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Ïåðåëiê óìîâíèõ ïîçíà÷åíü

N ìíîæèíà íàòóðàëüíèõ ÷èñåë, N = {1, 2, 3, . . .}
Z ìíîæèíà öiëèõ ÷èñåë, Z = {0,±1,±2,±3, . . .}
R ìíîæèíà äiéñíèõ ÷èñåë
Q ìíîæèíà ðàöiîíàëüíèõ ÷èñåë, Q = {x ∈ R : x = p

q
, p ∈ Z, q ∈ N}

[x] öiëà ÷àñòèíà ÷èñëà x : íàéáiëüøå öiëå ÷èñëî, ùî íå ïåðåâèùó¹ x
A⇒ B ç óìîâè A âèïëèâà¹ óìîâà B
A⇔ B óìîâè A i B ðiâíîñèëüíi
∀ ¾äëÿ áóäü-ÿêîãî, äëÿ êîæíîãî, äëÿ âñiõ¿
∃ ¾iñíó¹, çíàéäåòüñÿ¿
! ¾¹äèíèé¿
x ∈ A ¾åëåìåíò x íàëåæèòü ìíîæèíi A¿
A ⊂ B ¾ìíîæèíà A âêëþ÷à¹òüñÿ ó ìíîæèíó B¿,

òîáòî, êîæåí åëåìåíò x ∈ A òàêîæ çàäîâîëüíÿ¹ óìîâó x ∈ B
f : D → R ôóíêöiÿ, îáëàñòü âèçíà÷åííÿ ÿêî¨ ¹ ìíîæèíà D,

çi çíà÷åííÿìè â R
f(A) f(A) = {y ∈ Rn : ∃ x ∈ D : f(x) = y} � îáðàç ìíîæèíè

A ⊂ D ïðè âiäîáðàæåííi f
f −1(B) f −1(B) = {x ∈ Rn : ∃ y ∈ B : f(x) = y} � (ïîâíèé) ïðîîáðàç

ìíîæèíè B ïðè âiäîáðàæåííi f
f −1 : f(D) → D îáåðíåíå âiäîáðàæåííÿ äî âiäîáðàæåííÿ f,

f −1(f(x)) = x ∀ x ∈ D, f(f −1(y)) = y ∀ y ∈ f(D)

|x| Ïîêëàäåìî |x| =

{
x , x > 0

−x , x < 0

f ′(x) f ′(x) ñëóæèòü îçíà÷åííÿì
çâè÷àéíî¨ ïîõiäíî¨ f â òî÷öi x

C1(D) êëàñ íåïåðåðâíèõ ôóíêöié f : D → R
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1 Âèçíà÷åíèé iíòåãðàë

1.1 Ïîíÿòòÿ âèçíà÷åíîãî iíòåãðàëà. Îá÷èñëåííÿ âèçíà÷åíèõ
iíòåãðàëiâ

Ó ïîïåðåäíié ÷àñòèíi öüîãî íàâ÷àëüíî-ìåòîäè÷íîãî ïîñiáíèêà áóëî ðîç-
ãëÿíóòî ïîíÿòòÿ ïåðâiñíî¨ òà íåâèçíà÷åíîãî iíòåãðàëà, à òàêîæ îñíîâíi
ìåòîäè iíòåãðóâàííÿ ôóíêöié. Ïåðåéäåìî òåïåð äî ïîíÿòòÿ âèçíà÷åíîãî
iíòåãðàëà.

Íåõàé ôóíêöiÿ f âèçíà÷åíà íà âiäðiçêó [a; b]. Ðîçiá'¹ìî âiäðiçîê [a; b]
íà n ÷àñòèí òî÷êàìè

a = x0 < x1 < x2 < . . . < xn = b.

Ïîçíà÷èìî
∆xk = xk − xk−1, k = 1, n,

òà íà êîæíîìó ç âiäðiçêiâ [xk−1;xk] âèáåðåìî äîâiëüíó òî÷êó ξk. Ñóìó

σn =
n∑

k=1

f(ξk)∆xk

íàçèâàþòü iíòåãðàëüíîþ ñóìîþ ôóíêöi¨ f íà âiäðiçêó [a; b].

Îçíà÷åííÿ 1.1. ßêùî ïðè

max
16k6n

∆xk −→ 0

iíòåãðàëüíà ñóìà σn ìà¹ ñêií÷åííó ãðàíèöþ, ÿêà íå çàëåæèòü âiä ñïîñîáó
ðîçáèòòÿ âiäðiçêà [a; b] òà âèáîðó òî÷îê ξk, òî öþ ãðàíèöþ íàçèâàþòü
âèçíà÷åíèì iíòåãðàëîì ôóíêöi¨ f íà âiäðiçêó [a; b] i ïîçíà÷àþòü∫ b

a

f(x) dx.

×èñëà a i b íàçèâàþòü âiäïîâiäíî íèæíüîþ òà âåðõíüîþ ìåæàìè ií-
òåãðóâàííÿ, ôóíêöiþ f(x) � ïiäiíòåãðàëüíîþ ôóíêöi¹þ, à x � çìiííîþ
iíòåãðóâàííÿ.

Áóäü-ÿêà íåïåðåðâíà íà âiäðiçêó [a; b] ôóíêöiÿ ¹ iíòåãðîâíîþ íà öüî-
ìó âiäðiçêó.

Ðîçãëÿíåìî ãåîìåòðè÷íèé çìiñò âèçíà÷åíîãî iíòåãðàëà. Íåõàé ôóí-
êöiÿ f íåïåðåðâíà òà íåâiä'¹ìíà íà âiäðiçêó [a; b]. Òîäi ÷èñëî∫ b

a

f(x) dx
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äîðiâíþ¹ ïëîùi êðèâîëiíiéíî¨ òðàïåöi¨, îáìåæåíî¨ ãðàôiêîì ôóíêöi¨ y =
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Òåîðåìà 1.1. (Îñíîâíi âëàñòèâîñòi âèçíà÷åíîãî iíòåãðàëà).
Íåõàé ôóíêöi¨ f òà g iíòåãðîâíi íà âiäðiçêó [a; b]. Òîäi:

1. ßêùî ìåæi iíòåãðóâàííÿ ñïiâïàäàþòü, òî∫ a

a

f(x) dx = 0.

2. Ïðè ïåðåñòàíîâöi ìåæ iíòåãðóâàííÿ âèçíà÷åíèé iíòåãðàë çìiíþ¹
çíàê: ∫ b

a

f(x) dx = −
∫ a

b

f(x) dx.

3. Ñòàëèé ìíîæíèê ìîæíà âèíîñèòè çà çíàê âèçíà÷åíîãî iíòåãðàëà:∫ b

a

αf(x) dx = α

∫ b

a

f(x) dx, α ∈ R.

4. Âèçíà÷åíèé iíòåãðàë âiä ñóìè ôóíêöié äîðiâíþ¹ ñóìi âèçíà÷åíèõ
iíòåãðàëiâ: ∫ b

a

(f(x) + g(x)) dx =

∫ b

a

f(x) dx+

∫ b

a

g(x) dx.

5. Äëÿ äîâiëüíî¨ òî÷êè c ∈ [a; b] ñïðàâåäëèâà ðiâíiñòü∫ b

a

f(x) dx =

∫ c

a

f(x) dx+

∫ b

c

f(x) dx.

6. ßêùî f(x) 6 g(x) äëÿ âñiõ x ∈ [a; b], òî∫ b

a

f(x) dx 6
∫ b

a

g(x) dx.

7. ßêùî m 6 f(x) 6M äëÿ âñiõ x ∈ [a; b], òî

m(b− a) 6
∫ b

a

f(x) dx 6M(b− a).

Ðîçãëÿíåìî äåêiëüêà ïðèêëàäiâ çàñòîñóâàííÿ âëàñòèâîñòåé âèçíà÷å-
íîãî iíòåãðàëà.

Ïðèêëàä 3. Âiäîìî, ùî∫ 2

0

f(x) dx = 5,

∫ 2

0

g(x) dx = −1.
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Çíàéòè ∫ 2

0

(3f(x)− 2g(x)) dx.

Ðîçâ'ÿçàííÿ. Ñêîðèñòà¹ìîñÿ âëàñòèâîñòÿìè âèçíà÷åíîãî iíòåãðàëà.
Ìà¹ìî: ∫ 2

0

(3f(x)− 2g(x)) dx = 3

∫ 2

0

f(x) dx− 2

∫ 2

0

g(x) dx =

= 3 · 5− 2 · (−1) = 17. 2

Ïðèêëàä 4. Âiäîìî, ùî∫ 3

1

f(x) dx = 4,

∫ 5

3

f(x) dx = 7.

Çíàéòè ∫ 5

1

f(x) dx.

Ðîçâ'ÿçàííÿ. Âèêîðèñòîâóþ÷è âëàñòèâiñòü àäèòèâíîñòi âèçíà÷åíîãî
iíòåãðàëà, ìà¹ìî:∫ 5

1

f(x) dx =

∫ 3

1

f(x) dx+

∫ 5

3

f(x) dx = 4 + 7 = 11. 2

Ôîðìóëà Íüþòîíà�Ëåéáíiöà

Áåçïîñåðåäí¹ âèêîðèñòàííÿ îçíà÷åííÿ âèçíà÷åíîãî iíòåãðàëà äëÿ éî-
ãî îá÷èñëåííÿ ¹ äîñèòü íåçðó÷íèì. Çâ'ÿçîê ìiæ âèçíà÷åíèì iíòåãðàëîì
òà ïåðâiñíîþ ôóíêöi¨ âñòàíîâëþ¹ ôîðìóëà Íüþòîíà�Ëåéáíiöà.

Òåîðåìà 1.2. (Ôîðìóëà Íüþòîíà�Ëåéáíiöà). Íåõàé ôóíêöiÿ f
íåïåðåðâíà íà âiäðiçêó [a; b], à F � îäíà ç ïåðâiñíèõ ôóíêöi¨ f íà öüîìó
âiäðiçêó. Òîäi ∫ b

a

f(x) dx = F (b)− F (a).

Äëÿ ñêîðî÷åííÿ çàïèñó âèêîðèñòîâóþòü ïîçíà÷åííÿ

F (x)|ba = F (b)− F (a).

9



Òîäi ôîðìóëó Íüþòîíà�Ëåéáíiöà ìîæíà çàïèñàòè ó âèãëÿäi∫ b

a

f(x) dx = F (x)|ba .

Òàêèì ÷èíîì, äëÿ îá÷èñëåííÿ âèçíà÷åíîãî iíòåãðàëà äîñòàòíüî çíà-
éòè îäíó ç ïåðâiñíèõ ïiäiíòåãðàëüíî¨ ôóíêöi¨ òà îá÷èñëèòè ðiçíèöþ ¨¨
çíà÷åíü íà âåðõíié i íèæíié ìåæàõ iíòåãðóâàííÿ.

Ïðèêëàä 5. Îá÷èñëèòè∫ 2

0

(3x2 + 2x− 1) dx.

Ðîçâ'ÿçàííÿ. Ïåðâiñíîþ äëÿ ôóíêöi¨ 3x2 + 2x− 1 ¹ ôóíêöiÿ

F (x) = x3 + x2 − x.

Òîìó çà ôîðìóëîþ Íüþòîíà�Ëåéáíiöà ìà¹ìî∫ 2

0

(3x2 + 2x− 1) dx = (x3 + x2 − x)
∣∣2
0
=

= (8 + 4− 2)− (0 + 0− 0) = 10. 2

Ïðèêëàä 6. Îá÷èñëèòè ∫ e

1

1

x
dx.

Ðîçâ'ÿçàííÿ. Âèêîðèñòîâóþ÷è òàáëè÷íèé iíòåãðàë∫
1

x
dx = ln |x|+ C,

îòðèìà¹ìî ∫ e

1

1

x
dx = lnx|e1 = ln e− ln 1 = 1. 2

Ïðèêëàä 7. Îá÷èñëèòè ∫ π
2

0

sinx dx.
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Ðîçâ'ÿçàííÿ. Çà ôîðìóëîþ Íüþòîíà�Ëåéáíiöà∫ π
2

0

sin x dx = − cosx|
π
2
0 =

= − cos
π

2
+ cos 0 = 1. 2

Â áàãàòüîõ âèïàäêàõ ïåðåä çàñòîñóâàííÿì ôîðìóëè Íüþòîíà�Ëåéáíiöà
íåîáõiäíî ñïî÷àòêó ïåðåòâîðèòè ïiäiíòåãðàëüíó ôóíêöiþ. Äëÿ öüîãî ìî-
æíà âèêîðèñòîâóâàòè àëãåáðà¨÷íi ïåðåòâîðåííÿ, ïî÷ëåííå äiëåííÿ, òðè-
ãîíîìåòðè÷íi ôîðìóëè òà ìåòîäè iíòåãðóâàííÿ, ðîçãëÿíóòi ó ïîïåðåäíié
÷àñòèíi ïîñiáíèêà.

Ïðèêëàä 8. Îá÷èñëèòè ∫ π
2

0

sin2 x dx.

Ðîçâ'ÿçàííÿ. Ñêîðèñòà¹ìîñÿ ôîðìóëîþ ïîíèæåííÿ ñòåïåíÿ

sin2 x =
1− cos 2x

2
.

Òîäi ∫ π
2

0

sin2 x dx =

∫ π
2

0

1− cos 2x

2
dx =

=

(
x

2
− sin 2x

4

)∣∣∣∣π2
0

=
π

4
. 2

Çàìiíà çìiííî¨ ó âèçíà÷åíîìó iíòåãðàëi

Ó ïîïåðåäíié ÷àñòèíi ïîñiáíèêà áóëî ðîçãëÿíóòî ìåòîä çàìiíè çìií-
íî¨ ïðè îá÷èñëåííi íåâèçíà÷åíèõ iíòåãðàëiâ. Öåé ìåòîä ìîæíà âèêîðè-
ñòîâóâàòè i äëÿ îá÷èñëåííÿ âèçíà÷åíèõ iíòåãðàëiâ. Ïðè öüîìó íåìà¹ íå-
îáõiäíîñòi ïîâåðòàòèñÿ äî ïî÷àòêîâî¨ çìiííî¨: äîñòàòíüî ïiñëÿ âèêîíàííÿ
çàìiíè çìiíèòè ìåæi iíòåãðóâàííÿ.

Íåõàé
t = φ(x).
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Òîäi íîâi ìåæi iíòåãðóâàííÿ çíàõîäÿòüñÿ òàêèì ÷èíîì:

x = a =⇒ t = φ(a),

x = b =⇒ t = φ(b).

Ïðèêëàä 9. Îá÷èñëèòè∫ 1

0

2x(x2 + 1)3 dx.

Ðîçâ'ÿçàííÿ. Çðîáèìî çàìiíó

t = x2 + 1, dt = 2x dx.

Çíàéäåìî íîâi ìåæi iíòåãðóâàííÿ:

x = 0 =⇒ t = 1,

x = 1 =⇒ t = 2.

Òîäi ∫ 1

0

2x(x2 + 1)3 dx =

∫ 2

1

t3 dt =
t4

4

∣∣∣∣2
1

=

=
16

4
− 1

4
=

15

4
. 2

Ïðèêëàä 10. Îá÷èñëèòè∫ π
2

0

sinx cos3 x dx.

Ðîçâ'ÿçàííÿ. Çðîáèìî çàìiíó

t = cosx, dt = − sin x dx.

Ïðè öüîìó
x = 0 =⇒ t = 1,

x =
π

2
=⇒ t = 0.
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Òîìó ∫ π
2

0

sinx cos3 x dx = −
∫ 0

1

t3 dt =

∫ 1

0

t3 dt =

=
t4

4

∣∣∣∣1
0

=
1

4
. 2

Çàóâàæåííÿ 1.2. Ïiñëÿ âèêîíàííÿ çàìiíè çìiííî¨ ó âèçíà÷åíîìó
iíòåãðàëi çðó÷íiøå âiäðàçó çìiíèòè ìåæi iíòåãðóâàííÿ. Ó òàêîìó âèïàäêó
ïîâåðòàòèñÿ ïiñëÿ iíòåãðóâàííÿ äî ïî÷àòêîâî¨ çìiííî¨ íå ïîòðiáíî.

Iíòåãðóâàííÿ ÷àñòèíàìè ó âèçíà÷åíîìó iíòåãðàëi

Ìåòîä iíòåãðóâàííÿ ÷àñòèíàìè òàêîæ ïåðåíîñèòüñÿ íà âèçíà÷åíi ií-
òåãðàëè. Ôîðìóëà iíòåãðóâàííÿ ÷àñòèíàìè ìà¹ âèãëÿä∫ b

a

u dv = uv|ba −
∫ b

a

v du.

Âèáið ôóíêöié u òà dv çäiéñíþ¹òüñÿ çà òèìè ñàìèìè ïðèíöèïàìè, ùî é
ïðè îá÷èñëåííi íåâèçíà÷åíèõ iíòåãðàëiâ.

Ïðèêëàä 11. Îá÷èñëèòè ∫ 1

0

xex dx.

Ðîçâ'ÿçàííÿ. Ïîêëàäåìî

u = x, dv = ex dx.

Òîäi
du = dx, v = ex.

Çà ôîðìóëîþ iíòåãðóâàííÿ ÷àñòèíàìè∫ 1

0

xex dx = xex|10 −
∫ 1

0

ex dx =

= e− ex|10 = e− (e− 1) = 1. 2
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Ïðèêëàä 12. Îá÷èñëèòè ∫ e

1

lnx dx.

Ðîçâ'ÿçàííÿ. Ïîêëàäåìî

u = ln x, dv = dx.

Òîäi

du =
1

x
dx, v = x.

Îòæå, ∫ e

1

lnx dx = x lnx|e1 −
∫ e

1

dx =

= e− (e− 1) = 1. 2

Âèêîðèñòàííÿ ïàðíîñòi òà íåïàðíîñòi ôóíêöié

Â äåÿêèõ âèïàäêàõ îá÷èñëåííÿ âèçíà÷åíîãî iíòåãðàëà ìîæíà ñóòò¹-
âî ñïðîñòèòè, ÿêùî âðàõóâàòè ïàðíiñòü àáî íåïàðíiñòü ïiäiíòåãðàëüíî¨
ôóíêöi¨.

ßêùî ôóíêöiÿ f ¹ ïàðíîþ íà âiäðiçêó [−a; a], òî∫ a

−a

f(x) dx = 2

∫ a

0

f(x) dx.

ßêùî ôóíêöiÿ f ¹ íåïàðíîþ íà âiäðiçêó [−a; a], òî∫ a

−a

f(x) dx = 0.

Ïðèêëàä 13. Îá÷èñëèòè∫ 2

−2

(x5 + x2) dx.

