
components of a monogenic function in a commutative biharmonic algebra (they have
small di�erences with respect to similar representations obtained in [1]).

A theory of monogenic functions with values in the biharmonic algebra is well devel-
oped by the authors (cf., e.g., [2]).

The Dirichlet problem is reduced to a system of integral equations by using a hy-
percomplex Cauchy type integral. Su�cient conditions for the Fredholm property of
the speci�ed system are established for bounded domains with a smooth boundary. A
boundary of such domains belongs to a class which is essentially wider than the class of
Lyapunov curves. At the same time we assume that given boundary functions belong to
certain classes of continuous functions. These classes are wider than the H�older classes
of continuous functions. The solution of the Dirichlet problem for a disk is obtained in
explicit form.

All results with full proofs can be found in the paper [3].
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Tamila Kolomiiets (Zhytomyr, Ukraine,
Zhytomyr Ivan Franko State University, tamila.kolomiiets@gmail.com)

ORDERING OF A COMPLEX-VALUED SAMPLE BY THE METHOD OF
MUTUAL PLACEMENT OF COMPLEX POINTS

Set theory studies the concept of orderings, according to which every set can be ordered
� this is equivalent to the axiom of choice. However, no ordering of the set of complex
numbers can satisfy the trichotomy law. There are various plausible ways to order the set
of complex numbers, along with explanations for why they fail [1].

This paper analyzes a method for ordering a sample (subset) of complex numbers
with respect to the position of complex points on the complex plane and formulates an
analogue of the trichotomy law for this approach. The results of this work are published
in the article [2].

Let's consider a complex-valued sample (subset) S ⊂ C:

S = {ωk = ak + bki, ak, bk ∈ R, k = 1, 2, . . . , n}.

Let ⟨◁,▷⟩ denote an ordered pair of comparison symbols (<,=, >) for the real Reωk
and imaginary Imωk parts of the complex numbers ωk.

In that case, the two complex points ω1 = a1 + b1i and ω2 = a2 + b2i have nine
relative positions with respect to each other, corresponding to nine situations:

1) Same place (center):

(ω1 = ω2) := ω1⟨=,=⟩ω2 ⇔
{
Re ω1 = Re ω2,
Im ω1 = Im ω2.

⇔
{
a1 = a2,
b1 = b2.

2) Straight up (above):

(ω1 ⋞ ω2) := ω1 ⟨=, <⟩ω2 ⇔
{
Re ω1 = Re ω2,
Im ω1 < Im ω2.

⇔
{
a1 = a2,
b1 < b2.

3) Straight down (below):

(ω1 ⋟ ω2) := ω1 ⟨=, >⟩ω2 ⇔
{
Re ω1 = Re ω2,
Im ω1 > Im ω2.

⇔
{
a1 = a2,
b1 > b2.

4) Straight right (right):

(ω1 ≼ ω2) := ω1 ⟨<,=⟩ω2 ⇔
{
Re ω1 < Re ω2,
Im ω1 = Im ω2.

⇔
{
a1 < a2,
b1 = b2.

5) Straight left (left):

(ω1 ≽ ω2) := ω1 ⟨>,=⟩ω2 ⇔
{
Re ω1 > Re ω2,
Im ω1 = Im ω2.

⇔
{
a1 > a2,
b1 = b2.

6) Right and up (right-above):

(ω1 ≺ ω2) := ω1 ⟨<,<⟩ω2 ⇔
{
Re ω1 < Re ω2,
Im ω1 < Im ω2.

⇔
{
a1 < a2,
b1 < b2.

7) Left and down (left-below):

(ω1 ≻ ω2) := ω1 ⟨>,>⟩ω2 ⇔
{
Re ω1 > Re ω2,
Im ω1 > Im ω2.

⇔
{
a1 > a2,
b1 > b2.
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8) Right and down (right-below):

(ω1 ≺≻ ω2) := ω1 ⟨<,>⟩ω2 ⇔
{
Re ω1 < Re ω2,
Im ω1 > Im ω2.

⇔
{
a1 < a2,
b1 > b2.

9) Left and up (left-above):

(ω1 ≻≺ ω2) := ω1 ⟨>,<⟩ω2 ⇔
{
Re ω1 > Re ω2,
Im ω1 < Im ω2.

⇔
{
a1 > a2,
b1 < b2.

Lemma [2]. The complex plane C can be represented as the union of disjoint subsets
Sj:

C =
9⋃
j=1

Sj, Sj ∩ Sl = ∅, j ̸= l, l = 1, . . . , 9, (1)

where

S1 = {ω,w ∈ C | ω = w} ; S2 = {ω,w ∈ C | ω ⋞ w} ; S3 = {ω,w ∈ C | ω ⋟ w} ;

S4 = {ω,w ∈ C | ω ≼ w} ; S5 = {ω,w ∈ C | ω ≽ w} ; S6 = {ω,w ∈ C | ω ≺ w} ;

S7 = {ω,w ∈ C | ω ≻ w} ; S8 = {ω,w ∈ C | ω ≺≻ w} ; S9 = {ω,w ∈ C | ω ≻≺ w} .

We formulate an analogue of the trichotomy law for complex number: Any two complex
numbers can be compared to each other only under one of the nine relations that make up
the partition of the complex planes Sj (1).

Remark. Although an analogue of the trichotomy law holds for the partition (1) of
the complex plane C, this does not imply a complete ordering of the complex plane, but
only a partial ordering.

Acknowledgments. The author was supported by the National Research Foundation
of Ukraine, Project number 2025.07/0014, Project name: �Modern problems of Mathe-
matical Analysis and Geometric Function Theory�.
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Tetiana Kuzmenko
(Zhytomyr, Ukraine, Zhytomyr Military Institute, kuzmenko.ts15@gmail.com)

DIFFERENT CLASSES OF MONOGENIC FUNCTIONS IN THE
THREE-DIMENSIONAL NONCOMMUTATIVE ALGEBRA Ã2

Let us consider a three-dimensional noncommutative algebra Ã2 over the �eld C with
the basis {I1, I2, ρ}, satisfying the following multiplication rules:

· I1 I2 ρ

I1 I1 0 0
I2 0 I2 ρ
ρ ρ 0 0

,

where unit of the algebra is decomposed as: 1 = I1 + I2.
We consider the triple of the vectors

i1 = a1I1 + a2I2 , i2 = b1I1 + b2I2 , i3 = c1I1 + c2I2 ,

where ak, bk, ck ∈ C, k = 1, 2. Let us consider the linear span

E3 := {ζ = xi1 + yi2 + zi3 : x, y, z ∈ R}

over the �eld R, generated by the vectors i1, i2, i3. The element ζ ∈ E3 is represented as
ζ = ξ1I1 + ξ2I2, where

ξ1 := a1x+ b1y + c1z, ξ2 := a2x+ b2y + c2z.

A domain Ω ⊂ E3 we identify with the domain {(x, y, z) ∈ R3 : ζ ∈ E3}.
A locally bounded mapping Φ : Ω → Ã2 is called right-G-monogenic in the domain

Ω ⊂ E3, if for every point ζ ∈ Ω there exists an element Φ′
r(ζ) of the algebra Ã2 such that

the following equality is true:

lim
ε→0+0

Φ(ζ + εh)− Φ(ζ)

ε
= hΦ′

r(ζ) ∀h ∈ E3.

Theorem 1. [1] Let a domain Ω ⊂ R3 be convex in the direction of the straight lines
ξ1(x, y, z) = 0, ξ2(x, y, z) = 0. Then every right-G-monogenic mapping Φ : Ω → Ã2 is of
the form

Φ(ζ) = F1(ξ1)I1 + F2(ξ2)I2 + F3(ξ2)ρ,

where F1 is some holomorphic in the domain D1 := {ξ1 = a1x + b1y + c1z : ζ ∈ Ω}
function of the variable ξ1, and F2, F3 are some holomorphic in the domain D2 := {ξ2 =
a2x+ b2y + c2z : ζ ∈ Ω} functions of the variable ξ2.

Let Ω be a domain in the algebra Ã2. Further a domain Ω = {ζ = ξ1I1+ξ2I2+ξ3ρ ∈ Ã2}
we will be identify with the congruent domain in C3.

A function

Φ(ζ) = f1(ξ1, ξ2, ξ3)I1 + f2(ξ1, ξ2, ξ3)I2 + f3(ξ1, ξ2, ξ3)ρ, (2)

where fk(ξ1, ξ2, ξ3), k = 1, 2, 3, are holomorphic functions of three complex variables, is
called right�di�erentiable in a domain Ω, if at every point ζ ∈ Ω there exists the element

Φ′(ζ) of the algebra Ã2 such that the equality dΦ = dζ · Φ′(ζ) is ful�lled.
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Theorem 2. [2] A function Φ : Ω → Ã2 of the form (2), where fk : Ω → C3 are
holomorphic functions, is right�di�erentiable in the domain Ω ⊂ Ã2 if and only if the
conditions

∂f1
∂ξ2

=
∂f1
∂ξ3

= 0,
∂f2
∂ξ1

=
∂f2
∂ξ3

= 0,
∂f3
∂ξ1

= 0,
∂f1
∂ξ1

=
∂f3
∂ξ3

are satis�ed.

Therefore, every right-di�erentiable function can be expressed in the form

Φ(ζ) = (αξ1 + β) I1 + f2(ξ2)I2 + (f3(ξ2) + αξ3) ρ, α, β ∈ C.

A function Φ : Ω → Ã2 of the form (2) is called H-analytic in a domain Ω, if Φ is
di�erentiable by Hausdor� at every point ζ ∈ Ω, i.e., if the di�erential dΦ is a C-linear
homogeneous polynomials of the di�erential dζ = dξ1I1 + dξ2I2 + dξ3ρ:

dΦ =
9∑
s=1

As(ζ) dζ Bs(ζ) ,

where As and Bs are some Ã2-valued functions of the variable ζ

Theorem 3. [3] A function Φ : Ω → Ã2 of the form (2), where fk : Ω → C3 are
holomorphic functions, is H-analytic in the domain Ω ⊂ Ã2 if and only if the conditions

∂f1
∂ξ2

=
∂f1
∂ξ3

=
∂f2
∂ξ1

=
∂f2
∂ξ3

= 0,
∂2f3
∂ξ23

= 0

are satis�ed.
Therefore, every H-analytic function can be expressed in the form

Φ(ζ) = f1(ξ1)I1 + f2(ξ2)I2 + [φ1(ξ1, ξ2)ξ3 + φ2(ξ1, ξ2)] ρ.

R E F E R E N C E S
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associative noncommutative algebra, Journal of Mathematical Sciences, 262(2), 207 � 221
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Maksym Tkachuk
(Kyiv, Ukraine,

Institute of Mathematics of the National Academy of Sciences of Ukraine,
maxim.v.tkachuk@gmail.com)

AN ANALOG OF TOLSTOV THEOREM IN A COMMUTATIVE
THREE-DIMENSIONAL BANACH ALGEBRA

We weaken the conditions of monogenicity for functions taking values in commutative
banach algebra A3 over the �eld of complex numbers by generalizing Tolstov's theorem.

Theorem [G. Tolstov]. Let

f(z) = u(x, y) + iv(x, y)

be a locally bounded function of the complex variable z = x + iy in a domain D ⊂ C.
Suppose that the partial derivatives

∂u

∂x
,

∂u

∂y
,

∂v

∂x
,

∂v

∂y

exist everywhere in D and satisfy the Cauchy�Riemann equations almost everywhere:

∂u

∂x
=
∂v

∂y
,

∂u

∂y
= −∂v

∂x
.

Then the function f(z) is analytic in D.

Consider the three-dimensional commutative associative Banach algebra A3 with iden-
tity 1 over the �eld C, whose basis is the triple {1, ρ, ρ2}, where ρ3 = 0. Note that this
basis is a Cartan basis.

De�ne the Euclidean norm of an element of the algebra by

∥a+ bρ+ cρ2∥ :=
√

|a|2 + |b|2 + |c|2, a, b, c ∈ C.

The algebra A3 has a unique maximal ideal

I := {λ1ρ+ λ2ρ
2 : λ1, λ2 ∈ C},

which is also its radical.
Consider the linear mapping f : A3 → C de�ned by

f(a+ bρ+ cρ2) = a.

Since the kernel of f is the maximal ideal I, the mapping f is a continuous multiplicative
functional.

Fix a real three-dimensional subspace

E3 = {ζ = xe1 + ye2 + ze3 : x, y, z ∈ R} ⊂ A3,

where the vectors e1, e2, e3 are linearly independent over the �eld of real numbers R, but
do not necessarily form a basis of the algebra A3. We impose only one condition on the
choice of the subspace E3:

f(E3) = C,

that is, the image of E3 under f is the entire complex plane.
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Let Φ : Ω → A3 be a function de�ned in a domain Ω ⊂ E3. If for every point ζ ∈ Ω
there exists an element Φ′

G(ζ) ∈ A3 such that

lim
δ→0+0

(
Φ(ζ + δh)− Φ(ζ)

)
δ−1 = hΦ′

G(ζ) ∀h ∈ E3, (3)

then the function Φ′
G : Ω → A3 is called the G�ateaux derivative of Φ.

A function Φ : Ω → A3 is called monogenic in the domain Ω ⊂ E3 if Φ is continuous
and has a G�ateaux derivative at every point of Ω

Theorem. Let Ω ⊂ E3 ⊂ A3 be a domain whose intersections with lines parallel to
the line f−1(0) are connected. Let Φ : Ω → A3 be a locally bounded function satisfying (3)
for the vectors

{±a, ±b, ±c}.

Then the function Φ admits the representation

Φ(ζ) =
1

2πi

∫
γ

(
F0(t) + F1(t)ρ+ F2(t)ρ

2
)
(t− ζ)−1 dt,

where F0, F1, and F2 are analytic functions in the domain

D = f(Ω),

and γ is a closed recti�able Jordan curve in D = f(Ω) ⊂ C enclosing the point f(ζ).
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Vitalii Shpakivskyi
(Kyiv, Ukraine, Institute of Mathematics of NAS of Ukraine,

shpakivskyi86@gmail.com)

CAUCHY'S MEAN VALUE THEOREM IN COMMUTATIVE ALGEBRAS

The article [1] proves the following general Cauchy mean value theorem for complex-
valued functions.

Theorem 1. Suppose that D is a subset of the complex plane C, and f and g are
functions from D into C, and a and b are di�erent points in D such that:

(1) the line segment [a, b] is contained in D;

(2) the restrictions of f and g to [a, b] are continuous;

(3) the functions f and g are holomorphic at each point of (a, b).

Then there are some points ξ1 and ξ2 in (a, b) such that

Re

(
(f(b)− f(a)) g′(ξ1)

)
= Re

(
f ′(ξ1) (g(b)− g(a))

)
,

Im

(
(f(b)− f(a)) g′(ξ2)

)
= Im

(
f ′(ξ2) (g(b)− g(a))

)
.

In this paper, we prove an analogue of the Cauchy mean value Theorem 1 for commu-
tative associative algebras. The results of this work are published in article [2].

Let A be a n-dimensional (1 ≤ n < ∞) commutative associative algebra with a basis
{Ir}nr=1 over the complex �eld C.

Let us consider the vectors e1 ≡ 1, e2, . . . , ek in A, where 2 ≤ k ≤ 2n, and these vectors
are linearly independent over the �eld of real numbers R. It means that the equality

k∑
r=1

αrer = 0, αr ∈ R,

holds if and only if αr = 0 for all r = 1, 2, . . . , k.

Let ζ :=
k∑
r=1

xr er, where xr ∈ R. Denote by Ek :=
{
ζ =

k∑
r=1

xrer : xr ∈ R
}
the linear

span of vectors e1 = 1, e2, . . . , ek over the �eld R.
Let Ω be a domain in Ek.

De�nition 1. A continuous function Φ : Ω → A is monogenic in Ω if Φ is di�eren-
tiable in the sense of Gateaux�Mel'nychenko in every point of Ω, i. e. if for every ζ ∈ Ω
there exists an element Φ′(ζ) ∈ A such that

lim
ε→0+0

Φ(ζ + εh)− Φ(ζ)

ε
= hΦ′(ζ) ∀h ∈ Ek. (4)

Φ′(ζ) is the Gateaux�Mel'nychenko derivative of the function Φ at the point ζ.

Setting in (4) h = er, r = 1, 2, . . . , k, we get

∂Φ

∂xr
= Φ′(ζ)er for all r = 1, 2, . . . , k. (5)
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Thus, if a function is monogenic, then equalities (5) are true.
The theory of monogenic functions is described in monograph [3].

De�nition 2. For the element c :=
n∑
s=1

csIs, cs ∈ C, of the algebra A we denote

Res(c) := Re(cs), Ims(c) := Im(cs), s = 1, 2, . . . , n.

Theorem 2. Let Ω be a domain in Ek ⊂ A, and let Φ and Ψ be functions from Ω
into A, and a and b are di�erent points in Ω such that:

(1) the line segment [a, b] is contained in Ω;

(2) the element (b− a) is invertible;

(3) the restrictions of Φ and Ψ to [a, b] are continuous;

(4) the functions Φ and Ψ are R-di�erentiable and monogenic at each point of (a, b).

Then, on (a, b) there exist some points ξs , s = 1, 2, . . . , n, such that

Res

(
(Φ(b)− Φ(a))Ψ′(ξs)

)
= Res

(
(Ψ(b)−Ψ(a)) Φ′(ξs)

)
,

Ims

(
(Φ(b)− Φ(a))Ψ′(ξs)

)
= Ims

(
(Ψ(b)−Ψ(a)) Φ′(ξs)

)
for all s = 1, 2, . . . , n.

Acknowledgments. This work was supported by a grant from the Simons Founda-
tion (SFI-PD-Ukraine-00014586,V.S.Sh.). The author was supported by budget program
�Support for the development of priority areas of research� (KPKVK 6541230).
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Ñåêöiÿ 2

Åêñòðåìàëüíi çàäà÷i / Extremal Problems

Alexander Ukhlov
(Ben-Gurion University of the Negev, Israel

e-mail: ukhlov@math.bgu.ac.il)

VARIATIONAL EIGENVALUES ON METRIC MEASURE SPACES

The talk is devoted to the geometric analysis of Sobolev spaces on doubling metric
measure spaces X = (X, ρ, µ) satisfying

µ(B(x, 2r)) ≤ Cµ µ(B(x, r)), x ∈ X, r > 0,

and supporting a weak p-Poincar�e inequality. In bounded Sobolev (p, p∗)-embedding
domains Ω ⊂ X, p∗ = νp/(ν − p), ν = log2Cµ, we establish the existence of minimizers
for the variational Neumann (p, q)-eigenvalue problem, 1 < q < p∗, and give a min�max
characterization of the �rst non-trivial eigenvalue λp,q(Ω) in terms of the best constant in
the corresponding (p, q)-Sobolev-Poincar�e inequality.
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Andriy Targonskii
(Zhytomyr, Ukraine, Zhytomyr Ivan Franko State University, targonsk@zu.edu.ua)

MOSAIC SYSTEM OF POINTS

Let the numbers n,m, d ∈ N be �xed. The system of points An,m = {ak,p ∈ C : k =
1, n, p = 1,m}, is called an (n,m)-ray system of points, if, for all k = 1, n, the following
relations hold:

0 < |ak,1| < . . . < |ak,m| <∞;

arg ak,1 = arg ak,2 = . . . = arg ak,m =: θk;

0 = θ1 < θ2 < . . . < θn < θn+1 := 2π.

For such systems of points, let us consider the following quantities:

αk =
1

π
[θk+1 − θk] , k = 1, n, αn+1 := α1, α0 := αn,

n∑
k=1

αk = 2.

Let r(B, a) the de�ne of inner radius domain B ⊂ C with respect to a point a ∈ B [1].
Consider the system of angular domains:

Pk (An,m) = {w ∈ C : θk < argw < θk+1}, k = 1, n.

For a �xed number β,R ∈ R+, 0 < β < 2π
n
, consider the unique branch of the

multibranch analytic function

zk(w) =
i

R
1
αk · sin β

αk

·
(
−
(
e−iθkw

) 1
αk +R

1
αk · cos β

αk

)
. (6)

For each k = 1, n, it realizes the one-sheet conformal mapping of the domain Pk onto the
right half-plane Rez > 0.

For each k = 1, n we denote

Ω
(k)
j :=

{
z : |z − iϱj| = rj, 0 ≤ arg z ≤ π

2
, ϱj ∈ R, rj ∈ R+

}
, j = 1,m,

Ω
(k)
j :=

{
z : |z − iϱj| = rj,−π

2
≤ arg z ≤ 0, ϱj ∈ R, rj ∈ R+

}
,

j = m+ 1, 2m,

(7)

where
ϱ1 + r1 > ϱ2 + r2 > ... > ϱ2m + r2m.

Let {bk}nk=1 ⊂ C be a set of points such that

bk ∈ Pk, arg bk − θk = β, |bk| = R, k = 1, n.

Let, for each �xed k, k = 1, n,
{
L
(k)
j

}2m

j=1
� be a collection of curves such that

L
(k)
j ⊂ Pk, bk ∈ L

(k)
j , j = 1, 2m,

ak,p ∈ L
(k−1)
m−p+1, ak,p ∈ L

(k)
m+p, p = 1,m,

zk : L
(k)
j → Ω

(k)
j , j = 1, 2m.

(8)

It is easy to see from relations (6), (7), (8) that

zk (bk) = 1, zk (ak+1,p) = iλp, zk (ak,p) = −iλm+p,
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an+1,p := a1,p, λt > 0, t = 1, 2m, k = 1, n, p = 1,m.

For each k = 1, n we denote the corresponding systems of points by

D
(k)
2m,d =

{
c
(k)
j,s ∈ L

(k)
j : 0 <

∣∣∣arg zk (c(k)j,1

)∣∣∣ < ∣∣∣arg zk (c(k)j,2

)∣∣∣ <
< ... <

∣∣∣arg zk (c(k)j,d

)∣∣∣ < π

2
, j = 1, 2m, s = 1, d

}
.

The system of points

ADn,m,d =
n⋃
k=1

D
(k)
2m,d

⋃
An,m

will be called mosaic.
Let

{
Bk,p, B

(k)
j,s

}
be any collection of pairwise nonoverlapping domains of the mosaic

system ADn,m,d such that

ak,p ∈ Bk,p, c
(k)
j,s ∈ B

(k)
j,s , Bk,p, B

(k)
j,s ⊂ C,

k = 1, n, p = 1,m, j = 1, 2m, s = 1, d.

Let D, D ⊂ C, be any open set, and let the point w = a ∈ D. By D(a), we denote a
connected component of the set D, which contains the point a. For an arbitrary system
of points An,m = {ak,p ∈ C : k = 1, n, p = 1,m} and for the open set D, An,m ⊂ D
we denote, by Dk (as,p), the connected component of the set D (as,p)

⋂
Pk containing the

point as,p, k = 1, n, s = k, k + 1, an+1,p := a1,p.
We say that the open set D, An,m ⊂ D satis�es the condition of disjointness relative

to the system of points An,m if the relation[
Dk(ak,t)

⋂
Dk(ak,u)

]⋃[
Dk(ak+1,t)

⋂
Dk(ak+1,u)

]⋃
⋃[

Dk(ak,t)
⋂

Dk(ak+1,p)
]⋃

⋃[
B

(k)
j,s

⋂
Dk(ak,p)

]⋃[
B

(k)
j,s

⋂
Dk(ak+1,p)

]
= ∅,

k = 1, n, p, t, u = 1,m, t ̸= u j = 1, 2m, s = 1, d, an+1,p := a1,p on all angles Pk, holds.
The author has obtained an upper bound for the functional

n∏
k=1

(
m∏
p=1

r (D, ak,p) ·
2m∏
j=1

d∏
s=1

r
(
B

(k)
j,s , c

(k)
j,s

))
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ON THE EQUALITY OF CHARACTERISTICS OF APPROXIMATION
IN ISOMETRIC FUNCTION SPACES BY ENTIRE FUNCTIONS OF

EXPONENTIAL TYPE

Let Xn be one of the spaces Cn, Ln∞, L
n
p̄ , L̂

n
p̄ (1̄ ≤ p̄ <∞) [1],

FXn

σ̄ = {Tσ̄n(z) = Tσ̄n(x1 + it1, . . . , xn + itn) : Tσ̄n(x) ∈ Xn}

is the space of entire functions of exponential type not larger than
σ̄n = (σ1, . . . , σn), which belong to the space Xn on the real n-dimensional

Euclidean space En,
(
F
Lnp
σ̄ = F pn

σ̄ , F
Lnp̄
σ̄ = F p̄n

σ̄ , F
L̂np̄
σ̄ = F

ˆ̄p
n

σ̄ , F
Ln∞
σ̄ = F∞n

σ̄

)
,

Xn ⊃ FXn

σ̄ (En) =
{
Tσ̄n(x) : Tσ̄n(z) ∈ FXn

σ̄

}
is their restriction to the space En.

Let's denote by Uσ̄n(Λ, f, x) = (λ̂σ̄n ∗ f)(x) =
∫
En
λ̂σ̄n(x − t)f(t) dt a linear operator

de�ned by convolution with the kernel λ̂σ̄n(t).
We shall determine su�cient conditions under which the operator Uσ̄n(Λ, f, x) maps

the space Xn into the subspace FXn

σ̄ (En).

Theorem 1. Let Xn be one of the spaces Cn, Ln∞, L
n
p̄ , or L

n
p , where 1 ≤ p < ∞ and

(1̄ ≤ p̄ < ∞̄). Let λ̂σ̄n(z) be an entire functions of exponential type not larger than σ̄n,
belonging to the space F 1n

σ̄ , and let f ∈ Xn. Then the function

Uσ̄n(Λ, f, z) = (λ̂σ̄n ∗ f)(z) =
∫
En

λ̂σ̄n(z − t)f(t) dt

is an entire functions of exponential type not larger than σ̄n, which belongs to the space
Xn, i.e., Uσ̄n(Λ, f, z) ∈ FXn

σ̄ .