Ðîçâ'ÿçàííÿ. Ôóíêöiÿ x5 ¹ íåïàðíîþ, òîìó∫ 2

−2

x5 dx = 0.
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Ôóíêöiÿ x2 ¹ ïàðíîþ. Îòæå,∫ 2

−2

(x5 + x2) dx = 2

∫ 2

0

x2 dx =

= 2
x3

3

∣∣∣∣2
0

=
16

3
. 2

1.2 Çàâäàííÿ äëÿ ñàìîêîíòðîëþ

1. Äàéòå îçíà÷åííÿ iíòåãðàëüíî¨ ñóìè ôóíêöi¨ íà âiäðiçêó.

2. Äàéòå îçíà÷åííÿ âèçíà÷åíîãî iíòåãðàëà.

3. ßêèé ãåîìåòðè÷íèé çìiñò ìà¹ âèçíà÷åíèé iíòåãðàë âiä íåâiä'¹ìíî¨
ôóíêöi¨?

4. Ñôîðìóëþéòå îñíîâíi âëàñòèâîñòi âèçíà÷åíîãî iíòåãðàëà.

5. Ñôîðìóëþéòå ôîðìóëó Íüþòîíà�Ëåéáíiöà.

6. ßê çìiíþþòüñÿ ìåæi iíòåãðóâàííÿ ïðè âèêîíàííi çàìiíè çìiííî¨
ó âèçíà÷åíîìó iíòåãðàëi?

7. Çàïèøiòü ôîðìóëó iíòåãðóâàííÿ ÷àñòèíàìè äëÿ âèçíà÷åíîãî iíòå-
ãðàëà.

8. Äîâåäiòü, ùî ÿêùî ôóíêöiÿ f ¹ íåïàðíîþ òà iíòåãðîâíîþ íà [−a; a],
òî ∫ a

−a

f(x) dx = 0.

9. Äîâåäiòü, ùî ÿêùî ôóíêöiÿ f ¹ ïàðíîþ òà iíòåãðîâíîþ íà [−a; a],
òî ∫ a

−a

f(x) dx = 2

∫ a

0

f(x) dx.

10. ×è ìîæå âèçíà÷åíèé iíòåãðàë âiä íåïåðåðâíî¨ ôóíêöi¨ äîðiâíþâà-
òè íóëþ, ÿêùî ñàìà ôóíêöiÿ íå ¹ òîòîæíî íóëüîâîþ? Íàâåäiòü ïðèêëàä.

11. ×è ìîæå âèçíà÷åíèé iíòåãðàë âiä äîäàòíî¨ íà âiäðiçêó ôóíêöi¨
áóòè âiä'¹ìíèì? Îá ðóíòóéòå âiäïîâiäü.

12. Íåõàé ∫ b

a

f(x) dx = 3.

Çíàéäiòü
∫ a

b
f(x) dx.
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1.3 Çàâäàííÿ äëÿ ñàìîñòiéíî¨ ðîáîòè �1

Çàäà÷à 1. Îá÷èñëèòè âèçíà÷åíèé iíòåãðàë äëÿ êîæíîãî ç âàðiàíòiâ.

Âàðiàíò Iíòåãðàë Âàðiàíò Iíòåãðàë

1

∫ 2

0
(3x2 − 4x+ 2) dx 16

∫ π/4

0
sin2 x dx

2

∫ 4

1

(√
x+

1

x

)
dx 17

∫ π
2

0
sin3 x dx

3

∫ π
2

0
(2 sinx+ 3 cosx) dx 18

∫ π
4

0
tg2 x dx

4

∫ e

1

lnx

x
dx 19

∫ 2

1

dx

x(x+ 1)

5

∫ 1

0
xex

2
dx 20

∫ 1

0
x ln(x+ 1) dx

6

∫ 1

0
xe2x dx 21

∫ 1

0
x2ex dx

7

∫ π
2

0
x cosx dx 22

∫ π
2

0
x sinx dx

8

∫ 1

0

x

x2 + 1
dx 23

∫ 1

0

x2√
x3 + 1

dx

9

∫ 1

0

dx

x2 + 2x+ 2
24

∫ 1

0

dx

(x+ 1)(x+ 2)

10

∫ π
4

0

dx

cos2 x
25

∫ 1

0

x+ 1

x2 + 2x+ 2
dx

11

∫ π
4

0

sinx

cos2 x
dx 26

∫ π
2

0
esinx cosx dx

12

∫ 1

0

x2

x+ 1
dx 27

∫ 1

0

x

(x2 + 1)2
dx

13

∫ 1

0

dx√
4− x2

28

∫ 1

0

√
4− x2 dx

14

∫ 3

0

√
x+ 1 dx 29

∫ 1

0

dx

x2 + 4

15

∫ 1

0

x3

x2 + 1
dx 30

∫ 1

0
x arctg x dx
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1.4 Íåâëàñíi iíòåãðàëè

Ïðè ââåäåííi ïîíÿòòÿ âèçíà÷åíîãî iíòåãðàëà ïåðåäáà÷àëîñÿ, ùî ìåæi ií-
òåãðóâàííÿ ¹ ñêií÷åííèìè, à ïiäiíòåãðàëüíà ôóíêöiÿ îáìåæåíà íà âiä-
ðiçêó iíòåãðóâàííÿ. ßêùî õî÷à á îäíà ç öèõ óìîâ íå âèêîíó¹òüñÿ, òî
ïðèõîäèìî äî ïîíÿòòÿ íåâëàñíîãî iíòåãðàëà.

Ðîçðiçíÿþòü íåâëàñíi iíòåãðàëè ïåðøîãî òà äðóãîãî ðîäó. Äî íåâëà-
ñíèõ iíòåãðàëiâ ïåðøîãî ðîäó âiäíîñÿòü iíòåãðàëè ç íåñêií÷åííèìè ìå-
æàìè iíòåãðóâàííÿ, à äî íåâëàñíèõ iíòåãðàëiâ äðóãîãî ðîäó � iíòåãðàëè
âiä íåîáìåæåíèõ ôóíêöié.

Íåâëàñíi iíòåãðàëè ïåðøîãî ðîäó

Íåõàé ôóíêöiÿ f íåïåðåðâíà íà ïðîìiæêó [a; +∞).

Îçíà÷åííÿ 1.2. Íåâëàñíèì iíòåãðàëîì ïåðøîãî ðîäó ôóíêöi¨ f íà
ïðîìiæêó [a; +∞) íàçèâàþòü ãðàíèöþ∫ +∞

a

f(x) dx = lim
b→+∞

∫ b

a

f(x) dx.

ßêùî öÿ ãðàíèöÿ iñíó¹ òà ¹ ñêií÷åííîþ, òî íåâëàñíèé iíòåãðàë íàçèâà-
þòü çáiæíèì. ßêùî ãðàíèöÿ íå iñíó¹ àáî ¹ íåñêií÷åííîþ, òî íåâëàñíèé
iíòåãðàë íàçèâàþòü ðîçáiæíèì.

x

y
O

1

y
=

1 x
2

S
+
∞

Ð
èñ
.
Í
åâ
ëà
ñí
èé

ií
ò
åã
ðà
ë
ïå
ðø

îã
î
ðî
äó

À
íà
ëî
ãi
÷í
î
âè
çí
à÷
à¹
òü
ñÿ

íå
âë
àñ
íè
é
ií
òå
ãð
àë

íà
ïð
îì

iæ
êó

(−
∞

;b
]:

∫ b −
∞
f
(x
)
d
x
=

li
m

a
→

−
∞

∫ b a

f
(x
)
d
x
.

Ä
ëÿ

îá
÷è
ñë
åí
íÿ

íå
âë
àñ
íî
ãî

ií
òå
ãð
àë
à
íà

âñ
ié
÷è
ñë
îâ
ié
ïð
ÿì

ié
âè
áè
-

ðà
þ
òü

äî
âi
ëü
íå

÷è
ñë
î
c
òà

çà
ïè
ñó
þ
òü

∫ +∞ −
∞

f
(x
)
d
x
=

∫ c −
∞
f
(x
)
d
x
+

∫ +∞ c

f
(x
)
d
x
.
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Òàêèé iíòåãðàë ¹ çáiæíèì ëèøå òîäi, êîëè çáiãàþòüñÿ îáèäâà iíòåãðàëè
â ïðàâié ÷àñòèíi.

Ïðèêëàä 14. Äîñëiäèòè íà çáiæíiñòü òà îá÷èñëèòè iíòåãðàë∫ +∞

1

1

x2
dx.

Ðîçâ'ÿçàííÿ. Çà îçíà÷åííÿì íåâëàñíîãî iíòåãðàëà ïåðøîãî ðîäó ìà-
¹ìî: ∫ +∞

1

1

x2
dx = lim

b→+∞

∫ b

1

1

x2
dx = lim

b→+∞
−1

x

∣∣∣∣b
1

=

= lim
b→+∞

(
1− 1

b

)
= 1.

Îòæå, äàíèé íåâëàñíèé iíòåãðàë çáiãà¹òüñÿ i∫ +∞

1

1

x2
dx = 1. 2

Ïðèêëàä 15. Äîñëiäèòè íà çáiæíiñòü iíòåãðàë∫ +∞

1

1

x
dx.

Ðîçâ'ÿçàííÿ. Ìà¹ìî:∫ +∞

1

1

x
dx = lim

b→+∞

∫ b

1

1

x
dx = lim

b→+∞
lnx|b1 =

= lim
b→+∞

ln b = +∞.

Îòæå, äàíèé íåâëàñíèé iíòåãðàë ðîçáiãà¹òüñÿ. 2

Ïîïåðåäíi äâà ïðèêëàäè ¹ ÷àñòèííèìè âèïàäêàìè âàæëèâîãî íåâëà-
ñíîãî iíòåãðàëà ∫ +∞

1

1

xp
dx.

Òåîðåìà 1.3. Íåâëàñíèé iíòåãðàë∫ +∞

1

1

xp
dx
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çáiãà¹òüñÿ ïðè p > 1 i ðîçáiãà¹òüñÿ ïðè p 6 1.

Ïðèêëàä 16. Äîñëiäèòè íà çáiæíiñòü òà îá÷èñëèòè iíòåãðàë∫ +∞

0

e−2x dx.

Ðîçâ'ÿçàííÿ. Ìà¹ìî:∫ +∞

0

e−2x dx = lim
b→+∞

∫ b

0

e−2x dx = lim
b→+∞

−1

2
e−2x

∣∣∣∣b
0

=

= lim
b→+∞

(
1

2
− 1

2
e−2b

)
=

1

2
.

Îòæå, iíòåãðàë çáiãà¹òüñÿ i∫ +∞

0

e−2x dx =
1

2
. 2

Ïðèêëàä 17. Äîñëiäèòè íà çáiæíiñòü òà îá÷èñëèòè iíòåãðàë∫ 0

−∞
ex dx.

Ðîçâ'ÿçàííÿ. Çà îçíà÷åííÿì∫ 0

−∞
ex dx = lim

a→−∞

∫ 0

a

ex dx = lim
a→−∞

ex|0a =

= lim
a→−∞

(1− ea) = 1.

Îòæå, äàíèé iíòåãðàë çáiãà¹òüñÿ i äîðiâíþ¹ 1. 2

Ïðèêëàä 18. Äîñëiäèòè íà çáiæíiñòü iíòåãðàë∫ +∞

−∞

1

1 + x2
dx.

Ðîçâ'ÿçàííÿ. Ðîçiá'¹ìî iíòåãðàë íà äâà:∫ +∞

−∞

1

1 + x2
dx =

∫ 0

−∞

1

1 + x2
dx+

∫ +∞

0

1

1 + x2
dx.
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Îá÷èñëèìî êîæåí ç íèõ:∫ 0

−∞

1

1 + x2
dx = lim

a→−∞
arctg x|0a =

π

2
,∫ +∞

0

1

1 + x2
dx = lim

b→+∞
arctg x|b0 =

π

2
.

Îáèäâà iíòåãðàëè çáiãàþòüñÿ. Òîìó∫ +∞

−∞

1

1 + x2
dx = π. 2

Íåâëàñíi iíòåãðàëè äðóãîãî ðîäó

Ðîçãëÿíåìî òåïåð âèïàäîê, êîëè ïðîìiæîê iíòåãðóâàííÿ ¹ ñêií÷åí-
íèì, àëå ïiäiíòåãðàëüíà ôóíêöiÿ íåîáìåæåíà.

Íåõàé ôóíêöiÿ f íåïåðåðâíà íà ïðîìiæêó [a; b) òà íåîáìåæåíà â
îêîëi òî÷êè b.

Îçíà÷åííÿ 1.3. Íåâëàñíèì iíòåãðàëîì äðóãîãî ðîäó ôóíêöi¨ f íà
âiäðiçêó [a; b] íàçèâàþòü ãðàíèöþ∫ b

a

f(x) dx = lim
β→b−0

∫ β

a

f(x) dx.

ßêùî öÿ ãðàíèöÿ iñíó¹ òà ¹ ñêií÷åííîþ, òî íåâëàñíèé iíòåãðàë íàçèâàþòü
çáiæíèì, â iíøîìó âèïàäêó � ðîçáiæíèì.

ßêùî ôóíêöiÿ f íåîáìåæåíà â îêîëi ëiâîãî êiíöÿ âiäðiçêà, òî∫ b

a

f(x) dx = lim
α→a+0

∫ b

α

f(x) dx.

x

y
O

1

y
=

1 √
x

S

Ð
èñ
.
Í
åâ
ëà
ñí
èé

ií
ò
åã
ðà
ë
äð
óã
îã
î
ðî
äó

2
0



Ïðèêëàä 19. Äîñëiäèòè íà çáiæíiñòü òà îá÷èñëèòè iíòåãðàë∫ 1

0

1√
x
dx.

Ðîçâ'ÿçàííÿ. Ïiäiíòåãðàëüíà ôóíêöiÿ íåîáìåæåíà ïðè x → 0 + 0.
Òîìó ∫ 1

0

1√
x
dx = lim

α→0+0

∫ 1

α

x−
1
2 dx =

= lim
α→0+0

2
√
x
∣∣1
α
= lim

α→0+0
(2− 2

√
α) = 2.

Îòæå, äàíèé íåâëàñíèé iíòåãðàë çáiãà¹òüñÿ i äîðiâíþ¹ 2. 2

Ïðèêëàä 20. Äîñëiäèòè íà çáiæíiñòü iíòåãðàë∫ 1

0

1

x
dx.

Ðîçâ'ÿçàííÿ. Ìà¹ìî:∫ 1

0

1

x
dx = lim

α→0+0

∫ 1

α

1

x
dx = lim

α→0+0
lnx|1α =

= lim
α→0+0

(− lnα) = +∞.

Îòæå, äàíèé íåâëàñíèé iíòåãðàë ðîçáiãà¹òüñÿ. 2

ßê i äëÿ íåâëàñíèõ iíòåãðàëiâ ïåðøîãî ðîäó, êîðèñíî çàïàì'ÿòàòè
íàñòóïíèé ðåçóëüòàò.

Òåîðåìà 1.4. Íåâëàñíèé iíòåãðàë∫ 1

0

1

xp
dx

çáiãà¹òüñÿ ïðè p < 1 i ðîçáiãà¹òüñÿ ïðè p > 1.

ßêùî ôóíêöiÿ f ìà¹ íåñêií÷åííèé ðîçðèâ ó âíóòðiøíié òî÷öi c ∈
(a; b), òî íåîáõiäíî ðîçãëÿíóòè äâà íåâëàñíi iíòåãðàëè:∫ b

a

f(x) dx =

∫ c

a

f(x) dx+

∫ b

c

f(x) dx,
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äå ∫ c

a

f(x) dx = lim
α→c−0

∫ α

a

f(x) dx,

à ∫ b

c

f(x) dx = lim
β→c+0

∫ b

β

f(x) dx.

Ïî÷àòêîâèé iíòåãðàë çáiãà¹òüñÿ ëèøå òîäi, êîëè çáiãàþòüñÿ îáèäâà iíòå-
ãðàëè â ïðàâié ÷àñòèíi.

Çàóâàæåííÿ 1.3. ßêùî õî÷à á îäèí ç äâîõ iíòåãðàëiâ∫ c

a

f(x) dx,

∫ b

c

f(x) dx

ðîçáiãà¹òüñÿ, òî íåâëàñíèé iíòåãðàë
∫ b

a

f(x) dx òàêîæ ðîçáiãà¹òüñÿ.

Ïðèêëàä 21. Äîñëiäèòè íà çáiæíiñòü iíòåãðàë∫ 1

−1

1√
|x|

dx.

Ðîçâ'ÿçàííÿ. Ïiäiíòåãðàëüíà ôóíêöiÿ íåîáìåæåíà â òî÷öi x = 0. Òî-
ìó íåîáõiäíî ðîçãëÿíóòè äâà íåâëàñíi iíòåãðàëè:∫ 1

−1

1√
|x|

dx =

∫ 0

−1

1√
|x|

dx+

∫ 1

0

1√
x
dx.

Äëÿ ïåðøîãî iíòåãðàëà ìà¹ìî∫ 0

−1

1√
|x|

dx = lim
α→0−0

∫ α

−1

1√
−x

dx =

= lim
α→0−0

−2
√
−x

∣∣α
−1

= 2.

Àíàëîãi÷íî ∫ 1

0

1√
x
dx = 2.

Îòæå, îáèäâà iíòåãðàëè çáiãàþòüñÿ i∫ 1

−1

1√
|x|

dx = 4. 2
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Ïðèêëàä 22. Äîñëiäèòè íà çáiæíiñòü iíòåãðàë∫ 2

−1

1

x2
dx.

Ðîçâ'ÿçàííÿ. Ïiäiíòåãðàëüíà ôóíêöiÿ íåîáìåæåíà â òî÷öi x = 0, ÿêà
íàëåæèòü ïðîìiæêó iíòåãðóâàííÿ. Ðîçãëÿíåìî iíòåãðàë∫ 0

−1

1

x2
dx.

Ìà¹ìî: ∫ 0

−1

1

x2
dx = lim

α→0−0

∫ α

−1

1

x2
dx =

= lim
α→0−0

−1

x

∣∣∣∣α
−1

= lim
α→0−0

(
− 1

α
− 1

)
= +∞.

Îòæå, âæå ïåðøèé ç äâîõ íåâëàñíèõ iíòåãðàëiâ ðîçáiãà¹òüñÿ, òîìó ïî÷à-
òêîâèé iíòåãðàë òàêîæ ðîçáiãà¹òüñÿ. 2

Îçíàêè ïîðiâíÿííÿ íåâëàñíèõ iíòåãðàëiâ

Íå êîæíèé íåâëàñíèé iíòåãðàë ìîæíà îá÷èñëèòè áåçïîñåðåäíüî. Ó
áàãàòüîõ âèïàäêàõ äëÿ âñòàíîâëåííÿ éîãî çáiæíîñòi àáî ðîçáiæíîñòi äî-
ñòàòíüî ïîðiâíÿòè ïiäiíòåãðàëüíó ôóíêöiþ ç iíøîþ ôóíêöi¹þ, ïîâåäiíêà
âiäïîâiäíîãî íåâëàñíîãî iíòåãðàëà äëÿ ÿêî¨ âæå âiäîìà.