Theorem 2. Let

λ(u) =
n∏
j=1

λj(uj) =
n∏
j=1

(
aj(uj) + ibj(uj)

)
,

where the functions aj(uj) are real and even, and bj(uj) are real and odd, and all are abso-
lutely continuous on the segments [−σj, σj] for j = 1, . . . , n, with the boundary conditions
aj(|σj|) = bj(|σj|) = 0. Then for any p > 1, the function

λ̂σ̄n(z) =
1

(2π)n

∫
∆nσ̄

λ(u)e−iuz du

belongs to the space F pn

σ̄ . Moreover, if the derivatives (aj(uj))′ and (bj(uj))
′ belong to the

space Lq(−σj ,σj) for some q > 1, then λ̂σ̄n(z) ∈ F 1n

σ̄ .
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Let Ψȳm(x) be a non-negative delta-like kernel. If X is either one of the spaces Lp
(1 ≤ p < ∞) or the space Cr of uniformly continuous functions de�ned on E, then the
space X ∗Ψȳm is isometric to the space X, and the subspace FX

σ (E) is isometric to the
subspace FX

σ (E) ∗Ψȳm . Then, due to this isometry, the following equalities hold:

ρX(f, Uσ(Λ, f)) = ρXMm(f ∗Ψȳm , Uσ(Λ ∗Ψȳm , f)),

ρX(M,Uσ(Λ,M)) = ρXMm({M ∗Ψȳm}, Uσ(Λ, {Ψȳm ∗M})),

Eσ(f)X = Eσ(f ∗Ψȳm)XMm , Eσ(M)X = Eσ({M ∗Ψȳm})XMm ,

λ(M,FX
σ (E))X = λ({M ∗Ψȳm}, {FX

σ (E) ∗Ψȳm})XMm .

(The de�nitions of the approximation characteristics can be found in [1]).
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EXCEPTIONAL FAMILIES OF MEASURES ON CARNOT GROUPS

We found necessary and su�cient condition for the family of intrinsic Lipschitz surfaces
passing through a common point to be p-exceptional for p ≥ 1.

Let G be a Carnot group, N its topological dimension, Q its Hausdor� dimension. A
subgroupM of a Carnot group G is called a homogeneous subgroup ifM is a homogeneous
group with respect to the group dilation. We assume that the group has a decomposition
G = MU · HU into complementary homogeneous subgroups over a set U ⊂ G. The
decomposition may not be unique and is parametrized by a parameter α ∈ N.

De�nition 1. Suppose 1 ≤ dt ≤ N − 1 and 1 ≤ dm ≤ Q − 1. A non-empty subset
S ⊂ G is called an intrinsic (dt,dm)-Lipschitz surface in G (having topological dimension
dt and the Hausdor� dimension dm) if to every point x ∈ S there correspond an open
neighborhood U(x, r) ⊂ G, a decomposition G = MU ·HU and an open set Ω ⊂ MU such
that

� x ∈ U ;

� MU is a (dt,dm)-subgroup of G;

� there exists an intrinsic Lipschitz map fU : Ω → HU such that S ∩ U = graphfU ∩
U(x, r).

Theorem 1. Let Σ be a family of intrinsic (dt,dm)-Lipschitz surfaces where each
graph is parametrized over one of the decompositions G = Mα · Hα, α = 1, 2, . . . , l.
Moreover any term Mα · Hα is an element in the orbit of a subgroup Kα of the isometry
group of G preserving the decomposition Mα ·Hα.

Let ΣU = S ∩ U , S ∈ Σ, and U ⊂ G be an open set. Then Mp(EU) = 0 for p ∈ (0, 1).
Theorem 2. Let Σ ⊂ Σ(dt,dm) be a collection of intrinsic (dt,dm)-Lipschitz graphs.

Suppose that all the graphs S ∈ Σ contain a common point g0 ∈ G. Then for dmp ≤ Q
we have Mp(Σ) = 0.
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EVOLUTIONARY-TYPE ESTIMATES FOR INNER RADII OF
DOMAINS RELATIVE TO N-RADIAL SYSTEMS OF POINTS

A function gB(z, a) which is continuous in C, harmonic in B\{a} apart from z, vanishes
outside B, and in the neighborhood of a has the following asymptotic expansion

gB(z, a) = − ln |z − a|+ δ + o(1), z → a,

(if a = ∞, then gB(z,∞) = ln |z| + δ + o(1), z → ∞) is called the (classical) Green
function of the domain B with pole at a ∈ B. The inner radius r(B, a) of the domain B
with respect to a point a is the quantity r(B, a) = eδ.

Let n ∈ N. A set of points An :=
{
ak ∈ C : k = 1, n

}
is called n-radial system, if

|ak| ∈ R+, k = 1, n, and 0 = arg a1 < arg a2 < . . . < arg an < 2π.
Let the function f be regular in the disk U = {z : |z| < 1} and take values w therein

belonging to a domain D that has an inner radius r(D, a) at the point a ∈ D. If f(0) = a,
then the following (Hayman's) inequality holds:

|f ′(0)| ⩽ r(D, a). (9)

Equality in (9) is attained if f maps the disk U conformally and univalently onto D; in
this case, r(D, a) is called the conformal radius of the domain D at the point a. The
conformal radius of the domain D with respect to the point at in�nity is de�ned as
r(D,∞) = r(φ(D), 0), where φ(z) = 1/z.

This work is devoted to obtaining inequalities of evolutionary type for functionals of
the following form for all values of the parameter γ ∈ (0, n]

In(γ) = rγ (B0, 0)
n∏
k=1

r (Bk, ak) ,

Jn(γ) = (r (B0, 0) r (B∞,∞))γ
n∏
k=1

r (Bk, ak) ,

In(γ1, . . . , γn) =
n∏
k=1

rγk(Bk, ak),

where n ∈ N, An = {ak}nk=1 is an arbitrary �xed n-radial system of points in the com-
plex plane C\{0}; B0, B∞, {Bk}nk=1 is an arbitrary system of mutually non-overlapping
domains such that a0 = 0 ∈ B0 ⊂ C, ∞ ∈ B∞ ⊂ C, ak ∈ Bk ⊂ C, k = 1, n. These
functionals have been studied in many papers under various conditions, but at present,
there are no methods for obtaining their exact maxima for all values of the parameter
γ ∈ (0, n]. In this paper, we obtain evolutionary-type estimates for the products of in-
ner radii of mutually non-overlapping multiply connected domains with respect to �xed
n-radial systems of points of the complex plane. The problem of obtaining evolutionary-
type inequalities for these functionals is a generalization of the results of M.A. Lavrentiev,
G.M. Goluzin, Z. Nehari, J. Jenkins, P.M. Tamrazov, and N.A. Lebedev.

Theorem 1. Let n ∈ N, n ⩾ 2, ε > 0, γ ∈ (0, n], τ ∈ (0, γ). Then, for an
arbitrary �xed n-radial system of points An = {ak}nk=1 ∈ C\{0} and any set of mutually
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non-overlapping domains Bk, k = 0, n, ak ∈ Bk ⊂ C, k = 0, n, a0 = 0, such that
r (Bk, ak) ⩾ ε, k = 1, n, the following inequality holds:

In(γ) ⩽ n− γ−τ
2 ετ−γIn(τ)

n∏
k=1

|ak|
2(γ−τ)
n .

Theorem 2. Let n ∈ N, n ⩾ 2, ε > 0, γ ∈ (0, n], τ ∈ (0, γ). Then, for an
arbitrary �xed n-radial system of points An = {ak}nk=1 ∈ C\{0} and any set of mutually
non-overlapping domains B0, B∞, Bk, a0 = 0 ∈ B0 ⊂ C, ∞ ∈ B∞ ⊂ C, ak ∈ Bk ⊂ C,
k = 1, n, under the condition that r(Bk, ak) ⩾ ε, k = 1, n, the following inequality holds:

Jn(γ) ⩽ (n+ 1)−(γ−τ)n+1
n+2 ε−

2n(γ−τ)
n+2 Jn(τ)

n∏
k=1

|ak|
2(γ−τ)
n+2 .

Theorem 3. Let n ∈ N, n ⩾ 3, and let γk, θk, k = 1, n, be some positive real numbers
such that γk ⩾ θk for k = 1, n. Then, for an arbitrary �xed n-radial system of points
An = {ak}nk=1 ∈ C and any set of domains Bk ⊂ C, k = 1, n, such that ak ∈ Bk, k = 1, n,
Bi ∩Bj = ∅, i ̸= j, and under the condition that r(Bk, ak) ⩾ ε, k = 1, n, for some ε > 0,
the following inequality is true:

In(γ1, . . . , γn) ⩽ ε
−

n∑
k=1

(γk−θk)
(n− 1)

− 1
2

n∑
k=1

(γk−θk)
×

×
n∏

i,j=1,i<j

|aj − ai|
2

n−1
(γi+γj−θi−θj)

n∏
k=1

rθk(Bk, ak).
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APPROXIMATION PROPERTIES OF WEIERSTRASS INTEGRALS ON
THE CLASS W 1Hω

Let C be the space of 2π-periodic continuous functions with the norm
∥f∥C = max

t
|f(t)|.

Let ω(t) be a �xed modulus of continuity. A function f ∈ C belongs to the class Hω

if |f(t1)− f(t2)| ≤ ω(|t1 − t2|), t1, t2 ∈ R.
Denote by W r, r ∈ N, the set of 2π-periodic functions whose derivatives up to order

r− 1 are absolutely continuous and whose r-th derivative satis�es |f (r)(t)| ≤ 1 for almost
all t. Then W rHω = {f ∈ W r : f (r) ∈ Hω}, r ∈ N.

In this paper, we study approximation properties of the Weierstrass integrals

Wδ(f ;x) =
1

π

π∫
−π

f(x+ t)

{
1

2
+

∞∑
k=1

e−
k2

δ cos kt

}
dt, δ > 0.

The main problem is to investigate the asymptotic behavior, as δ → ∞, of the quantity

E(W 1Hω;Wδ)C = sup
f∈W 1Hω

∥f(·)−Wδ(f ; ·)∥C .

The following result gives an asymptotic estimate for the class W 1Hω [1].
Theorem 1. For any modulus of continuity ω(t), as δ → ∞, the following asymptotic

inequality holds:

E(W 1Hω;Wδ)C ≤ 1

2
√
δ

π
√
δ∫

0

ω

(
2t√
δ

)[
Φ

(
π
√
δ

2

)
− Φ

(
t

2

)]
dt+

+O

(
e−

π2δ
4 ω

(
1√
δ

))
,

where Φ(x) = 2√
π

x∫
0

e−u
2
du is the probability integral. If ω(t) is a convex modulus of

continuity, then this inequality becomes an asymptotic equality.
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ÏÐÎ ÎÄÍÓ ÇÀÄÀ×Ó ÊÎËÌÎÃÎÐÎÂÀ�ÍIÊÎËÜÑÜÊÎÃÎ

Ðîçãëÿíåìî êëàñ ÃåëüäåðàHα ôóíêöié f , çàäàíèõ íà ñåãìåíòi [−1; 1] i ÿêi çàäîâîëüíÿþòü
íà öüîìó ñåãìåíòi óìîâó

|f(t1)− f(t2)| ≤ |t1 − t2|α ∀t1, t2 ∈ [−1, 1], 0 < α ≤ 1 (10)

Íåõàé Ĥ0(t) =

√
1

π
, Ĥi(t) =

√
2

π
cos i arccos t, i ∈ N, � îðòîíîðìîâàíà ç âàãîþ

1√
1− t2

íà [−1, 1] ñèñòåìà ïîëiíîìiâ ×åáèøîâà ïåðøîãî ðîäó. Äëÿ êîæíî¨ íåïåðåðâíî¨

ôóíêöi¨ f ïîçíà÷èìî ci = ci(f) =
−1∫
1

f(z)Ĥk(z)√
1− z2

dt ïîñëiäîâíiñòü êîåôiöi¹íòiâ Ôóð'¹

ôóíêöi¨ f çà ñèñòåìîþ Ĥi(t) [1]. Íåñêií÷åííèé ðÿä
∞∑
i=0

ciĤi íàçèâàþòü ðÿäîì Ôóð'¹-

×åáèøîâà ôóíêöi¨ f .
Çà äîïîìîãîþ ìíîæèíè M = µρ(i) ôóíêöié íàòóðàëüíîãî àðãóìåíòà, çàëåæíèõ

âiä äiéñíîãî ïàðàìåòðà a, 0 ≤ ρ < 1, µρ(0) = 1, êîæíî¨ íåïåðåðâíî¨ íà [−1, 1] ôóíêöi¨
f ïîñòàâèìî ó âiäïîâiäíiñòü ðÿä

∞∑
i=0

µρ(k)ciĤi(2), 0 ≤ ρ < 1. (11)

Íåõàé ðÿä (11) ïðè âñiõ 0 ≤ ρ < 1 áóäå ðÿäîì Ôóð'¹- ×åáèøîâà äåÿêî¨ íåïåðåðâíî¨
ôóíêöi¨. ßêùî µρ(i) = ρi, ρ = 0, 1, 2, . . . , òî öþ ôóíêöiþ áóäåìî ïîçíà÷àòè Aρ(f ; t;H).

E(Hα;Aρ; t) = sup
f∈Hα

|f(t)− Aρ(f ; t;H)| (12)

â êîæíié òî÷öi t ∈ [−1, 1] ïðè ρ→ 1−, 0 < α ≤ 1.
ßêùî ó ÿâíîìó âèãëÿäi çíàéäåíà ôóíêöiÿ ϕ(ρ) = ϕ(ρ; t) òàêà, ùî ïðè ρ→ 1−

E(Hα;Aρ; t) = ϕ(ρ; t) + o(ϕ(ρ; t)), t ∈ [−1, 1],

òî çãiäíî [2] áóäåìî êàçàòè, ùî ðîçâ'ÿçàíà çàäà÷à Êîëìîãîðîâà-Íiêîëüñüêîãî äëÿ
iíòåãðàëiâ Ïóàññîíà-×åáèøîâà Aρ êëàñó H

α, 0 < α ≤ 1.
Â ñó÷àñíèõ ïðèêëàäíèõ äîñëiäæåííÿõ îñîáëèâèé iíòåðåñ ñòàíîâëÿòü çàäà÷i Êîëìîãîðîâà-

Íiêîëüñüêîãî ñàìå äëÿ îïåðàòîðiâ Ïóàññîíà�×åáèøîâà Aρ(f) íà êëàñàõ ôóíêöié
Ãåëüäåðà. Â ðîáîòi îòðèìàíî ðîçâ'ÿçîê çàäà÷i Êîëìîãîðîâà-Íiêîëüñüêîãî (3).
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DISCRETE EQUATIONS AND EXTREMAL PROBLEMS

For a general discrete dynamics on a Banach and Hilbert spaces we give necessary
and su�cient conditions of the existence of bounded solutions under assumption that
the homogeneous di�erence equation admits an discrete dichotomy on the semi-axes. We
consider the so called resonance (critical) case when the uniqueness of solution is disturbed.
We show that admissibility can be reformulated in the terms of generalized or pseudo-
invertibility. As an application we consider the case when the corresponding dynamical
system is e-trichotomy. Examples of the simplest discrete boundary value problems which
have a strong generalized bounded solutions were considered (the set of such solutions
with using of the notion of strong Moore-Penrose operator were represented). Part of the
results is an extension of Palmer's lemma to the case of boundary value problems, the
generating operators of which can have a non-closed set of values. Such problems also
arise when solving extreme problems.

Statement of the problem

Consider the following equation

xn+1 = Anxn + hn, n ∈ Z, (13)

with boundary condition
lx· = α, (14)

where An : B → B - is a set of bounded operators, from the Banach space B into itself.
Assume that

A = (An)n∈Z ∈ l∞(Z,L(B)), h = (hn)n∈Z ∈ l∞(Z, B).

It means that

|||A||| = sup
n∈Z

||An|| < +∞, |||h||| = sup
n∈Z

||hn|| < +∞,

l : l∞(Z, B) → B1

is a linear and bounded operator which translates bounded solutions of (13) into the
Banach space B1, α is an element of Banach space B1. It should be noted that an arbitrary
solution of a homogeneous equation can be represented as: xm = Φ(m,n)xn,m ≥ n, where

Φ(m,n) =

{
Am−1Am−2...An, if m > n

I, if m = n.

It is clear, that Φ(m, 0) = Am−1Am−2...A0. Also, we denote U(m) := Φ(m, 0) and U(0) =
I.

Suppose that the homogeneous equation is exponentially dichotomous on the semiaxes
Z+ and Z− with projectors P and Q in the space B respectively, which means that there
are projectors P (P 2 = P ) and Q(Q2 = Q), constants k1,2 ≥ 1, 0 < λ1,2 < 1 such that

||U(n)PU−1(m)|| ≤ k1λ
n−m
1 , n ≥ m,

||U(n)(I − P )U−1(m)|| ≤ k1λ
m−n
1 ,m ≥ n
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for arbitrary m,n ∈ Z+ (dichotomy on Z+);

||U(n)QU−1(m)|| ≤ k2λ
n−m
2 , n ≥ m

||U(n)(I −Q)U−1(m)|| ≤ k2λ
m−n
2 ,m ≥ n

for arbitrary m,n ∈ Z− (dichotomy on Z−).
For the solutions of the considered linear boundary-value problem we can obtain the

following estimates.
Theorem 1. We have the following estimates for the norm of the solution

||xn|| ≤ k1λ
n
1 ||PN(D)c||+ k1λ

n
1 ||D−||

(
k1λ1
1− λ1

+
k2λ2
1− λ2

)
|||h|||+

+k1
(1 + λ1 − λn1 )

1− λ1
|||h|||, n ≥ 0,

||xn|| ≤ k2λ
−n
2 ||PN(D)c||+ k2λ

−n
2 ||D−||

(
k1λ1
1− λ1

+
k2λ2
1− λ2

)
|||h|||+

+k2
1 + λ2 − λ−n+1

2

1− λ2
|||h|||, n ≤ 0.

From these inequalities follows the estimate

|||x||| ≤ K||PN(D)c||+K||D−||
(
k1λ1
1− λ1

+
k2λ2
1− λ2

)
|||h|||+K

1 + Λ1

1− Λ2

|||h|||,

where K = max{k1, k2}, Λ1 = max{λ1, λ2}, Λ2 = min{λ1, λ2}. Here D = P − I + Q,
PN(D) = I −D−D.

The work was supported by the National Research Foundation of Ukraine (Project
number 2025.07/0014. Project name: Modern Problems of Mathematical Analysis and
Geometric Function Theory).
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APPROXIMATION OF CONTINUOUS FUNCTION BY REPEATED DE
LA VALL�EE POUSSIN MEANS

Let L(Td) be the space of all integrable functions f(x) = f(x1, x2, . . . , xd) de�ned on
Td = [−π, π]d, which are 2π-periodic in each variable. Let f ∈ L(Td). The rectangular
repeated de la Vall�ee Poussin means are de�ned as the arithmetic means of the rectangular
partial Fourier sums. For �xed vectors

n,u,v ∈ Nd, ui + vi ≤ ni, i ∈ {1, d},

they are given by

V(2)
n,u,v[f ](x) =

d∏
i=1

1

ui

ni−1∑
ki=ni−ui

Vk+1,v[f ](x),

where

Vn,v[f ](x) =
d∏
i=1

1

vi

ni−1∑
ki=ni−vi

Sk[f ](x),

and Sk[f ] is the rectangular partial sum of the Fourier series of f .
We obtain asymptotic formulas for the exact upper bounds of the deviations of the

rectangular repeated de la Vall�ee Poussin means on multidimensional analogues Cψ
β,∞(Td)

of function classes generated by a �xed sequence ψ = (ψ(k))∞k=1 and an argument shift
β ∈ R (see the de�nitions in [1, p. 33], [2,3]).

Let us denote by

E
(
Cψ
β,∞(Td);V(2)

n,u,v

)
:= sup

f∈Cψβ,∞(Td)

∥∥f(·)− V(2)
n,u,v(·)

∥∥
C
.

Our main result is follows.
Theorem 1. Let (ψi(ki))∞ki=1 ∈ Dqi, (Ψi(ki))

∞
ki=1 ∈ DQi, β, β

∗ ∈ Rd, u,v ∈ Nd, and
let ui+vi < ni, i ∈ {1, d}. Then, as ni−ui−vi → ∞, i ∈ {1, d}, the following asymptotic
formula holds:

E
(
Cψ
β,∞(Td);V(2)

n,u,v

)
=

8

π2

d∑
i=1

ψi(ni − ui − vi + 1)

uivi(1 + qi)3
Π

(
4qi

(1 + qi)2
;
2
√
qi

1 + qi

)
+

+O(1)

(
d∑
i=1

(
ψ(ni − ui − vi)

uivi(ni − ui − vi)(1− qi)4
+
ψi(ni − ui − vi + 1)(quii + qvii )

uivi(1− qi)3
+

+
εni−ui−vi+1(ψi)

(1− qi)2

)
+ΠQ

n,u,v (Ψ1; . . . ; Ψd)

)
, (15)

where Π(n; k) is the complete elliptic integral of the third kind,

εm(ψ) = sup
k≥m

∣∣∣∣ψ(k + 1)

ψ(k)
− q

∣∣∣∣ , q = lim
k→∞

ψ(k + 1)

ψ(k)
,
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ΠQ
n,u,v (Ψ1; . . . ; Ψd) :=

d∑
r=2

∑
µ(r)⊂{1,d}

∑
ξ⊂µ(r)

∏
s∈µ

Ψs(ns−ps+1)

usvs (1−Qs)
3

∏
j∈ξ

εnj−uj−vj(Ψj)

(1−Qj)3
,

and O(1) is a quantity uniformly bounded with respect to all parameters.
Formula (15) is an asymptotically exact equality under the conditions ui → ∞, vi →

∞, qi = Qi, and
lim
ni→∞

εni−ui−viuivi = 0, i ∈ {1, d}.
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ON THE BEST NON-SYMMETRIC RELATIVE APPROXIMATIONS OF
SOME CONVOLUTION CLASSES BY GENERALIZED SPLINES

Let Lp (1 ≤ p ≤ ∞) be the space of 2π-periodic functions f : R → R with standard
norms ∥·∥p. For α, β > 0, the non-symmetric norm is de�ned by ∥f∥p;α,β = ∥αf++βf−∥p,
where f±(t) = max{±f(t), 0}. The best non-symmetric (α, β)-approximation of a class
M ⊂ Lp by a set H ⊂ Lp in Lp metric is de�ned as E(M,H)p;α,β = supf∈M infu∈H ∥f −
u∥p;α,β.

Let 0 < h < 2π
n
. We consider generalized splines with �oating knots x2k = 2kπ

n
and

x2k+1 =
2kπ
n

+ h (k ∈ Z). For a given kernel K ∈ CVD (K ⊥ 1), let Sh2n,K denote the set
of generalized splines of the form

u(t) = c+
2n∑
k=1

ckK(t− xk), c ∈ R,
2n∑
k=1

ck = 0,

and S1,h
2n,K denote the set of generalized splines of the form

u(t) = c+

∫ 2π

0

K(t− v)s0(v)dv,

where s0 ∈ Sh2n,0 is a piecewise constant function with step knots at points xk.
Let φ1;α,β(t) be the 2π-periodic comparison function, and let φ1,K;α,β(t) = (K ∗

φ1;α,β)(t). On the interval [0, π], we de�ne the functions:

Φ1,K(α, β;x) =
1

2
(φ1,K;α,β(x) + φ1,K;α,β(π − x)) ,

R1,K(α, β;x) = P (φ1,K;α,β(x) + φ1,K;α,β(π − x)) ,
where P (f, x) denotes the non-increasing rearrangement of the function f on [0, π].

We study the problems of best non-symmetric L1-approximation for the convolution
classes K1 ∗W 0

1 and K2 ∗W 0
1 by sets of generalized splines Sh2n,K1

∩K ∗W 0
V and S1,h

2n,K2
∩

K2 ∗W 0
1 , respectively, where Kr = K ∗Br and Br is the Bernoulli kernel.

Theorem 1. For any n ∈ N and odd kernel K ∈ CVD, the following equality holds:

E(K1 ∗W 0
1 , S

h
2n,K1

∩K ∗W 0
V )1;α,β =Φ1,K1(α, β; tmax)−

1

2

(
Φ1,K1

(
α, β; tmax +

h

2

)
+ Φ1,K1

(
α, β; tmax +

π

n
− h

2

))
,

where tmax is the point such that φ1,K1;α,β(tmax) = maxt∈R φ1,K1;α,β(t).

Theorem 2. For any n ∈ N and even kernel K ∈ CVD, the following equality holds:

E(K2 ∗W 0
1 , S

1,h
2n,K2

∩K2 ∗W 0
1 )1;α,β =

1

2
R1,K2(α, β; tmax)−

M

2

∫ tmax+M

tmax

R1,K2(α, β; t)dt,

where M = max
{

1
h
, 1

2π
n
−h

}
, and tmax is the maximum point of φ1,K2;α,β(t).

As corollaries, exact values for standard best one-sided approximations E±(·)1 are also
obtained.
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Ñåêöiÿ 3
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Àíàòîëié Êàçìåð÷óê (Iâàíî-Ôðàíêiâñüê, Óêðà¨íà,
Êàðïàòñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Âàñèëÿ Ñòåôàíèêà,

anatolii.kazmerchu@cnu.edu.ua)

ÇÁÓÐÅÍÍß ÑÈÑÒÅÌÈ ÐIÂÍßÍÜ ÃÀÇÎÂÎ� ÄÈÍÀÌIÊÈ

Äëÿ ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè ïåðøîãî ïîðÿäêó
ðîçãëÿíåìî çàäà÷ó Êîøi: {

ρt + (uρ)x = 0,

ut +
(
u2

2
+ θ(ρ)

)
x
= 0,

(1)

{
u|t=0 = u0(x),

ρ|t=0 = ρ0(x),
(2)

äå u = u(t, x), ρ = ρ(t, x), θ(ρ) ∈ C2,α, θ′ρ > 0, θ′′(ρ) > 0, u0(x), ρ0(x) ∈ L∞(R).
Çà âèêîíàíèõ óìîâ ñèñòåìà (1) äëÿ ãàçîäèíàìi÷íèõ ïàðàìåòðiâ ¹ ãiïåðáîëi÷íîþ.
Ðàçîì ç çàäà÷åþ (1), (2) ïðè êîæíîìó ε > 0 ðîçãëÿíåìî çàäà÷ó Êîøi äëÿ çáóðåíî¨

ñèñòåìè: {
ρεt + (uερε)x = ερεxx,

uεt +
(

(uε)2

2
+ θ(ρε)

)
x
= εuεxx,

(3)

{
uε|t=0 = uε0(x),

ρε|t=0 = ρε0(x).
(4)

Òóò uε0(x), ρ
ε
0(x) � ñåðåäíi ôóíêöi¨ äëÿ ôóíêöié u0(x), ρ0(x).