Òåîðåìà 1.5.(Îçíàêà ïîðiâíÿííÿ) Íåõàé ôóíêöi¨ f òà g íåïåðåðâíi
íà ïðîìiæêó [a; +∞) i

0 ≤ f(x) ≤ g(x), x ∈ [a; +∞).

Òîäi:

1. ßêùî iíòåãðàë ∫ +∞

a

g(x) dx

çáiãà¹òüñÿ, òî çáiãà¹òüñÿ é iíòåãðàë∫ +∞

a

f(x) dx.

23



2. ßêùî iíòåãðàë ∫ +∞

a

f(x) dx

ðîçáiãà¹òüñÿ, òî ðîçáiãà¹òüñÿ é iíòåãðàë∫ +∞

a

g(x) dx.

Àíàëîãi÷íà îçíàêà ñïðàâåäëèâà i äëÿ íåâëàñíèõ iíòåãðàëiâ äðóãîãî
ðîäó.

Ïðèêëàä 23. Äîñëiäèòè íà çáiæíiñòü iíòåãðàë∫ +∞

1

1

x2 + 1
dx.

Ðîçâ'ÿçàííÿ. Äëÿ x > 1 ìà¹ìî

0 <
1

x2 + 1
<

1

x2
.

Iíòåãðàë ∫ +∞

1

1

x2
dx

çáiãà¹òüñÿ. Îòæå, çà îçíàêîþ ïîðiâíÿííÿ çáiãà¹òüñÿ i iíòåãðàë∫ +∞

1

1

x2 + 1
dx. 2

Òåîðåìà 1.6.(Ãðàíè÷íà îçíàêà ïîðiâíÿííÿ) Íåõàé ôóíêöi¨ f òà g
íåïåðåðâíi i äîäàòíi íà ïðîìiæêó [a; +∞) òà

lim
x→+∞

f(x)

g(x)
= A, 0 < A < +∞.

Òîäi íåâëàñíi iíòåãðàëè∫ +∞

a

f(x) dx òà
∫ +∞

a

g(x) dx

îäíî÷àñíî çáiãàþòüñÿ àáî îäíî÷àñíî ðîçáiãàþòüñÿ.
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Àíàëîãi÷íå òâåðäæåííÿ ñïðàâåäëèâå äëÿ íåâëàñíèõ iíòåãðàëiâ äðó-
ãîãî ðîäó, ÿêùî ãðàíèöÿ ðîçãëÿäà¹òüñÿ ïðè íàáëèæåííi äî òî÷êè, â ÿêié
ïiäiíòåãðàëüíà ôóíêöiÿ ¹ íåîáìåæåíîþ.

Ïðèêëàä 24. Äîñëiäèòè íà çáiæíiñòü iíòåãðàë∫ +∞

1

2x+ 1

x3 + 4
dx.

Ðîçâ'ÿçàííÿ. Ïðè x→ +∞ ïiäiíòåãðàëüíà ôóíêöiÿ ïîâîäèòü ñåáå ÿê
2

x2
. Ïîêëàäåìî

f(x) =
2x+ 1

x3 + 4
, g(x) =

1

x2
.

Òîäi

lim
x→+∞

f(x)

g(x)
= lim

x→+∞

x2(2x+ 1)

x3 + 4
= 2.

Îñêiëüêè ∫ +∞

1

1

x2
dx

çáiãà¹òüñÿ, òî çà ãðàíè÷íîþ îçíàêîþ ïîðiâíÿííÿ çáiãà¹òüñÿ i ïî÷àòêîâèé
iíòåãðàë. 2

1.5 Çàâäàííÿ äëÿ ñàìîêîíòðîëþ

1. ßêi iíòåãðàëè íàçèâàþòü íåâëàñíèìè iíòåãðàëàìè ïåðøîãî ðîäó?

2. Äàéòå îçíà÷åííÿ çáiæíîãî íåâëàñíîãî iíòåãðàëà∫ +∞

a

f(x) dx.

3. ßê âèçíà÷à¹òüñÿ íåâëàñíèé iíòåãðàë∫ b

−∞
f(x) dx?

4. Çà ÿêî¨ óìîâè çáiãà¹òüñÿ íåâëàñíèé iíòåãðàë∫ +∞

−∞
f(x) dx?
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5. Ïðè ÿêèõ çíà÷åííÿõ p çáiãà¹òüñÿ iíòåãðàë∫ +∞

1

1

xp
dx?

6. ßêi iíòåãðàëè íàçèâàþòü íåâëàñíèìè iíòåãðàëàìè äðóãîãî ðîäó?

7. Äàéòå îçíà÷åííÿ íåâëàñíîãî iíòåãðàëà äðóãîãî ðîäó ó âèïàäêó,
êîëè ïiäiíòåãðàëüíà ôóíêöiÿ íåîáìåæåíà â îêîëi ïðàâîãî êiíöÿ âiäðiçêà.

8. ßê îá÷èñëþ¹òüñÿ íåâëàñíèé iíòåãðàë, ÿêùî ïiäiíòåãðàëüíà ôóí-
êöiÿ ìà¹ íåñêií÷åííèé ðîçðèâ ó âíóòðiøíié òî÷öi ïðîìiæêó iíòåãðóâàí-
íÿ?

9. Ïðè ÿêèõ çíà÷åííÿõ p çáiãà¹òüñÿ iíòåãðàë∫ 1

0

1

xp
dx?

10. Ñôîðìóëþéòå îçíàêó ïîðiâíÿííÿ íåâëàñíèõ iíòåãðàëiâ.

11. Ñôîðìóëþéòå ãðàíè÷íó îçíàêó ïîðiâíÿííÿ íåâëàñíèõ iíòåãðàëiâ.

12. Äîñëiäiòü íà çáiæíiñòü iíòåãðàë∫ +∞

1

1

x3
dx.

13. Äîñëiäiòü íà çáiæíiñòü iíòåãðàë∫ 1

0

1
3
√
x2
dx.

14. ×è ìîæíà ââàæàòè çáiæíèì iíòåãðàë∫ 1

−1

1

x
dx

íà ïiäñòàâi òîãî, ùî ïiäiíòåãðàëüíà ôóíêöiÿ ¹ íåïàðíîþ? Îá ðóíòóéòå
âiäïîâiäü.
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1.6 Çàâäàííÿ äëÿ ñàìîñòiéíî¨ ðîáîòè �2

Çàäà÷à 2. Äîñëiäèòè íà çáiæíiñòü òà îá÷èñëèòè ó âèïàäêó çáiæíîñòi
íåâëàñíèé iíòåãðàë ïåðøîãî ðîäó.

Âàðiàíò Iíòåãðàë Âàðiàíò Iíòåãðàë

1

∫ +∞

1

dx

x4
16

∫ 0

−∞
e2x dx

2

∫ +∞

0
e−4x dx 17

∫ −1

−∞

dx

x2

3

∫ +∞

1

dx

x3/2
18

∫ 0

−∞

dx

(1− x)2

4

∫ +∞

0

dx

(x+ 2)2
19

∫ 0

−∞
e3x dx

5

∫ +∞

1

dx

2x+ 1
20

∫ −1

−∞

dx√
−x

6

∫ +∞

0

dx

x+ 2
21

∫ +∞

0

dx

x2 + 1

7

∫ +∞

1

dx

x2/3
22

∫ +∞

1

x dx

x2 + 1

8

∫ +∞

0
xe−x dx 23

∫ +∞

0

dx

x2 + 4

9

∫ +∞

0
xe−2x dx 24

∫ +∞

1

2x dx

x2 + 1

10

∫ +∞

1

dx

x(x+ 1)
25

∫ +∞

0

dx

(x+ 3)3

11

∫ +∞

1

x+ 1

x2
dx 26

∫ +∞

0

x dx

x2 + 4

12

∫ +∞

0
(x+ 1)e−x dx 27

∫ +∞

1

dx

x2 + x

13

∫ +∞

0

dx

x2 + 2x+ 2
28

∫ 0

−∞

dx

2− x

14

∫ +∞

1

dx

x2 + x+ 1
29

∫ +∞

0

x+ 1

x2 + 2x+ 2
dx

15

∫ +∞

0
xe−3x dx 30

∫ +∞

0

dx

x2 + 6x+ 10
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Çàäà÷à 3. Äîñëiäèòè íà çáiæíiñòü òà îá÷èñëèòè ó âèïàäêó çái-
æíîñòi íåâëàñíèé iíòåãðàë äðóãîãî ðîäó.

Âàðiàíò Iíòåãðàë Âàðiàíò Iíòåãðàë

1
∫ 1

0

x+ 1√
x
dx 16

∫ 2

0

dx√
2− x

2
∫ 1

0

dx

x2/3
17

∫ 3

0

dx

(3− x)2/3

3
∫ 4

0

x+ 1√
x
dx 18

∫ 4

0

x+ 1√
4− x

dx

4
∫ 1

0

dx

x5/4
19

∫ 2

0

dx

2− x

5
∫ 1

0

dx

x3/2
20

∫ 3

0

dx

(3− x)3/2

6
∫ 1

0

lnx dx 21
∫ 1

0

ln(1− x) dx

7
∫ 1

0

lnx√
x
dx 22

∫ 2

0

3− x√
2− x

dx

8
∫ 4

0

x+ 2√
x
dx 23

∫ 4

0

x dx√
4− x

9
∫ 1

0

1 + x

x1/3
dx 24

∫ 2

0

x+ 1

(2− x)1/3
dx

10
∫ 1

0

dx

x4/3
25

∫ 2

0

dx

(2− x)4/3

11
∫ 3

0

dx√
|x− 1|

26
∫ 4

0

dx

|x− 2|2/3

12
∫ 2

0

dx

|x− 1|
27

∫ 1

−1

dx

|x|3/2

13
∫ 1

−1

dx

|x|1/3
28

∫ 4

0

dx

|x− 2|4/3

14
∫ 2

0

ln |x− 1| dx 29
∫ 2

−2

ln |x| dx

15
∫ 2

0

x+ 1√
|x− 1|

dx 30
∫ 4

0

x+ 1

|x− 2|3/2
dx
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1.7 Îá÷èñëåííÿ ïëîù ïëîñêèõ ôiãóð

Îäíèì iç íàéâàæëèâiøèõ ãåîìåòðè÷íèõ çàñòîñóâàíü âèçíà÷åíîãî iíòå-
ãðàëà ¹ îá÷èñëåííÿ ïëîù ïëîñêèõ ôiãóð.

Íåõàé ôóíêöiÿ f íåïåðåðâíà òà íåâiä'¹ìíà íà âiäðiçêó [a; b]. Òîäi
ïëîùà êðèâîëiíiéíî¨ òðàïåöi¨, îáìåæåíî¨ ãðàôiêîì ôóíêöi¨ y = f(x),
ïðÿìèìè x = a, x = b òà âiññþ Ox, îá÷èñëþ¹òüñÿ çà ôîðìóëîþ

S =

∫ b

a

f(x) dx.

x

y
O

a
b

y
=
f
(x
)

S

Ð
èñ
.
Ê
ðè
âî
ëi
íi
éí
à
ò
ðà
ïå
öi
ÿ

Ï
ð
è
ê
ë
à
ä
2
5
.
Î
á÷
èñ
ëè
ò
è
ïë
îù

ó
ô
iã
óð
è,

îá
ì
åæ

åí
î¨
ãð
àô
iê
îì

ô
óí
-

êö
i¨

y
=
x
2
,

âi
ññ
þ
O
x
ò
à
ïð
ÿì

èì
è
x
=

1,
x
=

3.

Ð
îç
â'
ÿç
àí
íÿ
.
Í
à
âi
äð
iç
êó

[1
;3
]
ô
óí
êö
iÿ

y
=

x
2
¹
äî
äà
òí
îþ

.
Ò
îì

ó
ïë
îù

à
ø
óê
àí
î¨
ô
iã
óð
è
äî
ði
âí
þ
¹

S
=

∫ 3 1

x
2
d
x
=
x
3 3

∣ ∣ ∣ ∣3 1

=
27 3

−
1 3
=

26 3
.
2

ß
êù

î
ô
óí
êö
iÿ
f
íå
ïå
ðå
ðâ
íà

òà
íå
äî
äà
òí
à
íà

âi
äð
iç
êó

[a
;b
],
òî

âè
-

çí
à÷
åí
èé

ií
òå
ãð
àë

∫ b a

f
(x
)
d
x

¹
íå
äî
äà
òí
èì

.Î
ñê
ië
üê
è
ïë
îù

à
ô
iã
óð
è
¹
íå
âi
ä'
¹ì
íî
þ
âå
ëè
÷è
íî
þ
,ó

öü
îì

ó
âè
ïà
äê
ó

S
=

−
∫ b a

f
(x
)
d
x
.

2
9



Ó çàãàëüíîìó âèïàäêó, ÿêùî ôóíêöiÿ f çìiíþ¹ çíàê íà âiäðiçêó [a; b],
òî ïëîùà ôiãóðè ìiæ ãðàôiêîì ôóíêöi¨ òà âiññþ Ox îá÷èñëþ¹òüñÿ çà
ôîðìóëîþ

S =

∫ b

a

|f(x)| dx.

Íà ïðàêòèöi äëÿ îá÷èñëåííÿ òàêîãî iíòåãðàëà âiäðiçîê [a; b] ðîçáèâàþòü
òî÷êàìè, â ÿêèõ ôóíêöiÿ çìiíþ¹ çíàê, òà îá÷èñëþþòü ïëîùó êîæíî¨
÷àñòèíè îêðåìî.

x

y
O

a
c

b

y
=
f
(x
)

S
1

S
2

Ð
èñ
.
Ï
ëî
ù
à
ô
iã
óð
è
ó
âè
ïà
äê
ó
çì

ií
è
çí
àê
à
ô
óí
êö
i¨

Ï
ðè

öü
îì

ó
âè
çí
à÷
åí
èé

ií
òå
ãð
àë

äî
ði
âí
þ
¹
àë
ãå
áð
à¨
÷í
ié

ñó
ì
i
ïë
îù

:
∫ b a

f
(x
)
d
x
=
S
1
−
S
2
,

à
ïë
îù

à
âñ
i¹
¨
ô
iã
óð
è
äî
ði
âí
þ
¹

S
=
S
1
+
S
2
=

∫ b a

|f
(x
)|
d
x
.

Ï
ð
è
ê
ë
à
ä
2
6
.
Î
á÷
èñ
ëè
ò
è
ïë
îù

ó
ô
iã
óð
è,

îá
ì
åæ

åí
î¨
ãð
àô
iê
îì

ô
óí
-

êö
i¨

y
=
x
2
−
1

ò
à
âi
ññ
þ
O
x
íà

âi
äð
iç
êó

[0
;2
].

Ð
îç
â'
ÿç
àí
íÿ
.
Ç
íà
éä
åì
î
òî
÷ê
è
ïå
ðå
òè
íó

ãð
àô

iê
à
ô
óí
êö
i¨
ç
âi
ññ
þ
O
x
:

x
2
−
1
=

0.

Ç
âi
äñ
è
x
=

±
1.
Â
iä
ði
çê
ó
[0
;2
]
íà
ëå
æ
èò
ü
òî
÷ê
à
x
=

1.

3
0



x

y
O

1
2

y
=
x
2
−
1

S
1

S
2

Ð
èñ
.
Î
áë
àñ
ò
ü,
îá
ì
åæ

åí
à
ãð
àô
iê
îì

y
=
x
2
−

1
ò
à
âi
ññ
þ
O
x
íà

âi
äð
iç
êó

[0
;2
]

Í
à
âi
äð
iç
êó

[0
;1
]ô

óí
êö
iÿ
x
2
−
1
âi
ä'
¹ì
íà
,à

íà
âi
äð
iç
êó

[1
;2
]�

äî
äà
òí
à.

Ò
îì

ó

S
=

−
∫ 1 0

(x
2
−

1)
d
x
+

∫ 2 1

(x
2
−

1)
d
x
=

=
−

( x3 3
−
x

)∣ ∣ ∣ ∣1 0

+

( x3 3
−
x

)∣ ∣ ∣ ∣2 1

=

=
2 3
+

4 3
=

2.
2

Ï
ë
î
ù
à
ô
iã
ó
ð
è
,
î
á
ì
å
æ
å
í
î
¨
ãð
à
ô
iê
à
ì
è
ä
â
î
õ
ô
ó
í
ê
ö
ié

Í
åõ
àé

ô
óí
êö
i¨
f
òà

g
íå
ïå
ðå
ðâ
íi

íà
âi
äð
iç
êó

[a
;b
]
òà

f
(x
)
>
g
(x
),

x
∈
[a
;b
].

Ò
îä
i
ïë
îù

à
ô
iã
óð
è,

îá
ì
åæ

åí
î¨
ãð
àô

iê
àì

è
ô
óí
êö
ié

y
=
f
(x
),

y
=
g
(x
)

òà
ïð
ÿì

èì
è
x
=
a
,
x
=
b,
îá
÷è
ñë
þ
¹ò
üñ
ÿ
çà

ô
îð
ì
óë
îþ

S
=

∫ b a

( f(x
)
−
g
(x
)) dx.

3
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x

y

f
(x
)
−
g
(x
)

a
b

O

y
=
f
(x
)

y
=
g
(x
)

S

Ð
èñ
.
Ï
ëî
ù
à
ô
iã
óð
è
ì
iæ

äâ
îì

à
êð
èâ
èì

è

Ç
à
ó
â
à
æ
å
í
í
ÿ
1
.4
.
Ï
ðè

îá
÷è
ñë
åí
íi

ïë
îù

i
ô
iã
óð
è,

îá
ì
åæ

åí
î¨
ãð
àô

i-
êà
ì
è
äâ
îõ

ô
óí
êö
ié
,
âi
ä
ô
óí
êö
i¨,

ãð
àô

iê
ÿê
î¨
ðî
çò
àø

îâ
àí
èé

âè
ù
å,
âi
äí
i-

ì
àþ

òü
ô
óí
êö
iþ
,
ãð
àô

iê
ÿê
î¨
ðî
çò
àø

îâ
àí
èé

íè
æ
÷å
.

Ï
ð
è
ê
ë
à
ä
2
7
.
Î
á÷
èñ
ëè
ò
è
ïë
îù

ó
ô
iã
óð
è,
îá
ì
åæ

åí
î¨
ãð
àô
iê
àì

è
ô
óí
-

êö
ié

y
=
x
,

y
=
x
2
.

Ð
îç
â'
ÿç
àí
íÿ
.
Ç
íà
éä
åì
î
òî
÷ê
è
ïå
ðå
òè
íó

ãð
àô

iê
iâ
.
Ä
ëÿ

öü
îã
î
ðî
çâ
'ÿ
-

æ
åì
î
ði
âí
ÿí
íÿ

x
=
x
2
.

Ì
à¹
ì
î

x
(x

−
1)

=
0,

çâ
iä
êè

x
1
=

0,
x
2
=

1.

Í
à
âi
äð
iç
êó

[0
;1
]
âè
êî
íó
¹ò
üñ
ÿ
íå
ði
âí
iñ
òü

x
>
x
2
.

Î
òæ

å,

S
=

∫ 1 0

(x
−
x
2
)
d
x
=

( x2 2
−
x
3 3

)∣ ∣ ∣ ∣1 0

=

=
1 2
−

1 3
=

1 6
.
2

3
2



Ïðèêëàä 28. Îá÷èñëèòè ïëîùó ôiãóðè, îáìåæåíî¨ ïàðàáîëîþ

y = x2

òà ïðÿìîþ
y = 2x+ 3.

Ðîçâ'ÿçàííÿ. Çíàéäåìî àáñöèñè òî÷îê ïåðåòèíó ïàðàáîëè òà ïðÿìî¨:

x2 = 2x+ 3.

Îòæå,
x2 − 2x− 3 = 0,

çâiäêè
x1 = −1, x2 = 3.

Íà âiäðiçêó [−1; 3] ïðÿìà y = 2x+ 3 ðîçòàøîâàíà âèùå ïàðàáîëè y = x2.
Òîìó

S =

∫ 3

−1

(2x+ 3− x2) dx =

=

(
x2 + 3x− x3

3

)∣∣∣∣3
−1

=
32

3
. 2

Ó äåÿêèõ çàäà÷àõ ãðàôiêè, ùî îáìåæóþòü ôiãóðó çâåðõó òà çíèçó,
çìiíþþòüñÿ íà ïðîìiæêó iíòåãðóâàííÿ. Ó òàêîìó âèïàäêó îáëàñòü íåîá-
õiäíî ðîçáèòè íà äåêiëüêà ÷àñòèí.

x

y
a

c
b

O

S
1

S
2

y
=
f
(x
)

y
=
g
(x
)

Ð
èñ
.
Ð
îç
áè
ò
ò
ÿ
îá
ëà
ñò

i
â
ò
î÷
öi

ïå
ðå
ò
èí
ó
êð
èâ
èõ

3
3



Ïðèêëàä 29. Îá÷èñëèòè ïëîùó ôiãóðè, îáìåæåíî¨ ãðàôiêàìè ôóí-
êöié

y = x, y = x3.

Ðîçâ'ÿçàííÿ. Çíàéäåìî òî÷êè ïåðåòèíó ãðàôiêiâ:

x = x3.

Îòæå,
x(x− 1)(x+ 1) = 0,

òîìó
x1 = −1, x2 = 0, x3 = 1.

x

y
−
1

1 O

y
=
x

y
=
x
3

S
1

S
2

Ð
èñ
.
Î
áë
àñ
ò
ü,
îá
ì
åæ

åí
à
ãð
àô
iê
àì

è
y
=
x
ò
à
y
=
x
3

Í
à
âi
äð
iç
êó

[−
1;
0]
ì
à¹
ì
î
x
3
>
x
,
à
íà

âi
äð
iç
êó

[0
;1
]
�
x
>
x
3
.
Ò
îì

ó

S
=

∫ 0 −
1

(x
3
−
x
)
d
x
+

∫ 1 0

(x
−
x
3
)
d
x
=

=
1 4
+

1 4
=

1 2
.
2

Ií
ò
å
ãð
ó
â
à
í
í
ÿ
çà

çì
ií
í
î
þ
y

Ó
äå
ÿê
èõ

âè
ïà
äê
àõ

ïë
îù

ó
ô
iã
óð
è
çð
ó÷
íi
ø
å
îá
÷è
ñë
þ
âà
òè
,
ðî
çã
ëÿ
äà
-

þ
÷è

x
ÿê

ô
óí
êö
iþ

çì
ií
íî
¨
y
.

3
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Íåõàé ôiãóðà îáìåæåíà êðèâèìè

x = φ(y), x = ψ(y)

òà ïðÿìèìè y = c, y = d, ïðè÷îìó

φ(y) > ψ(y), y ∈ [c; d].

Òîäi ¨¨ ïëîùà îá÷èñëþ¹òüñÿ çà ôîðìóëîþ

S =

∫ d

c

(
φ(y)− ψ(y)

)
dy.

x

y

φ
(y
)
−
ψ
(y
)

c

d
O

x
=
ψ
(y
)

x
=
φ
(y
)

S

Ð
èñ
.
Î
á÷
èñ
ëå
íí
ÿ
ïë
îù

i
ií
ò
åã
ðó
âà
íí
ÿì

çà
çì

ií
íî
þ
y

Ç
à
ó
â
à
æ
å
í
í
ÿ
1
.5
.
Ï
ðè

ií
òå
ãð
óâ
àí
íi
çà

çì
ií
íî
þ
x
âi
ä
âå
ðõ
íü
î¨
ô
óí
-

êö
i¨
âi
äí
iì
àþ

òü
íè
æ
íþ

,
à
ïð
è
ií
òå
ãð
óâ
àí
íi
çà

çì
ií
íî
þ
y
âi
ä
ïð
àâ
î¨
ô
óí
-

êö
i¨
âi
äí
iì
àþ

òü
ëi
âó
.

Ï
ð
è
ê
ë
à
ä
3
0
.
Î
á÷
èñ
ëè
ò
è
ïë
îù

ó
ô
iã
óð
è,

îá
ì
åæ

åí
î¨
ïà
ðà
áî
ëî
þ

x
=
y
2

ò
à
ïð
ÿì

îþ
x
=
y
+
2.

Ð
îç
â'
ÿç
àí
íÿ
.
Ç
íà
éä
åì
î
îð
äè
íà
òè

òî
÷î
ê
ïå
ðå
òè
íó

êð
èâ
èõ
:

y
2
=
y
+
2.
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Îòæå,
y2 − y − 2 = 0,

çâiäêè
y1 = −1, y2 = 2.

x

y

(y
+
2)

−
y
2

(1
;−

1)

(4
;2
)

x
=
y
2

x
=
y
+
2
S

O

Ð
èñ
.
Î
áë
àñ
ò
ü,
îá
ì
åæ

åí
à
ïà
ðà
áî
ëî
þ
x
=
y
2
ò
à
ïð
ÿì

îþ
x
=
y
+
2

Í
à
âi
äð
iç
êó

[−
1;
2]
ïð
ÿì

à

x
=
y
+
2

ðî
çò
àø

îâ
àí
à
ïð
àâ
îð
ó÷

âi
ä
ïà
ðà
áî
ëè x
=
y
2
.

Ò
îì

ó
ïë
îù

à
ô
iã
óð
è
äî
ði
âí
þ
¹

S
=

∫ 2 −
1

( y+
2
−
y
2
) dy

=

=

( y2 2
+
2y

−
y
3 3

)∣ ∣ ∣ ∣2 −
1

=
9 2
.
2

Ï
ð
è
ê
ë
à
ä
3
1
.
Î
á÷
èñ
ëè
ò
è
ïë
îù

ó
ô
iã
óð
è,

îá
ì
åæ

åí
î¨
ïà
ðà
áî
ëî
þ

y
2
=

4x

ò
à
ïð
ÿì

îþ
x
=

2.
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Ðîçâ'ÿçàííÿ. Çàïèøåìî ðiâíÿííÿ ïàðàáîëè ó âèãëÿäi

x =
y2

4
.

Çíàéäåìî îðäèíàòè òî÷îê ïåðåòèíó ïàðàáîëè òà ïðÿìî¨:

y2

4
= 2.

Çâiäñè
y2 = 8,

òîìó
y1 = −2

√
2, y2 = 2

√
2.

Íà âiäðiçêó
[−2

√
2; 2

√
2]

ïðàâà ìåæà ôiãóðè çàäà¹òüñÿ ïðÿìîþ x = 2, à ëiâà ìåæà � ïàðàáîëîþ

x =
y2

4
.

x

y

x
=

22
−
y
2 4

2√
2

−
2√

2

x
=
y
2 4
S

O

Ð
èñ
.
Î
áë
àñ
ò
ü,
îá
ì
åæ

åí
à
ïà
ðà
áî
ëî
þ
y
2
=

4x
ò
à
ïð
ÿì

îþ
x
=

2

Ò
îì

ó

S
=

∫ 2√
2

−
2
√
2

( 2
−
y
2 4

) d
y
=

=

( 2y
−
y
3

12

)∣ ∣ ∣ ∣2
√
2

−
2
√
2

=
16
√
2

3
.
2
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Ïëîùà ôiãóðè, çàäàíî¨ ïàðàìåòðè÷íî

Íåõàé êðèâà çàäàíà ïàðàìåòðè÷íèìè ðiâíÿííÿìè

x = x(t), y = y(t), α ≤ t ≤ β.

ßêùî x(t) ¹ ìîíîòîííîþ ôóíêöi¹þ, à y(t) íå çìiíþ¹ çíàê íà [α; β], òî,
âðàõîâóþ÷è

dx = x′(t) dt,

ïëîùó êðèâîëiíiéíî¨ òðàïåöi¨ ìîæíà îá÷èñëèòè çà ôîðìóëîþ

S =

∣∣∣∣∫ β

α

y(t)x′(t) dt

∣∣∣∣ .
Ïðèêëàä 32. Îá÷èñëèòè ïëîùó ïiä îäíi¹þ àðêîþ öèêëî¨äè

x = a(t− sin t), y = a(1− cos t), 0 6 t 6 2π.

x

y
O

2π
a

(π
a
;2
a
)

öè
êë
î¨
äà

S

Ð
èñ
.
Ï
ëî
ù
à
ïi
ä
îä
íi
¹þ

àð
êî
þ
öè
êë
î¨
äè

Ð
îç
â'
ÿç
àí
íÿ
.
Ì
à¹
ì
î

x
′ (
t)

=
a
(1

−
co
s
t)
.

Ò
îì

ó

S
=

∫ 2π 0

a
(1

−
co
s
t)
·a

(1
−

co
s
t)
d
t
=

=
a
2

∫ 2π 0

(1
−

co
s
t)

2
d
t.
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Ðîçêðè¹ìî êâàäðàò:

(1− cos t)2 = 1− 2 cos t+ cos2 t.

Âèêîðèñòîâóþ÷è ôîðìóëó ïîíèæåííÿ ñòåïåíÿ

cos2 t =
1 + cos 2t

2
,

îäåðæó¹ìî

S = a2
∫ 2π

0

(
1− 2 cos t+ cos2 t

)
dt =

= a2
∫ 2π

0

(
1− 2 cos t+

1 + cos 2t

2

)
dt =

= a2
(
3t

2
− 2 sin t+

sin 2t

4

)∣∣∣∣2π
0

= 3πa2. 2

Ïëîùà ôiãóðè â ïîëÿðíèõ êîîðäèíàòàõ

Íàãàäà¹ìî ïîíÿòòÿ ïîëÿðíèõ êîîðäèíàò. Ïîëîæåííÿ òî÷êè M íà
ïëîùèíi ìîæíà çàäàâàòè íå ëèøå äåêàðòîâèìè êîîðäèíàòàìè (x; y), à é
ïîëÿðíèìè êîîðäèíàòàìè (r;φ), äå r � âiäñòàíü âiä òî÷êè M äî ïî÷àòêó
êîîðäèíàò O, à φ � êóò ìiæ äîäàòíèì íàïðÿìîì îñi Ox òà ïðîìåíåì OM .

x

y

M
(r
;φ
)

φ

r

x

y
O

Ð
èñ.

Ï
îëÿðíi

êîîðäèíàò
è
ò
î÷êè

Ç
â'ÿçîê

ì
iæ

äåêàðòîâèì
è
òà
ïîëÿðíèì

è
êîîðäèíàòàì

è
çàäà¹òüñÿ

ô
îð-

ì
óëàì

è

x
=
r
cos

φ
,

y
=
r
sin

φ
,

3
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à òàêîæ
r =

√
x2 + y2.

Êðèâà â ïîëÿðíèõ êîîðäèíàòàõ ìîæå áóòè çàäàíà ðiâíÿííÿì

r = r(φ).

Öå îçíà÷à¹, ùî äëÿ êîæíîãî çíà÷åííÿ êóòà φ âèçíà÷à¹òüñÿ âiäñòàíü r âiä
ïî÷àòêó êîîðäèíàò äî âiäïîâiäíî¨ òî÷êè êðèâî¨.

Íåõàé êðèâà çàäàíà â ïîëÿðíèõ êîîðäèíàòàõ ðiâíÿííÿì

r = r(φ), α 6 φ 6 β.

Òîäi ïëîùà ôiãóðè, îáìåæåíî¨ öi¹þ êðèâîþ òà ïðîìåíÿìè φ = α, φ = β,
îá÷èñëþ¹òüñÿ çà ôîðìóëîþ

S =
1

2

∫ β

α

r2(φ) dφ.

x

y

r
=
r(
φ
)

O
α

β

S

Ð
èñ
.
Ê
ðè
âî
ëi
íi
éí
èé

ñå
êò

îð
ó
ïî
ëÿ
ðí
èõ

êî
îð
äè
íà
ò
àõ

Ï
ð
è
ê
ë
à
ä
3
3
.
Î
á÷
èñ
ëè
ò
è
ïë
îù

ó
êð
óã
à

r
=

2a
co
s
φ
.

4
0



x

y

M

C

φ
r

O

2a

a

Ðè
ñ.
Ê
ðó
ã
r
=
2a
co
sφ

Ðî
çâ
'ÿ
çà
íí
ÿ.
Ç'
ÿñ
ó¹
ìî
ãå
îì
åò
ðè
÷í
èé
çì
iñò
çà
äà
íî
ãî
ði
âí
ÿí
íÿ
. Ì
à¹
ìî

r
=
2a
co
sφ
.

Ï
îì
íî
æ
èâ
ø
è
îá
èä
âi
÷à
ñò
èí
è
ði
âí
ÿí
íÿ
íà
r
òà
âð
àõ
óâ
àâ
ø
è,
ù
î

r
2 =
x

2 +
y
2 ,

r c
os
φ
=
x,

îä
åð
æ
èì
î

x
2 +
y
2 =

2a
x,

àá
î

(x
−
a)

2 +
y
2 =
a
2 .

Î
òæ
å,
çà
äà
íà
êð
èâ
à
¹
êî
ëî
ì
ðà
äi
óñ
à
a
ç
öå
íò
ðî
ì
ó
òî
÷ö
i (
a;
0)
.

Òî
ìó

S
=

1
2

∫ π
2

−
π

2
4a

2 c
os

2 φ
dφ

=

=
2a

2
∫ π

2

−
π

2
co
s
2 φ
dφ

=
πa

2 .
2

Ï
ðè
êë
àä
34
. Î
á÷
èñ
ëè
ò
è
ïë
îù
ó
ôi
ãó
ðè
, î
áì
åæ
åí
î¨
êà
ðä
iî
¨ä
îþ

r
=
a(
1
+
co
sφ
).
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x

y
O

2a

φ

r

r
=
a(1

+
cos

φ
)

S

Ð
èñ.

Ô
iãóðà,

îáì
åæ

åíà
êàðäiî¨äîþ

r
=
a(1

+
cos

φ
)

Ð
îçâ'ÿçàííÿ.

Â
ðàõîâóþ

÷è
ñèì

åòðiþ
êàðäiî¨äè

âiäíîñíî
ïîëÿðíî¨îñi,

ì
à¹ì

î

S
=
2·

12 ∫
π

0
a
2(1

+
cos

φ
)
2dφ

=

=
a
2 ∫

π

0
(1

+
2
cos

φ
+
cos

2φ
)
dφ

=

=
a
2 (π

+
π2 )=

3π
a
2

2
.
2

1
.8

Ç
à
â
ä
à
í
í
ÿ
ä
ë
ÿ
ñà
ì
î
ê
î
í
òð
î
ë
þ

1.Ç
àïèø

iòü
ô
îðì

óëó
äëÿ

îá÷èñëåííÿ
ïëîù

iêðèâîëiíiéíî¨òðàïåöi¨,îáì
å-

æ
åíî¨ãðàô

iêîì
íåâiä'¹ì

íî¨ô
óíêöi¨y

=
f
(x
),âiññþ

O
x
òà
ïðÿì

èì
è
x
=
a,

x
=
b.

2.
ß
ê
îá÷èñëþ

¹òüñÿ
ïëîù

à
ô
iãóðè,

ÿêù
î
ô
óíêöiÿ

f
çì
iíþ

¹
çíàê

íà

âiäðiçêó
iíòåãðóâàííÿ?

3.Ç
àïèø

iòü
ô
îðì

óëó
äëÿ

îá÷èñëåííÿ
ïëîù

iô
iãóðè,îáì

åæ
åíî¨ãðà-

ô
iêàì

è
ô
óíêöié

y
=
f
(x
)
òà
y
=
g(x

).

4.
ß
ê
âèçíà÷èòè,

ÿêó
ç
äâîõ

ô
óíêöié

íåîáõiäíî
âiäíiì

àòè
ïðè

îá÷è-

ñëåííi
ïëîù

i
ô
iãóðè?

5.
Ó
ÿêèõ

âèïàäêàõ
îáëàñòü

iíòåãðóâàííÿ
íåîáõiäíî

ðîçáèâàòè
íà

äåêiëüêà
÷àñòèí?

6.
Ê
îëè

ïðè
îá÷èñëåííi

ïëîù
i
äîöiëüíî

iíòåãðóâàòè
çà

çì
iííîþ

y?
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7. Çàïèøiòü ôîðìóëó äëÿ îá÷èñëåííÿ ïëîùi ôiãóðè ïðè iíòåãðóâàííi
çà çìiííîþ y.

8. Çàïèøiòü ôîðìóëó äëÿ îá÷èñëåííÿ ïëîùi ôiãóðè, ÿêùî êðèâà çà-
äàíà ïàðàìåòðè÷íî.

9. Çàïèøiòü ôîðìóëó äëÿ îá÷èñëåííÿ ïëîùi ôiãóðè â ïîëÿðíèõ êî-
îðäèíàòàõ.

10. Çíàéäiòü ïëîùó ôiãóðè, îáìåæåíî¨ ãðàôiêîì ôóíêöi¨

y = 4− x2

òà âiññþ Ox.

11. Çíàéäiòü ïëîùó ôiãóðè, îáìåæåíî¨ ãðàôiêàìè ôóíêöié

y = x2, y = 2x.

12. ×îìó ïðè îá÷èñëåííi ïëîùi ôiãóðè íå ìîæíà áåçïîñåðåäíüî âè-
êîðèñòîâóâàòè âiä'¹ìíå çíà÷åííÿ âèçíà÷åíîãî iíòåãðàëà?
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1.9 Çàâäàííÿ äëÿ ñàìîñòiéíî¨ ðîáîòè �3

Çàäà÷à 4. Îá÷èñëèòè ïëîùó ôiãóðè, îáìåæåíî¨ çàäàíèìè ëiíiÿìè.