Íåõàé U(ρ, u) = u2

2
+ θ(ρ), F (ρ, u) = u3

3
+ uθ′ρ. Öi ôóíêöi¨ óòâîðþþòü åíòðîïiéíó

ïàðó, ÿêà äîçâîëÿ¹ âèäiëèòè äîïóñòèìèé óçàãàëüíåíèé ðîçâ'ÿçîê çàäà÷i (1), (2).
Îáìåæåíà âèìiðíà âåêòîð-ôóíêöiÿ (ρ(t, x), u(t, x)) íàçèâà¹òüñÿ óçàãàëüíåíèì ðîçâ'ÿçêîì

çàäà÷i (1), (2), ÿêùî ∀f(t, x) ∈ C∞
0 ([0, T ]× R1) âèêîíóþòüñÿ ðiâíîñòi:∫ T

0

∫ +∞

−∞
(ftρ+ fxuρ) dx dt = 0,

∫ T

0

∫ +∞

−∞

(
ftu+ fx

(
u2

2
+ θ(ρ)

))
dx dt = 0,
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òà ∀f(t, x) ∈ C∞
0 ([0, T ]× R1), f(t, x) ≥ 0 âèêîíó¹òüñÿ íåðiâíiñòü:

−
∫ T

0

∫ +∞

−∞
(U(ρ, u)ft + F (ρ, u)fx) dx dt ≤ 0,

à ïî÷àòêîâi óìîâè (2) ïðèéìàþòüñÿ ó ñèëüíîìó ñåíñi â L1,loc(R).

Theorem 1. Íåõàé u0(x), ρ0(x) ∈ C2, òîäi çàäà÷à (1), (2) ìà¹ ãëàäêèé ðîçâ'ÿçîê
ó äåÿêîìó îêîëi t = 0.

Ó âèïàäêó äîâiëüíèõ ïî÷àòêîâèõ ôóíêöié äëÿ ñèñòåìè (1) âèíèêàþòü ðîçðèâíi
ðîçâ'ÿçêè çàäà÷i (1), (2). Îäèí ç ïiäõîäiâ äëÿ âèçíà÷åííÿ äîïóñòèìèõ ðîçâ'ÿçêiâ
ïîëÿãà¹ ó ïåðåõîäi äî ïàðàáîëi÷íî¨ ñèñòåìè i àïðîêñèìàöi¨ çà äîïîìîãîþ ðîçâ'ÿçêiâ
íîâî¨ âiäïîâiäíî¨ çàäà÷i.

Theorem 2. Ñiì'ÿ ðîçâ'ÿçêiâ (ρε, uε) çàäà÷i (3), (4) êîìïàêòíà, i äëÿ äåÿêî¨
ïîñëiäîâíîñòi εn ìà¹ìî (ρεn , uεn) → (ρ, u), äå (ρ, u) � óçàãàëüíåíèé ðîçâ'ÿçîê çàäà÷i
(1), (2).

Îòðèìàíi ðåçóëüòàòè ¹ âàðiàöi¹þ ðåçóëüòàòiâ ðîáiò [1-2].
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A NOVEL HYBRID L1-DGJM APPROACH FOR FRACTIONAL
DIFFERENTIAL EQUATIONS INVOLVING THE CAPUTO�FABRIZIO

OPERATOR

In this work, a novel hybrid L1-DGJM scheme is proposed for solving fractional dif-
ferential equations involving the Caputo�Fabrizio derivative operator. The proposed ap-
proach combines the L1 approximation for the discretization of the fractional derivative
with the Daftardar�Gejji and Jafari Method (DGJM) for constructing the solution itera-
tively. We develop the numerical scheme for Caputo�Fabrizio fractional-order di�erential
equations of the form

CFDη
t ψ(t) = f(t, ψ(t)), ψ(0) = ψ0, 0 < η < 1, t ∈ [0, T ],

where CFDη
t represents the Caputo�Fabrizio fractional derivative. The stability and error

analysis of the proposed method are established, and the approach is further extended
to systems of fractional di�erential equations. The e�ectiveness and applicability of the
proposed scheme are demonstrated through several numerical examples, including the
fractional Riccati equation, Lotka�Volterra system, and Rikitake system. The obtained
results are presented graphically and compared with the solutions generated by the frac-
tional Adams�Bashforth method and a recently developed predictor�corrector method.
The numerical results indicate that the proposed hybrid L1-DGJM scheme provides highly
accurate and e�cient solutions for Caputo�Fabrizio fractional di�erential equations and
their systems.
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ELECTRIC FIELD INFLUENCE ON OPTICAL RESPONSE OF
ELLIPTICAL NANOTUBES

We investigate the electronic states and optical response of electrons con�ned in el-
liptical nanotubes under the action of an external electric �eld. The system is modeled
within the e�ective mass approximation, where the Hamiltonian takes the form

Ĥ = − ℏ2

2m∗

(
∂2

∂x2
+

∂2

∂y2

)
+ V (x, y)− eF · r, (16)

with m∗ the e�ective mass, V (x, y) the con�ning potential of the elliptic cross section,
and F the applied electric �eld. The boundary conditions correspond to hard walls at the
ellipse de�ned by

x2

a2
+
y2

b2
= 1, (17)

where a and b are the semi-axes of the ellipse. Numerical solutions were obtained using
the �nite element method, allowing us to calculate eigenvalues En and eigenfunctions
ψn(x, y).

The analysis shows that ellipticity strongly modi�es the energy spectrum, leading to
quasi-degenerate states and anticrossings when the �eld is applied along di�erent axes.
The oscillator strength of optical transitions is given by

fij ∝ (Ej − Ei) |⟨ψi|x̂|ψj⟩|2 , (18)

which demonstrates clear dependence on the orientation of the electric �eld. For �elds
along the major axis, transitions polarized in the x direction dominate, while �elds along
the minor axis enhance y-polarized transitions. This tunability of anisotropic optical
response highlights the potential of elliptical nanotubes for polarization-sensitive opto-
electronic devices.

Our results extend earlier studies of elliptic quantum wires [1] and theoretical models
of electric �eld e�ects in elliptical systems [2], con�rming that geometry and external
�elds act as complementary parameters for tailoring quantum con�nement and optical
properties.
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ÃÅÎÌÅÒÐÈ×ÍÀ IÍÒÅÐÏÐÅÒÀÖIß ËÎÐÅÍÖ�IÍÂÀÐIÀÍÒÍÎ�
ÌÎÄÈÔIÊÀÖI� ÐIÂÍßÍÍß ØÐÅÄIÍÃÅÐÀ

Ïðîáëåìà ïîáóäîâè óçãîäæåíîãî òåîðåòè÷íîãî îïèñó ôiçè÷íî¨ ðåàëüíîñòi, ùî ïî-
¹äíó¹ ïðèíöèïè êâàíòîâî¨ ìåõàíiêè òà ñïåöiàëüíî¨ òåîði¨ âiäíîñíîñòi (ÑÒÎ), çàëè-
øà¹òüñÿ îäíi¹þ ç öåíòðàëüíèõ ó ñó÷àñíié ôóíäàìåíòàëüíié ôiçèöi [1, 2]. Íåçâàæàþ÷è
íà óñïiõè êâàíòîâî¨ òåîði¨ ïîëÿ, ïèòàííÿ ïðî ìîæëèâiñòü ôîðìóëþâàííÿ ðiâíÿíü
ðóõó, ÿêi á îäíî÷àñíî çàäîâîëüíÿëè óìîâàì ùîäî õâèëüîâî¨ ôóíêöi¨ òà áóëè ëîðåíö�
iíâàðiàíòíèìè, íå âòðàòèëî ñâî¹¨ àêòóàëüíîñòi [3, 4].

Êëàñè÷íå ðiâíÿííÿ Øðåäiíãåðà íå ¹ iíâàðiàíòíèì âiäíîñíî ïåðåòâîðåíü Ëîðåíöà,
ùî îáìåæó¹ ñôåðó éîãî çàñòîñóâàííÿ [5]. Âiäîìi ðåëÿòèâiñòñüêi óçàãàëüíåííÿ �
ðiâíÿííÿ Êëåéíà�Ãîðäîíà òà Äiðàêà � çàáåçïå÷óþòü êîâàðiàíòíèé îïèñ, îäíàê ñóïðî-
âîäæóþòüñÿ íèçêîþ êîíöåïòóàëüíèõ òðóäíîùiâ [4, 5].

Ó äàíié ðîáîòi çàïðîïîíîâàíî ïiäõiä äî ìîäèôiêàöi¨ ðiâíÿííÿ Øðåäiíãåðà, ùî
áàçó¹òüñÿ íà éîãî àíàëiòè÷íîìó ïåðåòâîðåííi [4]. Ðîçãëÿíåìî îäíîâèìiðíå ðiâíÿííÿ
äëÿ âiëüíî¨ ÷àñòèíêè (U = 0):

iℏ
∂Ψ

∂t
= − ℏ2

2m

∂2Ψ

∂x2
(2)

Äëÿ âèÿâëåííÿ ïðèõîâàíèõ ñèìåòðié âèêîðèñòà¹ìî äîïîìiæíå äèôåðåíöiàëüíå ðiâíÿí-
íÿ [6]:

∂2Ψ

∂t2
+ iω

∂Ψ

∂t
= 0 (5)

Ïðèïóñêàþ÷è ñòàöiîíàðíèé ñòàí Ψ(x, t) = R(x)e−i
Eω
ℏ t, ìè ìîæåìî âèðàçèòè ïåðøó

ïîõiäíó ÷åðåç äðóãó òà, ïiñëÿ ââåäåííÿ êîîðäèíàòè w = ct, îòðèìàòè [7, 8]:

∂2Ψ

∂x2
− 2Em

Eω

∂2Ψ

∂w2
= 0 (15)

Ðîçãëÿíåìî âèïàäîê 2Em/Eω = 1. Òîäi ðiâíÿííÿ (15) íàáóâà¹ âèãëÿäó îïåðàòîðà
ä'Àëàìáåðà:

2Ψ =
∂2Ψ

∂x2
− ∂2Ψ

∂w2
= 0 (21)

Äîâåäåìî ëîðåíö-iíâàðiàíòíiñòü îòðèìàíî¨ ôîðìè. Ïåðåéäåìî äî ñèñòåìè x′, ùî
ðóõà¹òüñÿ çi øâèäêiñòþ v: x′ = γ(x−vt), w′ = γ(w−βx). Âèêîðèñòîâóþ÷è ëàíöþãîâå
ïðàâèëî äëÿ ÷àñòèííèõ ïîõiäíèõ [9]:

∂

∂x
= γ

∂

∂x′
− γβ

∂

∂w′ ,
∂

∂w
= −γβ ∂

∂x′
+ γ

∂

∂w′ (19)

ìîæíà ïîêàçàòè, ùî ∂2Ψ
∂x2

− ∂2Ψ
∂w2 = ∂2Ψ

∂x′2
− ∂2Ψ

∂w′2 [10].
Äëÿ çàãàëüíîãî êâàíòîâîìåõàíi÷íîãî âèïàäêó ââåäåìî ïàðàìåòð α = Eω/2Em [11].

Òîäi óçàãàëüíåíå ðiâíÿííÿ çàïèñó¹òüñÿ ÷åðåç ìàñøòàáîâàíó ÷àñîâó êîîðäèíàòó wα =
αct [12]:

2αΨ(x, y, z, wα) = 0 (42)

Ôiçè÷íèé çìiñò ïàðàìåòðà α. Ââåäåíèé êîåôiöi¹íò âèçíà÷à¹ ìàñøòàá ÷àñîâî¨
êîîðäèíàòè. Öå ìîæíà òðàêòóâàòè ÿê äåôîðìàöiþ ÷àñîâî¨ îñi, äå õâèëÿ ¾áà÷èòü¿
iíøèé ìàñøòàá ÷àñó çàëåæíî âiä ¨¨ åíåðãåòè÷íîãî ñòàíó [13, 14]:
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� α = 1 � ðåëÿòèâiñòñüêèé ðåæèì, äå ðiâíÿííÿ (42) îïèñó¹ ïîøèðåííÿ õâèëi çi
øâèäêiñòþ c [15, 16].

� α < 1 � êâàíòîâèé ðåæèì, äå åíåðãiÿ ìåíøà çà åíåðãiþ ñïîêîþ, ùî ïðèçâîäèòü
äî ¾ðîçòÿãóâàííÿ¿ ÷àñó [16].

� α > 1 � íàäðåëÿòèâiñòñüêèé ðåæèì, ùî õàðàêòåðèçó¹òüñÿ ¾ñòèñíåííÿì¿ ÷àñó
[16].

Òàêà iíòåðïðåòàöiÿ äîçâîëÿ¹ íå ëèøå çáåðåãòè iìîâiðíiñíèé çìiñò õâèëüîâî¨ ôóíêöi¨,
à é iíòåãðóâàòè ðåëÿòèâiñòñüêó ñèìåòðiþ áåçïîñåðåäíüî â ñòðóêòóðó ðiâíÿííÿØðåäií-
ãåðà [10, 14].
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ÌÀÒÅÌÀÒÈ×ÍÅ ÌÎÄÅËÞÂÀÍÍß ÅÍÅÐÃÅÒÈ×ÍÎÃÎ ÑÏÅÊÒÐÀ
ÒÀ ÕÂÈËÜÎÂÈÕ ÔÓÍÊÖIÉ ÅËÅÊÒÐÎÍÀ Ó ÃÅÊÑÀÃÎÍÀËÜÍÈÕ

ÍÀÍÎÃÅÒÅÐÎÑÒÐÓÊÒÓÐÀÕ

Ðîçâèòîê ñó÷àñíî¨ íàíîåëåêòðîíiêè âèìàãà¹ òî÷íîãî ìàòåìàòè÷íîãî ìîäåëþâàííÿ
êâàíòîâî-ìåõàíi÷íèõ ïðîöåñiâ ó íàïiâïðîâiäíèêîâèõ ñòðóêòóðàõ çi ñêëàäíîþ ãåîìåòði¹þ.
Ó öié ðîáîòi äîñëiäæó¹òüñÿ åíåðãåòè÷íèé ñïåêòð òà ïðîñòîðîâèé ðîçïîäië õâèëüîâèõ
ôóíêöié åëåêòðîíà â íàíîòðóáöi áåçìåæíî¨ äîâæèíè ç ïîïåðå÷íèì ïåðåðiçîì ó ôîðìi
ïðàâèëüíîãî øåñòèêóòíèêà [1]. Òàêà ñèñòåìà ðîçãëÿäà¹òüñÿ ÿê áàãàòîøàðîâà ãåòåðî-
ñòðóêòóðà, äå ïîòåíöiàëüíèé ðåëü¹ô âèçíà÷à¹òüñÿ ðiçíèöåþ ñïîðiäíåíîñòi äî åëåêòðîíà
ìàòåðiàëiâ âíóòðiøíüîãî öèëiíäðà, ñàìî¨ òðóáêè òà çîâíiøíüîãî ñåðåäîâèùà [2, 3].

Îñíîâíèì çàâäàííÿì ¹ çíàõîäæåííÿ âëàñíèõ çíà÷åíü òà âëàñíèõ ôóíêöié îïåðàòîðà
Ãàìiëüòîíà:

ĤΨ = EΨ (3.1)

Ó öèëiíäðè÷íié ñèñòåìi êîîðäèíàò (ρ, ϕ, z) ãàìiëüòîíiàí äëÿ åëåêòðîíà ç êîîðäèíàòíî-
çàëåæíîþ åôåêòèâíîþ ìàñîþ m∗(ρ, ϕ) ìà¹ âèãëÿä:

Ĥ = −ℏ2

2
∇
(

1

m∗(ρ, ϕ)
∇
)
+ U(ρ, ϕ) (3.2)

Ïîòåíöiàëüíà åíåðãiÿ U(ρ, ϕ) ìîäåëþ¹òüñÿ ÿê êóñêîâî-ñòàëà ôóíêöiÿ, ùî íàáóâà¹
çíà÷åíü −U0,−U1,−U2 ó âiäïîâiäíèõ îáëàñòÿõ íàíîñòðóêòóðè [4, 5].

Ç îãëÿäó íà òðàíñëÿöiéíó iíâàðiàíòíiñòü ñèñòåìè âçäîâæ àêñiàëüíî¨ îñi OZ, ïîâíó
õâèëüîâó ôóíêöiþ ìîæíà ïðåäñòàâèòè ó âèãëÿäi äîáóòêó ïëîñêî¨ õâèëi òà ôóíêöi¨
ïîïåðå÷íîãî ðóõó:

Ψ(ρ, ϕ, z) =
1√
L
ψ(ρ, ϕ)eikzz (3.5)

Ïiäñòàíîâêà öüîãî âèðàçó â îñíîâíå ðiâíÿííÿ äîçâîëÿ¹ âèäiëèòè åíåðãiþ ïîçäîâæíüîãî

ðóõó Ez = ℏ2k2z
2m∗ òà çâåñòè çàäà÷ó äî äâîâèìiðíîãî ðiâíÿííÿ Øðåäiíãåðà â ïëîùèíi

ïåðåðiçó íàíîòðóáêè [6].
×åðåç âiäñóòíiñòü ðàäiàëüíî¨ ñèìåòði¨ ó øåñòèêóòíié ãåîìåòði¨, ðîçäiëåííÿ çìiííèõ

ó ðiâíÿííi (3.6) óñêëàäíþ¹òüñÿ. Äëÿ ìàòåìàòè÷íîãî ðîçâ'ÿçàííÿ çàäà÷i âèêîðèñòàíî
ìåòîä àïðîêñèìàöi¨ (ìåòîä Áåòå), äå ðåàëüíèé øåñòèêóòíèé ïåðåðiç çàìiíþ¹òüñÿ
åêâiâàëåíòíèì êiëüöåâèì øàðîì ç ðàäióñàìè ρ0 òà ρ1 [6, 7]. Öå äîçâîëÿ¹ ïðåäñòàâèòè
ðàäiàëüíó ÷àñòèíó õâèëüîâî¨ ôóíêöi¨ ÷åðåç ëiíiéíó êîìáiíàöiþ ôóíêöié Áåññåëÿ òà
ìîäèôiêîâàíèõ ôóíêöié Áåññåëÿ [8, 9]:

Rm(ρ) =


AmIm(χ0ρ), ρ < ρ0
BmJm(kρ) + CmNm(kρ), ρ0 ≤ ρ ≤ ρ1

DmKm(χ2ρ), ρ > ρ1

(3.15)
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Òóò ïàðàìåòðè k, χ0, χ2 çàëåæàòü âiä åíåðãi¨ E òà ìàñ íîñi¨â ó êîæíié îáëàñòi [9,
10]. Âèêîðèñòàííÿ ñòàíäàðòíèõ óìîâ íåïåðåðâíîñòi òà çáåðåæåííÿ ãóñòèíè ïîòîêó
éìîâiðíîñòi íà ãðàíèöÿõ ïîäiëó ñåðåäîâèù äà¹ äèñïåðñiéíå ðiâíÿííÿ, ðîçâ'ÿçêè ÿêîãî
âèçíà÷àþòü äèñêðåòíi ðiâíi åíåðãi¨ åëåêòðîíà [10, 11].

Ðåçóëüòàòè ðîçðàõóíêiâ âêàçóþòü íà òå, ùî ãåêñàãîíàëüíà ôîðìà òðóáêè ïðèçâîäèòü
äî äîäàòêîâîãî çíÿòòÿ âèðîäæåííÿ ðiâíiâ òà ïåðåðîçïîäiëó ãóñòèíè éìîâiðíîñòi, ùî
¹ êðèòè÷íèì äëÿ ðîçóìiííÿ îïòè÷íèõ âëàñòèâîñòåé òàêèõ íàíîñèñòåì [12, 13].
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AN EXPONENTIALLY CONVERGENT METHOD
FOR A FRACTIONAL�ORDER EVOLUTION EQUATION

IN A BANACH SPACE

In a Banach space E, we consider the initial-value problem for an abstract evolution
equation within the setting of [1]:

∂tu+ ∂−αt Au = f(t), t ∈ (0, T ],

u(0) = u0,

where A : D(A) → E is a strongly positive operator, f : [0, T ] → E is a given vector-
valued function, u0 ∈ E is a given vector, u : [0, T ] → E is a sought solution, ∂t =

d
dt
,

and

(∂−αt u)(t) =


∂t
∫ t
0

(t− s)α

Γ(1 + α)
u(s) ds if − 1 < α ⩽ 0,∫ t

0

(t− s)α−1

Γ(α)
u(s) ds if 0 < α < 1.

In various applications, A is a linear second-order partial di�erential operator charac-
terized by time-independent coe�cients and spatial derivatives.

For convenience, we recall the following de�nition.
De�nition [2]. A closed linear operator A : D(A) → E with dense domain D(A) ⊂ E

and resolvent set ρ(A) ⊂ C is called strongly positive if there exist constants φ ∈ (0, π/2),
γ > 0, and L > 0 such that∥∥(zI − A)−1

∥∥ ⩽
L

1 + |z|
for all z ∈ Σ,

where I denotes the identity operator, and Σ =
{
z ∈ C |φ ⩽ | arg z| ⩽ π

}
∪
{
z ∈ C | |z| ⩽

γ
}
⊂ ρ(A).
The solution u(t) can be formally expressed in the form:

u(t) = U(t)u0 +
∫ t
0
U(t− s)f(s) ds,

where U(t) =
∞∑
n=0

p
(α)
n (t1+α)Qn is a solving operator, Q = A(I+A)−1 is the Cayley trans-

form of the operator A, and p
(α)
n (t1+α), n = 0, 1, . . . , are the Laguerre�Cayley functions

given explicitly by the formula:

p(α)n (t1+α) =
n−1∑
r=0

(−1)r+1Cr
n−1t

(r+1)(α+1)

Γ
(
1 + (r + 1)(α + 1)

) , n ∈ N, p
(α)
0 (tα+1) ≡ 1.

Next, we approximate u(t) as follows:

uN(t) = UN(t)u0 +
∫ t
0
UN(s)f(t− s) ds, UN(t) =

N∑
n=0

p
(α)
n (t1+α)Qn. (1)
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We investigate the accuracy of uN(t) under speci�ed conditions on the input data u0 and

f(t), assuming that the Laguerre�Cayley functions p
(α)
n (t1+α) satisfy the inequality∣∣p(α)n (t1+α)

∣∣ ⩽ C(t)nγ, (2)

where γ ∈ R and C(t) > 0 is independent of n. This is supported by extensive numerical
evaluations conducted using the computer algebra system Maple.

Let ν > 0 and let (mn)
∞
n=0 be a nondecreasing sequence of positive numbers. On the

set C∞(A) =
∞⋂
n=0

D(An) of in�nitely di�erentiable vectors of the operator A, we introduce

the norm [3]: ∥f∥C(A, (mn), ν) = sup
n∈N0

∥Anf∥
mnνn

.

For in�nitely smooth u0 and f(t), we obtain the following result [4].

Theorem. Let the Laguerre�Cayley functions p(α)n (t1+α) be subject to condition (2)
with sup

t∈[0, T ]
C(t) < ∞ and

∫ t
0
C2(s) ds < ∞, let u0 ∈ C (A, (1), ν) with ν = cos(φ)

L+1
, and let

the right-hand side f(t) satisfy the conditions:

f(t) ∈ C (A, (1), ν) , sup
t∈[0, T ]

∥f(t)∥C(A, (1), ν) <∞,
∫ t
0
∥f(s)∥2C(A, (1), ν)ds <∞.

Then, the Cayley transform method (1) is exponentially convergent, and the following
estimate holds:

∥u(t)− uN(t)∥ ⩽M(t)
e−

√
N+1

√
N + 1

{
∥u0∥C(A, (1), ν) +

[ ∫ t
0
∥f(s)∥2C(A, (1), ν) ds

]1/2}
,

where M(t) > 0 is independent of N .
The case of the �nitely smooth input data u0 and f(t) was studied in [5].
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REGULARITY FOR DOUBLY NONLINEAR EQUATIONS IN THE
MIXED REGIME

Let Ω be a domain in RN , T > 0, ΩT := Ω × (0, T ). We study nonnegative (sub)
super-solutions to the equation

ut − divA(x, t, u,Dum) = 0, (x, t) ∈ ΩT . (20)

Throughout the paper we suppose that the functionsA = (A1, · · · , AN) : ΩT×R+×RN →
RN are Carath�eodory, i.e. such that A(·, ·, u, ξ) are Lebesgue measurable for all u ∈ R+,
ξ ∈ RN , and A(x, t, ·, ·) are continuous for almost all (x, t) ∈ ΩT . We also assume that
the following structure conditions are satis�ed{

A(x, t, u,Dum) ·Dum ⩾ K1 |Dum|p,
|A(x, t, u,Dum)| ⩽ K2 |Dum|p−1,

(21)

where m > 0, p > 1, and K1, K2 are positive constants.
De�nition 1.We say that a function u is a nonnegative, locally bounded, local weak

(sub) supersolution to (20) if

0 ⩽ u ∈ Cloc(0, T ;L
1+m
loc

(Ω)), um ∈ Lp
loc
(0, T ;W 1,p

loc
(Ω)), u ∈ L∞

loc(ΩT ),

and for any compact set E ⊂ Ω and every subinterval [t1, t2] ⊂ (0, T ] there holds

∫
E

uζ dx

∣∣∣∣t2
t1

+

t2∫
t1

∫
E

{−uζτ +A(x, τ, u,Dum) ·Dζ} dxdτ ⩽ (⩾) 0, (22)

for any testing functions ζ ∈ W
1,1+ 1

m
loc (0, T ;L1+ 1

m (E)) ∩ Lploc(0, T ;W
1,p
0 (E)), ζ ⩾ 0.

A function that is both a weak sub and supersolution to (20) is called a weak solution to
(20); in such a case, (1.6) becomes an integral identity.

Remark 1.In order to simplify the presentation, we have decided to give a de�nition
of solution that already encodes the nonnegativity of u and its local boundedness, besides
a certain integrability of the gradient of small powers of u. For these topics, we refer to
[1] and references therein.
Our main result reads as follows. Let the main degeneracy exponent be

λ = m(p− 1) .

Theorem 1. [2] Let u be a nonnegative, local weak solution to (20)-(21) in ΩT and
assume also that one of the following conditions holds

λ < 1 and p+N(λ− 1) > 0, (23)
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or

λ > 1 and
2N

N + 1
< p < 2, (24)

or
λ > 1 and p > 2, (25)

then u is locally H�older continuous in ΩT .
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CLASSES OF EXTENSIONS OF GRADIENTS ASSOCIATED WITH
MONOGENIC FUNCTIONS

We consider classes of piecewise smooth extensions across a smooth curve for gradients
of biharmonic functions in the corresponding domains adjacent to the given curve.

Each gradient in every domain is expressed as a pair of some real-valued components
of monogenic function in the biharmonic algebra. A theory of biharmonic functions in
the biharmonic algebra may be found in [1].

Necessary and su�cient conditions have been found [2] for the existence of an extension
across a smooth curve for the gradients of functions for each considered classes. Moreover,
the found extension determines the gradient of the biharmonic function in the union of
the indicated domains and has certain smooth properties at the curve's points.
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ÏÐÎ ÇÀÃÀËÜÍÈÉ ÐÎÇÂ'ßÇÎÊ ÐIÂÍßÍÜ ÐIÂÍÎÂÀÃÈ ËÀÌÅ ÄËß
ÏÐÓÆÍÎ� ÑÌÓÃÈ Ç ÔÓÍÊÖIÎÍÀËÜÍÎ-ÃÐÀÄI�ÍÒÍÎÃÎ

ÌÀÒÅÐIÀËÓ

Çàñòîñóâàííÿ ôóíêöiîíàëüíî-ãðàäi¹íòíèõ ìàòåðiàëiâ (ÔÃÌ) ó ñó÷àñíié àåðîêîñìi-
÷íié ãàëóçi, ìàøèíîáóäóâàííi òà òðèáîòåõíiöi äà¹ çìîãó ñóòò¹âî çìåíøèòè êîíöåíò-
ðàöiþ íàïðóæåíü íà ìåæàõ ðîçäiëó ðiçíèõ ìàòåðiàëiâ òà ïiäâèùèòè çíîñîñòiéêiñòü
êîíòàêòóþ÷èõ åëåìåíòiâ. Àíàëiç ìåõàíi÷íèõ õàðàêòåðèñòèê åëåìåíòiâ êîíñòðóêöié
ç ÔÃÌ ïîòðåáó¹ ðîçðîáêè åôåêòèâíèõ ìàòåìàòè÷íèõ ìîäåëåé êîíòàêòíî¨ âçà¹ìîäi¨
øòàìïiâ òà íåîäíîðiäíèõ îñíîâ ðiçíèõ ãåîìåòðié.

×èñåëüíi ðîçâ'ÿçêè çàäà÷ ãëàäêîãî êîíòàêòó ç âiäðèâîì äëÿ ïðóæíî¨ ñìóãè, ìîäóëü
çñóâó ÿêî¨ çìiíþ¹òüñÿ ç òîâùèíîþ çà åêñïîíåíöiàëüíèì çàêîíîì (ÔÃÌ), îòðèìàíî â
ðîáîòàõ S. El- Borgi, R. Abdelmoula òà L. Keer [1], I. Comez [2], J. Yan òà X. Li [3],
G. Adiyaman, A. Birinci, E. Oner òà M. Yaylaci [4], I. Comez, S. El-Borgi, V. Kahya òà
R. Erdol [5].

Ìåòîþ äàíî¨ çàäà÷i ¹ 1) ïîáóäîâà ìàòåìàòè÷íî¨ ìîäåëi ãëàäêîãî êîíòàêòó ìiæ
ïiâíåñêií÷åííèì øòàìïîì iç ïðÿìîëiíiéíîþ îñíîâîþ òà ïðóæíîþ ñìóãîþ ç ôóíêöiîíà-
ëüíî-ãðàäi¹íòíîãî ìàòåðiàëó, ÿêà ìà¹ æîðñòêî çàêðiïëåíó íèæíþ ãðàíü, 2) àíàëiòè÷íà
ïîáóäîâà çàãàëüíîãî ðîçâ'ÿçêó ðiâíÿíü ðiâíîâàãè â ïåðåìiùåííÿõ (ðiâíÿíü Ëàìå).

Ó äàíié çàäà÷i ðîçãëÿäà¹òüñÿ ïëîñêà äåôîðìàöiÿ ïðóæíî¨ ñìóãè òîâùèíîþ h
(−∞ < x < ∞, 0 ≤ y ≤ h). Ìàòåðiàë ñìóãè ¹ ôóíêöiîíàëüíî-ãðàäi¹íòíèì iç
åêñïîíåíöiàëüíèì çàêîíîì çìiíè ìîäóëÿ çñóâó ïî òîâùèíi:

G(y) = G0e
γy,

äå G0 = G(0) � ìîäóëü çñóâó íà âåðõíié ãðàíi ñìóãè (y = 0), Gh = G(h) � ìîäóëü
çñóâó íà íèæíié ãðàíi ñìóãè (y = h), à γ � ïàðàìåòð ãðàäi¹íòíîñòi ìàòåðiàëó, ùî
âèçíà÷à¹òüñÿ ñïiââiäíîøåííÿì

γ =
1

h
ln

(
Gh

G0

)
.

Êîåôiöi¹íò Ïóàññîíà ν ââàæà¹òüñÿ ñòàëîþ âåëè÷èíîþ âçäîâæ âñi¹¨ òîâùèíè ñìóãè.
Ó âåðõíþ ãðàíü ñìóãè (y = 0) âäàâëþ¹òüñÿ ïiâíåñêií÷åííèé æîðñòêèé øòàìï (0 <

x < ∞) iç ãîðèçîíòàëüíîþ îñíîâîþ ïiä äi¹þ ðiâíîìiðíî ðîçïîäiëåíîãî íîðìàëüíîãî
íàâàíòàæåííÿ iíòåíñèâíîñòi P , ñïðè÷èíÿþ÷è ïðîñiäàííÿ ñìóãè íà âåëè÷èíó δ. Êîíòàêò
ìiæ øòàìïîì òà ñìóãîþ ââàæà¹òüñÿ ãëàäêèì (ñèëè òåðòÿ âiäñóòíi). Íèæíÿ ãðàíü
ñìóãè (y = h) ¹ æîðñòêî çàêðiïëåíîþ.

Ñôîðìóëþ¹ìî êðàéîâi óìîâè êîíòàêòíî¨ çàäà÷i. Íà âåðõíié ãðàíi ñìóãè (y = 0):{
uy(x, 0) = δ, τxy(x, 0) = 0, 0 < x <∞,

σy(x, 0) = 0, τxy(x, 0) = 0, −∞ < x < 0.
(26)

Íà íèæíié ãðàíi ñìóãè (y = h):

ux(x, h) = 0, uy(x, h) = 0, −∞ < x <∞, (27)
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òóò ux(x, y), uy(x, y) � êîìïîíåíòè âåêòîðà ïåðåìiùåíü; σy(x, y), τxy(x, y) � íîðìàëüíi
òà äîòè÷íi íàïðóæåííÿ âiäïîâiäíî.

Îòæå, ñôîðìóëüîâàíî ìàòåìàòè÷íó ïîñòàíîâêó êîíòàêòíî¨ çàäà÷i ïðî âçà¹ìîäiþ
ïiâíåñêií÷åííîãî æîðñòêîãî øòàìïà ç ïðóæíîþ ñìóãîþ ç ÔÃÌ ïðè ïëîñêié äåôîðìàöi¨.
Âèâåäåíî ðiâíÿííÿ ðiâíîâàãè Ëàìå â ïåðåìiùåííÿõ äëÿ ñåðåäîâèùà ç åêñïîíåíöiàëüíî
çìiííèì çà òîâùèíîþ ìîäóëåì çñóâó G(y) = G0e

γy.
Çà äîïîìîãîþ iíòåãðàëüíîãî ïåðåòâîðåííÿ Ôóð'¹ îòðèìàíî çàãàëüíèé ðîçâ'ÿçîê

ðiâíÿíü ðiâíîâàãè Ëàìå. Îòðèìàíi ðåçóëüòàòè ¹ òåîðåòè÷íîþ îñíîâîþ äëÿ ïîáóäîâè
àíàëiòè÷íèõ i ÷èñåëüíèõ àëãîðèòìiâ îá÷èñëåííÿ ðîçïîäiëó êîíòàêòíèõ íàïðóæåíü òà
äîñëiäæåííÿ âïëèâó ïàðàìåòðà ãðàäi¹íòíîñòi γ íà êîíöåíòðàöiþ íàïðóæåíü ïîáëèçó
êóòîâî¨ òî÷êè øòàìïà (x = 0).
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THE USE OF A TWO-DIMENSIONAL KINEMATIC LINEAR KALMAN
FILTER WITH ROBUST HUBER CORRECTION FOR FILTERING A

HEART RATE SIGNAL

The Kalman �lter is one of the most common and at the same time one of the most
e�ective methods of digital signal �ltering. It is a powerful mathematical tool for re-
cursively estimating the state of dynamical systems, which is widely used to clean noisy
signals [1].

Let's say we constantly receive data from a sensor that somehow characterizes an
object. In this case, it is an optical heart rate sensor that is used to obtain a person's
pulse waveform, which provides information about the person's heart rate. We know
that the sensor is inaccurate (because all sensors have a certain error, which cannot
be accurately determined without complex and laborious measurements using reference
means). An additional feature of this problem is that we do not have all the data at once,
they come in turn. That is, we cannot use classical statistical methods such as averaging,
regression, etc.

We roughly know that the pulse should be a periodic (rather �� quasi-periodic) func-
tion, but we cannot predict anything in advance: neither the shape of this function, nor
its period, and even more so �� we do not have an analytical expression for it. It cannot
even exist, since a person's pulse depends on a large number of factors, and primarily
on physical activity at the moment. It turns out that even under such conditions, the
Kalman �lter can be used. However, if a one-dimensional Kalman �lter is used for this
problem (the signal in this case is one-dimensional), then in its practical implementation
on any microcontroller, the e�ect of �over-smoothing� will inevitably appear, as a result
of which the output signal will lose small details. To prevent this from happening, it is
necessary to use a two-dimensional (2D) kinematic linear Kalman �lter with robust Huber
correction [2].

We model the signal not as a static number, but as a physical object that moves in
time and has a value and a rate of change. At each discretization step k, the state of the

system is described by a vector 2×1: xk =

[
xk
ẋk

]
where xk is an estimate of the true value

of the PPG signal and ẋk is the rate of change of the signal (�rst derivative,
dx
dt
).

We assume that for a short time interval ∆t (discretization period, for example, ∆t =
0.02 s for 50 Hz) the process is described by the equations of uniform motion: xk =
xk−1 + ẋk−1 ·∆t+ wx,k−1; ẋk = ẋk−1 + wẋ,k−1. In matrix form:

xk = Fxk−1 +wk−1,

where F is the state transition matrix:

F =

[
1 ∆t
0 1

]
,

and wk−1 is the process noise vector that takes into account unpredictable changes in
speed (acceleration of the heart rate).

The uncertainty of the model is described by the covariance matrix Q of size 2× 2:

Q = σ2
a

[
∆t4

4
∆t3

2
∆t3

2
∆t2

]
,
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where σ2
a is the parametric variance of the signal �acceleration� (the tuning parameter of

the �lter �exibility).
Before updating the state, we check whether the new measurement zk is not an outlier.

To do this, �rst calculate the value of the residual: yk = zk−Hx̂−
k , where zk is raw sensor

data, its variance is Sk = HP−
k H

T +R = P−
k,(1,1) +R, and the standardized error is

ek =
yk√
Sk
.

Based on the last parameter, the concept of Huber weight (wk) is introduced [1]: for
a given threshold c ∈ [1.3; 1.8]

wk =

{
1, if |ek| ≤ c
c

|ek|
, if |ek| > c

Then adapted measurement noise is R̃k = R
wk

and adjusted innovation variance is

S̃k = P−
k,(1,1) + R̃k.

This processing step computes a matrix of Kalman gains Kk = P−
k H

T S̃−1
k , which

determines how much the �lter will adjust its prediction based on the new measurement.
For our 1D measurement, this simpli�es to a vector:

Kk =
1

S̃k

[
P−
k,(1,1)

P−
k,(2,1)

]
=

[
K1

K2

]
.

At the �nal stage, we adjust our knowledge of the system and obtain the �nal (a
posteriori) estimates, i.e. the �nal �ltered signal):

x̂k = x̂−
k +Kkyk.

The last expression is calculated component-wise as follows:

x̂k = x̂−k +K1 · yk; ˆ̇xk = ˆ̇x−k +K2 · yk.

The Kalman �lter improved in this way provides good smoothing of the output signal,
but at the same time, small details that are important for medical diagnostics based on
the heart rate signal are also quite noticeable.
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ωn-SYMMETRIC POLYNOMIALS ON BANACH SPACES

Let ωn = {α0, α1, . . . , αn−1} be the group of nth roots of unity so that α0 = 1, and
αj1 = αj = ei2πj/n, 0 ≤ j < n. We construct the set of indexes Nωn as a matrix n rows
with entries mαj for 0 ≤ j ≤ n − 1 and m ∈ N. For every 1 ≤ p < ∞, we denote by
ℓp(Nωn) the Banach space of all absolutely summable power p complex sequences indexed
by numbers in Nωn . Any vector x in ℓp(Nωn) can be represented as

x =
(
xmαj

)
m∈N, 0≤j<n =


xα0

xα1

...
xαn−1

 =


x1α0 , x2α0 , · · · , xmα0 , · · ·
x1α1 , x2α1 , · · · xmα1 , · · ·
...

...
. . .

...
...

x1αn−1 , x2αn−1 , . . . , xmαn−1 , . . .

 ,

where xαj = (x1αj , x2αj , . . . , xmαj , . . . ) is in ℓp for all j ∈ {0, 1, 2, . . . , n− 1}, and

∥x∥ =
( ∞∑
i=1

n−1∑
j=0

|xiαj |p
) 1
p
.

A polynomial P on ℓp(Nωn) is called ωn-symmetric if it is a �nite algebraic combination
of polynomials {Ω(n)

k }∞k=1, where

Ω
(n)
k (x) =

n−1∑
j=0

αj

∞∑
i=1

xkiαj , k ∈ N, k ≥ ⌈p⌉.

The algebra of all ωn-symmetric polynomials on ℓp
(
Nωn

)
is denoted by Ps

(
ℓp(Nωn)

)
. An

ω1-symmetric polynomial is called symmetric.
The concept of ωn-symmetric polynomials on ℓ1 was introduced in [1]. In this talk

we consider more general case of ℓp and discuss some new properties of ωn-symmetric
polynomials.

For vectors x, y ∈ ℓp we denote x • y = (x1, y1, x2, y2, . . . , xn, yn, . . .).
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Theorem 1. Let P ∈ Ps
(
ℓp(Nωn)

)
and a ∈ ℓp. Then

P


xα0 • a
xα1 • a

...
xαn−1 • a

 = P


xα0

xα1

...
xαn−1

 for every x =


xα0

xα1

...
xαn−1

 ∈ ℓp(Nωn).

For a given z ∈ ℓp we de�ne xz ∈ ℓp(Nωn) as

xz =


α0z
α1z
...

αn−1z

 .

Theorem 2. For every k ≥ ⌈p⌉ and integer n, the map z 7→ Ω
(n)
k (xz) is a symmetric

polynomial on ℓp.

This research was supported by the National Research Foundation of Ukraine,
2023.03/0198.
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Anna Vishnyakova

TOTALLY POSITIVE SEQUENCES GENERATED BY REAL
POLYNOMIALS

De�nition. A sequence of nonnegative numbers (ak)
∞
k=0 is called totally positive, if

all minors of the in�nite matrix
a0 a1 a2 a3 . . .
0 a0 a1 a2 . . .
0 0 a0 a1 . . .
...

...
...

...
. . .


are non-negative.

Concept of total positivity found numerous applications and was studied from many
di�erent sides. It has applications in distribution of zeros of polynomials and entire func-
tions, P�olya frequency sequences, unimodality and log-concavity, stochastic processes and
approximation theory, mechanical systems, planar networks, combinatorics and represen-
tation theory.

Let P, P (0) > 0, be a real polynomial of degreem. It is easy to check that
∑∞

k=0 P (k)x
k =

Q(x)
(1−x)m+1 , where Q is a real polynomial of degree at most m.

We will discuss the following problem: for which P the sequence (P (k))∞k=0 is totally
positive? Due to the famous theorem by Aissen, Schoenberg, Whitney and Edrei it
happens if and only if all the zeros of Q are real and non-positive.
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GROWTH ESTIMATES FOR ANALYTIC FUNCTIONS IN THE UNIT
POLYDISC WITH BOUNDED L-INDEX IN DIRECTION

We will use notations and de�nitions from [1]. Let 0 = (0, . . . , 0), b = (b1, . . . , bn) ∈
Cn \ {0} be a given direction, R+ = (0,+∞), Dn = {z = (z1, z2, . . . , zn) ∈ Cn : |zj| <
1, j ∈ {1, 2, . . . , n}}, L : Dn → R+ be a continuous function such that for all z =
(z1, z2, . . . , zn) ∈ Dn

L(z) > β max
1≤j≤n

|bj|
1− |zj|

, β = const > 1. (28)

An analytic function F : Dn → C is called a function of bounded L-index in a direction
b, if there exists m0 ∈ Z+ such that for every m ∈ Z+ and every z ∈ Dn one has
|∂mb F (z)|
m!Lm(z)

≤ max
{

|∂kbF (z)|
k!Lk(z)

: 0 ≤ k ≤ m0

}
, where ∂0bF (z) = F (z), ∂bF (z) =

∑n
j=1

∂F (z)
∂zj

bj,

∂kbF (z) = ∂b(∂
k−1
b F (z)), k ≥ 2.

Theorem 1. Let L : Dn → R+ be a continuous function satisfying (28) and for every
z0 ∈ Dn and every θ ∈ [0, 2π] the function u(r, z0, θ) be a continuously di�erentiable
function of real variable r ∈ [0, R), where R = R(z0, θ) = min{R ∈ R+ : |z0j + Reiθbj| =
1, j ∈ {1, . . . , n}}. If an analytic function F : Dn → C is of bounded L-index in the
direction b then ∀z0 ∈ Dn, ∀θ ∈ [0, 2π], ∀r ∈ [0, R) ∀p ∈ Z+ one has

lnmax
|t|=r

(
|∂pbF (z0+tb)|
p!Lp(z0+tb)

)
≤ lnmax

{
|∂kbF (z0)|
k!Lk(z0)

: 0≤k≤N
}
+

+ max
θ∈[0,2π]

∫ r

0

{
(N + 1)L(z0 + teiθb) +N

(−u′t(z0, θ, t))+

L(z0 + teiθb)

}
dt

If, in addition, for every z0 ∈ Dn, θ ∈ [0, 2π] one has (−u′r(z0, θ, r))
+
/(L2(z0+reiθb)) → 0

as max
1≤j≤n

|z0j + reiθbj| → 1 then for every z0 ∈ Dn and θ ∈ [0, 2π]

lim
max1≤j≤n |z0j+reiθbj |→1

ln |F (z0 + reiθb)|∫ r
0
L(z0 + teiθb)dt

≤ Nb(F,L,Dn) + 1.
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LAPLACE-STIELTHJES TYPE INTEGRALS: THE BOREL RELATION
AND THE h-MEASURE OF AN EXCEPTIONAL SET

By I(ν) denote the class of functions F : R → R+ represented by integrals of the form

F (x) =

∫
R+

a(t)extν(dt).

For F ∈ I(ν) and x ∈ R let us denote

µ∗(x, F ) = ess sup{f(u)exu : u ∈ S}.

We denote by L the class of positive continuous functions Φ: R+ := [0,+∞) → R+

such that Φ(x) ↗ +∞ (0 ≤ x → +∞), and by L+ the class of positive continuous

di�erentiable functions h(x) : [0,+∞) → [0,+∞) such that
∫ +∞
0

dh(x) = +∞ and 1 ≤
h′(x) ↗ +∞ (0 ≤ x ↗ +∞). Denote by L1 the class of function ψ ∈ L such that∫ +∞
x0

dt/ψ(t) < +∞, ψ(t) ≥ t for t ≥ t0 > 0, and by L2 the class of the functions ψ ∈ L1

such that the inverse function ψ−1 to function ψ satis�es the condition ψ−1(uv) ≤ uψ−1(v)
(u, v ≥ 1). Let Φ ∈ L. Let us introduce the following class of Dirichlet series

D(λ,Φ) = {F ∈ D(λ) : lnµ(x, F ) ≥ xΦ(x) (x ≥ x0)}.

For a Lebesgue measurable set E ⊂ [0,+∞) we call

mhE ≡
∫
E

dh(x)

its h-measure, at h(x) ≡ x the h-measure of a set E is its Lebesgue measure.
In the article [6] the following theorem was proved.

Theorem 2. [6] Let h ∈ L+, Φ ∈ L. If a function F ∈ D(λ,Φ) and a number b > 0
such that

+∞∑
n=1

h′(p(λn) + b)

nλn
< +∞,

then asymptotic relation lnM(x, F ) ∼ lnµ(x, F ) holds as x → +∞ outside some set E
of �nite h-measure (mhE < +∞), where the function φ is an inverse function to the
function Φ.

In this article we will prove a similar statement for the functions from the class I(ν).
The proof method di�ers from the classical Wiman-Valiron type method was used in the
article [6].

We say that F ∈ I(ν,Φ) if F ∈ I(ν) and

lnF (x) ≥ xΦ(x) (x ≥ x0).
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We prove the following theorem.

Theorem 3. Let h ∈ L+, Φ ∈ L, Φ0(x) = xΦ(x). If a function F ∈ I(ν,Φ) and there
exists a function ψ ∈ L2 that the condition

h′(φ0(t)) ln ν0(t) = o
(
ψ−1(t)

)
(t→ +∞)

satistfy with ν0(t) = ν([0, t]), then asymptotic relation lnF (x) = (1 + o(1)) lnµ∗(x, F )
holds as x → +∞ outside some set E of �nite h-measure (mhE < +∞), where the
function φ0 is an inverse function to the function Φ0.

Remark 1. It is easy to verify that condition
∫ +∞
x0

dx/ψ(x) is equivalent to condition∫ +∞
t0

t−2ψ−1(t)dt < +∞. On the other hand, for given non-decreasing function α(t) the

condition
∫ +∞
t0

t−2α(t)dt < +∞ is equivalent to the condition that there exists a function
ψ ∈ L1 such that α(t) = o(ψ−1(t)) (t→ +∞).

The authors do not know whether it is possible to choose the function ψ so that the
condition of belonging to the class L2 is ful�lled.

Acknowledgments. The research of A. Bodnarchuk and O. Skaskiv was funded by
the National Research Foundation of Ukraine (project 2025.07/0427, �Newest complex
probabilistic methods for studying asymptotic properties of analytical solutions of di�e-
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APPROXIMATION OF FUNCTION BY ZYGMUND METHOD AND
THE BEST APPROXIMATION IN WEIGHTED ORLICZ TYPE SPACES

WITH VARIABLE EXPONENT

We consider linear methods of summation of Fourier series in weighted Orlicz type
spaces Sp, µ with variable exponent. The spaces Sp, µ are de�ned in the following way. Let
p = {pk}∞k=−∞ be a sequence of positive numbers such that

1 ≤ pk ≤ K, k = 0,±1,±2, . . . , (k ∈ Z),

where K is a positive number, and µ = {µk}∞k=−∞ be a sequence of nonnegative numbers.
Let Sp, µ be the space of all 2π-periodic Lebesgue summable functions f (f ∈ L1) such
that the following quantity (which is also called the Luxemburg norm of f) is �nite:

∥f∥p, µ := inf

{
a > 0 :

∑
k∈Z

µk|f̂(k)/a|pk ≤ 1

}
.

where f̂(k) := (2π)−1
∫ 2π

0
f(t)e−iktdt, k ∈ Z, are the Fourier coe�cients of f . The spaces

Sp, µ de�ned in this way are the Banach spaces. They were considered in [1].

Let Tn, n = 0, 1, . . ., be the set of all trigonometric polynomials τn(x) :=
∑

|k|≤n cke
ikx

of the order n, where ck are arbitrary complex numbers. Let also

En(f)p, µ := inf
τn−1∈Tn

∥f − τn∥p, µ

denotes the best approximation of a function f ∈ Sp, µ by the trigonometric polynomials
τn ∈ Tn in Sp, µ .

Further, for any function f ∈ L1 with the Fourier series of the form

S[f ](x) =
∑
k∈Z

f̂(k)eikx,

consider for n = 0, 1, . . . , the following linear transformations:

Sn(f)(x) :=
n∑

k=−n

f̂(k)eikx, Z(s)
n (f)(x) :=

n∑
k=−n

(
1−

( |k|
n+ 1

)s)
f̂(k)eikx, s > 0.

The expressions Sn(f) and Z
(s)
n (f) are called the partial Fourier sum and the Zygmund

sum, respectively.
Let ψ = {ψ(k)}k∈Z be a numerical sequence whose members are not all zero and

Z(ψ) := {k ∈ Z : ψ(k) = 0} .

In what follows, assume that the number of elements of the set Z(ψ) is �nite.
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If for a function f ∈ L1, there exists a function g ∈ L1 with the Fourier series of the
form

S[g](x) =
∑

k∈Z\Z(ψ)

f̂(k)eikx/ψ(k),

then we say that for the function f , there exists ψ-derivative g, for which we use the
notation g = fψ. We consider ψ-derivatives de�ned by the sequences of the following
form: ψ(k) = |k|−s, k ∈ Z, s > 0, and use in this case the notation f (s).

This de�nition of ψ-derivative is adapted to the needs of the our research and it is not
fundamentally di�erent from the established concept of ψ-derivative of A.I. Stepanets [2].

The modulus of smoothness of f ∈ Sp, µ of the index α > 0 is de�ned by

ωα(f, δ)p, µ := sup
|h|≤δ

∥∆α
hf∥p, µ = sup

|h|≤δ

∥∥∥ ∞∑
j=0

(−1)j
(
α

j

)
f(x− jh)

∥∥∥
p, µ

,

where δ > 0,
(
α
0

)
:= 1,

(
α
j

)
= α(α− 1) · . . . · (α− j + 1)/j!, j ∈ N.

Let ω be a function de�ned on the interval [0, 1]. For α > 0, we set

Sp, µH
α
ω :=

{
f ∈ Sp, µ : ωα(f, δ)p, µ = O(ω(δ)), δ → 0+

}
.

Let B and Bs, s ∈ N, denote the sets of all continuous strictly increasing functions ω(t),
t ∈ [0, 1], with ω(0) = 0 satisfying the following conditions, respectively:

∞∑
v=n+1

ω(1/v)

v
= O[ω(n−1)],

n∑
v=1

vs−1 ω(v−1) = O[nsω(n−1)], n→ ∞.

Theorem 1. Assume that f ∈ L1, s > 0 and ω ∈ B. The following statements are
equivalent:

1) ∥Sn(f (s))∥p, µ = O(nsω(n−1)), n→ ∞;

2)
∥∥∥f − Z

(s)
n (f)

∥∥∥
p, µ

= O(ω(n−1)), n→ ∞;

3) f ∈ Sp, µH
s
ω.

Furthermore, if one of the statements 1), 2) or 3) is satis�ed, then
4) En(f)p, µ = O(ω(n−1)), n→ ∞;

If ω ∈ B ∩Bs, then the statements 1)�4) are equivalent.
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ON THE UNIFORM BOUNDARY SEPARATION FOR MAPPINGS IN
VARIABLE DOMAINS

Let Rn, n ⩾ 2, be the n-dimensional Euclidean space. The boundary ∂A and the
closure A of a set A ⊂ Rn are considered with respect to the extended space Rn =
Rn ∪ {∞}, and h(x, y) stands for the standard chordal metric. For a given set E ⊂ Rn,
its chordal diameter is de�ned as h(E) = supx,y∈E h(x, y).