Âàðiàíò Ëiíi¨ Âàðiàíò Ëiíi¨
1 y = x2, y = 3x 16 y =

√
x, y = x

2 y = x2, y = x+ 2 17 y =
√
x, y =

x

2
3 y = x2 − 4x, y = 0 18 y =

√
x, y = 2− x, y = 0

4 y = x2 − 4, y = 0 19 y = x3, y = 4x

5 y = x2, y = 3x− 2 20 y = x3, y = x2

6 y = 2x− x2, y = 0 21 y = x3 − x, y = 0

7 y = x2 − 2x, y = x 22 y = x3, y = 2x

8 y = x2 − 1, y = x+ 1 23 y = sin x, y = 0, 0 ≤ x ≤ π

9 y = x2 − 6x, y = 0 24 y = cos x, y = 0, −π
2
≤ x ≤ π

2

10 y = x2 + x, y = 2x+ 2 25 y = sin x, y = cos x, 0 ≤ x ≤ π

2

11 y = 4x− x2, y = 0 26 y = sin x, y = 0, −π
2
≤ x ≤ π

2
12 y = x2 − 2x− 3, y = 0 27 y = |x|, y = 2

13 y = x2, y = 4 28 y = |x|, y = x2

14 y = x2 − 2x, y = 2x 29 y = |x− 1|, y = 1

15 y = x2 − 2x, y = 2− x 30 y = |x|, y = 4− x2
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Çàäà÷à 5. Îá÷èñëèòè ïëîùó ôiãóðè, îáìåæåíî¨ çàäàíèìè ëiíiÿìè,
iíòåãðóþ÷è âiäíîñíî çìiííî¨ y.

Âàðiàíò Ëiíi¨ Âàðiàíò Ëiíi¨
1 x = y2, x = 2y + 3 16 x = 2y − y2, x = y

2 x = y2 − 2y, x = 0 17 x = y2 − 4y + 3, x = 0

3 x = 4− y2, x = y + 2 18 x = (y − 1)2, x = 4

4 x = y2, x = 4y 19 x = y2 − 2y, x = 2− y

5 x = y2 − 1, x = 3 20 x = 3y − y2, x = y

6 x = 2y − y2, x = 0 21 x = y2 + 2y, x = 3

7 x = y2 + 1, x = 2y + 1 22 x = 4− y2, x = 2− y

8 x = y2 − 4, x = 2y 23 x = (y + 1)2, x = 4

9 x = y2 − 2y, x = y + 2 24 x = y2 − y, x = y + 2

10 x = 3− y2, x = 1 25 x = 6− y2, x = y + 4

11 x = y2, x = 2− y 26 x = y2 − 3y, x = y

12 x = (y − 2)2, x = 4 27 x = 4y − y2, x = 2y

13 x = y2 + y, x = 2y + 2 28 x = y2 + 2y − 3, x = 1

14 x = 4− y2, x = 0 29 x = (y − 1)2 − 1, x = 3

15 x = y2 − 3y, x = 2y 30 x = 5− y2, x = y + 3
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Çàäà÷à 6. Îá÷èñëèòè ïëîùó ôiãóðè, çàäàíî¨ â ïîëÿðíèõ êîîðäèíà-
òàõ.

Âàðiàíò Ðiâíÿííÿ òà ìåæi Âàðiàíò Ðiâíÿííÿ òà ìåæi
1 r = 2 + cosφ, 0 ≤ φ ≤ 2π 16 r = 3 sinφ, 0 ≤ φ ≤ π

2 r = 4 cosφ, −π
2
≤ φ ≤ π

2
17 r = 3(1 + sinφ), 0 ≤ φ ≤ 2π

3 r = 2 sinφ, 0 ≤ φ ≤ π 18 r = 4 sinφ, 0 ≤ φ ≤ π

4 r = 3 cosφ, −π
2
≤ φ ≤ π

2
19 r = 2(1 + cosφ), 0 ≤ φ ≤ 2π

5 r = 5 cosφ, −π
2
≤ φ ≤ π

2
20 r = 2(1 + sinφ), 0 ≤ φ ≤ 2π

6 r = 1 + sinφ, 0 ≤ φ ≤ 2π 21 r = 3(1− cosφ), 0 ≤ φ ≤ 2π

7 r = 2− cosφ, 0 ≤ φ ≤ 2π 22 r = 2− sinφ, 0 ≤ φ ≤ 2π

8 r = 2 + sinφ, 0 ≤ φ ≤ 2π 23 r = 3 + 2 cosφ, 0 ≤ φ ≤ 2π

9 r = 3− 2 cosφ, 0 ≤ φ ≤ 2π 24 r = 3− 2 sinφ, 0 ≤ φ ≤ 2π

10 r = 1 + 2 cosφ, −π
3
≤ φ ≤ π

3
25 r = 1 + 2 sinφ, −π

6
≤ φ ≤ 7π

6

11 r = 2 cos 2φ, −π
4
≤ φ ≤ π

4
26 r = 3 cos 2φ, −π

4
≤ φ ≤ π

4

12 r = 2 sin 2φ, 0 ≤ φ ≤ π

2
27 r = 4 sin 2φ, 0 ≤ φ ≤ π

2

13 r = 2 cos 3φ, −π
6
≤ φ ≤ π

6
28 r = 3 sin 3φ, 0 ≤ φ ≤ π

3

14 r2 = 4 cos 2φ, −π
4
≤ φ ≤ π

4
29 r2 = 9 cos 2φ, −π

4
≤ φ ≤ π

4

15 r2 = 4 sin 2φ, 0 ≤ φ ≤ π

2
30 r2 = 9 sin 2φ, 0 ≤ φ ≤ π

2
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1.10 Îá÷èñëåííÿ äîâæèíè äóãè êðèâî¨

Ùå îäíèì âàæëèâèì ãåîìåòðè÷íèì çàñòîñóâàííÿì âèçíà÷åíîãî iíòåãðà-
ëà ¹ îá÷èñëåííÿ äîâæèíè äóãè êðèâî¨.

Íåõàé ôóíêöiÿ y = f(x) íåïåðåðâíà íà âiäðiçêó [a; b] òà ìà¹ íåïå-
ðåðâíó ïîõiäíó íà öüîìó âiäðiçêó. Òîäi äîâæèíà äóãè ãðàôiêà ôóíêöi¨
y = f(x) âiä òî÷êè ç àáñöèñîþ x = a äî òî÷êè ç àáñöèñîþ x = b îá÷èñëþ-
¹òüñÿ çà ôîðìóëîþ

l =

∫ b

a

√
1 + (f ′(x))2 dx.

x

y
a

b
O

y
=
f
(x
)

d
x

d
y

d
l

Ð
èñ
.
Å
ëå
ì
åí
ò
äî
âæ

èí
è
äó
ãè

êð
èâ
î¨

Ò
àê
èì

÷è
íî
ì
,
äë
ÿ
îá
÷è
ñë
åí
íÿ

äî
âæ

èí
è
äó
ãè

êð
èâ
î¨
íå
îá
õi
äí
î
çí
à-

éò
è
ïî
õi
äí
ó
ô
óí
êö
i¨,

ïi
äñ
òà
âè
òè

¨¨
ó
ô
îð
ì
óë
ó
òà

îá
÷è
ñë
èò
è
îò
ðè
ì
àí
èé

âè
çí
à÷
åí
èé

ií
òå
ãð
àë
.

Ï
ð
è
ê
ë
à
ä
3
5
.
Î
á÷
èñ
ëè
ò
è
äî
âæ

èí
ó
äó
ãè

êð
èâ
î¨

y
=
x
2 2

íà
âi
äð
iç
êó

[0
;1
].

Ð
îç
â'
ÿç
àí
íÿ
.
Ç
íà
éä
åì
î
ïî
õi
äí
ó
ô
óí
êö
i¨:

y
′
=
x
.

Ò
îä
i

l
=

∫ 1 0

√
1
+
x
2
d
x
.
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Âèêîðèñòîâóþ÷è ôîðìóëó∫ √
x2 + a2 dx =

x

2

√
x2 + a2 +

a2

2
ln
∣∣∣x+√

x2 + a2
∣∣∣+ C,

îòðèìà¹ìî

l =

(
x

2

√
1 + x2 +

1

2
ln
(
x+

√
1 + x2

))∣∣∣∣1
0

=

=

√
2

2
+

1

2
ln(1 +

√
2). 2

Ó äåÿêèõ çàäà÷àõ ïiñëÿ ïiäñòàíîâêè ïîõiäíî¨ ó ôîðìóëó äîâæèíè
äóãè âèðàç ïiä çíàêîì êâàäðàòíîãî êîðåíÿ ìîæå âèÿâèòèñÿ ïîâíèì êâà-
äðàòîì. Ó òàêîìó âèïàäêó ïiäiíòåãðàëüíèé âèðàç ñóòò¹âî ñïðîùó¹òüñÿ.

Ïðèêëàä 36. Îá÷èñëèòè äîâæèíó äóãè êðèâî¨

y =
x3

6
+

1

2x

âiä òî÷êè ç àáñöèñîþ x = 1 äî òî÷êè ç àáñöèñîþ x = 2.

Ðîçâ'ÿçàííÿ. Çíàéäåìî ïîõiäíó:

y′ =
x2

2
− 1

2x2
=

1

2

(
x2 − 1

x2

)
.

Òîäi

1 + (y′)2 = 1 +
1

4

(
x2 − 1

x2

)2

=

=
1

4

(
x2 +

1

x2

)2

.

Îñêiëüêè x ∈ [1; 2], ìà¹ìî√
1 + (y′)2 =

1

2

(
x2 +

1

x2

)
.

Îòæå,

l =
1

2

∫ 2

1

(
x2 +

1

x2

)
dx =

=
1

2

(
x3

3
− 1

x

)∣∣∣∣2
1

=
17

12
. 2
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Äîâæèíà äóãè êðèâî¨, çàäàíî¨ ïàðàìåòðè÷íî

Íåõàé êðèâà çàäàíà ïàðàìåòðè÷íèìè ðiâíÿííÿìè

x = x(t), y = y(t), α 6 t 6 β,

ïðè÷îìó ôóíêöi¨ x(t) òà y(t) ìàþòü íåïåðåðâíi ïîõiäíi. Òîäi äîâæèíà
äóãè êðèâî¨ îá÷èñëþ¹òüñÿ çà ôîðìóëîþ

l =

∫ β

α

√
(x′(t))2 + (y′(t))2 dt.

x

y

d
x

d
y

d
l

x
=
x
(t
),

y
=
y
(t
)

O

Ð
èñ
.
Å
ëå
ì
åí
ò
äî
âæ

èí
è
ïà
ðà
ì
åò

ðè
÷í
î
çà
äà
íî
¨
êð
èâ
î¨

Ï
ð
è
ê
ë
à
ä
3
7
.
Î
á÷
èñ
ëè
ò
è
äî
âæ

èí
ó
îä
íi
¹¨
àð
êè

öè
êë
î¨
äè

x
=
a
(t
−
si
n
t)
,

y
=
a
(1

−
co
s
t)
,

0
6
t
6

2π
,

äå
a
>

0.

x

y
O

2πa

(πa;2a)

l

Ðèñ.Îäíààðêàöèêëî¨äè
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Ðîçâ'ÿçàííÿ. Çíàéäåìî ïîõiäíi:

x′(t) = a(1− cos t), y′(t) = a sin t.

Òîäi √
(x′(t))2 + (y′(t))2 =

= a
√

(1− cos t)2 + sin2 t = a
√
2− 2 cos t.

Îñêiëüêè
2− 2 cos t = 4 sin2 t

2
,

à ïðè 0 6 t 6 2π

sin
t

2
> 0,

òî √
(x′(t))2 + (y′(t))2 = 2a sin

t

2
.

Îòæå,

l = 2a

∫ 2π

0

sin
t

2
dt = −4a cos

t

2

∣∣∣∣2π
0

=

= 4a+ 4a = 8a. 2

Ïðèêëàä 38. Îá÷èñëèòè äîâæèíó êîëà

x = R cos t, y = R sin t, 0 6 t 6 2π.

x

y
O

M

R

t
R

x
=
R
co
s
t,

y
=
R
si
n
t

5
0



Ðèñ. Ïàðàìåòðè÷íå çàäàííÿ êîëà

Ðîçâ'ÿçàííÿ. Ìà¹ìî

x′(t) = −R sin t, y′(t) = R cos t.

Òîìó

l =

∫ 2π

0

√
R2 sin2 t+R2 cos2 t dt =

= R

∫ 2π

0

dt = 2πR. 2

Äîâæèíà äóãè êðèâî¨ â ïîëÿðíèõ êîîðäèíàòàõ

Íåõàé êðèâà çàäàíà â ïîëÿðíèõ êîîðäèíàòàõ ðiâíÿííÿì

r = r(φ), α 6 φ 6 β,

ïðè÷îìó ôóíêöiÿ r(φ) ìà¹ íåïåðåðâíó ïîõiäíó. Òîäi äîâæèíà äóãè êðèâî¨
îá÷èñëþ¹òüñÿ çà ôîðìóëîþ

l =

∫ β

α

√
r2(φ) + (r′(φ))2 dφ.

x

y

φ

dφ
r(
φ
)

dl

r
=
r(
φ
)

O

Ðè
ñ.
Åë
åì
åí
ò
äî
âæ

èí
è
äó
ãè
êð
èâ
î¨
â
ïî
ëÿ
ðí
èõ

êî
îð
äè
íà
ò
àõ
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Ïðèêëàä 39. Îá÷èñëèòè äîâæèíó êàðäiî¨äè

r = a(1 + cosφ), a > 0.

x

y
O

2a

a

−
a

l 1

r
=
a
(1

+
co
s
φ
)

Ð
èñ
.
Ê
àð
äi
î¨
äà

r
=
a
(1

+
co
s
φ
)

Ð
îç
â'
ÿç
àí
íÿ
.
Ê
àð
äi
î¨
äà

ñè
ì
åò
ðè
÷í
à
âi
äí
îñ
íî

îñ
iO

x
.Ò

îì
ó
äî
ñò
àò
íü
î

îá
÷è
ñë
èò
è
äî
âæ

èí
ó
¨¨
âå
ðõ
íü
î¨

ïî
ëî
âè
íè
,
ù
î
âi
äï
îâ
iä
à¹

0
6
φ

6
π
,
òà

îä
åð
æ
àí
èé

ðå
çó
ëü
òà
ò
ïî
ì
íî
æ
èò
è
íà

2.
Ì
à¹
ì
î

r
=
a
(1

+
co
s
φ
),

r′
(φ

)
=

−
a
si
n
φ
.

Ç
à
ô
îð
ì
óë
îþ

äî
âæ

èí
è
äó
ãè

êð
èâ
î¨
â
ïî
ëÿ
ðí
èõ

êî
îð
äè
íà
òà
õ

l
=

2

∫ π 0

√ r2
(φ

)
+
(r

′ (
φ
))

2
d
φ
=

=
2

∫ π 0

√ a
2
(1

+
co
s
φ
)2
+
a
2
si
n
2
φ
d
φ
=

=
2a

∫ π 0

√ (1
+
co
s
φ
)2
+
si
n
2
φ
d
φ
=

=
2a

∫ π 0

√ 2
+
2
co
s
φ
d
φ
.

Â
èê
îð
èñ
òî
âó
þ
÷è

ô
îð
ì
óë
ó 2
+
2
co
s
φ
=

4
co
s2
φ 2
,

îä
åð
æ
ó¹
ì
î

√ 2
+
2
co
s
φ
=

2
∣ ∣ ∣cos

φ 2

∣ ∣ ∣.
5
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Îñêiëüêè ïðè 0 6 φ 6 π

cos
φ

2
> 0,

òî

l = 4a

∫ π

0

cos
φ

2
dφ =

= 8a sin
φ

2

∣∣∣π
0
= 8a. 2

1.11 Çàâäàííÿ äëÿ ñàìîêîíòðîëþ

1. Çàïèøiòü ôîðìóëó äëÿ îá÷èñëåííÿ äîâæèíè äóãè ãðàôiêà ôóíêöi¨

y = f(x), a 6 x 6 b.

2. ßêi óìîâè íàêëàäàþòüñÿ íà ôóíêöiþ f ïðè çàñòîñóâàííi ôîðìóëè
äîâæèíè äóãè ãðàôiêà ôóíêöi¨?

3. Çàïèøiòü ôîðìóëó äëÿ îá÷èñëåííÿ äîâæèíè äóãè êðèâî¨, çàäàíî¨
ïàðàìåòðè÷íèìè ðiâíÿííÿìè

x = x(t), y = y(t).

4. Çàïèøiòü ôîðìóëó äëÿ îá÷èñëåííÿ äîâæèíè äóãè êðèâî¨, çàäàíî¨
â ïîëÿðíèõ êîîðäèíàòàõ.

5. Îá÷èñëiòü äîâæèíó äóãè ïðÿìî¨

y = 2x+ 1

íà âiäðiçêó [0; 3].

6. Îá÷èñëiòü äîâæèíó êîëà ðàäióñà R, âèêîðèñòîâóþ÷è éîãî ïàðàìå-
òðè÷íå çàäàííÿ.

7. Îá÷èñëiòü äîâæèíó äóãè êðèâî¨

y =
2

3
x

3
2 , 0 6 x 6 1.

8. Îá÷èñëiòü äîâæèíó êðèâî¨, çàäàíî¨ ïàðàìåòðè÷íî:

x = 3 cos t, y = 3 sin t, 0 6 t 6 π

2
.
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1.12 Çàâäàííÿ äëÿ ñàìîñòiéíî¨ ðîáîòè �4

Çàäà÷à 7. Îá÷èñëèòè äîâæèíó äóãè êðèâî¨ y = f(x) íà çàäàíîìó ïðî-
ìiæêó.