A Borel function ρ : Rn → [0,∞] is called admissible for a family Γ of paths γ in Rn,
if the relation

∫
γ
ρ(x)|dx| ⩾ 1 holds for all locally recti�able paths γ ∈ Γ. In this case, we

write ρ ∈ admΓ. For p ⩾ 1, the p-modulus of Γ is de�ned by the equality

Mp(Γ) = inf
ρ∈admΓ

∫
Rn

ρp(x)dm(x), (29)

where dm(x) is the element of the Lebesgue measure in Rn.
For x0 ∈ Rn and 0 < r1 < r2 < ∞, denote S(x0, r) = {x ∈ Rn : |x − x0| = r} and

A(x0, r1, r2) = {x ∈ Rn : r1 < |x− x0| < r2}. Given a domain D ⊂ Rn and a measurable
function Q : Rn → [0,∞], a mapping f : D → Rn is called a ring Q-mapping at a point
x0 ∈ D with respect to the p-modulus, if the condition

Mp(f(Γ(S(x0, r1), S(x0, r2), D))) ⩽
∫

A(x0,r1,r2)∩D

Q(x) · ηp(|x− x0|)dm(x) (30)

holds for any 0 < r1 < r2 < d(x0, ∂D) and every measurable function η : (r1, r2) → [0,∞]
such that

∫ r2
r1
η(r)dr ⩾ 1. All other basic de�nitions, including functions of �nite mean

oscillation (FMO), can be found in [1].
For x0 ∈ Rn, denote

qx0(r) =
1

ωn−1rn−1

∫
|x−x0|=r

Q(x) dS,

where dS is the surface area element and ωn−1 is the area of the unit sphere in Rn. We
say that Q satis�es the integral divergence condition at x0 ∈ Rn if

δ0∫
0

dt

tq
1

n−1
x0 (t)

= ∞ (31)

for some δ0 > 0.
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We study the problem of the uniform boundary separation for images of compact
sets under spatial mappings in variable domains. Let D0 ⊂ Rn be a domain, and let
D = {Dm}∞m=1 be a sequence of domains the kernel of which (in the sense of Carath�eodory)
is D0.

Theorem 1. Let A be a non-degenerate continuum in D0 such that A ⊂
⋂∞
m=1Dm.

Let fm : Dm → Rn be a sequence of open, discrete, and closed mappings that are ring Q-
mappings at any point x0 ∈ D0 with respect to the n-modulus. Assume that the following
conditions are satis�ed:

1) the majorant Q has a �nite mean oscillation in A (or satis�es the corresponding
integral divergence condition (3) for every x0 ∈ A);

2) there exists δ > 0 such that h(fm(A)) ⩾ δ for all m ⩾ 1;

3) there is r > 0 such that h(E) ⩾ r whenever E is any component of ∂fm(Dm).

Then there exists a positive constant δ1 > 0 such that the separation condition

h(fm(A), ∂fm(Dm)) ⩾ δ1 (32)

holds for every m ⩾ 1.
Furthermore, if A0 is some another compactum in D0, then there are δ2 > 0 and

M0 ∈ N such that A0 ⊂ Dm for all m ⩾M0 and the uniform separation condition

h(fm(A0), ∂fm(Dm)) ⩾ δ2 (33)

holds for every m ⩾M0.

The detailed proofs of the formulated results established in [2].
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FOURIER QUASICRYSTALS: THEOREMS AND PROBLEMS

The Fourier transform

φ̂(x) =

∫
R
φ(t)e−2πitxdt,

is well-de�ned for all φ belonging to Schwartz' class S of C∞ with the properties

tmφ(n)(t) → 0 ∀m,n ∈ N ∪ {0}, |t| → ∞,

For a tempered distribution f ∈ S the Fourier transform is de�ned by the formula

f̂(φ) := f(φ̂), ∀φ ∈ S.

Here we consider only the very rare but extremely important case where f and f̂ are
measures of the form

f = µ =
∑
λ∈Λ

aλδλ, f̂ = µ̂ =
∑
γ∈Γ

bγδγ.

The above de�nition is equivalent to the Poisson formula∑
γ∈Γ

bγφ(γ) =
∑
λ∈Λ

aλφ̂(λ), ∀φ ∈ S.

If Λ and Γ are locally �nite (intersections with any interval are �nite), then µ is a
crystalline measure, and if the variations |µ|, |µ̂| belong to S∗, then µ is the Fourier
quasicrystal. In 2023, I constructed the �rst example of a crystalline measure, which is
not the Fourier quasicrystal.

A measure µ is called translation bounded if supx∈R |µ|(x, x+ 1) <∞.

Theorem 1. (S.Favorov 2024) If a measure µ ∈ S∗ non-positive and µ̂ is a measure
then µ is translation bounded.

Theorem 2. A measure |µ| ∈ S∗ if and only if Mµ(r) = |µ|(−r, r) grows no more
than polynomially.

Theorem 3. (S. Favorov 2023) If µ ∈ S∗ as above and

∃ h > 0 ∀λ, λ′ ∈ Λ |λ− λ′| ≥ cmin{1, |λ|−h}.

then |µ| ∈ S∗

Theorem 4. (P. Boivalenkov, S. Favorov 2025) Let a measure µ ∈ S∗ be translation
bounded. Then

a) the measure ν =
∑

γ∈Γ |bγ|2δγ, where Γ = suppµ̂, is also translation bounded,
b) if restrictions of Γ to any interval of length η are linearly independent over Z, then

the measure µ̂ is also translation bounded.

Problem. Show that we cannot replace the power 2 in the de�nition of the measure
ν with any smaller one.
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In 2020 A. Olevsky and A. Ulanovsky proved 1-1 correspondence between Fourier
quasicrystals with unit masses and zeros of real-rooted exponential polynomials

P (z) =
∑

1≤j≤N

qje
2πiωjz, qj ∈ C, ωj ∈ R.

In 2025, F. Goncalves discovered a one-to-one correspondence between Fourier quasicrys-
tals and a special class of meromorphic functions whose poles coincide with the supports of
Fourier quasicrystals, and whose residues coincide with the masses of Fourier quasicrystals
at these points.

Generalizations to measures in horizontal strips of a �nite width. For φ ∈ S
with compact support consider the extending of φ̂ to the entire function on C

φ̂c(z) =

∫
R
φ(t)e−2πiztdt.

For a measure µ in a strip SH = {z = x+ iy : x ∈ R, |y| ≤ H} under assumption

Mµ(r) := |µ|{z : |x| ≤ r, |y| ≤ H} = O(rN), for some N <∞,

set ∫
φ(t)µ̂c(dt) =

∫
φ̂c(z‘)µ(dz)

In 2025, we proved an analogue of A.Olevskii-A.Ulanovsky's result for measures in a strip
and its generalization to the class of Dirichlet series with a bounded spectrum Ω

Q(z) =
∑
ω∈Ω

qωe
iωz, supΩ ∈ Ω, inf Ω ∈ Ω,

We will say that the measure µ on SH is translation bounded if

sup
x′∈R

|µ|{z : x′ ≤ x ≤ x′ + 1, |y| ≤ H} <∞.

Theorem 1*. (S. Favorov, O. Deger 2026) If a measure µ ∈ S∗ is non-negative then
it is translation bounded.

Theorem 4*. (S. Favorov, O. Deger 2026)

Mν(r) ≤ C1e
4πHr, Mµ̂c(r) ≤ C2e

2πHr.

It is impossible to remove the constant H from here.

Problems. Generalize other theorems about measures on R, in particular Goncalves'
result, Theorem 3, to the case of measures on strips.
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ARGUMENTS OF THE TAYLOR COEFFICIENTS
AND GROWTH OF AN ENTIRE FUNCTIONS

We denote by Mf (r) = max{|f(z)| : |z| ≤ r} maximum modulus of the function

f(z) =
+∞∑
n=0

anz
n =

+∞∑
n=0

|an|eiθnzn, θn = agr an, (34)

and by

g(z) =
+∞∑
n=0

|an|zn, Mf (r) =Mg(r) =
+∞∑
n=0

|an|rn

the majorant of the series (34).
The equation how essentially do the arguments of coe�cients in�uence on the growth

of its maximum modulus may be reformulated to the following: how quickly may Mf (r)
grow with respect to Mf (r)?

Remark that Mf (r) ≤ Mf (r) (r ≥ 0). But on the other hand, for every noncon-
stant entire function f(z) there exist a set E ⊂ [1; +∞) of �nite logarithmic measure
(
∫
E
r−1dr < +∞) such that

0 ≤ lim
r→+∞
r/∈E

lnMf (r)− lnMf (r)

ln lnMf (r)
≤ 1

2
. (35)

Consider random entire functions

f(z, ω) =
+∞∑
n=0

ξn(ω)anz
n, (36)

where ξn(ω) = exp{2πiαn(ω)} be Steinhaus random variables, that is {αn(ω)} is a se-
quence of independent randon variables uniformly distributed on [0; 1]. Let Mf (r, ω) =
max{|f(z, ω)| : |z| = r} be the maximum modulus of the function (36).

Then for every nonconstant entire function there exist a set E ⊂ [1; +∞) of �nite
logarithmic measure such that almost surely

0 ≤ lim
r→+∞
r/∈E

lnMf (r)− lnMf (r, ω)

ln lnMf (r, ω)
≤ 1

4
. (37)

Remark, that constants 0 and 1/4 in previous inequality are sharp.
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QUANTITATIVE REGULARITY AT LEBESGUE POINTS
OF THE BELTRAMI COEFFICIENT

It is well known that a quasiconformal mapping is di�erentiable almost everywhere
and that almost every point is a Lebesgue point of its Beltrami coe�cient. These two
full-measure properties are not pointwise equivalent: a Lebesgue point of the coe�cient
need not be a di�erentiability point of the mapping, nor need a di�erentiability point
of the mapping be a Lebesgue point of the coe�cient. The qualitative study of local
behavior at Lebesgue points of the Beltrami coe�cient was initiated by Gutlyanskii and
Ryazanov and developed further with their collaborators; see [1] for an extensive account.

We prove that power-rate convergence in the Lebesgue-point condition for µ yields a
pointwise C1+α real-linear expansion of f .

Theorem 1. Let f : Ω → C be a quasiconformal mapping with Beltrami coe�cient µ,
and let z0 ∈ Ω. Suppose that, for some µ0 ∈ C with |µ0| < 1 and some β > 0,∫

|z−z0|<r
|µ(z)− µ0| dA(z) = O(rβ+2) (r ↓ 0).

Then, for every 0 < α < β/(β + 2), there exists a ∈ C \ {0} such that, as h→ 0,

f(z0 + h) = f(z0) + a
(
h+ µ0h

)
+O(|h|1+α).

If µ0 = 0, this is the pointwise conformal expansion f(z0 + h) = f(z0) + ah + O(|h|1+α),
with a ̸= 0.

The hypothesis is a quantitative β-Lebesgue condition, since the averaged L1-deviation
of µ from µ0 is O(r

β). When µ0 = 0, the conclusion gives pointwise C1+α conformality;
this special case has a direct proof and also follows, via a standard dyadic estimate,
from Shishikura's C1+α-conformality criterion [2]. We also discuss the interplay between
di�erentiability of a quasiconformal mapping and quantitative Lebesgue behavior of its
Beltrami coe�cient, together with re�nements based on Teichm�uller's Modulsatz [3] in
the setting of µ-homeomorphisms.
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SCHWARZ LEMMA FOR HARMONIC MAPS

Let n ≥ 2, let F : D → H (in particular F : D → Bn) be harmonic, and write F = P [Φ],
where Φ ∈ h∞(D, H) (Φ : T → Bn) is the radial boundary function. Suppose that
F (0) = p and that dF0 is conformal, meaning that Fx(0) and Fy(0) are orthogonal and
have the same Euclidean norm. If dF0 = 0, the desired estimate is trivial. Otherwise let

Λ = dF0(R2)

be the image plane, and let λ > 0 be the conformal factor. The plane Λ is a linear two-
plane through the origin in the ambient space Rn. The point p = F (0) need not lie in Λ;
throughout this section, πΛp denotes the orthogonal projection of the position vector p
onto this direction plane. Write

p = pΛ + p⊥, pΛ = πΛp ∈ Λ, p⊥ ⊥ Λ.

Choose an orthonormal basis e1, e2 of Λ with pΛ = ae1, where a = |pΛ|; if a = 0, choose
e1 arbitrarily. Since dF0 is a similarity onto Λ, a rotation of the source variable gives the
normalization

Fx(0) = λe1, Fy(0) = λe2. (38)

Put b = |p⊥|, and if F : D → Bn set

c =
√
1− b2, s =

a

c
. (39)

Consider the standard M�obius transformation φs(z) =
s+z
1+sz

for |z| = 1, 0 ≤ s < 1, and
de�ne the boundary-support vector �eld

E(z) = Ec
s(z) =

(
cφs(z), p⊥

)
∈ Λ⊕ Λ⊥, c > 0, (40)

where the �rst component is understood as a vector in Λ. De�ne the total weighted
support integral:

I = I(Φ) = ⟨Φ, E⟩w =

∫
T
w(z)⟨Φ(z), E(z)⟩ dm(z). (41)

Note that Ec
s(0) = p if and only if cs = a.

Let D denote the unit disk and ρD the hyperbolic metric on it.

Theorem 1. Text of Theorem 1
LetH be a real or complex Hilbert space, and let F : D → H be a harmonic map belonging
to the Hardy space h∞(D, H). Let F (0) = p, and suppose that the real di�erential dF0

is conformal (or more generally, K-quasiconformal) and the tangent plane Tp is parallel
to D. If dF0 ̸= 0, let Λ = dF0(R2) be the closed two-dimensional image plane in H, and
let λ = ∥dF0∥ be the conformal factor and assume that |⟨Φ, Ec

s⟩w| ≤ 1 + s2 (the support
inequality w.r.t. M�obius transformation Ec

s). If in addition Ec
s(0) = p (i.e. cs = a), then

Ec
s is the unique extremal, and we obtain:

λ ≤ λ0 =
1− |p|2√

1− |p|2 + |πΛp|2
. (42)
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For p ∈ Bn and v ∈ Rn ≃ TpBn, de�ne

CKBn(p; v) =

√
(1− |p|2)|v|2 + ⟨p, v⟩2

1− |p|2
. (43)

This is the in�nitesimal norm of the Beltrami�Klein model of real hyperbolic space. Let
BnH denote the unit ball in Hilbert space H. We use this de�nition also for p ∈ BnH and
v ∈ H, and by CK we also denote the Cayley�Klein metric on BnH .

Theorem 2. Let F : D → BnH be harmonic, let z0 ∈ D, and suppose that dFz0 is
K-quasiconformal at z0. Then, for every v ∈ Tz0D,

CKBn(F (z0); dFz0v) ≤ K
|v|

1− |z0|2
. (44)

Equivalently, in the Schwarz�Pick normalization,

CKBn(F (z0); dFz0v) ≤ ρD(z0; v).

From Theorem 2 we derive:

Theorem 3. Let F : D → BnH be a harmonic K-quasiconformal map, then

CKBn(F (z0), F (z)) ≤ KρD(z0, z).

The part of the plan of communication is joint work with M. Kne�zevi�c.
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CONTINUOUS EXTENSIONS OF OPEN DISCRETE MAPPINGS WITH
INTEGRAL CONSTRAINTS

We consider open discrete mappings which are not assumed to preserve the boundary;
an approach to the study of such mappings was developed in [1]. The boundary behavior
of these mappings and the behavior of the corresponding families in the closure of the
domain are studied.

Let D ⊂ Rn, n ≥ 2, be a domain, and let n − 1 < α ≤ n. A Borel function
ρ : Rn → [0,∞] is admissible for a family Γ of paths if∫

γ

ρ(x) |dx| ≥ 1

for every locally recti�able path γ ∈ Γ. In this case, we write ρ ∈ admΓ. The α-modulus
of Γ is

Mα(Γ) = inf
ρ∈admΓ

∫
Rn
ρα(x) dm(x).

For x0 ∈ D \ {∞} and 0 < r1 < r2, denote

Si = S(x0, ri), i = 1, 2,

and
A(x0, r1, r2) = {x ∈ Rn : r1 < |x− x0| < r2}.

Let f : D → Rn \ F be an open discrete mapping. For every x0 ∈ D, suppose that
there exists R0 = R0(x0) > 0 such that

Mα

(
f(Γ(S1, S2, D))

)
≤
∫
A(x0,r1,r2)∩D

Qf (x)η
α(|x− x0|) dm(x) (1)

whenever 0 < r1 < r2 < R0 and η : (r1, r2) → [0,∞] is a Lebesgue measurable function
satisfying ∫ r2

r1

η(r) dr ≥ 1.

Here Qf : D → [0,∞] is a Lebesgue measurable function.
Let E be a closed subset of D, and let E∗ be a closed subset of Rn. We require that

C(f, ∂D) ⊂ E∗, f−1(E∗) ⊂ E.

Assume that E is nowhere dense in D and that D is �nitely connected on E.
For each x0 ∈ ∂D, there is a �nite integer m = m(x0) ≥ 1 such that every neighbor-

hood U of x0 contains a neighborhood V ⊂ U for which V ∩D is connected and (V ∩D)\E
consists of at most m components.
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For every component K of f(D) \E∗, suppose that there exists a continuum Kf ⊂ K
such that

h(Kf ) ≥ δ, h
(
f−1(Kf ), ∂D

)
≥ δ,

where δ > 0 is �xed.
Let Φ : [0,∞] → [0,∞] be an increasing convex function. We consider mappings for

which ∫
D

Φ(Qf (x))
dm(x)

(1 + |x|2)n
≤M, (2)

where M > 0 is �xed. Integral constraints of this type were studied in [2].
Denote by B the family of all open discrete mappings f : D → Rn \ F for which there

exists a Lebesgue measurable function Q = Qf : D → [0,∞] satisfying the condition (1)
at every point x0 ∈ D and (2), together with the conditions on C(f, ∂D), f−1(E∗), and
the continua Kf stated above.

The following result is an analogue of the classical equicontinuity theorem of N�akki
and Palka [3].

Theorem 1. Let F be a set of positive capacity if α = n, and let it be an arbitrary
closed set if n− 1 < α < n. Suppose that∫ ∞

δ0

dτ

τ [Φ−1(τ)]1/(α−1)
= ∞ (3)

for some δ0 > Φ(0).
If, over all f ∈ B, the components of f(D) \ E∗ form an equi-uniform family with

respect to α-modulus, then every mapping f ∈ B admits a continuous extension to ∂D.
The corresponding family of extended mappings is equicontinuous in D.

Acknowledgements. This talk is supported by the National Research Foundation
of Ukraine (Project �Analogues of Carath�eodory and Koebe-Bloch theorems for Orlycz-
Sobolev classes�, Project number 2025.02/0010).
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FINITE ULTRAMETRIC SPACES WITH MAXIMUM CARDINALITY
OF THE CENTER OF DISTANCES

A metric space (X, d) is called an ultrametric space if the strong triangle inequality

d(x, y) ≤ max{d(x, z), d(z, y)}

holds for all x, y, z ∈ X.
Let (X, d) be a metric space and let D(X) be the distance set of (X, d), D(X) :=

{d(x, y) : x, y ∈ X}. The center of distances of (X, d) is a subset C(X) of the distance
set D(X), de�ned as the set of numbers t ∈ D(X) such that for each p ∈ X there exists
x ∈ X for which d(p, x) = t.

The concept of the center of distances was introduced by Wojciech Biela�s, Szymon
Plewik, and Marta Walczy�nska in [1]. This concept was used in [1] to generalize John
von Neumann's theorem on permutations of two sequences with the same set of cluster
points [2]. The centers of distances of ultrametric spaces generated by labeled trees were
studied in [3]. Several interesting properties of the center of distances were established in
[4�8].

The following theorem is the main result of [9].
Theorem 1. Let n ≥ 1 be an integer number, let log2(n) be the binary logarithm of

n, and let ⌊log2(n)⌋ be the integer part of log2(n). Then the inequality

|C(X)| ≤ 1 + ⌊log2(n)⌋

holds for each ultrametric space (X, d) with |X| = n. Moreover, there exists an ultrametric
space (Y, ρ) such that |Y | = n and

|C(Y )| = 1 + ⌊log2(n)⌋.

Theorem 1 implies the following corollary.
Corollary 2. The inequality

|X| ≥ 2|C(X)|−1

holds for each �nite ultrametric space (X, d).
It is easy to see that isometric ultrametric spaces have the same center of distances.

The following theorem claims, in particular, that the converse also holds under suitable
restrictions on the spaces and their centers of distances [10].

Theorem 3. Let (X, d) and (Y, ρ) be �nite ultrametric spaces satisfying the equalities

|X| = 2|C(X)|−1 and |Y | = 2|C(Y )|−1.

Then the following statements are equivalent.

(i) C(X) = C(Y ).
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(ii) D(X) = D(Y ).

(iii) (X, d) and (Y, ρ) are isometric.

The following result from [10] is motivated by the work of Mateusz Kula on the center
of distances of Bernstein subsets of R [11].

Proposition 4. Let A be a �nite subset of R+ and let 0 ∈ A. Then, up to isometry,
there exists a unique �nite ultrametric space (X, d) such that

|X| = 2|C(X)|−1 and D(X) = C(X) = A.
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ON WEAKLY (n− 1)-CONVEX SETS AND (n− 1)-CONVEX HULLS IN
LOW-DIMENSIONAL EUCLIDEAN SPACES

We study generalized convex sets in the real n-dimensional Euclidean space for n = 2, 3
known as weakly (n − 1)-convex sets, and the closely related but not identical (n − 1)-
convex sets.

Recall that an (n−1)-dimensional a�ne subspace of Rn, n ⩾ 2, is called a hyperplane.
In R2, a hyperplane is a straight line. A hyperplane in R3 is a plane.

An open set in Rn is called weakly (n − 1)-convex if through every boundary point
of the set there passes a hyperplane that does not intersect the set. A closed set in
Rn is weakly (n − 1)-convex if it can be approximated from the outside by a countably
decreasing family of open weakly (n − 1)-convex sets. A set in Rn is (n − 1)-convex if
through every point in the complement of the set (with respect to the entire space) there
passes a hyperplane that does not intersect the given set. For a subset E ⊂ Rn, the
intersection of all (n − 1)-convex sets containing E is called its (n − 1)-convex hull and
is denoted by convn−1E. A point in the complement of a set in Rn is called an (n − 1)-
nonconvexity point of the set if every hyperplane passing through the point intersects the
set. The (n− 1)-nonconvexity-point set corresponding to a subset E ⊂ Rn is denoted by

E△
n−1.

Theorem 1. Let E ⊂ R2 be an open weakly 1-convex subset and E△
1 ̸= ∅. Then

(a) E△
1 is open and weakly 1-convex;

(b) the components of E△
1 are convex;

(c) any connected component of ∂E△
1 consisting of only smooth points is either a line

segment, or a ray, or a single point;

(d) each component of E△
1 is the interior of a convex polygon if E is bounded and consists

of a �nite number of components.

Theorem 2. Let E ⊂ R3 be an open weakly 2-convex subset and E△
2 ̸= ∅. Then

(a) E△
2 is open and weakly 2-convex;

(b) the components of E△
2 are convex;

(c) for any bounded component Ẽ△
2 of E△

2 and any plane L such that L ∩ Ẽ△
2 ̸= ∅, the

intersection L ∩ ∂Ẽ△
2 does not consist of only smooth points of Ẽ△

2 ;

(d) there exists a bounded open weakly 2-convex set with a �nite collection of compo-
nents, and such that E△

2 is open, bounded, and distinct from the interior of a convex
polyhedron.

Theorem 3. Let E ⊂ Rn, n = 2, 3, be a closed subset such that IntE ̸= ∅. If E is
weakly (n− 1)-convex, then IntE is weakly (n− 1)-convex.
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Theorem 4. For any open subset E ⊂ Rn, n = 2, 3, the (n− 1)-convex hull convn−1E is
open.

Theorem 5. For any subset E ⊂ Rn, the following equality holds:

convn−1E = E ∪ E△
n−1.
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ESTIMATES OF THE SOLID MODULUS OF CONTINUITY OF THE
LOGARITHMIC DOUBLE LAYER POTENTIAL

Let γ be a closed recti�able Jordan curve in the complex plane C, and let D+ and D−

be the interior and exterior domains bounded by γ, respectively.
We consider the logarithmic double layer potential

ĝ(z) :=
1

2π

∫
γ

g(t)
∂

∂nt

(
ln

1

|t− z|

)
dst = Re

(
1

2πi

∫
γ

g(t)

t− z
dt

)
∀ z ∈ D±,

where nt and st denote the unit vector of the outward normal to the curve γ at a point
t ∈ γ and an arc coordinate of this point, respectively, and the integral density g : γ → R
takes values in the set of real numbers R.

We consider an Ahlfors-regular curve (see [1, 2]), i.e., a closed recti�able Jordan curve γ
satisfying the condition sup

ξ∈γ
mes γε(ξ) = O(ε), ε→ 0, where γε(ξ) := {t ∈ γ : |t−ξ| ≤ ε}

and mes denotes the linear Lebesgue measure on the curve γ. The necessary and su�cient
condition

Mγ(g, ε) := sup
ξ∈γ

sup
δ∈(0,ε)

∣∣∣∣ ∫
γε(ξ)\γδ(ξ)

(
g(t)− g(ξ)

)
d arg(t− ξ)

∣∣∣∣→ 0 , ε→ 0 , (1)

for the continuous extension of the function ĝ from the domain D± to the Ahlfors-regular
boundary γ is established in [3]. Continuous extensions of the function ĝ to the closures
D± is denoted by ĝ±.

For a function f : E → C continuous on E ⊂ C, we use its modulus of continuity

ωE(f, ε) := sup
t1,t2∈E : |t1−t2|≤ε

|f(t1)− f(t2)| .

An upper estimate for the solid modulus of continuity of the function ĝ± on the set
D± is established in the following theorem.

Theorem 1. Let a closed Jordan curve γ be Ahlfors-regular and let a function g : γ →
R be continuous on γ. If condition (1) is satis�ed, then the following estimate is true:

ω D±

(
ĝ±, ε

)
≤ c

Mγ(g, ε) + ε

2d∫
ε

ωγ(g, η)

η2
dη

 ∀ ε ∈ (0, d/8] , (2)

where d := max
t1,t2∈γ

|t1 − t2| and the constant c depends only on γ but does not depend on
ε.

Consider a Kr�al curve (see [3, 4]), i.e., an Ahlfors-regular curve γ satisfying the condi-
tion sup

ξ∈γ
Vγ[arg(t− ξ)] <∞, where Vγ[arg(t− ξ)] is the variation of the function arg(t− ξ)

on γ \ {ξ}.
In the case where the integration curve γ is a Kr�al curve, condition (1) is satis�ed,

and estimate (2) is speci�ed in the following theorem.
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Theorem 2. Let a closed Jordan curve γ be a Kr�al curve and let a function g : γ → R
be continuous on γ. Then the following estimate is true:

ω D±

(
ĝ±, ε

)
≤ c ε

2d∫
ε

ωγ(g, η)

η2
dη ∀ ε ∈ (0, d/8] , (3)

where the constant c depends only on γ but does not depend on ε.

It is also proved that estimates (2) and (3) are exact with respect to the order of
smallness as ε→ 0.

Special cases of Theorems 1 and 2, including estimates for the moduli of continuity on
the integration curve, were obtained jointly with A.A. Sarana.

The talk is dedicated to the memory of Professor Oleg Gerus from Zhytomyr, Ukraine.
The work is supported by the National Research Foundation of Ukraine, Project num-

ber 2025.07/0014, Project name "Modern problems of Mathematical Analysis and Geo-
metric Function Theory".
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ON THE COMPLETENESS OF SYSTEMS OF BESSEL FUNCTIONS OF
POSITIVE HALF-INTEGER INDEX

Let m ∈ N, let L2((0; 1);x2mdx) be the weighted Lebesgue space of all measurable

functions f : (0; 1) → C satisfying
∫ 1

0
x2m|f(x)|2 dx < +∞, let ([1])

Jν(z) =
∞∑
k=0

(−1)k(z/2)ν+2k

k!Γ(ν + k + 1)
, z ∈ C,

be the Bessel function of the �rst kind of index ν ∈ R, and let (ρk)k∈N be a sequence of
distinct nonzero complex numbers such that ρ2k ̸= ρ2n for k ̸= n. An entire function G is
said to be of ([2]) exponential type σ ∈ [0; +∞) if for any ε > 0 there exists a constant c(ε)
such that |G(z)| ≤ c(ε) exp((σ + ε)|z|) for all z ∈ C. A system of elements

{
uk : k ∈ N

}
in a separable Hilbert space H is called complete ([2]) if span

{
uk : k ∈ N

}
= H.

We establish necessary and su�cient conditions for the completeness of system{
ρmk

√
xρkJm+1/2(xρk) : k ∈ N

}
in L2((0; 1);x2mdx) in terms of sequences of zeros of functions from certain classes E2m,−
of odd entire functions of exponential type σ ≤ 1 (see Theorems 2�5). In this case, we
obtain several analogues of the Paley-Wiener theorem for the Hankel type transform of
order m+ 1/2 in L2((0; 1);x2mdx) related to this system ([3]).

Let PW 2
σ,− be the class of all odd entire functions of exponential type σ ∈ (0;+∞)

whose narrowing on R belongs to L2(R).

Theorem 1 ([3]). Let m ∈ N. An entire function Hm+1/2 has the representation

Hm+1/2(z) = zm
∫ 1

0

√
tzJm+1/2(tz)t

2mhm+1/2(t) dt (45)

with some function hm+1/2 ∈ L2((0; 1);x2mdx) if and only if it is an odd entire function
of exponential type σ ≤ 1 such that

Hm+1/2(0) = 0,

(
1

z

d

dz

)s
Hm+1/2(z)

∣∣∣∣
z=0

= 0, s ∈ {1; 2; . . . ;m− 1}, (46)

and the function (z−1d/dz)
m
Hm+1/2(z) belongs to PW 2

1,−. If these conditions are ful�lled,
then

hm+1/2(t) =

√
2

π

1

t3m

∫ +∞

0

sin(tz)

(
1

z

d

dz

)m
Hm+1/2(z) dz.

Let m ∈ N, let Ẽ2m,− be the class of entire functions Hm+1/2 that can be presented in
the form (45) with some function hm+1/2 ∈ L2((0; 1);x2mdx), and let E2m,− be the class
of odd entire functions Hm+1/2 of exponential type σ ≤ 1 satisfying (46) and the function

(z−1d/dz)
m
Hm+1/2(z) belongs to PW

2
1,−. Evidently, Ẽ2m,− = E2m,−.

Theorem 2. Let m ∈ N and (ρk)k∈N be a sequence of nonzero complex numbers such
that ρ2k ̸= ρ2n for k ̸= n. For a system

{
ρmk

√
xρkJm+1/2(xρk) : k ∈ N

}
to be incomplete

in the space L2((0; 1);x2mdx) it is necessary and su�cient that a sequence (ρk)k∈Z\{0},
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where ρ−k := −ρk, k ∈ N, is a subsequence of zeros of some nonzero odd entire function
Hm+1/2 ∈ E2m,−.

Theorem 3. Let m ∈ N and (ρk)k∈N be a sequence of distinct nonzero complex
numbers such that ρ2k ̸= ρ2n for k ̸= n. Let a sequence (ρk)k∈Z\{0}, where ρ−k := −ρk, be a
sequence of zeros of some odd entire function G /∈ E2m,− of exponential type σ ≤ 1 such
that for α < 2−m holds

|G(z)| ≥ c1(1 + |z|)−αe| Im z|, c1 > 0, arg z = π/4 + jπ/2, j ∈ {0; 1; 2; 3}.

Then the system
{
ρmk

√
xρkJm+1/2(xρk) : k ∈ N

}
is complete in L2((0; 1);x2mdx).

Theorem 4. Let m ∈ N and (ρk)k∈N be a sequence of distinct nonzero complex
numbers. Assume that |ρk| ≤ ∆k + β + αk for 0 < ∆ < π

2+mπ
, −∆ < β < ∆(1 + 2m),

and a sequence (αk)k∈N such that αk ≥ 0, αk = O(1) as k → +∞ and

∞∑
k=1

|αk+1 − αk| < +∞,
∞∑
k=1

αk
k
< +∞.

Then the system
{
ρmk

√
xρkJm+1/2(xρk) : k ∈ N

}
is complete in L2((0; 1);x2mdx).

Theorem 5. Let m ∈ N and (ρk)k∈N be a sequence of distinct nonzero complex num-
bers such that | Im ρk| ≥ δ|ρk| for all k ∈ N and some δ > 0. If a system

{
ρmk

√
xρkJm+1/2(xρk) :

k ∈ N
}
is complete in L2((0; 1);x2mdx), then

∞∑
k=1

1

|ρk|
= +∞.

We remark that, analogues of Theorems 1�5 for the Hankel type transform of order
−m− 1/2 with m ∈ N in L2((0; 1);x2mdx) were obtained in [4, 5].
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ON BOUNDARY VALUE PROBLEMS FOR GENERALIZED
CAUCHY�RIEMANN EQUATIONS WITH SOURCES

In short, as we promissed in our last paper [1], we give in [2] a survey of the corresponding
consequences from the well developed theory of the Beltrami equations in the complex
plane C to generalized Cauchy-Riemann equations grad v = B gradu+S in the real plane
R2. By the physical interpretation, u represents a potential function of the incompressible
�uid steady �ow in anisotropic inhomogeneous media, that is re�ected by matrix valued
coe�cients B, and v is a stream function. Thus, we are dealing here with the fundamental
equations of hydromechanics (�uid mechanics) in anisotropic inhomogeneous media. The
survey includes various types of results as theorems on existence, representation and
regularity of solutions to the generalized Cauchy-Riemann equations with sources for the
main boundary value problems of the potential theory of the type of Hilbert, Dirichlet,
Neumann, Poincare and Riemann.

As it is well-known, the characteristic property of an analytic function f = u + i v in
the complex plane C is that its real and imaginary parts satisfy the Cauchy-Riemann
system

∂u

∂x
=

∂v

∂y
,

∂u

∂y
= − ∂v

∂x
, (47)

which can be also written as a single equation in the matrix form

∇ v = H ∇u , (48)

where ∇ v and ∇u denotes the gradient of v and u, correspondingly, interpreted as vector-
columns in R2, and H : R2 → R2 is the so-called Hodge star operator represented as
the 2× 2 matrix

H :=

[
0 −1
1 0

]
, (49)

which carries out the counterclockwise rotation of vectors by the angle π/2 in the real
plane R2. Note that H is an analog of the imaginary unit in the space M2×2 of all 2× 2
matrices with real entries because, for the unit matrix I,

H2 := − I . (50)

The article [2] is devoted to the study of the mentioned boundary value problems for
generalized Cauchy-Riemann equations with sources

∇ v = B ∇u + S (51)

with measurable coe�cients B : D → M2×2 and sources S : D → R2.
Hereafter B2×2 denotes the subspace of M2×2 of all matrices

B =

(
b11 b12
b21 b22

)
(52)

with detB = 1, b22 = −b11, b12 < 0 and b21 > 0. In this case |µ| < 1, where

µ = µB :=
b12 + b21 − 2 i b11
b12 − b21 − 2

. (53)
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In [2], we establish integral criteria in terms of the complex dilatation µB of the
equations (51) with measurable matrix valued coe�cients B : D → B2×2 to have non-
classical but regular solutions to the boundary value problems of Hilbert, Dirichlet, Neu-
mann, Poincare and Riemann with suitable geometric interpretations of the corresponding
boundary values. Moreover, we give the representation of these solutions (u, v) as a com-
position of the corresponding generalized analytic pairs (U, V ) with sources Σ, i.e.,
continuous solutions in the Sobolev class W 1,1

loc for equations of the form

∇V = H ∇U + Σ , (54)

and homeomorphic solutions of the associated Beltrami equations with the complex coef-
�cient µ from (53) which have the hydrodynamic normalization at ∞.

Acknowledgement. The �rst 3 authors are partially supported by the grant from
the Simons Foundation (SFI-PDUkraine-00017674, V. Gutlyanskii, V. Ryazanov, A. Sal-
imov) and the �rst 2 also by the grant "Mathematical modelling of complex systems and
processes related to security" of the National Academy of Sciences of Ukraine under the
budget programme Support for the development of priority areas of scienti�c research
for 20252026, p/n 0125U000299. The fourth author R. Salimov was supported by the
National Research Foundation of Ukraine, Project number 2025.07/0014, Project name:
�Modern problems of Mathematical Analysis and Geometric Function Theory.�
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ON CARATH�EODORY THEOREM ON RIEMANNIAN SURFACES

In what follows, the Riemannian surfaces S and S∗ have hyperbolic type with metrics

h̃ and h̃∗, respectively (see, e.g., [1]). Besides that, dsh̃ and dṽ, dsh̃∗ and dṽ∗ denote the
elements of length and area on the Riemannian surfaces S and S∗, respectively. We set

B̃(p0, r) := {p ∈ S : h̃(p, p0) < r}, S̃(p0, r) := {p ∈ S : h̃(p, p0) = r} . (55)

A (maximal) dilatation of f at z is de�ned in local coordinates by the relation

Kf (z) =
|fz|+ |fz|
|fz| − |fz|

(56)

for Jf (z) ̸= 0, Kf (z) = 1 for ∥f ′(z)∥ = 0 and Kf (z) = ∞ otherwise. It is not di�cult
to see that Kf does not depend on local coordinates because the transition mappings
between two charts are conformal by the de�nition of the Riemannian surface.

Let D and D∗ be domains in S and S∗, correspondingly. A mapping f : D → D ∗
is called a mapping with �nite distortion, if f ∈ W 1,1

loc (D) and, in addition, there is a
Lebesgue measurable K(z), K(z) <∞ a.e., such that ∥f ′(z)∥2 ⩽ K(z) · Jf (z) for almost
all z ∈ D. (Here ∥f ′(z)∥ and Jf (z) denote the matrix norm of f ′ and the jacobian of
f, respectively; see, e.g., [1]). A mapping f : D → D ∗ is called discrete if the preimage
f −1(y) of any point y ∈ D ∗ consists of isolated points only. A mapping f : D → D ∗ is
called open if the image of any open set U ⊂ D is an open set in D ∗.

A boundary ∂G of the domain G is called strongly accessible at the point p0 ∈ ∂G if
for each neighborhood U of p0 there is a compactum E ⊂ G, a neighborhood V ⊂ U of
the same point and a number δ > 0 such that M(Γ(E,F,G)) ⩾ δ for any continua E and
F intersecting both ∂U and ∂V. We say that a boundary ∂G is strongly accessible if it is
strongly accessible at each of its points. The following result holds.

Theorem. Let D and D∗ be domains in S and S∗, correspondingly, which have
compact closures D ⊂ S and D∗ ⊂ S∗, while ∂D has a �nite number of components.
Assume that Q : S → (0,∞) is a given function locally integrable with respect to the
measure ṽ on S, Q(p) ≡ 0 in S \D. Let f : D → D∗ be an open discrete mapping with a
�nite distortion in D such that f(D) = D∗ and Kf (p) ⩽ Q(p) for almost all p ∈ D. In
addition, assume that C(f, ∂D) ⊂ E∗ for some closed set E∗ ⊂ S∗ and f −1(E∗) = E for
some closed subset E ⊂ D. Assume that:

1) the set E is nowhere dense in D, and D is �nitely connected on E,

2) there is 1 ⩽ m <∞ such that, for any P ∈ DP \D and for every neighborhood U of
P, there is a neighborhood V ⊂ U of P such that V ∩D is connected and (V ∩D)\E
consists at most of m components,

3) all components of the set D∗ \ E∗ have a strongly accessible boundary,

4) for any p0 ∈ ∂D there is N ∈ N and r0 = r0(p0) > 0 such that the set S̃(p0, r) ∩ G
consists of at most N components for any 0 < r < r0 whenever G is a component of
D \ E.
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Then f has a continuous extension f : DP → D∗ by some metric ρ de�ned in DP as
a mapping between metric spaces (DP , ρ) and (S∗, h̃∗), while f(DP ) = D∗, whenever at
least one of the following conditions hold:

1) the relations
ε0∫
ε

dt

∥Q∥(t)
<∞ ,

ε0∫
0

dt

∥Q∥(t)
= ∞ , (57)

hold at any p0 ∈ ∂D, where ∥Q∥(t) :=
∫

S̃(p0,t)

Q(p) dsh̃(p),

2) the condition Q ∈ FMO(∂D) holds.

This result was accepted for print in [2].
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SOME OPEN PROBLEMS IN FUNCTION THEORY OVER 35 YEARS
OF MATEMATYCHNI STUDII

(inspired by A.A. Goldberg, M.M. Sheremeta, Ya.V. Vasylkiv)

For over 35 years, the journal Matematychni Studii has been a leading forum for
new discoveries in complex analysis and function theory. Since its foundation, prominent
mathematicians have proposed numerous open problems that stimulated further research.
In this abstract, we survey selected open problems formulated in the papers of A.A.
Goldberg, M.M. Sheremeta, Ya.V. Vasylkiv, and the authors of present text.

Here we mention Goldberg's question from the �rst volume ofMatematychni Studii [1].
Let E be the class of real entire functions of exponential type, all zeros of which are real,
and the sequence of these zeros is bounded neither from the left nor from the right. Let

Lp(−∞; +∞) =
{
f :

∫ +∞
−∞ |f(x)|pdx <∞

}
. Let the zeros of a function f ∈ E be denoted

as follows: · · · < xk < xk+1 < . . . (without taking into account their multiplicities), let
ξk ∈ (xk, xk+1) be a zero of the function f

′, and let bk = |f(ξk)|. A.A. Goldberg showed
[1] that for f ∈ Lp ∩ E, where p ≥ 1, it is necessary, but it is not su�cient, that∑∞

k=−∞ bpk < ∞. However, in a remark, he wrote that it was unable to clarify whether
the condition p ≥ 1 could be replaced by p > 0.

Next, we address the theory of entire functions of bounded index. M.M. Sheremeta
initiated the study of boundednesss of l-index for entire functions and functions ana-
lytic in the unit disc. A persistent open problem formulated by M.M. Sheremeta [2]
is the complete characterization of the continuous positive functions l for which an en-
tire function with given zeros has a bounded l-index. Although M.T. Bordulyak [3]
pointed out that a necessary and su�cient condition for the existence of such a function
is that the multiplicities zeros of the entire function are uniformly bounded, her proof �
despite its constructive nature � says nothing about the properties of the positive con-
tinuous function she constructed. In particular, regarding its membership in the class
Q = {l : l(r + O(1/l(r))) = O(l(r)), r = |z| → +∞}, which is necessary for many
theorems in the theory.

In recent years, A.I. Bandura and O.B. Skaskiv extended this concept to functions of
several complex variables. They investigated functions analytic in the unit polydisc Dn

and the unit ball Bn. Some unsolved problems in the theory of entire functions of several
variables in connection with investigation of functions of bounded L-index in direction see
in [4]. In particular, an open problem proposed by A.I. Bandura is to �nd necessary and
su�cient conditions for an analytic function F in a unit ball to have a bounded L-index
in joint variables, independent of the speci�c directional vectors.

Theorem. For every analytic function with bounded multiplicities of zeros at every
slice in a given direction from the unit polydisc, there exists a positive continuous function
L such that the primary analytic function has bounded L-index in the same direction.

Separately, we must highlight the fundamental problems investigated by Ya.V. Va-
syl'kiv [5] in Matematychni Studii concerning the asymptotic behavior of Lebesgue in-
tegral means. In his works, particularly those co-authored with O.Z. Korenivs'ka, he
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studied the precise relations between the Lebesgue integral means of logarithms of ana-
lytic functions in the unit disc and their Nevanlinna characteristics. A challenging problem
arising from these studies is �nding the exact asymptotic estimates and sharp inequalities

for mp(r, log f) :=
(

1
2π

∫ 2π

0
| log f(reiθ)|pdθ

)1/p
in terms of the Nevanlinna characteristic

T (R, f) for 1 ≤ p < +∞. While sharp relations between the orders of these characteris-
tics were successfully established for functions of �nite order, fully describing the extremal
functions that turn these asymptotic inequalities into precise equalities for arbitrary an-
alytic functions in the unit disc remains a deep open question.

The problems discussed above represent only a small part of the open mathemati-
cal problems published in Matematychni Studii on function theory. Their solution will
undoubtedly lead to new methodologies and insights in modern complex analysis.
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of Education and Science of Ukraine for the grant awarded to the journal "Matematychni
Studii. Proceedings of the Lviv Mathematical Society" as part of Order No. 149 dated
February 3, 2026, "On the Approval of the List of Ukrainian Scienti�c and Professional
Publications That, Based on the Results of a Competitive Selection Process, Have Been
Determined as Winners and Recommended by the Selection Committee for Financial
Support." The authors completed this work using funds from the aforementioned grant
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POWER-TYPE DISTORTION ESTIMATES FOR SOLUTIONS OF THE
BELTRAMI EQUATION WITH TWO CHARACTERISTICS

Let D be a domain in the complex plane C and let µ and ν : D → C be measurable
functions with |µ(z)|+|ν(z)| < 1 a.e. (almost everywhere) in D. We consider the Beltrami
equation with two characteristics

fz = µ(z)fz + ν(z)fz a.e. in D, (58)

where fz = (fx+ ify)/2, fz = (fx− ify)/2, z = x+ iy, fx and fy are the partial derivatives
of f by x and y, respectively. The functions µ and ν are called the complex coe�cients
and

Kµ, ν(z) : =
1 + |µ(z)|+ |ν(z)|
1− |µ(z)| − |ν(z)|

is the dilatation quotient for the equation (58).
We use in C = C ∪ {∞} the chordal distance h(z, ζ) = |π(z) − π(ζ)|, where π is the

stereographic projection of C onto the sphere S2
(
1
2
e3,

1
2

)
in R3:

h(z, ζ) =
|z − ζ|

(1 + |z|2)
1
2 (1 + |ζ|2)

1
2

if z ̸= ∞ ≠ ζ,

h(z,∞) =
1

(1 + |z|2)
1
2

if z ̸= ∞.

The chordal diameter of a set E ⊂ C is h(E) = sup
z1,z2∈E

h(z1, z2).

Suppose that z0 ∈ D and a function φ : D → C is integrable in a disk B(z0, ε0) = {z ∈
C : |z − z0| < ε0}, where 0 < ε0 < dist(z0, ∂D). For a centering function l : (0, ε0] → C
and for every ε ∈ (0, ε0], de�ne the quantity

ωφ,l(z0, ε) :=

∫
B(z0,ε)

|φ(z)− l(ε)| dxdy.

We say that φ has a �nite mean l-oscillation at a point z0 and denote
φ ∈ FMOl(z0) if

lim sup
ε→0

ωφ,l(z0, ε)

πε2
<∞.

Theorem 1. Let D be a domain in the complex plane C, z0 ∈ D, and let D′ be a
domain in C with h

(
C \D′) ⩾ ∆ > 0. Suppose that µ and ν : D → C are measurable

functions with |µ(z)| + |ν(z)| < 1 a.e., f : D → D′ is a homeomorphic W 1,1
loc solution of

the Beltrami equation (58) with Kµ,ν ∈ FMOl(z0), and

lim sup
N→∞

1

N

N∑
k=1

|l(εk)| <∞, εk = e−k+1ε0,
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where 0 < ε0 <
√
δ0, δ0 = min {1/e, dist(z0, ∂D)} . Then

h (f(ζ), f(z0)) ⩽
32

∆
· |ζ − z0|

1
σ

for all ζ ∈ B (z0, ε
2
0), where σ = 2(d0e

2 + 2L) and

d0 = sup
ε∈(0,ε0]

1

πε2

∫
B(z0,ε)

|Kµ,ν(z)− l(ε)| dxdy, L = sup
N⩾1

1

N

N∑
k=1

|l(εk)|.

Recall that a point z0 ∈ D is called a Lebesgue point of a function φ : D → C if φ is
integrable in a neighborhood of z0 and

lim
ε→0

1

πε2

∫
B(z0,ε)

|φ(z)− φ(z0)| dxdy = 0.

Corollary 1. Let D be a domain in the complex plane C, z0 ∈ D, and let D′ be a
domain in C with h

(
C \D′) ⩾ ∆ > 0. Suppose that µ and ν : D → C are measurable

functions with |µ(z)| + |ν(z)| < 1 a.e., f : D → D′ is a homeomorphic W 1,1
loc solution of

the Beltrami equation (58), and z0 is a Lebesgue point of the function Kµ,ν . Then

h (f(ζ), f(z0)) ⩽
32

∆
· |ζ − z0|

1
κ

for all ζ ∈ B (z0, ε
2
0), where 0 < ε0 <

√
δ0, δ0 = min {1/e, dist(z0, ∂D)} , κ = 2(d0e

2 +
2|Kµ,ν(z0)|), and

d0 = sup
ε∈(0,ε0]

1

πε2

∫
B(z0,ε)

|Kµ,ν(z)−Kµ,ν(z0)| dxdy.
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KOEBE THEOREM FOR ORLICZ-SOBOLEV CLASSES

Let

l (f ′(x)) = min
h∈Rn\{0}

|f ′(x)h|
|h|

,

J(x, f) = det f ′(x) ,

and de�ne for any x ∈ D

KI(x, f) =


|J(x,f)|
l(f ′(x))n

, J(x, f) ̸= 0,

1, f ′(x) = 0,
∞, otherwise

,

Let Q : D → [0,∞] be a Lebesgue measurable function. Denote by qx0(r) the integral
average of Q(x) under the sphere |x− x0| = r,

qx0(r) :=
1

ωn−1rn−1

∫
|x−x0|=r

Q(x) dHn−1 ,

where ωn−1 denotes the area of the unit sphere in Rn.

The de�nitions of the Orlicz-Sobolev classes W 1,φ
loc and �nite mean oscillation (FMO)

may be found in [1]. Given a continuum E ⊂ D ⊂ Rn, n ⩾ 3, δ > 0, a non-decreasing
function φ : [0,∞) → [0,∞) and a Lebesgue measurable function Q : Rn → [0,∞]

we denote by Fφ,QE,δ (D) the family of all homeomorphisms f : D → Rn, such that g :=

f −1 belong to W 1,φ
loc (f(D)) with KI(y, f

−1) ⩽ Q(y) for almost all y ∈ f(D) such that
h(f(E)) ⩾ δ. The following statement is true.

Theorem 1. Let D be a domain in Rn, n ⩾ 2, and let B(x0, ε1) := {x ∈ Rn :
|x− x0| < ε1} ⊂ D for some ε1 > 0. Assume that, φ satis�es the Calderon condition

∞∫
1

(
t

φ(t)

) 1
n−2

dt <∞ ,

Q ∈ L1(Rn) and, in addition, one of the following conditions hold:

1) Q ∈ FMO(Rn);

2) for any y0 ∈ Rn there is δ(y0) > 0 such that the relation

δ(y0)∫
0

dt

tq
1

n−1
y0 (t)

= ∞

holds. Then there is r0 > 0, which does not depend on f, such that

f(B(x0, ε1)) ⊃ Bh(f(x0), r0) ∀ f ∈ Fφ,QE,δ (D) ,
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where Bh(f(x0), r0) = {w ∈ Rn : h(w, f(x0)) < r0}.
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SOBOLEV INEQUALITIES FOR DIFFERENTIAL FORMS

Sobolev inequality for di�erential forms extend classical to the setting of di�erential
forms on manifolds. These inequalities relate the norms of di�erential forms and their
exterior derivatives. These inequalities have applications to partial di�erential equations
on manifolds in areas like Hodge theory and geometric analysis problems.
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UPPER MODULUS ESTIMATES IN ONE CLASS OF MAPPINGS

Let x0 ∈ Rn, 0 < r1 < r2 <∞,

S(x0, r) = {x ∈ Rn : |x− x0| = r} , B(x0, r) = {x ∈ Rn : |x− x0| < r}

and
A = A(x0, r1, r2) = {x ∈ Rn : r1 < |x− x0| < r2} . (59)

In what follows, Mp denotes the p-modulus of families of paths (or surfaces). The
notion extp adm may be found in [1]. Let D and D ′ be domains in Rn, n ⩾ 2. A mapping
f : D → D ′ is called a lower Q-mapping at a point x0 relative to p-modulus if

Mp(f(Σε)) ⩾ inf
ρ∈extp admΣε

∫
D∩A(x0,ε,r0)

ρp(x)

Q(x)
dm(x)

for A(x0, ε, r0) = {x ∈ Rn : ε < |x − x0| < r0}, r0 ∈ (0, d0), d0 = sup
x∈D

|x − x0|, where Σε

is the family of all intersections of the spheres S(x0, r) with the domain D, r ∈ (ε, r0).
Given a mapping f : D → Rn, we denote

C(f, x) := {y ∈ Rn : ∃xk ∈ D : xk → x, f(xk) → y, k → ∞}

and
C(f, ∂D) =

⋃
x∈∂D

C(f, x) .

The de�nitions of a regular domain, prime ends space, cuts, nested domains etc. may be
found in [1]. Denote by ωn−1 the area of the unit sphere Sn−1 = S(0, 1). In what follows,
we denote by ED the set of all prime ends in D. The completion of the domain D by its
prime ends is denoted by DP . Given A,B ⊂ Rn, we set d(A,B) = inf

x∈A,y∈B
|x − y|. The

following statement holds, see [2].