Âàðiàíò Ôóíêöiÿ òà ïðîìiæîê Âàðiàíò Ôóíêöiÿ òà ïðîìiæîê

1 y =
x2

3
, 0 ≤ x ≤ 1 16 y =

x2

2
, 1 ≤ x ≤ 2

2 y =
x2

4
, 0 ≤ x ≤ 2 17 y =

x2

6
, 0 ≤ x ≤ 3

3 y =
x2

8
, 0 ≤ x ≤ 4 18 y =

x2

10
, 0 ≤ x ≤ 5

4 y =
2

3
x3/2, 0 ≤ x ≤ 3 19 y =

1

3
x3/2, 0 ≤ x ≤ 4

5 y =
4

3
x3/2, 0 ≤ x ≤ 2 20 y =

2

3
(x+ 1)3/2, 0 ≤ x ≤ 3

6 y =
1

3
(x+ 1)3/2, 0 ≤ x ≤ 3 21 y =

1

3
(x+ 2)3/2, 0 ≤ x ≤ 2

7 y =
2

3
(x+ 2)3/2, 0 ≤ x ≤ 2 22 y =

1

3
(2x+ 1)3/2, 0 ≤ x ≤ 1

8 y = ln(cos x), 0 ≤ x ≤ π

4
23 y = ln(sinx),

π

4
≤ x ≤ π

2

9 y = ln(secx), 0 ≤ x ≤ π

3
24 y = ln(csc x),

π

4
≤ x ≤ π

2

10 y =
x2

4
− 1

2
lnx, 1 ≤ x ≤ 2 25 y =

x2

8
− lnx, 2 ≤ x ≤ 4

11 y =
x2

2
− 1

4
lnx, 1 ≤ x ≤ 2 26 y =

x2

6
− 3

4
lnx, 1 ≤ x ≤ 3

12 y =
x3

3
+

1

4x
, 1 ≤ x ≤ 2 27 y =

x3

9
+

3

4x
, 1 ≤ x ≤ 2

13 y =
x3

12
+

1

x
, 1 ≤ x ≤ 2 28 y =

x3

6
+

1

2x
, 2 ≤ x ≤ 3

14 y =
x3

3
+

1

4x
, 1 ≤ x ≤ 3 29 y =

x3

12
+

1

x
, 1 ≤ x ≤ 3

15 y =
x2

4
− 1

2
lnx, 2 ≤ x ≤ 4 30 y =

x2

2
− 1

4
lnx, 1 ≤ x ≤ 3
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Çàäà÷à 8. Îá÷èñëèòè äîâæèíó äóãè ïàðàìåòðè÷íî çàäàíî¨ êðèâî¨.

Âàðiàíò Ïàðàìåòðè÷íå çàäàííÿ Âàðiàíò Ïàðàìåòðè÷íå çàäàííÿ
1 x = t2, y = 2t, 0 ≤ t ≤ 1 16 x = 2t, y = t2, 0 ≤ t ≤ 2

2 x = t2, y = 4t, 0 ≤ t ≤ 1 17 x = 3t, y = t2, 0 ≤ t ≤ 2

3 x = t, y =
2

3
t3/2,

0 ≤ t ≤ 2
18 x = t, y =

4

3
t3/2,

0 ≤ t ≤ 1

4 x = t2, y =
2

3
t3, 0 ≤ t ≤ 1 19 x = 2t2, y =

4

3
t3, 0 ≤ t ≤ 1

5 x = t2, y =
4

3
t3, 0 ≤ t ≤ 1 20 x = t− t3

3
, y = t2, 0 ≤ t ≤ 1

6
x = 2 cos t, y = 2 sin t,

0 ≤ t ≤ π

2
21

x = 3 cos t, y = 3 sin t,

0 ≤ t ≤ π

3

7
x = 3 cos t, y = 3 sin t,

0 ≤ t ≤ π

4
22

x = 4 cos t, y = 4 sin t,

0 ≤ t ≤ π

3

8
x = 4 cos t, y = 4 sin t,

π

6
≤ t ≤ π

2
23

x = 2 cos t, y = 2 sin t,
π

4
≤ t ≤ π

9 x = et, y = et, 0 ≤ t ≤ 1 24 x = e−t, y = e−t, 0 ≤ t ≤ 1

10 x = et, y = 2et, 0 ≤ t ≤ 1 25 x = 2et, y = et, 0 ≤ t ≤ 1

11
x = et cos t, y = et sin t,

0 ≤ t ≤ 1
26

x = e−t cos t, y = e−t sin t,
0 ≤ t ≤ 1

12
x = t cos t, y = t sin t,

0 ≤ t ≤ 1
27

x = t cos t, y = t sin t,
1 ≤ t ≤ 2

13
x = cos3 t, y = sin3 t,

0 ≤ t ≤ π

2
28

x = 2 cos3 t, y = 2 sin3 t,

0 ≤ t ≤ π

2

14
x = 3 cos3 t, y = 3 sin3 t,

0 ≤ t ≤ π

2
29

x = cos3 t, y = sin3 t,

0 ≤ t ≤ π

4

15
x = 2 cos3 t, y = 2 sin3 t,

0 ≤ t ≤ π

4
30

x = 3 cos3 t, y = 3 sin3 t,

0 ≤ t ≤ π

4
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Çàäà÷à 9. Îá÷èñëèòè äîâæèíó äóãè êðèâî¨, çàäàíî¨ â ïîëÿðíèõ êî-
îðäèíàòàõ.

Âàðiàíò Ðiâíÿííÿ òà ïðîìiæîê Âàðiàíò Ðiâíÿííÿ òà ïðîìiæîê
1 r = 2φ, 0 ≤ φ ≤ 1 16 r = 3φ, 0 ≤ φ ≤ 1

2 r = φ, 0 ≤ φ ≤ 2 17 r = 2φ, 1 ≤ φ ≤ 2

3 r = eφ, 0 ≤ φ ≤ 1 18 r = 2eφ, 0 ≤ φ ≤ 1

4 r = e−φ, 0 ≤ φ ≤ 1 19 r = 3e−φ, 0 ≤ φ ≤ 1

5 r = 2e2φ, 0 ≤ φ ≤ 1 20 r = 3e2φ, 0 ≤ φ ≤ 1

6 r = 2 cosφ, 0 ≤ φ ≤ π

2
21 r = 4 cosφ, 0 ≤ φ ≤ π

3

7 r = 3 sinφ, 0 ≤ φ ≤ π

2
22 r = 4 sinφ,

π

6
≤ φ ≤ π

2

8 r = 4 cosφ, 0 ≤ φ ≤ π

4
23 r = 2 sinφ,

π

4
≤ φ ≤ π

2
9 r = 1 + cosφ, 0 ≤ φ ≤ π 24 r = 2e−φ, 0 ≤ φ ≤ ln 2

10 r = 1 + sinφ, 0 ≤ φ ≤ π 25 r = 2(1 + sinφ), 0 ≤ φ ≤ π

11 r = 1− cosφ, 0 ≤ φ ≤ π 26 r = 3(1− cosφ), 0 ≤ φ ≤ π

12 r = 1− sinφ, 0 ≤ φ ≤ π

2
27 r = 2(1− sinφ), 0 ≤ φ ≤ π

2

13 r = 2 cos2
φ

2
, 0 ≤ φ ≤ π 28 r = 4 cos2

φ

2
, 0 ≤ φ ≤ π

14 r = 2 sin2 φ

2
, 0 ≤ φ ≤ π 29 r = 4 sin2 φ

2
, 0 ≤ φ ≤ π

15 r = 2(1 + cosφ), 0 ≤ φ ≤ π

2
30 r = 3(1− cosφ), 0 ≤ φ ≤ π

2
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1.13 Îá÷èñëåííÿ îá'¹ìiâ òië

Âèçíà÷åíèé iíòåãðàë ìîæíà âèêîðèñòîâóâàòè äëÿ îá÷èñëåííÿ îá'¹ìiâ òië.
Íåõàé òiëî ðîçòàøîâàíå ìiæ ïëîùèíàìè x = a òà x = b, à ïëîùà éîãî
ïîïåðå÷íîãî ïåðåðiçó ïëîùèíîþ, ïåðïåíäèêóëÿðíîþ äî îñi Ox, äîðiâíþ¹
S(x). Òîäi îá'¹ì òiëà îá÷èñëþ¹òüñÿ çà ôîðìóëîþ

V =

∫ b

a

S(x) dx.

x

dx

S(x
) a

b

x

Ðèñ
. Ï

îïå
ðå÷

íèé
ïåð

åðiç
òië

à ò
à åë

åìå
íòà

ðíè
é ø

àð ò
îâù

èíî
þ dx

Ïð
èê
ëàä

40.
Ïëî

ùà
ïîï

åðå÷
íîã

î ïå
ðåð

içó
òië

à ïë
îùè

íîþ
, ïå

ðïå
í-

äèê
óëÿ

ðíî
þ äî î

ñi O
x, ä

îðiâ
íþ¹

S(x
) =

x
2 + 1.

Îá÷
èñë

èòè
îá'¹

ì ÷àñ
òèí

è ò
iëà,

ùî
ìiñ

òèò
üñÿ

ìiæ
ïëî

ùèí
àìè

x =
0

òà
x =

2.

x

S
(x
)
=
x
2+

1

x
=
0

x
=
2

x

V

Ð
èñ.

Ò
iëî

ç
ïëîù

åþ
ïîïåðå÷íîãî

ïåðåðiçó
S
(x
)
=
x
2+

1,
06

x
6
2

5
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Ðîçâ'ÿçàííÿ. Çà ôîðìóëîþ îá÷èñëåííÿ îá'¹ìó ìà¹ìî:

V =

∫ 2

0

(x2 + 1) dx =

(
x3

3
+ x

)∣∣∣∣2
0

=

=
8

3
+ 2 =

14

3
. 2

Îá'¹ì òiëà îáåðòàííÿ íàâêîëî îñi Ox

Íåõàé ôóíêöiÿ f íåïåðåðâíà òà íåâiä'¹ìíà íà âiäðiçêó [a; b]. Ïðè
îáåðòàííi êðèâîëiíiéíî¨ òðàïåöi¨, îáìåæåíî¨ ãðàôiêîì ôóíêöi¨

y = f(x),

âiññþ Ox òà ïðÿìèìè x = a, x = b, íàâêîëî îñi Ox óòâîðþ¹òüñÿ òiëî
îáåðòàííÿ.

x

y
a

b

y
=
f
(x
)

O

îá
åð
òà
íí
ÿ

x

f(x)

S(
x)
=
πf
2 (x

)

a

b

x

Ðè
ñ.
Óò
âî
ðå
íí
ÿ
òi
ëà
îá
åð
òà
íí
ÿ
íà
âê
îë
î î
ñi
O
x

Ïî
ïå
ðå
÷í
èì
ïå
ðå
ðiç
îì
òà
êî
ãî
òië
à ï
ëî
ùè
íî
þ,
ïå
ðï
åí
äè
êó
ëÿ
ðí
îþ
äî

îñ
i O
x,
¹ ê
ðó
ã ð
àä
ióñ
à f

(x
).
Ïë
îù
à ö
üî
ãî
êð
óã
à ä
îð
iâí
þ¹

S(
x)
=
πf
2 (x

).

Òî
ìó
îá
'¹ì

òië
à î
áå
ðò
àí
íÿ
îá
÷è
ñë
þ¹
òü
ñÿ
çà
ôî
ðì
óë
îþ

V
=
π

∫ b

a

f
2 (x

) d
x.
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Ïðèêëàä 41. Îá÷èñëèòè îá'¹ì òiëà, óòâîðåíîãî îáåðòàííÿì íàâ-
êîëî îñi Ox ôiãóðè, îáìåæåíî¨ ãðàôiêîì ôóíêöi¨

y =
√
x,

âiññþ Ox òà ïðÿìîþ x = 4.

x

y
O

4

y
=

√
x

(4
;2
)

îá
åð
òà
íí
ÿ

x

√
x

S(x
) =

πx

x

4

O

Ðè
ñ. Î

áåð
òà
ííÿ

ôiã
óðè

, îá
ìåæ

åíî
¨ ãð

àôi
êîì

y =
√ x,

íàâ
êîë

î î
ñi O

x

Ðîç
â'ÿ
çàí

íÿ.
Ãðà

ôiê
ôó
íêö

i¨ y
=
√ x ï

åðå
òèí

à¹ â
iñü
Ox

ó ò
î÷ö

i x
= 0.

Òîì
ó

V
= π

∫ 4

0

(
√ x)

2 dx
= π

∫ 4

0

x d
x =

=
πx

2

2

∣∣∣∣4
0

= 8π
. 2

Ïð
èê
ëà
ä 4

2.
Îá
÷èñ

ëèò
è î

á'¹
ì êóë

i ðà
äió
ñà
R.

Ðîç
â'ÿ
çàí

íÿ.
Êó
ëþ

ðàä
ióñ
à R

ìîæ
íà

îòð
èì
àòè

îáå
ðòà

ííÿ
ì ïiâ

êîë
à

y =

√ R
2 − x

2 ,
−R

6 x 6
R,

íàâ
êîë

î î
ñi O

x. Ò
îìó

V
= π

∫ R

−R

(√ R
2 − x

2

) 2 dx
=

= π

∫ R

−R
(R

2 − x
2 ) d

x.

Ïiä
iíò

åãð
àëü

íà
ôó
íêö

iÿ ¹
ïàð

íîþ
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x

y
−
R

R
O

R

y=
√
R2−x2

óò
âî
ðå
íí
ÿ
òi
ëà

îá
åð
òà
íí
ÿ

íà
âê
îë
î
îñ
i
O
x

x

S(x)=
π(R

2−
x
2)

r
=

√ R
2
−
x
2

x

O

−
R

R

Ðèñ.Ó
ò
âîðåííÿ

êóëiîáåðò
àííÿì

ïiâêðóãà
íàâêîëî

îñi
O
x

Òîìó

V
=
2π ∫

R

0
(R

2−
x

2)dx
=

=
2π (R

2x−
x
3

3
)∣∣∣∣ R

0
=

4
3
πR

3.
2

ß
êù
î
íàâêîëî

îñiO
x
îáåðòà¹òüñÿ

ô
iãóðà,îáìåæ

åíà
ãðàô

iêàìè
ô
óí-

êöié

y
=
f(x),

y
=
g(x),

ïðè÷îìó

f(x)>
g(x)>

0,

x∈
[a;b],

x

y

y =
f(x)
y =

g(x)
a

bO

óòâîðåííÿ
òiëà

îáåðòàííÿ

íàâêîëî
îñi Ox

x

f(
x)

g(
x)

S(
x)
=
π(
f2
(x
)−
g2
(x
))

x

a

b

Ðèñ.
Óòâî

ðåííÿ
òiëà

îáåðò
àííÿ

ç êië
üöåâè

ì ïîïåð
å÷íèì

ïåðåð
içîì
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òî ïîïåðå÷íèì ïåðåðiçîì óòâîðåíîãî òiëà ¹ êiëüöå. Éîãî ïëîùà äî-
ðiâíþ¹

S(x) = π
(
f 2(x)− g2(x)

)
.

Îòæå,

V = π

∫ b

a

(
f 2(x)− g2(x)

)
dx.

Ïðèêëàä 43. Îá÷èñëèòè îá'¹ì òiëà, óòâîðåíîãî îáåðòàííÿì íàâ-
êîëî îñi Ox ôiãóðè, îáìåæåíî¨ êðèâèìè

y =
√
x, y = x.

Ðîçâ'ÿçàííÿ. Çíàéäåìî òî÷êè ïåðåòèíó ãðàôiêiâ:
√
x = x.

Çâiäñè
x1 = 0, x2 = 1.

x

y

(1
;1
)

y
=

√
x

y
=
x

1
O

ó
ò
â
î
ð
åí
í
ÿ
ò
ië
à

î
á
åð
ò
à
í
í
ÿ

í
à
â
ê
î
ë
î
î
ñi

O
x

x

R
=

√
x

r
=
x

S
(x
)
=
π
(x

−
x
2)

x

1

O

Ðè
ñ.
Î
áå
ðò
àí
íÿ

ôi
ãó
ðè
,î
áì
åæ

åí
î¨
êð
èâ
èì
è
y
=
√
x
ò
à
y
=
x,
íà
âê
îë
î

îñ
iO
x

Í
à
âi
äð
iç
êó

[0
;1
]
âè
êî
íó
¹ò
üñ
ÿ
íå
ði
âí
iñ
òü

√
x
>
x. 6
1



Îòæå,

V = π

∫ 1

0

(
(
√
x)2 − x2

)
dx =

= π

∫ 1

0

(x− x2) dx = π

(
x2

2
− x3

3

)∣∣∣∣1
0

=
π

6
. 2

Îá'¹ì òiëà îáåðòàííÿ íàâêîëî îñi Oy

ßêùî ôiãóðà çàäàíà ôóíêöi¹þ

x = φ(y), c 6 y 6 d,

x

y
c

d

x
=
φ
(y
)

y

φ
(y
)

O

ó
ò
â
î
ð
åí
í
ÿ
ò
ië
à

î
á
åð
ò
à
í
í
ÿ

í
à
â
ê
î
ë
î
î
ñi

O
y

y

S(y) = πφ2(y)

r=φ(y)

y

c

d

Ðèñ. Óòâîðåííÿ òiëà îáåðòàííÿ íàâêîëî îñi Oy

òà îáåðòà¹òüñÿ íàâêîëî îñi Oy, òî îá'¹ì óòâîðåíîãî òiëà îá÷èñëþ¹-

òüñÿ àíàëîãi÷íî:

V = π

∫ d

c

φ2(y) dy.

Ïðèêëàä 44. Îá÷èñëèòè îá'¹ì òiëà, óòâîðåíîãî îáåðòàííÿì íàâ-

êîëî îñi Oy ôiãóðè, îáìåæåíî¨ ïàðàáîëîþ

y = x2,

âiññþ Oy òà ïðÿìîþ y = 4.
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x

y

y
=
x
2

(2
;4
)

4
2

O

ó
ò
â
î
ð
åí
í
ÿ
ò
ië
à

î
á
åð
ò
à
í
í
ÿ

í
à
â
ê
î
ë
î
î
ñi

O
y

y

r=√y

S(y) = πy

y

4
O

Ðèñ.Îáåðòàííÿôiãóðè,îáìåæåíî¨ïàðàáîëîþy=x
2,âiññþOyòà

ïðÿìîþy=4,íàâêîëîîñiOy

Ðîçâ'ÿçàííÿ.Âèðàçèìîx÷åðåçy.Äëÿïðàâî¨ãiëêèïàðàáîëèìà¹ìî

x=
√y.

Ïðèöüîìó06y64.

Òîìó

V=π∫4

0

(
√y)2dy=π∫4

0

ydy=

=
πy

2

2

∣∣∣∣4
0

=8π.2

ßêùîôiãóðà,ùîîáåðòà¹òüñÿíàâêîëîîñiOy,îáìåæåíàêðèâèìè

x=φ(y),x=ψ(y),

ïðè÷îìóφ(y)>ψ(y)>0,

òî
V=π∫d

c(φ2
(y)−ψ

2
(y))dy.

Ìåòîäöèëiíäðè÷íèõîáîëîíîê
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Ïðè îáåðòàííi ôiãóðè íàâêîëî îñi Oy íå çàâæäè çðó÷íî âèðàæàòè x
÷åðåç y. Ó òàêèõ âèïàäêàõ ìîæíà âèêîðèñòîâóâàòè ìåòîä öèëiíäðè÷íèõ
îáîëîíîê.