Theorem 1. Let f : D → Rn be a bounded, open and discrete lower Q-mapping

with respect to p-modulus, Q ∈ L
n−1
p−n+1

loc (Rn), p > n − 1 and α := p
p−n+1

. Let D be a
regular domain, let P0 ∈ ED and let dm, m = 1, 2, . . . , be a sequence of nested domains
corresponding to P0 such that the cuts σm corresponding to dm, m = 1, 2, . . . , lies on the
spheres S(x0, rm), where x0 ∈ ∂D and rm → 0 as m → ∞. Let E be a closed set with
respect to D, let E∗ be a closed in Rn, Rn = Rn ∪ {∞}, such that C(f, ∂D) ⊂ E∗ and
f −1(E∗) = E. Then, given ε1 > 0 and m ∈ N there is k0 = k0(m, ε1) ∈ N such that the
relation

Mα(f(Γ(C1, C2, D \ E))) ⩽ ωn−1

Iα−1
k

,

Ik :=

ε1∫
rk

dr

r
n−1
α−1 q̃

1
α−1
x0 (r)

, q̃x0(r) :=
1

ωn−1rn−1

∫
|x−x0|=r

Q
n−1
p−n+1 (x) dHn−1 ,
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holds for any k ⩾ k0(m, ε1), every compactum C2 ⊂ D\(dm∪E) such that d(f −1(f(C2)), x0) ⩾
ε1 and each continuum C1 ⊂ dk \ E which contains in the same component of D \ E as
C2, where A(x0, rk, ε1) = {x ∈ Rn : rk < |x− x0| < ε1}.
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HARDY SPACES OF MAPPINGS

We discuss the Hardy spaces of quasiconformal and quasiregular mappings including
their brief history and some recent developments by the speaker and coworkers. The
presentation is based on the joint works with Katrin Fassler, Maria Gonzalez and Ivan
Caamano.
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ENTIRE FUNCTIONS OF SEVERAL VARIABLES: BEHAVIOUR OF
DIRECTIONAL DERIVATIVES

The present paper is devoted to the analogues of the main relation of the Wiman-Valiron
theory for entire functions of several complex variables which are bounded in the half-
spaces. We will prove counterparts of the second relation in (1) for the directional deriva-
tive of an entire multiple Dirichlet series with arbitrary non-negative exponents. We will
obtain the relation as a consequence of the theorem on the behavior of the directional
derivative of an entire function F of several complex variables z = (z1, . . . , zp) at the
neighborhood of a point w. This point w is chosen such that the value F (w) is close to
the supremum of its modulus on the topological boundary of polylinear domains.

The Wiman-Valiron theorem [2] states that for every entire function f , for small |η|
in some sense and for any point z, |z| = r, such that |f(z)| =Mf (r), we have

f(zeη) ∼ eηνf (r)f(z),
f (k)(z)

f(z)
∼
(
νf (r)

z

)k
, (60)

as |z| = r → +∞, r /∈ E, and E is some set of �nite logarithmic measure (f.l.m.), that
is
∫
E∩[1,+∞)

d ln r < +∞.

Let us denote Kf (r) = r(lnMf (r))
′
+, where (lnMf (r))

′
+ is the righ-hand derivative.

From the theorem obtained in [3] for the entire Dirichlet series, it follows that for each
entire function f , Kf (r) ∼ νf (r) (r → +∞, r /∈ E), where E = E(f) is some set of
f.l.m.

Let Rp and Cp (p ∈ N) be real and complex p-dimensional vector spaces, respectively;
Z+ = N ∪ {0}, R+ = (0,+∞), p ∈ N. For a = (a1, . . . , ap) ∈ Rp, b = (b1, . . . , bp) ∈ Rp

we write a < b and a ≤ b, if (∀j, 1 ≤ j ≤ p) : aj < bj, and (∀j, 1 ≤ j ≤ p) : aj ≤ bj,
respectively. For z = (z1, . . . , zp) ∈ Cp, w = (w1, . . . , wp) ∈ Cp, we denote (z, w) =
z1w1+ . . .+zpwp, ∥z∥ = z1+ . . .+zp, ∥z∥0 = z1+2z2+ . . .+pzp, Re z = (Re z1, . . . ,Re zp),
and for R = (r1, . . . , rp) ∈ Rp we denote ΠR = {z ∈ Cp : Re z < R}.

Let A = (A1, . . . , Ap) ∈ Rp \ {0} be a �xed vector. We say that the system of domains
{G(r, A)}r≥0, G(r, A) ⊂ Cp, is an exhaustion of the space Cp from the class Σ, if

a)
⋃
r≥0

G(r, A) = Cp;

b) G(r1, A) ⊂ G(r2, A) (0 ≤ r1 < r2 < +∞);
c) if z = (z1, . . . , zp) ∈ G(r, A), then for every y = (y1, . . . , yp) ∈ Rp we get z + iy =

(z1 + iy1, . . . , zp + iyp) ∈ G(r, A);
d) if z ∈ G(r, A), then (z − rA) ∈ G(0, A);
e) for given r ≥ 0 there exist R∗, R

∗ ∈ Rp such that ΠR∗ ⊂ G(r, A) ⊂ ΠR∗ .
We will denote the class of such exhaustions {G(r, A)}r≥0 by Σ.

88



Consider the class Hp of an entire functions in Cp, that are bounded in an arbitrary
domain ΠR, R = (R1, . . . , Rp) ∈ Rp

+. For a function F ∈ Hp and x ∈ Rp it is obvious that

M(x, F ) := sup{|F (x+ iy)| : y ∈ Rp} < +∞, (61)

and also that if the analytic function F is bounded in a polylinear domain G, then for
every x such that {z ∈ Cp : Re z1 = x1, . . . ,Re zp = xp} ⊂ G one has M(x, F ) < +∞.

For a function F ∈ Hp and r > 0 we also denote

SF (r, A) := sup{|F (z)| : z ∈ G(r, A)} = sup{|F (z)| : z ∈ ∂G(r, A)}. (62)

Since lnSF (r, A) is a convex function, it has a right-hand derivative everywhere LF (r, A) :=(
lnSF (r, A)

)′
+
, which is a non-decreasing function.

Let L be the class of positive continuous functions which are increasing to +∞ on
[0; +∞).

Let L2 be the class of continuous positive non-decreasing on [0; +∞) functions h such

that h

(
x+

1

h(x)

)
= O(h(x)) (x→ +∞).

Let h be a positive continuous non-decreasing function and E ⊂ [0; +∞) be a locally
Lebesgue measurable set of �nite measure with measE =

∫
E
dx < +∞.

Then we de�ne the asymptotic h-density of E as Dh(E) = lim
R→+∞

h(R) · meas (E ∩
[R,+∞)).

Theorem 1 ([1]). Let F ∈ Hp and A ∈ Rp be such that LF (r, A) ↑ +∞ (r → +∞).
If Φ ∈ L, h ∈ L2 satisfy conditions u(r) ≥ Φ(r) (r ≥ r0), h(r) = o(Φ(r)) (r → +∞).,
then there exists a set E ⊂ R+ of zero asymptotic h-density (i.e. Dh(E) = 0) such that
for each k ∈ N one has

F
(k)
A (w) = (1 + o(1))LkF (r, A)F (w) as r → +∞ (r ∈ R+ \ E) (63)

for every point w ∈ ∂G(r, A) provided inequality |F (w)| ≥ SF (r, A)/(1 + ε(r)) with a
given function ε(r) which is decreasing to +0 (r → +∞).
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ABOUT CONVERGENCE OF STOCHASTIC EQUATIONS INVOLVING
LOCAL TIME AND NON-REGULAR COEFFICIENTS

It is well known that the convergence of coe�cients in an It�o's stochastic equation is
insu�cient for the weak convergence of its solutions; an additional condition is required.

This paper investigates the weak convergence of solutions to stochastic equations in-
volving local time, speci�cally addressing cases with non-regular dependence of coe�cients
on a small parameter ε:

ξε(t) = x+ βεL
ξε(t, 0) +

∫ t

0

(
bε(ξε(s)) + gε(ξε(s))

)
ds+

∫ t

0

σε(ξε(s))dw(s). (64)

A stochastic equation involving local time of a process was �rst investigated in [1] and
[2]. Moreover in [2], [3], [4] were obtained formulae which connect solutions of stochastic
equations with local time of a process with solutions of It�o's stochastic equations.

We assume that the coe�cients of stochastic equation (1) satisfy the following condi-
tions: βε → β when ε → 0, |βε| < 1 and |β| < 1, there exists a constant Λ > 0 such that

|gε(x)| < Λ,
1

Λ
< σ2

ε(x) < Λ and for every x ∈ R∣∣∣∣∫ x

0

bε(y)

σ2
ε(y)

dy

∣∣∣∣ ≤ Λ .

Denote by ξ(t) a weak solution following stochastic equation involving a local time of
a process (with |γ| < 1)

ξ(t) = x+ γLξ(t, 0) +

t∫
0

g(ξ(s))ds+

t∫
0

σ(ξ(s))dw(s). (65)

Let (C[0, T ], Ct), t ∈ [0, T ] be a space of continuous functions on the interval [0, T ]. Let
µε and µ denote the measures on functional space (C[0, T ], Ct) generated by the processes
ξε(t) and ξ(t), respectively.

Theorem 1. We establish in [5, 6] the necessary and su�cient conditions for the weak
convergence of solutions of stochastic equations (1) to the solution of stochastic equation
(2)
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ÁÀÊÑÒÅÐIÂÑÜÊÀ ÎÖIÍÊÀ ÏÀÐÀÌÅÒÐÀ ÌÀÑØÒÀÁÓ ÎÄÍÎÃÎ
ÂÈÏÀÄÊÎÂÎÃÎ ÏÐÎÖÅÑÓ ÌÀÒÅÐÍÀ

Ï. Ëåâi [1] äîâiâ, ùî äëÿ ñòàíäàðòíîãî áðîóíiâñüêîãî ðóõó W (t) , t ∈ [0, 1], ìà¹

ìiñöå çáiæíiñòü
∑2n

k=1

(
W
(
k
2n

)
−W

(
k−1
2n

))2 → 1, n → ∞ ç éìîâiðíiñòþ 1. Ïiçíiøå,
Ã.Áàêñòåð [2] óçàãàëüíèâ öåé ðåçóëüòàò äëÿ ïåâíîãî êëàñó ãàóññîâèõ âèïàäêîâèõ
ïðîöåñiâ. Òàêi ãðàíè÷íi òåîðåìè íàçèâàþòü áàêñòåðiâñüêîãî òèïó, à âiäïîâiäíi ñóìè
� áàêñòåðiâñüêèìè [3].

Áàêñòåðiâñüêi òåîðåìè çàñòîñîâóþòü ó ñòàòèñòèöi ïàðàìåòðè÷íîãî îöiíþâàííÿ.
Òàê, ó ñòàòòi [4] çà äîïîìîãîþ áàêñòåðiâñüêèõ ñòàòèñòèê îòðèìàíî ñèëüíî êîíñèñòåíòíó
îöiíêà ïàðàìåòðà Õþðñòà äðîáîâîãî áðîóíiâñüêîãî ðóõó. Ó ìîíîãðàôi¨ [3] áàêñòåðiâñüêi
ñóìè çàñòîñîâóâàëè ïðè îöiíþâàííi ïàðàìåòðiâ âèïàäêîâèõ ôóíêöié ó ðiçíèõ ñòàòèñòè-
÷íèõ ìîäåëÿõ.

Âèïàäêîâèé ïðîöåñ Ìàòåðíà X = {X(t), t ∈ R} � öå öåíòðîâàíèé ñòàöiîíàðíèé
ãàóññiâñüêèé ïðîöåñ ç VarX(t) = σ2 i êîâàðiàöiéíîþ ôóíêöi¹þ:

kMatern(t) = σ2 2
1−ν

Γ(ν)

(√
2ν|t|
l

)ν

Kν

(√
2ν|t|
l

)
, t ∈ R \ {0},

iç äîäàòíiìè ïàðàìåòðàìè ìàñøòàáó l òà ãëàäêîñòi ν, Γ(·) � ãàììà-ôóíêöiÿ, à Kν(·)
� ìîäèôiêîâàíà ôóíêöiÿ Áåññåëÿ 2-ãî ðîäó ïîðÿäêó ν, kMatern(0)
= σ2 [5]. Ïðè ν = 3

2
êîâàðiàöiéíà ôóíêöiÿ Ìàòåðíà ìà¹ âèãëÿä:

kσ2,l(t) = σ2

(
1 +

√
3

l
|t|

)
exp

{
−
√
3

l
|t|

}
. (66)

Çàóâàæèìî, ùî êîâàðiàöiíà ôóíêöiÿ (66) ¹ íåñêií÷åííî äèôåðåíöiéîâíîþ íà R \ {0}
i äâi÷i íåïåðåðâíî äèôåðåíöiéîâíîþ íà âñié ìíîæèíi R.

Âèïàäêâîèé ïðîöåñ Ìàòåðíà ç êîâàðiàöiéíîþ ôóíêöi¹þ (66) çàñòîñîâó¹òüñÿ ó
ìîäåëÿõ ïðîñòîðîâî¨ ñòàòèñòèêè, ãåîñòàòèñòèêè, à òàêîæ ìàøèííîìó íàâ÷àííi äëÿ
ïîáóäîâè ìîäåëåé ãàóññiâñüêèõ ïðîöåñiâ, ïðîñòîðîâîãî ïðîãíîçóâàííÿ, iíòåðïîëÿöi¨
òà çãëàäæóâàííÿ äàíèõ.

Äëÿ ñïðîùåííÿ çàïèñó ïîêëàäåìî α =
√
3
l
, β = α3

3
i áóäåìî îöiíþâàòè ïàðàìåòð β.

Ïîñòàíîâêà çàäà÷i îöiíþâàííÿ. Ïîáóäóâàòè îöiíêó ïàðàìåòðà β âèïàäêîâîãî
ïðîöåñó Ìàòåðíà ç êîâàðiàöiéíîþ ôóíêöi¹þ (66) ïðè σ2 = 1 çà ñïîñòåðåæåííÿìè
ó òî÷êàõ

0,
0, 5

an
,
1

an
,
1.5

an
, ...,

an − 1

an
,
an − 0.5

an
, 1,

äå (an) ∈ N, an → ∞, n→ ∞.
Äëÿ ðîçâ'ÿçóâàííÿ öi¹¨ çàäà÷i çàñòîñó¹ìî áàêñòåðiâñüêi ñóìè ç ïðèðîñòàìè 2-ãî

ïîðÿäêó:

S(2)
n =

an−1∑
k=0

(
X

(
k + 1

an

)
− 2X

(
k + 0.5

an

)
+X

(
k

an

))2

.
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Ñòàòèñòèêà β̂n = a2nS
(2)
n , n ≥ 1 ìà¹ òàêi âëàñòèâîñòi:

1. E β̂n → β, n→ ∞;

2. Var β̂n = O

(
1

an

)
, n→ ∞.

(67)

Òåîðåìà 1. Ñòàòèñòèêà β̂n ¹ êîíñèñòåíòíîþ îöiíêîþ ïàðàìåòðà β. ßêùî∑∞
n=1

1
an
< +∞, òî β̂n � ñèëüíî êîíñèñòåíòíà îöiíêà ïàðàìåòðà β.

Ïîáóäó¹ìî äîâið÷èé iíòåðâàë ç ðiâíåì äîâiðè 1−p äëÿ ïàðàìåòðà β. Íåõàé ε > 0.
Âíàñëiäîê (67),

∃N ∈ N ∀n ≥ N : |E β̂n − β| < ε

2
. (68)

Òåîðåìà 2. Íåõàé N âèçíà÷åíî ó (68). Ïîêëàäåìî

n = min

{
N ∈ N | n ≥ N i

4Var β̂n
ε2

< p

}
.

Òîäi P
{
β ∈

(
Cn, β̂n + ε

)}
> 1− p, äå Cn = max{0, β̂n − ε}.
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DIFFERENTIABLE UPPER BOUND FUNCTION FRAMEWORK FOR
SURROGATE MIXING PROBABILITIES CONSTRUCTION IN A

MODEL OF MIXTURE OF VARYING CONCENTRATIONS

We consider a parameter estimation problem by observation from a mixture with a
�nite number of components. Finite mixture models have a deep history, part of which
can be read in the works [1] and [2]. Mixture models are used for sociological, medical
and biological data description. There exist parametric and non-parametric models of
mixtures. In study [3] a non-parametric minimax approach was applied to a �nite mixture
model with applications to DNA microarray data analysis.

We assume that each observed subject O belongs to one of M di�erent mixture compo-
nents ρm, m = 1,M . The sample contains n subjects O1, ..., On. Let κj = m iif Oj ∈ ρm.
The true κj are unknown, but one knowns the mixing probabilities

pmj = pmj;n = P (κj = m).

These mixing probabilities are used to to build minimax weights An = (amj )
m=1,M

j=1,n
=

Pn(P
T
n Pn)

−1, where Pn = (pmj )
m=1,M

j=1,n
and these weights are used to build various statistical

models like regression models.
The D-dimensional vector of observed variables of O will be denoted by ξ(O) =

(ξ1(O), ..., ξD(O))T , ξj = ξ(Oj).
Let F (m) be distribution of ξ(O) for O ∈ ρm,

F (m)(A) = P{ξ(O) ∈ A|O ∈ ρm}, and P{ξj ∈ A} =
M∑
m=1

pmj F
(m)(A).

for all Borel A ⊂ RD.
In many problems, mixing probabilities are not observed, but they can be replaced by

surrogates. In this work we are building such kind of mixing probabilities surrogate and
assume their dependency on vector of parameters α. So,(

aij(α)
)i=1,M

j=1,n
= An(α) = Pn(α)

(
Pn(α)

TPn(α)
)−1

,

where Pn(α) = (pij(α))
i=1,M

j=1,n
is a mixing probability matrix. The value pij(α) represents

the probability that the j-th element belongs to the component i given the parameters α.
This vector α should be estimated.

In this talk we consider a di�erentiable upper bound function framework for the es-
timation of the parameter α and demonstrate it on classic and well known problem of
mean value estimation with MVC [4] and KNN clustering [5, p. 509]. Let's remind a KNN
clustering loss function, where M is a �xed number of clusters, and Sk is a set of cluster
k and elements x are from sample Ξn = (ξ1, ..., ξn): Lossknn =

∑M
k=1

∑
x∈Sk ||x− µk||2.

KNN clusterizer is �t by minimizing Lossknn over all sample splits into M clusters.
Usually µk, 1 ≤ k ≤ n is mean value inside cluster Sk.
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Now we use the MVC model and replace Lossknn by its analogue. The idea is to �t
mixing probabilities parameters by minimizing this loss function:

Lossa(α, µ) =
M∑
k=1

n∑
i=1

aij(α)||ξi − µk||2.

This function has no lower bound and might obtain any negative value. That is why
we consider a di�erent loss function:

Lossbound(α, µ) =

√√√√ M∑
k=1

1

λ2k(α)

√√√√ M∑
k=1

(
n∑
i=1

pki (α)||ξi − µk||2)2,

where λk(α) are eigenvalues of the matrix Pn(α)
TPn(α).

It can be shown that |Lossa(α, µ)| ≤ Lossbound(α, µ),
and minimization problem for Lossbound(α, µ) is much easier, especially for regression

models with a large number of unknown parameters α inside mixing function Pn(α).
As a result, we will have following parameter estimators: µ̂k(α) =

∑n
j=1 a

k
j (α)ξj, µ̂(α) =

(µ̂1(α), ..., µ̂M(α)) and surrogate mixing probabilities estimator for the parameter α is de-
�ned as

α̂ =α Lossbound(α, µ̂(α))

R E F E R E N C E S

1. Hall P., Titterington D., The Use of Uncategorized Data to Improve the Performance
of a Nonparametric Estimator of a Mixture Density, Journal of the Royal Statistical
Society. Series B (Methodological), Vol. 47 (1985), No. 1, pp. 155-163

2. Mclachlan G., Peel D., Finite mixture models, Wiley Series in Probability and
statistics, John Wiley, New York, 2000

3. Maiboroda R., Sugakova O., Statistics of mixtures with varying concentrations with
application to DNA microarray data analysis, Journal of nonparametric statistics Vol.
24 (2012), No. 1, pp. 201-205

4. Maiboroda R., Kubaichuk O., Improved Estimators for Moments Constructed form
Observations of a Mixture, Theory of Probability and Mathematical Statistics 70 (2005),
pp. 83-92, doi:10.1090/S0094-9000-05-00642-3.

5. Hastie T., Tibshirani R., Friedman J., The Elements of Statistical Learning: Data
Mining, Inference, and Prediction. 12nd ed, Springer, 2017, 509 pp.

95



A. Poberezhets (Kyiv, Ukraine, Taras Shevchenko National University of Kyiv,
poberezhetsandriy@gmail.com)

K. Ralchenko (Kyiv, Ukraine, Taras Shevchenko National University of Kyiv,
kostiantynralchenko@knu.ua)

DRIFT ESTIMATION IN THE CKLS MODEL:
ASYMPTOTIC NORMALITY AND SIMULATIONS

We consider the Chan�Karolyi�Longsta��Sanders model

drt = (a− brt) dt+ σrβt dWt, a, b, σ > 0, β ∈ (1/2, 1), r0 > 0, (69)

whereW is a Wiener process. This model was introduced in [1] for short-term interest-rate
dynamics and contains the Cox�Ingersoll�Ross model as the limiting case β = 1/2.

Assume that the trajectory {rt, t ∈ [0, T ]} is observed continuously and that σ and β
are known. Put

Iα(T ) =

∫ T

0

rαt dt, DT =
I3−2β(T )

T
− I1(T )I2−2β(T )

T 2
.

We study the strongly consistent estimators introduced in [2]:

ãT =
σ2(1− β)I21 (T )

T 2DT

, b̃T =
σ2(1− β)I1(T )

TDT

. (70)

The process is strictly positive and ergodic. If p∞ denotes its invariant density and

µα =

∫ ∞

0

xαp∞(x) dx,

then µα <∞ for every α ∈ R and

1

T
Iα(T ) −→ µα a.s.

We also prove the uniform moment estimate

sup
t≥0

Erpt <∞, p > 0,

which extends the second-moment bound established in [3].

Theorem 1. As T → ∞,

√
T

(
ãT − a

b̃T − b

)
d−→ N (0,Σ),

where

Σ =
b4

a2σ2(1− β)2
AΓA⊤, A =

(
µ3−2β a/b
µ2−2β 1

)
, Γ =

(
µ2β −µ2

−µ2 µ4−2β

)
.

The proof is based on a representation of the normalized estimation error as a linear
transformation of the two-dimensional It�o martingale

ZT = T−1/2

( ∫ T
0
rβt dWt

−
∫ T
0
r2−βt dWt

)
.
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Its normalized quadratic variation converges to Γ by ergodicity; therefore, the multidi-

mensional martingale central limit theorem gives ZT
d−→ N (0,Γ). The uniform moment

estimate makes the boundary remainders negligible, and Slutsky's theorem yields Theo-
rem 1.

Numerical experiment. We used a = 1, b = 2, σ = 0.5, r0 = 1, β ∈ {0.55, 0.70, 0.90},
and T ∈ {100, 300, 1000}. For every pair (β, T ), N = 1000 independent trajectories were
generated by a truncated Euler scheme with ∆ = 10−3, and the integrals in (70) were
approximated by left Riemann sums.

β T aT bT RMSEa RMSEb mean(QT ) coverage

0.55 100 1.0028 1.9958 0.1035 0.2178 2.0255 0.943
0.55 300 1.0010 1.9979 0.0613 0.1275 2.0403 0.946
0.55 1000 0.9994 1.9992 0.0336 0.0721 2.0662 0.945
0.70 100 1.0022 1.9928 0.1083 0.2264 2.0661 0.944
0.70 300 1.0003 1.9976 0.0629 0.1350 2.0367 0.948
0.70 1000 1.0006 2.0009 0.0330 0.0710 1.9057 0.954
0.90 100 1.0029 1.9982 0.1057 0.2295 1.8915 0.960
0.90 300 0.9977 1.9918 0.0619 0.1352 1.9482 0.953
0.90 1000 1.0002 1.9994 0.0353 0.0749 1.9815 0.958

Here

QT = T

(
ãT − a

b̃T − b

)⊤

Σ−1

(
ãT − a

b̃T − b

)
, QT

d−→ χ2
2.

The empirical means are close to the true values a = 1 and b = 2, while the RMSEs
decrease as T grows. The scaled RMSEs are stable:

√
T RMSE(ãT ) lies between 1.035 and

1.115, and
√
T RMSE(̃bT ) lies between 2.178 and 2.368, supporting the T−1/2 convergence

rate.
The empirical variances di�er from the corresponding theoretical entries of Σ by at

most 8.5% for ãT and 7.4% for b̃T . The maximal absolute di�erence between empirical
and theoretical correlations is 0.0065. Since Eχ2

2 = 2 and Var(χ2
2) = 4, the observed values

mean(QT ) ∈ [1.892, 2.066], Var(QT ) ∈ [3.388, 4.994], and coverage 0.943�0.960 support
the bivariate normal approximation. The Q�Q plots agree well with χ2

2 in the central
region, with moderate �nite-sample deviations in the upper tail.

Thus, the simulations illustrate the small bias, the T−1/2 rate, the covariance matrix
Σ, and the asymptotic χ2

2 behavior implied by Theorem 1.
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TEMPERED FRACTIONAL ORNSTEIN�UHLENBECK PROCESSES:
ASYMPTOTICS AND INFERENCE

Tempered fractional Brownian motion preserves the local fractional behavior of frac-
tional Brownian motion, while exponential tempering weakens dependence at large lags.
We study stationary and non-stationary Ornstein�Uhlenbeck processes driven by its vari-
ants of the �rst and second kind, extending the classical fractional model [3]. Our aims are
to derive covariance asymptotics, establish ergodicity, and estimate the drift parameter
from continuous- and discrete-time observations.

Let H > 0, λ > 0, θ > 0, and let W = {Wx, x ∈ R} be a two-sided Wiener process.
For k ∈ {I, II}, let Bk

H,λ denote tempered fractional Brownian motion of the �rst kind [1]

or the second kind [2], respectively. The processes under consideration solve dXk
t =

−θXk
t dt+ dBk

H,λ(t). The stationary solution is

Y k
t = Bk

H,λ(t)− θe−θt
∫ t

−∞
eθsBk

H,λ(s) ds,

whereas the non-stationary solution with Xk
0 = 0 is given by

Xk
t = Bk

H,λ(t)− θe−θt
∫ t

0

eθsBk
H,λ(s) ds.

The process Y k admits the Wiener integral representation Y k
t =

∫
R h

k(t − x) dWx,
where

hk(z) =

(
e−λzzH−1/2 − ake

−θz
∫ z

0

e(θ−λ)yyH−1/2 dy

)
1(0,∞)(z),

aI = θ and aII = θ − λ. Thus, Y k is a centered stationary Gaussian process with autoco-
variance

rk(τ) =

∫
R
hk(τ + u)hk(u) du.

Theorem 1. As τ → ∞, the autocovariance functions satisfy the following asymptotic
relations:

rI(τ) rII(τ)

θ < λ ∼ −
θΓ(H + 1

2
)2

2(λ2 − θ2)H+ 1
2

e−θτ ∼
Γ(H + 1

2
)2

2θ(λ2 − θ2)H− 1
2

e−θτ

θ = λ ∼ −
Γ(H + 1

2
)

(H + 1
2
)2H+ 3

2 θH− 1
2

e−θτ τH+ 1
2 ∼

Γ(H + 1
2
)

2H+ 1
2 θH+ 1

2

e−θτ τH− 1
2

θ > λ ∼ −
Γ(H + 1

2
)

2H+ 1
2 λH− 3

2 (θ2 − λ2)
e−λτ τH− 1

2 ∼
(H − 1

2
)Γ(H + 1

2
)

2H− 1
2 λH− 1

2 (θ − λ)(θ + λ)
e−λτ τH− 3

2 , H ̸=
1

2

In the exceptional case k = II, H = 1/2, θ > λ, one has rII(τ) = (2θ)−1e−θτ for τ ≥ 0.
Consequently, rk(τ) → 0 and Y k is ergodic.

For drift estimation, assume that H and λ are known and set ψk(θ) = Eθ(Y k
0 )

2.
Following the ergodic-type approach of [4, 5], we obtain

ψI(θ) =
Γ(H + 1/2)2

π

∫ ∞

0

ω2 dω

(θ2 + ω2)(λ2 + ω2)H+1/2
,
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ψII(θ) =
Γ(H + 1/2)2

π

∫ ∞

0

dω

(θ2 + ω2)(λ2 + ω2)H−1/2
.

Both functions are continuous and strictly decreasing on (0,∞), so θ is identi�able. For
every �xed h > 0,

1

T

∫ T

0

(Xk
t )

2 dt→ ψk(θ),
1

N

N∑
j=1

(Xk
jh)

2 → ψk(θ) a.s.

This motivates the estimators

θ̂kT = ψ−1
k

(
1

T

∫ T

0

(Xk
t )

2 dt

)
, θ̂kN,h = ψ−1

k

(
1

N

N∑
j=1

(Xk
jh)

2

)
.

For k = I, they are well de�ned for all su�ciently large T and N , almost surely.
Theorem 2. The estimators are strongly consistent. Moreover, as T → ∞ and, for

every �xed h > 0, as N → ∞,

√
T
(
θ̂kT − θ

)
d−→ N

(
0,

σ2
k

(ψ′
k(θ))

2

)
,

√
N
(
θ̂kN,h − θ

)
d−→ N

(
0,

σ2
k,h

(ψ′
k(θ))

2

)
,

where

σ2
k = 2

∫
R
rk(τ)

2 dτ, σ2
k,h = 2

∑
m∈Z

rk(mh)
2.

Thus, tempering yields the standard square-root normalization for every H > 0, unlike
the classical fractional model [3].
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ON COMPONENT DOMINANCE TRANSITION IN DYNAMIC
MIXTURES WITH SIGMOIDAL WEIGHTS

Classical �nite mixtures of exponential distributions with constant weights are well
studied and widely applied for modeling heterogeneous populations [1]. However, when
modeling phenomena with sharp transitional regimes, such models lack �exibility. In
this context, dynamic (state-dependent) mixtures have been introduced, in which the
mixing weights depend on the state variable x or additional covariates [2]. Extending the
framework of sigmoidal weights [3], we consider the mixture density (PDF) p(x) de�ned
for x ≥ 0:

p(x) =
1

C

(
w(x; a, r)λe−λx + (1− w(x; a, r))µe−µx

)
,

where λ, µ > 0 are the component rate parameters, a > 0 is the transition threshold, and
the logistic weight function

w(x; a, r) = σ(r(x− a)) =
1

1 + e−r(x−a)
, r > 0,

controls the transition of component dominance along x ≥ 0.
This study derives an explicit closed-form expression for the normalization constant

C in terms of the Lerch Phi function:

C =
λ

r
Φ

(
−era, 1, λ

r

)
+ 1− µ

r
Φ
(
−era, 1, µ

r

)
.

The continuous probability density p(x) is annihilated by the linear di�erential oper-
ator L:

Lp(x) ≡ p′′(x) + P (x; a, r)p′(x) +Q(x; a, r)p(x) = 0,

where the coe�cients of the annihilating operator are explicitly given by:

P (x; a, r) = 2rw(x; a, r)− r + λ+ µ,

Q(x; a, r) = (r − λ)µ− r(λ+ µ)w(x; a, r).

To analyze the limiting behavior as r → ∞, we consider the unnormalized density
p∗(x) = C · p(x). Applying the Method of Matched Asymptotic Expansions (MAE)
with Van Dyke's matching principle [4], the outer expansions outside the boundary layer
(|x− a| ≫ 1/r) reduce to:

p−out(x) = g(x) = µe−µx, 0 ≤ x < a,

p+out(x) = f(x) = λe−λx, x > a.

Inside the transition layer of thickness O(1/r), accounting for the di�erence (f(a) −
g(a)), Van Dyke's procedure yields the composite asymptotic density:

p∗comp(x) =

{
g(x) + (f(a)− g(a))σ(r(x− a)), 0 ≤ x ≤ a,

f(x) + (f(a)− g(a))(σ(r(x− a))− 1), x > a.
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The uniform error estimate,

∥p∗(x)− p∗comp(x)∥C[0,∞) = O(1/r),

guarantees �rst-order asymptotic accuracy over the entire domain x ∈ [0,∞).
Conclusions. This study characterizes the transition of component dominance in

dynamic mixture distributions. Constructing the annihilating di�erential operator and
applying Van Dyke's matching principle show that the sigmoidal weight induces an inter-
nal transition layer of width O(1/r) around the threshold a. The constructed composite
density p∗comp(x) guarantees a uniformly valid O(1/r)-approximation across x ≥ 0.
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THE ARCTAN-TAN-G DISTRIBUTION FAMILY:
PROPERTIES AND APPLICATIONS

Nowadays there exist many distribution families which are obtained by a trigonometric
transformation of a base distribution. Such families include, in particular, the Sin-G ([2]),
the Tan-G ([3]), the Arctan-X ([1]) models, to name but a few.

A new family of distributions, the Arctan-Tan-G family, is proposed. The cdf of this
model is de�ned as

F (x) =
1

arctan a
· arctan

(
a tan

(π
4
G(x)

))
, (71)

where a > 0 and G(x) is the cdf of a base distribution.
Various properties of the new family are studied, including moments, quantile-based

moments, order statistics and stochastic ordering. A member of the Arctan-Tan-G family,
the Arctan-Tan-Weibull distribution, is considered and its properties are obtained. Suit-
ability of the Arctan-Tan-Weibull distribution for modeling real data is veri�ed by �tting
this distribution to a survival data set.
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LIMIT THEOREMS FOR KARLIN'S OCCUPANCY SCHEME

Karlin's occupancy scheme is de�ned as follows. Balls are thrown independently into
an in�nite array of boxes numbered 1, 2, . . . with probability pk of hitting box k. Here,
(pk)k≥1 is a discrete probability distribution with in�nitely many pk > 0.

In practice, the role of boxes is played by the types or species of sample items. Such
a model with in�nitely many boxes can approximate a sample from a large �nite popula-
tion. As examples of possible applications, I will consider the risk estimation of personal
information disclosure and literature analysis.

The primary quantity of interest is the number of occupied boxes, denoted byKn, after
n balls have been distributed. First, I will discuss the common assumptions imposed on
the distribution (pk)k≥1.

Then, I will provide an overview of the limit theorems for the number of occupied
boxes Kn, including recent laws of the iterated and single logarithm [1].
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HADAMARD FRACTIONAL BROWNIAN MOTION AND OTHER
GAUSSIAN VOLTERRA PROCESSES

This is a common talk with L.Beghin and K. Ralchenko. We consider various types of
Gaussian processes with Volterra kernels. In particular, we study the Hadamard fractional
Brownian motion that is a Gaussian process which shares some properties with standard
Brownian motion (such as the one-dimensional distribution). However, it also resembles
the fractional Brownian motion in many other features as, for instance, selfsimilarity,
long/short memory property, Wiener-integral representation. The logarithmic kernel in
the Hadamard fractional Brownian motion represents a very speci�c and interesting aspect
of this process. Our aim here is to analyze some properties of the process' trajectories (i.e.
H�older continuity, quasi-helix behavior, power variation, local nondeterminism) that are
both interesting on their own and serve as a basis for the Wiener integration with respect
to it. The respective integration is quite well developed, and the inverse representation
is also constructed. We apply the derived �multiplicative Sonine pairs� to the treatment
of the Reproducing Kernel Hilbert Space of the Hadamard fractional Brownian motion,
and, as a result, we establish a law of iterated logarithm.
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MATHEMATICAL MODELING OF DYNAMIC PROCESSES IN
COMPUTER SYSTEMS

Modern computer systems are characterized by highly dynamicc operation, a large
number of interconnected components, and irregular patterns of information and compu-
tational request arrivals. The increasing volume of data, number of users, and complexity
of information processes necessitate the development of adequate mathematical models
capable of describing the behavior of computer systems under di�erent load conditions.
Of particular importance is the modeling of processes in which system characteristics vary
over time, while request arrival times and processing durations are stochastic in nature
[2]. One of the most widely used approaches to the mathematical modeling of dynamic
processes in computer systems is to represent them as queueing systems. This is due to
the fact that a signi�cant proportion of computer system operations can be described in
terms of a stochastic stream of requests arriving at a limited number of service resources.

The aim of this work is to investigate a mathematical model of dynamic processes
in computer systems based on stochastic queueing systems. To achieve this aim, the
main operational parameters of a computer system are formalized in terms of a queueing
system, the dependence of its characteristics on the parameters of the input stream and
service process is investigated, and the main patterns of variation in system performance
indicators over time are identi�ed. To describe the system dynamics, let us introduce the
state probabilities Pn(t) = P{N(t) = n}, where Pn(t) is the probability that there are n
requests in the system at time t. Obviously, the following normalization condition holds
at any time:

∑K
n=0 Pn(t) = 1. For the internal states 1 ≤ n < K, the dynamics of the

probabilities are described by the system of Kolmogorov di�erential equations [1; 3]:

dPn(t)

dt
= λ(t)Pn−1(t) + µn+1(t)Pn+1(t)− [λ(t) + µn(t)]Pn(t),

where µn(t) = min(n, c)µ(t) is the total service rate in state n.
Here:

� λ(t)Pn−1(t) represents the transition from state n − 1 to state n due to the arrival
of a new request;

� µn+1(t)Pn+1(t) represents the transition from state n + 1 to state n due to the
completion of service;

� [λ(t) + µn(t)]Pn(t) is the total rate of leaving state n.

For the boundary state n = K, the equation is

dPK(t)

dt
= λ(t)PK−1(t)− µK(t)PK(t).

For a system with �nite capacity K [1; 3]: µK(t) = min(K, c)µ(t).
The following indicators are used for the quantitative assessment of the dynamics of

a computer system.
The average number of requests in the system is L(t) =

∑K
n=0 nPn(t).

The average number of requests in the queue is Lq(t) =
∑K

n=c+1(n− c)Pn(t).

The average number of busy service channels is B(t) =
∑K

n=0min(n, c)Pn(t).
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The utilization coe�cient of the service resources can then be determined as

U(t) =
B(t)

c
.

The obtained relationships make it possible to investigate not only the current state
of the system but also the nature of its variation over time. In particular, it is possible to
determine the onset of overload, the duration of the transient process, the rate of queue
accumulation, and the time required for the system to return to an acceptable operating
mode. For a practical study, the initial state of the system must also be speci�ed. Since
most modern computer systems are multitasking, let us consider a multichannel queueing
system in which several service devices operate simultaneously, namely anM/M/3 system.
For c = 3 and µ = 5 requests/s, the total service capacity is c · µ = 15 requests/s.

Therefore, ρ(t) = λ(t)
15
. For the speci�ed operating modes:

λ1 = 6, ρ1 = 0.4, λ2 = 12, ρ2 = 0.8,

λ3 = 18, ρ3 = 1.2, λ4 = 8, ρ4 =
8

15
≈ 0.533.

Thus, the mathematical model makes it possible to formally describe the transition of
the system through four operating modes:

0.4 → 0.8 → 1.2 → 0.533.

This corresponds to the transition of the system from stable operation to high load,
overload, and subsequent recovery.

R E F E R E N C E S

1. Kvietnyi R. N., Bogach I. V., Boiko O. R., So�na O. Yu., and Shushura O. M., Com-
puter Modeling of Systems and Processes. Computational Methods. Part 1. Vinnytsia:
VNTU, 2012, 193 p.

2. Kolomiiets T., Mykhailenko V., Pohorui A., Postova S., Franovskyi A., Mathe-
matical Modeling of Dynamic Systems and Processes: Instructional and Methodological
Materials for Independent Work of Higher Education Students of the Second (Master's)
Level of Higher Education, Specialty 122 Computer Science. Zhytomyr: Zhytomyr Ivan
Franko State University Publishing House, 2024, 60 p.

3. Pavlenko P. M., Filonenko S. F., Cherednikov O. M., and Treitiak V. V., Mathe-
matical Modeling of Systems and Processes: Textbook. Kyiv: NAU, 2017, 392 p.

106



ÌIÆÍÀÐÎÄÍÀ ÍÀÓÊÎÂÀ ÊÎÍÔÅÐÅÍÖIß

"ÑÓ×ÀÑÍI ÏÐÎÁËÅÌÈ ÌÀÒÅÌÀÒÈ×ÍÎÃÎ
ÀÍÀËIÇÓ I ÒÅÎÐI� ÔÓÍÊÖIÉ"

Êîìï'þòåðíà âåðñòêà Äåíèñ ÐÎÌÀØ, Âiòàëié ØÏÀÊIÂÑÜÊÈÉ

Ïiäï. äî äðóêó 20.09.2026. Ôîðìàò 60× 84/8. Ïàïið äðóê.
Îôñ. äðóê. Ôiç. äðóê. àðê. 13,38. Óì. äðóê. àðê. 12,44. Òèð. 100.

ÆÄÓ iì. I. Ôðàíêà
âóë. Âåëèêà Áåðäè÷iâñüêà, 40
ì. Æèòîìèð, Óêðà¨íà, 10008
òåë./ôàêñ: +380 412 43 14 17

e-mail: zu@zu.edu.ua

107




	Section 1. Hypercomplex Analysis / [-0.2em] Гіперкомплексний аналіз
	A HYPERCOMPLEX METHOD OF SOLVING THE DIRICHLET PROBLEM FOR THE LAMÉ SYSTEM [-0.2em] Gryshchuk S. V., Plaksa S. A.
	ORDERING OF A COMPLEX-VALUED SAMPLE BY THE METHOD OF MUTUAL PLACEMENT OF COMPLEX POINTS [-0.2em] Tamila Kolomiiets
	DIFFERENT CLASSES OF MONOGENIC FUNCTIONS IN THE THREE-DIMENSIONAL NONCOMMUTATIVE ALGEBRA A"0365A2 [-0.2em] Tetiana Kuzmenko
	AN ANALOG OF TOLSTOV THEOREM IN A COMMUTATIVE THREE-DIMENSIONAL BANACH ALGEBRA [-0.2em] Maksym Tkachuk
	CAUCHY'S MEAN VALUE THEOREM IN COMMUTATIVE ALGEBRAS [-0.2em] Vitalii Shpakivskyi
	Section 2. Extremal Problems / [-0.2em] Екстремальні задачі
	VARIATIONAL EIGENVALUES ON METRIC MEASURE SPACES [-0.2em] Alexander Ukhlov
	MOSAIC SYSTEM OF POINTS [-0.2em] Andriy Targonskii
	ON THE EQUALITY OF CHARACTERISTICS OF APPROXIMATION IN ISOMETRIC FUNCTION SPACES BY ENTIRE FUNCTIONS OF EXPONENTIAL TYPE [-0.2em] Dmytro Bushev, Inna Kal'chuk, Yurii Kharkevych
	EXCEPTIONAL FAMILIES OF MEASURES ON CARNOT GROUPS [-0.2em] Irina Markina, Bryno Franchi
	EVOLUTIONARY-TYPE ESTIMATES FOR INNER RADII OF DOMAINS RELATIVE TO $N$-RADIAL SYSTEMS OF POINTS [-0.2em] Iryna Denega, Yaroslav Zabolotnyi
	APPROXIMATION PROPERTIES OF WEIERSTRASS INTEGRALS ON THE CLASS W1H [-0.2em] Yurii Kharkevych, Inna Kal'chuk
	ПРО ОДНУ ЗАДАЧУ КОЛМОГОРОВА–НІКОЛЬСЬКОГО [-0.2em] Валентин Кропива, Костянтин Жигалло
	DISCRETE EQUATIONS AND EXTREMAL PROBLEMS [-0.2em] Pokutnyi O. O.
	APPROXIMATION OF CONTINUOUS FUNCTION BY REPEATED DE LA VALLÉE POUSSIN MEANS [-0.2em] Olga Rovenska
	ON THE BEST NON-SYMMETRIC RELATIVE APPROXIMATIONS OF SOME CONVOLUTION CLASSES BY GENERALIZED SPLINES [-0.2em] Herman Korsunskyi, Nataliia Parfinovych
	Section 3. Problems of Mathematical Physics / [-0.2em] Задачі математичної фізики
	ЗБУРЕННЯ СИСТЕМИ РІВНЯНЬ ГАЗОВОЇ ДИНАМІКИ [-0.2em] Анатолій Казмерчук
	A NOVEL HYBRID L1-DGJM APPROACH FOR FRACTIONAL DIFFERENTIAL EQUATIONS INVOLVING THE CAPUTO–FABRIZIO OPERATOR [-0.2em] Manoj Kumar
	ELECTRIC FIELD INFLUENCE ON OPTICAL RESPONSE OF ELLIPTICAL NANOTUBES [-0.2em] Volodymyr Holovatsky, Illia Shakun
	ГЕОМЕТРИЧНА ІНТЕРПРЕТАЦІЯ ЛОРЕНЦ–ІНВАРІАНТНОЇ МОДИФІКАЦІЇ РІВНЯННЯ ШРЕДІНГЕРА [-0.2em] Андрій Грищук
	МАТЕМАТИЧНЕ МОДЕЛЮВАННЯ ЕНЕРГЕТИЧНОГО СПЕКТРА ТА ХВИЛЬОВИХ ФУНКЦІЙ ЕЛЕКТРОНА У ГЕКСАГОНАЛЬНИХ НАНОГЕТЕРОСТРУКТУРАХ [-0.2em] Андрій Грищук, Платон Корнійчук, Василь Гуцул
	AN EXPONENTIALLY CONVERGENT METHOD FOR A FRACTIONAL–ORDER EVOLUTION EQUATION IN A BANACH SPACE [-0.2em] Volodymyr Makarov, Nataliya Mayko, Vyacheslav Ryabichev
	REGULARITY FOR DOUBLY NONLINEAR EQUATIONS IN THE MIXED REGIME [-0.2em] M. O. Savchenko, I. I. Skrypnik, Ye. A. Yevgenieva
	CLASSES OF EXTENSIONS OF GRADIENTS ASSOCIATED WITH MONOGENIC FUNCTIONS [-0.2em] Gryshchuk S.V, Stupak D. E.
	ПРО ЗАГАЛЬНИЙ РОЗВ'ЯЗОК РІВНЯНЬ РІВНОВАГИ ЛАМЕ ДЛЯ ПРУЖНОЇ СМУГИ З ФУНКЦІОНАЛЬНО-ГРАДІЄНТНОГО МАТЕРІАЛУ [-0.2em] Тарас Клімчук
	THE USE OF A TWO-DIMENSIONAL KINEMATIC LINEAR KALMAN FILTER WITH ROBUST HUBER CORRECTION FOR FILTERING A HEART RATE SIGNAL [-0.2em] Roman Kolomiiets
	Section 4. Mathematical and Complex Analysis / [-0.2em] Математичний та комплексний аналіз
	n-SYMMETRIC POLYNOMIALS ON BANACH SPACES [-0.2em] Volodymyr Kimak, Andriy Zagorodnyuk
	TOTALLY POSITIVE SEQUENCES GENERATED BY REAL POLYNOMIALS [-0.2em] Anna Vishnyakova
	GROWTH ESTIMATES FOR ANALYTIC FUNCTIONS IN THE UNIT POLYDISC WITH BOUNDED L-INDEX IN DIRECTION [-0.2em] Andriy Bandura
	LAPLACE-STIELTHJES TYPE INTEGRALS: THE BOREL RELATION AND THE h-MEASURE OF AN EXCEPTIONAL SET [-0.2em] Bodnarchuk A. Yu., Salo T. M., Skaskiv O. B.
	APPROXIMATION OF FUNCTION BY ZYGMUND METHOD AND THE BEST APPROXIMATION IN WEIGHTED ORLICZ TYPE SPACES WITH VARIABLE EXPONENT [-0.2em] Stanislav Chaichenko, Andrii Shydlich
	ON THE UNIFORM BOUNDARY SEPARATION FOR MAPPINGS IN VARIABLE DOMAINS [-0.2em] Nataliya Ilkevych, Denys Romash, Evgeny Sevost'yanov
	FOURIER QUASICRYSTALS: THEOREMS AND PROBLEMS [-0.2em] S. Favorov
	ARGUMENTS OF THE TAYLOR COEFFICIENTS AND GROWTH OF AN ENTIRE FUNCTIONS [-0.2em] A. O. Kuryliak, O. B. Skaskiv
	QUANTITATIVE REGULARITY AT LEBESGUE POINTS OF THE BELTRAMI COEFFICIENT [-0.2em] Melkana Brakalova-Trevithick
	SCHWARZ LEMMA FOR HARMONIC MAPS [-0.2em] Miodrag Mateljevic
	CONTINUOUS EXTENSIONS OF OPEN DISCRETE MAPPINGS WITH INTEGRAL CONSTRAINTS [-0.2em] Victoria Desyatka, Oleksandr Dovhopiatyi, Evgeny Sevost'yanov
	FINITE ULTRAMETRIC SPACES WITH MAXIMUM CARDINALITY OF THE CENTER OF DISTANCES [-0.2em] Oleksiy Dovgoshey, Olga Rovenska
	ON WEAKLY (n-1)-CONVEX SETS AND (n-1)-CONVEX HULLS IN LOW-DIMENSIONAL EUCLIDEAN SPACES [-0.2em] Tetiana Osipchuk
	ESTIMATES OF THE SOLID MODULUS OF CONTINUITY OF THE LOGARITHMIC DOUBLE LAYER POTENTIAL [-0.2em] Sergiy Plaksa
	ON THE COMPLETENESS OF SYSTEMS OF BESSEL FUNCTIONS OF POSITIVE HALF-INTEGER INDEX [-0.2em] Ruslan Khats'
	ON BOUNDARY VALUE PROBLEMS FOR GENERALIZED CAUCHY–RIEMANN EQUATIONS WITH SOURCES [-0.2em] Gutlyanskii V., Ryazanov V., Salimov A., Salimov R.
	ON CARATHÉODORY THEOREM ON RIEMANNIAN SURFACES [-0.2em] Evgeny Sevost'yanov
	SOME OPEN PROBLEMS IN FUNCTION THEORY OVER 35 YEARS OF MATEMATYCHNI STUDII (inspired by A.A. Goldberg, M.M. Sheremeta, Ya.V. Vasylkiv) [-0.2em] Oleh Skaskiv, Andriy Bandura
	POWER-TYPE DISTORTION ESTIMATES FOR SOLUTIONS OF THE BELTRAMI EQUATION WITH TWO CHARACTERISTICS [-0.2em] Ruslan Salimov, Mariia Stefanchuk
	KOEBE THEOREM FOR ORLICZ-SOBOLEV CLASSES [-0.2em] Valery Targonskii, Evgeny Sevost'yanov
	SOBOLEV INEQUALITIES FOR DIFFERENTIAL FORMS [-0.2em] Vladimir Gol'dshtein
	UPPER MODULUS ESTIMATES IN ONE CLASS OF MAPPINGS [-0.2em] Zarina Kovba, Evgeny Sevost'yanov
	HARDY SPACES OF MAPPINGS [-0.2em] Tomasz Adamowicz
	ENTIRE FUNCTIONS OF SEVERAL VARIABLES: BEHAVIOUR OF DIRECTIONAL DERIVATIVES [-0.2em] Sviatoslav Dubei, Oleh Skaskiv, Andriy Bandura, Tetiana Salo
	Section 5. Probability Theory and Mathematical Statistics / [-0.2em] Теорія ймовірностей та математична статистика
	ABOUT CONVERGENCE OF STOCHASTIC EQUATIONS INVOLVING LOCAL TIME AND NON-REGULAR COEFFICIENTS [-0.2em] Ivan H. Krykun
	БАКСТЕРІВСЬКА ОЦІНКА ПАРАМЕТРА МАСШТАБУ ОДНОГО ВИПАДКОВОГО ПРОЦЕСУ МАТЕРНА [-0.2em] Олександр Курченко, Ольга Синявська
	DIFFERENTIABLE UPPER BOUND FUNCTION FRAMEWORK FOR SURROGATE MIXING PROBABILITIES CONSTRUCTION IN A MODEL OF MIXTURE OF VARYING CONCENTRATIONS [-0.2em] V. O. Miroshnychenko, T. B. Skorobohach
	DRIFT ESTIMATION IN THE CKLS MODEL: ASYMPTOTIC NORMALITY AND SIMULATIONS [-0.2em] A. Poberezhets, K. Ralchenko
	TEMPERED FRACTIONAL ORNSTEIN–UHLENBECK PROCESSES: ASYMPTOTICS AND INFERENCE [-0.2em] O. Poberezhets, K. Ralchenko
	ON COMPONENT DOMINANCE TRANSITION IN DYNAMIC MIXTURES WITH SIGMOIDAL WEIGHTS [-0.2em] Tuluchenko H. Ya.
	THE ARCTAN-TAN-G DISTRIBUTION FAMILY: PROPERTIES AND APPLICATIONS [-0.2em] Ievgen Turchyn
	LIMIT THEOREMS FOR KARLIN'S OCCUPANCY SCHEME [-0.2em] Valeriya Kotelnikova
	HADAMARD FRACTIONAL BROWNIAN MOTION AND OTHER GAUSSIAN VOLTERRA PROCESSES [-0.2em] Yuliya Mishura
	MATHEMATICAL MODELING OF DYNAMIC PROCESSES IN COMPUTER SYSTEMS [-0.2em] Svitlana Postova