Íåõàé ôiãóðà, îáìåæåíà ãðàôiêîì íåâiä'¹ìíî¨ ôóíêöi¨ y = f(x), âiñ-
ñþ Ox òà ïðÿìèìè x = a, x = b, ðîçòàøîâàíà ïðàâîðó÷ âiä îñi Oy.

x

y
a

b

y
=
f
(x
)

f
(x
)

d
x

x
O

î
á
åð
ò
à
í
í
ÿ
ñì

ó
æ
ê
è

í
à
â
ê
î
ë
î
î
ñi

O
y

y

x

f(x)

dx

dV = 2πxf(x) dx

O

Ðèñ.Óòâîðåííÿöèëiíäðè÷íî¨îáîëîíêèïðèîáåðòàííiâåðòèêàëüíî¨

ñìóæêèíàâêîëîîñiOy

ÂåðòèêàëüíàñìóæêàøèðèíèdxïðèîáåðòàííiíàâêîëîîñiOyóòâî-

ðþ¹òîíêóöèëiíäðè÷íóîáîëîíêóðàäióñàx,âèñîòèf(x)òàòîâùèíèdx.

�¨îá'¹ìäîðiâíþ¹
dV=2πxf(x)dx.

Ïiäñóìîâóþ÷èîá'¹ìèòàêèõîáîëîíîê,îäåðæó¹ìî

V=2π∫b

a

xf(x)dx.

Ïðèêëàä45.Îá÷èñëèòèçàäîïîìîãîþìåòîäóöèëiíäðè÷íèõîáî-

ëîíîêîá'¹ìòiëà,óòâîðåíîãîîáåðòàííÿìíàâêîëîîñiOyôiãóðè,îáìå-

æåíî¨ãðàôiêîìôóíêöi¨y=x
2,

âiññþOxòàïðÿìîþx=2.

Ðîçâ'ÿçàííÿ.
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x

y

y
=
x
2

2
O

x

x
2

d
x

î
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ó
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í
à
â
ê
î
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O
y

y

x

x
2

dx

dV = 2πx · x2 dx

O

Ðèñ.Óòâîðåííÿöèëiíäðè÷íî¨îáîëîíêèïðèîáåðòàííiôiãóðè,

îáìåæåíî¨ãðàôiêîìy=x
2,íàâêîëîîñiOy

Çàôîðìóëîþìåòîäóöèëiíäðè÷íèõîáîëîíîêìà¹ìî

V=2π∫2

0

x·x
2dx=2π∫2

0

x
3dx=

=2π
x
4

4

∣∣∣∣2
0

=8π.2

Çàóâàæåííÿ1.6.Ïðèâèáîðiñïîñîáóîá÷èñëåííÿîá'¹ìóòiëàîáåð-

òàííÿäîöiëüíîîáèðàòèòîéñïîñiá,ÿêèéïðèâîäèòüäîïðîñòiøîãîâè-

çíà÷åíîãîiíòåãðàëà.

1.14
Çàâäàííÿäëÿñàìîêîíòðîëþ

1.Çàïèøiòüçàãàëüíóôîðìóëóäëÿîá÷èñëåííÿîá'¹ìóòiëàçàâiäîìîþ

ïëîùåþéîãîïîïåðå÷íîãîïåðåðiçó.

2.Çàïèøiòüôîðìóëóäëÿîá÷èñëåííÿîá'¹ìóòiëà,óòâîðåíîãîîáåð-

òàííÿìêðèâîëiíiéíî¨òðàïåöi¨íàâêîëîîñiOx.

3.ßêîá÷èñëþ¹òüñÿîá'¹ìòiëà,ÿêùîíàâêîëîîñiOxîáåðòà¹òüñÿ

ôiãóðà,îáìåæåíàãðàôiêàìèäâîõíåâiä'¹ìíèõôóíêöié?

4.Çàïèøiòüôîðìóëóäëÿîá÷èñëåííÿîá'¹ìóòiëàîáåðòàííÿíàâêîëî

îñiOy,ÿêùîìåæiôiãóðèçàäàíiôóíêöiÿìèçìiííî¨y.

5.Ó÷îìóïîëÿãà¹ìåòîäöèëiíäðè÷íèõîáîëîíîê?

6.Çàïèøiòüôîðìóëóìåòîäóöèëiíäðè÷íèõîáîëîíîêäëÿîáåðòàííÿ

êðèâîëiíiéíî¨òðàïåöi¨íàâêîëîîñiOy.
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7. Îá÷èñëiòü îá'¹ì òiëà, óòâîðåíîãî îáåðòàííÿì íàâêîëî îñi Ox ôi-
ãóðè, îáìåæåíî¨ ãðàôiêîì ôóíêöi¨

y = x,

âiññþ Ox òà ïðÿìîþ x = 2.

8. Îá÷èñëiòü îá'¹ì òiëà, óòâîðåíîãî îáåðòàííÿì íàâêîëî îñi Ox ôi-
ãóðè, îáìåæåíî¨ ãðàôiêàìè ôóíêöié

y = 2x, y = x2.

9. Âèêîðèñòîâóþ÷è âèçíà÷åíèé iíòåãðàë, âèâåäiòü ôîðìóëó îá'¹ìó
êîíóñà ðàäióñà R òà âèñîòè H.

10. Âèêîðèñòîâóþ÷è âèçíà÷åíèé iíòåãðàë, âèâåäiòü ôîðìóëó îá'¹ìó
êóëi ðàäióñà R.
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1.15 Çàâäàííÿ äëÿ ñàìîñòiéíî¨ ðîáîòè �5

Çàäà÷à 10. Îá÷èñëèòè îá'¹ì òiëà, óòâîðåíîãî îáåðòàííÿì çàäàíî¨ ôi-
ãóðè íàâêîëî îñi Ox.

Âàðiàíò Ëiíi¨ Âàðiàíò Ëiíi¨

1 y =
√
2x, y = 0, x = 2 16 y = x, y = 0, x = 3

2 y = x2, y = 0, x = 2 17 y =
√
2x, y = 0, x = 4

3 y = 2x, y = 0, x = 2 18 y = x3, y = 0, x = 2

4 y = 4− x, y = 0, x = 0 19 y = 3− x, y = 0, x = 0

5 y = 4− x2, y = 0 20 y = 9− x2, y = 0

6 y = 2
√
x, y = 0, x = 3 21 y =

√
x+ 1, y = 0, 0 ≤ x ≤ 3

7 y = x2 + 1, y = 0, 0 ≤ x ≤ 1 22 y = 2 +
√
x, y = 0, 0 ≤ x ≤ 4

8 y = sin x, y = 0, 0 ≤ x ≤ π 23 y = cosx, y = 0, 0 ≤ x ≤ π

2
9 y = ex, y = 0, 0 ≤ x ≤ 1 24 y = e−x, y = 0, 0 ≤ x ≤ 1

10 y = x, y =
√
x 25 y = x2, y =

√
x

11 y = 3x, y = x2 26 y = 4x, y = x2

12 y = x+ 2, y = x2 27 y = 2− x, y = x2

13 y = 4, y = x2 28 y = 3, y = x2 + 2

14 y = 2
√
x, y = x 29 y =

√
x, y = x3

15 y = 2, y =
√
x, x = 0 30 y = 3, y =

√
x, x = 0
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Çàäà÷à 11. Îá÷èñëèòè îá'¹ì òiëà, óòâîðåíîãî îáåðòàííÿì çàäàíî¨
ôiãóðè íàâêîëî îñi Oy, iíòåãðóþ÷è âiäíîñíî çìiííî¨ y.

Âàðiàíò Ëiíi¨ Âàðiàíò Ëiíi¨
1 x = y2, x = 0, 0 ≤ y ≤ 2 16 x = 2y, x = 0, 0 ≤ y ≤ 3

2 x =
√
2y, x = 0, 0 ≤ y ≤ 2 17 x = y3, x = 0, 0 ≤ y ≤ 2

3 x = y + 1, x = 0, 0 ≤ y ≤ 2 18 x =
√
2y, x = 0, 0 ≤ y ≤ 4

4 x = 4− y, x = 0, 0 ≤ y ≤ 4 19 x = 3− y, x = 0, 0 ≤ y ≤ 3

5 x = 4− y2, x = 0, 0 ≤ y ≤ 2 20 x = 9− y2, x = 0, 0 ≤ y ≤ 3

6 x = 2
√
y, x = 0, 0 ≤ y ≤ 3 21 x =

√
y + 1, x = 0, 0 ≤ y ≤ 3

7 x = y2 + 1, x = 0, 0 ≤ y ≤ 1 22 x = 2 +
√
y, x = 0, 0 ≤ y ≤ 4

8 x = sin y, x = 0, 0 ≤ y ≤ π 23 x = cos y, x = 0, 0 ≤ y ≤ π

2
9 x = ey, x = 0, 0 ≤ y ≤ 1 24 x = e−y, x = 0, 0 ≤ y ≤ 1

10 x = y, x = y2 25 x =
√
y, x = y

11 x = 2y, x = y2 26 x = 3y, x = y2

12 x = y + 2, x = y2 27 x = 2− y, x = y2

13 x = 4, x = y2 28 x = 3, x = y2 + 2

14 x = 2
√
y, x = y 29 x =

√
y, x =

y

2
15 x = 2, x =

√
y, y = 0 30 x = 3, x =

√
y, y = 0
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Çàäà÷à 12. Îá÷èñëèòè îá'¹ì òiëà, óòâîðåíîãî îáåðòàííÿì çàäàíî¨
ôiãóðè íàâêîëî îñi Oy, ìåòîäîì öèëiíäðè÷íèõ îáîëîíîê.

Âàðiàíò Ëiíi¨ Âàðiàíò Ëiíi¨
1 y = x2, y = 0, 0 ≤ x ≤ 3 16 y = 2x, y = 0, 0 ≤ x ≤ 3

2 y =
√
x, y = 0, 0 ≤ x ≤ 4 17 y = x3, y = 0, 0 ≤ x ≤ 2

3 y = x+ 1, y = 0, 0 ≤ x ≤ 2 18 y =
√
2x, y = 0, 0 ≤ x ≤ 4

4 y = 4− x, y = 0, 0 ≤ x ≤ 4 19 y = 3− x, y = 0, 0 ≤ x ≤ 3

5 y = 4− x2, y = 0, 0 ≤ x ≤ 2 20 y = 9− x2, y = 0, 0 ≤ x ≤ 3

6 y = 2
√
x, y = 0, 0 ≤ x ≤ 3 21 y =

√
x+ 1, y = 0, 0 ≤ x ≤ 3

7 y = x2 + 1, y = 0, 0 ≤ x ≤ 1 22 y = 2 +
√
x, y = 0, 0 ≤ x ≤ 4

8 y = sinx, y = 0, 0 ≤ x ≤ π 23 y = cos x, y = 0, 0 ≤ x ≤ π

2
9 y = ex, y = 0, 0 ≤ x ≤ 1 24 y = e−x, y = 0, 0 ≤ x ≤ 1

10 y = x, y = x2 25 y =
√
x, y = x

11 y = 2x, y = x2 26 y = 3x, y = x2

12 y = 3x, y = x2 + 2 27 y = 2− x, y = x2, x ≥ 0

13 y = 4, y = x2, x ≥ 0 28 y = 3, y = x2 + 2, x ≥ 0

14 y = 2
√
x, y = x 29 y =

√
x, y =

x

2
15 y = 2, y =

√
x, x ≥ 0 30 y = 3, y =

√
x, x ≥ 0
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1.16 Îá÷èñëåííÿ ïëîù ïîâåðõîíü îáåðòàííÿ

Âèçíà÷åíèé iíòåãðàë ìîæíà âèêîðèñòîâóâàòè íå ëèøå äëÿ îá÷èñëåííÿ
îá'¹ìiâ òië îáåðòàííÿ, àëå é äëÿ çíàõîäæåííÿ ïëîù ¨õ ïîâåðõîíü.

Íåõàé ôóíêöiÿ f íåâiä'¹ìíà íà âiäðiçêó [a; b] òà ìà¹ íåïåðåðâíó ïî-
õiäíó. Ïðè îáåðòàííi äóãè ãðàôiêà ôóíêöi¨

y = f(x), a 6 x 6 b,

íàâêîëî îñi Ox óòâîðþ¹òüñÿ ïîâåðõíÿ îáåðòàííÿ.
Ïëîùà öi¹¨ ïîâåðõíi îá÷èñëþ¹òüñÿ çà ôîðìóëîþ

S = 2π

∫ b

a

f(x)

√
1 + (f ′(x))2 dx.

x

y
O

y
=
f
(x
)

a
b
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í
ÿ
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f
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ÿ
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2π
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÷ê
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êö
i¨
ïð
è
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O
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√ 1
+
(f

′ (
x
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2
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Ðîçâ'ÿçàííÿ. Çíàéäåìî ïîõiäíó:

y′ = 1.

Çà ôîðìóëîþ ïëîùi ïîâåðõíi îáåðòàííÿ ìà¹ìî

S = 2π

∫ 1

0

x
√
1 + 12 dx = 2

√
2π

∫ 1

0

x dx =

= 2
√
2π

x2

2

∣∣∣∣1
0

=
√
2π. 2

x

y
O

y
=
x

1

1

î
á
åð
ò
à
í
í
ÿ

í
à
â
ê
î
ë
î
î
ñi

O
x

x

R
=

1

l
=

√
2

Ðèñ. Óò
âîðåííÿ

ái÷íî¨ ïîâåðõíi êîíóñà

Ó
ðåçóëüòàòi îáåðòàííÿ

äàíîãî
âiäðiçêà

íàâêîëî
îñi O

x
óòâîðþ¹òüñÿ

ái÷íà
ïîâåðõíÿ

êîíóñà. Îòðèìàíèé
ðåçóëüòàò

óçãîäæ
ó¹òüñÿ

ç
âiäîìîþ

ôîðìóëîþ
ïëîù

i ái÷íî¨ ïîâåðõíi êîíóñà

S
=
πR
l,

îñêiëüêè
â
äàíîìó

âèïàäêó
R
=
1, à

òâiðíà
êîíóñà

äîðiâíþ¹
l = √

2.

Ï
ðèêëàä

47. Îá÷èñëèò
è
ïëîù

ó
ïîâåðõíi, óò

âîðåíî¨ îáåðò
àííÿì

íàâêîëî
îñi O

x
äóãè

êðèâî¨

y
= √

x,

1 6
x 6

4.

Ðîçâ'ÿçàííÿ.
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Íåõàé ôóíêöiÿ f íåâiä'¹ìíà íà âiäðiçêó [a; b], ïðè÷îìó a > 0. Ïðè
îáåðòàííi äóãè ãðàôiêà

y = f(x), a 6 x 6 b,

íàâêîëî îñi Oy ïëîùà óòâîðåíî¨ ïîâåðõíi îá÷èñëþ¹òüñÿ çà ôîðìóëîþ

S = 2π

∫ b

a

x

√
1 + (f ′(x))2 dx.

x

y
O

y
=
f
(x
)

a
b
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O
y

y

x

Ðèñ.ÓòâîðåííÿïîâåðõíiîáåðòàííÿíàâêîëîîñiOy

ÍàâiäìiíóâiäîáåðòàííÿíàâêîëîîñiOx,ðàäióñêîëà,ÿêåîïèñó¹
òî÷êàêðèâî¨ïðèîáåðòàííiíàâêîëîîñiOy,äîðiâíþ¹x.Ñàìåòîìóó
ôîðìóëiç'ÿâëÿ¹òüñÿìíîæíèê2πx.

Ïðèêëàä48.Îá÷èñëèòèïëîùóïîâåðõíi,óòâîðåíî¨îáåðòàííÿì
íàâêîëîîñiOyäóãèêðèâî¨

y=x
2
,06x61.
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x

y
O

y
=
x
2

1

1

î
á
åð
ò
à
í
í
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í
à
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ê
î
ë
î
î
ñi

O
y

y

x

y = 1

Ðèñ. Ïîâåðõíÿ, óòâîðåíà îáåðòàííÿì äóãè y = x2, 0 6 x 6 1, íàâêîëî
îñi Oy

Ðîçâ'ÿçàííÿ. Çíàéäåìî ïîõiäíó:

y′ = 2x.

Òîìó

S = 2π

∫ 1

0

x
√
1 + 4x2 dx.

Çðîáèìî çàìiíó
t = 1 + 4x2, dt = 8x dx.

Ïðè öüîìó
x = 0 =⇒ t = 1,

x = 1 =⇒ t = 5.

Îòæå,

S =
π

4

∫ 5

1

√
t dt =

π

4

2

3
t
3
2

∣∣∣∣5
1

=

=
π

6
(5
√
5− 1). 2

Îá÷èñëåííÿ ïëîùi ïîâåðõíi ñôåðè

Ðîçãëÿíåìî êëàñè÷íèé ïðèêëàä çàñòîñóâàííÿ ôîðìóëè ïëîùi ïî-
âåðõíi îáåðòàííÿ.

Ïðèêëàä 49. Âèêîðèñòîâóþ÷è âèçíà÷åíèé iíòåãðàë, îá÷èñëèòè
ïëîùó ïîâåðõíi ñôåðè ðàäióñà R.
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R
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O
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ñ.
Óò
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íÿ

ñô
åðè

îáå
ðò
àí
íÿ
ì
âåð
õí
üîã
îï
iâê
îëà

íà
âê
îëî

îñi
Ox

Ðî
çâ'
ÿçà

íí
ÿ.
Âå
ðõ
í¹
ïiâ
êî
ëà
ðà
äió
ñà
R
çàä

à¹ò
üñÿ

ðiâ
íÿ
íí
ÿì

y=√
R2

−x2
,

−R
6x

6R
.

Ïð
èî
áåð

òàí
íi
öi¹
¨ä
óãè

íà
âê
îë
îî
ñi
Ox

óò
âî
ðþ
¹òü

ñÿ
ñô
åð
à.

Çí
àé
äå
ìî

ïî
õiä
íó
:

y′
=
−

x √
R2

−x2.

Òî
äi

1+
(y′
)2
=
1+

x2
R2

−x2=
R2 R2

−x2,

çâi
äê
è

√1+
(y′)2

=
R √

R2
−x2.

Îò
æå
,

S
=
2π∫R

−R
√
R2

−x2

R √
R2

−x2dx
=

=
2π
R∫R

−Rdx
=
2π
R
·2R

=
4π
R2
.2
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Òàêèì ÷èíîì, çà äîïîìîãîþ âèçíà÷åíîãî iíòåãðàëà îòðèìàíî âiäîìó
ôîðìóëó ïëîùi ïîâåðõíi ñôåðè

S = 4πR2.

Ïëîùà ïîâåðõíi îáåðòàííÿ êðèâî¨, çàäàíî¨ ïàðàìåòðè÷íî

Íåõàé êðèâà çàäàíà ïàðàìåòðè÷íèìè ðiâíÿííÿìè

x = x(t), y = y(t), α 6 t 6 β.

ßêùî öÿ êðèâà îáåðòà¹òüñÿ íàâêîëî îñi Ox, òî ïëîùà óòâîðåíî¨ ïîâåðõíi
îá÷èñëþ¹òüñÿ çà ôîðìóëîþ

S = 2π

∫ β

α

|y(t)|
√

(x′(t))2 + (y′(t))2 dt.

ßêùî êðèâà îáåðòà¹òüñÿ íàâêîëî îñi Oy, òî

S = 2π

∫ β

α

|x(t)|
√

(x′(t))2 + (y′(t))2 dt.

Ó âèïàäêó, êîëè x(t) àáî y(t) ¹ íåâiä'¹ìíèìè íà âñüîìó ïðîìiæêó
çìiíè ïàðàìåòðà, çíàê ìîäóëÿ ó âiäïîâiäíié ôîðìóëi ìîæíà íå çàïèñó-
âàòè.

Ïðèêëàä 50. Îá÷èñëèòè ïëîùó ïîâåðõíi, óòâîðåíî¨ îáåðòàííÿì
íàâêîëî îñi Ox äóãè êðèâî¨

x = t2, y = t, 0 6 t 6 1.

Ðîçâ'ÿçàííÿ. Çíàéäåìî ïîõiäíi:

x′(t) = 2t, y′(t) = 1.

Îñêiëüêè y(t) = t > 0 ïðè 0 6 t 6 1, òî

S = 2π

∫ 1

0

t
√
4t2 + 1 dt.

Çðîáèìî çàìiíó
u = 4t2 + 1, du = 8t dt.
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Ïðè öüîìó
t = 0 =⇒ u = 1,

t = 1 =⇒ u = 5.

Îòæå,

S =
π

4

∫ 5

1

√
u du =

π

4

2

3
u

3
2

∣∣∣∣5
1

=

=
π

6
(5
√
5− 1). 2

Ïëîùà ïîâåðõíi îáåðòàííÿ êðèâî¨, çàäàíî¨ â ïîëÿðíèõ êîîðäèíàòàõ

Íåõàé êðèâà çàäàíà â ïîëÿðíèõ êîîðäèíàòàõ ðiâíÿííÿì

r = r(φ), α 6 φ 6 β.

Òîäi åëåìåíò äîâæèíè äóãè ìà¹ âèãëÿä

dl =

√
r2(φ) + (r′(φ))2 dφ.

Îñêiëüêè
x = r(φ) cosφ, y = r(φ) sinφ,

òî ïðè îáåðòàííi êðèâî¨ íàâêîëî îñi Ox ïëîùà ïîâåðõíi îá÷èñëþ¹òüñÿ çà
ôîðìóëîþ

S = 2π

∫ β

α

|r(φ) sinφ|
√
r2(φ) + (r′(φ))2 dφ.

Ïðè îáåðòàííi íàâêîëî îñi Oy ìà¹ìî

S = 2π

∫ β

α

|r(φ) cosφ|
√
r2(φ) + (r′(φ))2 dφ.

Çàóâàæåííÿ 1.7. Ïðè îáåðòàííi êðèâî¨, çàäàíî¨ â ïîëÿðíèõ êîîð-
äèíàòàõ, íåîáõiäíî âðàõóâàòè âiäñòàíü âiä òî÷êè êðèâî¨ äî îñi îáåðòàííÿ.
Îñêiëüêè x = r cosφ, y = r sinφ, òî âiäñòàíü äî îñi Ox äîðiâíþ¹ |r sinφ|,
à äî îñi Oy � |r cosφ|.

Ïðèêëàä 51. Îá÷èñëèòè ïëîùó ïîâåðõíi, óòâîðåíî¨ îáåðòàííÿì
íàâêîëî îñi Ox äóãè êðèâî¨

r = 2R sinφ, 0 6 φ 6 π

2
.
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2R
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=√4
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Í
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îäåðæó¹ìî

S = 4πR2

∫ π
2

0

(1− cos 2φ) dφ =

= 4πR2

(
φ− sin 2φ

2

)∣∣∣∣π2
0

= 2π2R2. 2

Ïðèêëàä 52. Îá÷èñëèòè ïëîùó ïîâåðõíi, óòâîðåíî¨ îáåðòàííÿì
íàâêîëî îñi Oy äóãè êðèâî¨

r = a, 0 6 φ 6 π

2
.

Ðîçâ'ÿçàííÿ. Îñêiëüêè
r = a,

òî
r′(φ) = 0.

Îòæå, √
r2(φ) + (r′(φ))2 =

√
a2 = a.

Íà ïðîìiæêó 0 6 φ 6 π
2
ìà¹ìî cosφ > 0, òîìó

|r(φ) cosφ| = a cosφ.

Çà ôîðìóëîþ ïëîùi ïîâåðõíi îáåðòàííÿ íàâêîëî îñi Oy îäåðæó¹ìî

S = 2π

∫ π
2

0

a cosφ · a dφ =

= 2πa2
∫ π

2

0

cosφdφ = 2πa2 sinφ|
π
2
0 = 2πa2. 2

Ïðè îáåðòàííi ÷âåðòi êîëà ðàäióñà a íàâêîëî îñi Oy óòâîðþ¹òüñÿ
ïiâñôåðà. Òîìó îòðèìàíèé ðåçóëüòàò óçãîäæó¹òüñÿ ç âiäîìîþ ôîðìóëîþ
ïëîùi ñôåðè

S = 4πa2,

îñêiëüêè ïëîùà ïiâñôåðè äîðiâíþ¹ 2πa2.
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1.17 Çàâäàííÿ äëÿ ñàìîêîíòðîëþ

1. Çàïèøiòü ôîðìóëó äëÿ îá÷èñëåííÿ ïëîùi ïîâåðõíi, óòâîðåíî¨ îáåðòà-
ííÿì ãðàôiêà ôóíêöi¨

y = f(x), a 6 x 6 b,

íàâêîëî îñi Ox.

2. Çàïèøiòü ôîðìóëó äëÿ îá÷èñëåííÿ ïëîùi ïîâåðõíi ïðè îáåðòàííi
ãðàôiêà ôóíêöi¨ y = f(x) íàâêîëî îñi Oy.

3. ×èì âiäðiçíÿþòüñÿ ôîðìóëè ïëîùi ïîâåðõíi ïðè îáåðòàííi êðèâî¨
íàâêîëî îñåé Ox òà Oy?

4. ßêèé ãåîìåòðè÷íèé çìiñò ìà¹ ìíîæíèê 2πf(x) ó ôîðìóëi

S = 2π

∫ b

a

f(x)
√

1 + (f ′(x))2 dx?

5. ßêèé âèðàç ó ôîðìóëi ïëîùi ïîâåðõíi îáåðòàííÿ âiäïîâiäà¹ åëå-
ìåíòó äîâæèíè äóãè êðèâî¨?

6. Çàïèøiòü ôîðìóëó äëÿ îá÷èñëåííÿ ïëîùi ïîâåðõíi, óòâîðåíî¨ îáåð-
òàííÿì ïàðàìåòðè÷íî çàäàíî¨ êðèâî¨ íàâêîëî îñi Ox.

7. Çàïèøiòü âiäïîâiäíó ôîðìóëó äëÿ îáåðòàííÿ ïàðàìåòðè÷íî çàäà-
íî¨ êðèâî¨ íàâêîëî îñi Oy.

8. ßê îá÷èñëþ¹òüñÿ ïëîùà ïîâåðõíi îáåðòàííÿ êðèâî¨, çàäàíî¨ â ïî-
ëÿðíèõ êîîðäèíàòàõ?

9. Îá÷èñëiòü ïëîùó ïîâåðõíi, óòâîðåíî¨ îáåðòàííÿì íàâêîëî îñi Ox
âiäðiçêà ïðÿìî¨

y = 2x, 0 6 x 6 1.

10. Îá÷èñëiòü ïëîùó ïîâåðõíi, óòâîðåíî¨ îáåðòàííÿì íàâêîëî îñi Oy
äóãè ïàðàáîëè

y = x2, 0 6 x 6 2.

11. Âèêîðèñòîâóþ÷è âèçíà÷åíèé iíòåãðàë, âèâåäiòü ôîðìóëó ïëîùi
ái÷íî¨ ïîâåðõíi êîíóñà ðàäióñà R òà âèñîòè H.

12. Âèêîðèñòîâóþ÷è âèçíà÷åíèé iíòåãðàë, âèâåäiòü ôîðìóëó ïëîùi
ïîâåðõíi ñôåðè ðàäióñà R.
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1.18 Çàâäàííÿ äëÿ ñàìîñòiéíî¨ ðîáîòè �6

Çàäà÷à 13. Îá÷èñëèòè ïëîùó ïîâåðõíi, óòâîðåíî¨ îáåðòàííÿì äóãè
êðèâî¨ y = f(x) íàâêîëî îñi Ox.

Âàðiàíò Ôóíêöiÿ òà ïðîìiæîê Âàðiàíò Ôóíêöiÿ òà ïðîìiæîê
1 y = x+ 2, 0 ≤ x ≤ 1 16 y = 2x, 0 ≤ x ≤ 2

2 y = 3x, 0 ≤ x ≤ 1 17 y = 4x, 0 ≤ x ≤ 1

3 y = x+ 1, 0 ≤ x ≤ 2 18 y = 2x+ 1, 0 ≤ x ≤ 1

4 y = 3− x, 0 ≤ x ≤ 2 19 y = 4− 2x, 0 ≤ x ≤ 1

5 y =
√
x, 1 ≤ x ≤ 9 20 y = 2

√
x, 1 ≤ x ≤ 4

6 y =
√
2x, 1 ≤ x ≤ 4 21 y =

√
3x, 1 ≤ x ≤ 3

7 y = x2, 0 ≤ x ≤ 1 22 y = x2 + 1, 0 ≤ x ≤ 1

8 y = 2x2, 0 ≤ x ≤ 1 23 y = 2x2 + 1, 0 ≤ x ≤ 1

9 y =
x2

2
, 0 ≤ x ≤ 2 24 y =

x2

4
, 0 ≤ x ≤ 2

10 y = ex, 0 ≤ x ≤ 1 25 y = e−x, 0 ≤ x ≤ 1

11 y = cosh x, 0 ≤ x ≤ 1 26 y = sinh x, 0 ≤ x ≤ 1

12 y = cos x, 0 ≤ x ≤ π

4
27 y = sinx,

π

4
≤ x ≤ π

2

13 y =
x3

3
+

1

4x
, 1 ≤ x ≤ 2 28 y =

x3

6
+

1

2x
, 1 ≤ x ≤ 2

14 y =
x2

4
− 1

2
lnx, 1 ≤ x ≤ 2 29 y =

x2

2
− 1

4
lnx, 1 ≤ x ≤ 2

15 y =
2

3
x3/2, 0 ≤ x ≤ 2 30 y =

4

3
x3/2, 0 ≤ x ≤ 1
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Çàäà÷à 14. Îá÷èñëèòè ïëîùó ïîâåðõíi, óòâîðåíî¨ îáåðòàííÿì äó-
ãè êðèâî¨ y = f(x) íàâêîëî îñi Oy.

Âàðiàíò Ôóíêöiÿ òà ïðîìiæîê Âàðiàíò Ôóíêöiÿ òà ïðîìiæîê
1 y = x, 0 ≤ x ≤ 1 16 y = 2x, 0 ≤ x ≤ 2

2 y = 3x, 0 ≤ x ≤ 1 17 y = 4x, 1 ≤ x ≤ 2

3 y = x+ 2, 0 ≤ x ≤ 2 18 y = 2x+ 1, 1 ≤ x ≤ 3

4 y = 3− x, 0 ≤ x ≤ 2 19 y = 5− 2x, 1 ≤ x ≤ 2

5 y = x2, 0 ≤ x ≤ 3 20 y = x2, 1 ≤ x ≤ 2

6 y = 2x2, 0 ≤ x ≤ 1 21 y = 3x2, 0 ≤ x ≤ 1

7 y =
x2

2
, 0 ≤ x ≤ 2 22 y =

x2

4
, 0 ≤ x ≤ 3

8 y = x2 + 1, 0 ≤ x ≤ 1 23 y = 2x2 + 3, 0 ≤ x ≤ 1

9 y = x3, 0 ≤ x ≤ 1 24 y = 2x3, 0 ≤ x ≤ 1

10 y =
x3

3
, 0 ≤ x ≤ 1 25 y =

x3

6
, 0 ≤ x ≤ 2

11 y =
2

3
x3/2, 0 ≤ x ≤ 2 26 y =

4

3
x3/2, 0 ≤ x ≤ 1

12 y =
1

2
x2 + x, 0 ≤ x ≤ 1 27 y = x2 + x, 0 ≤ x ≤ 1

13 y =
1

3
x3 + x, 0 ≤ x ≤ 1 28 y =

1

6
x3 + 2x, 0 ≤ x ≤ 1

14 y =
√
x, 1 ≤ x ≤ 4 29 y = 2

√
x, 1 ≤ x ≤ 4

15 y =
√
2x, 1 ≤ x ≤ 4 30 y =

√
3x, 1 ≤ x ≤ 3
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Çàäà÷à 15. Îá÷èñëèòè ïëîùó ïîâåðõíi, óòâîðåíî¨ îáåðòàííÿì äó-
ãè ïàðàìåòðè÷íî çàäàíî¨ êðèâî¨ íàâêîëî âêàçàíî¨ îñi.

Âàð. Êðèâà Âiñü Âàð. Êðèâà Âiñü

1
x = t, y = t
0 ≤ t ≤ 1

Ox 16
x = t, y = 3t
0 ≤ t ≤ 1

Oy

2
x = t, y = 2t
0 ≤ t ≤ 1

Oy 17
x = 3t, y = t
0 ≤ t ≤ 2

Ox

3
x = 2t, y = t
0 ≤ t ≤ 2

Ox 18
x = t+ 2, y = t

0 ≤ t ≤ 2
Oy

4
x = t+ 1, y = t

0 ≤ t ≤ 2
Oy 19

x = t, y = t+ 2
0 ≤ t ≤ 2

Ox

5
x = t, y = t+ 1

0 ≤ t ≤ 2
Ox 20

x = 3t, y = t2

0 ≤ t ≤ 1
Oy

6
x = 2t, y = t2

0 ≤ t ≤ 1
Oy 21

x = t2, y = 3t
0 ≤ t ≤ 1

Ox

7
x = t2, y = 2t

0 ≤ t ≤ 1
Ox 22

x = 3t+ 1, y = t2

0 ≤ t ≤ 1
Oy

8
x = 2t+ 1, y = t2

0 ≤ t ≤ 1
Oy 23

x = t2, y = 3t+ 1
0 ≤ t ≤ 1

Ox

9
x = t2, y = 2t+ 1

0 ≤ t ≤ 1
Ox 24

x = cos t, y = sin t
0 ≤ t ≤ π

3

Ox

10
x = cos t, y = sin t

0 ≤ t ≤ π
2

Oy 25
x = 2 cos t, y = 2 sin t

0 ≤ t ≤ π
3

Oy

11
x = 2 cos t, y = 2 sin t

0 ≤ t ≤ π
2

Ox 26
x = 3 cos t, y = 3 sin t

0 ≤ t ≤ π
4

Ox

12
x = 3 cos t, y = 3 sin t

0 ≤ t ≤ π
3

Oy 27
x = 3 cos3 t, y = 3 sin3 t

0 ≤ t ≤ π
2

Ox

13
x = cos3 t, y = sin3 t

0 ≤ t ≤ π
2

Ox 28
x = cos3 t, y = sin3 t

0 ≤ t ≤ π
3

Oy

14
x = 2 cos3 t, y = 2 sin3 t

0 ≤ t ≤ π
2

Oy 29
x = et, y = 2et

0 ≤ t ≤ 1
Ox

15
x = et, y = et

0 ≤ t ≤ 1
Ox 30

x = e−t, y = e−t

0 ≤ t ≤ 1
Oy
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Çàäà÷à 16. Îá÷èñëèòè ïëîùó ïîâåðõíi, óòâîðåíî¨ îáåðòàííÿì äó-
ãè êðèâî¨, çàäàíî¨ â ïîëÿðíèõ êîîðäèíàòàõ, íàâêîëî âêàçàíî¨ îñi.

Âàð. Êðèâà Âiñü Âàð. Êðèâà Âiñü

1
r = 2 cosφ
0 ≤ φ ≤ π

2

Ox 16
r = 3 sinφ
0 ≤ φ ≤ π

2

Oy

2
r = 2 sinφ
0 ≤ φ ≤ π

2

Oy 17
r = 4 cosφ
0 ≤ φ ≤ π

2

Ox

3
r = 3 cosφ
0 ≤ φ ≤ π

3

Ox 18
r = 4 sinφ
0 ≤ φ ≤ π

3

Oy

4
r = 3 sinφ
0 ≤ φ ≤ π

3

Oy 19
r = 2 cosφ
0 ≤ φ ≤ π

4

Ox

5
r = 4 cosφ
0 ≤ φ ≤ π

4

Ox 20
r = 2 sinφ
0 ≤ φ ≤ π

4

Oy

6
r = 4 sinφ
0 ≤ φ ≤ π

4

Oy 21
r = 1 + cosφ
0 ≤ φ ≤ π

2

Ox

7
r = 2 + cosφ
0 ≤ φ ≤ π

2

Ox 22
r = 1 + sinφ
0 ≤ φ ≤ π

2

Oy

8
r = 2 + sinφ
0 ≤ φ ≤ π

2

Oy 23
r = 2(1 + cosφ)

0 ≤ φ ≤ π
2

Ox

9
r = 1 + cosφ
0 ≤ φ ≤ π

Ox 24
r = 2(1 + sinφ)

0 ≤ φ ≤ π
2

Oy

10
r = 1 + sinφ
0 ≤ φ ≤ π

Oy 25
r = 2(1− cosφ)

0 ≤ φ ≤ π
Ox

11
r = 1− cosφ
0 ≤ φ ≤ π

Ox 26
r = 2(1− sinφ)

0 ≤ φ ≤ π
2

Oy

12
r = 1− sinφ
0 ≤ φ ≤ π

2

Oy 27
r = 3(1 + cosφ)

0 ≤ φ ≤ π
2

Ox

13
r = 2(1 + cosφ)

0 ≤ φ ≤ π
Ox 28

r = 3(1 + sinφ)
0 ≤ φ ≤ π

2

Oy

14
r = 2(1 + sinφ)

0 ≤ φ ≤ π
Oy 29

r = 3(1− cosφ)
0 ≤ φ ≤ π

Ox

15
r = 3 cosφ
0 ≤ φ ≤ π

2

Ox 30
r = 3(1− sinφ)

0 ≤ φ ≤ π
2

Oy
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1.19 Çàñòîñóâàííÿ âèçíà÷åíîãî iíòåãðàëà äî ðîçâ'ÿçóâàííÿ ôi-
çè÷íèõ çàäà÷

Âèçíà÷åíèé iíòåãðàë øèðîêî âèêîðèñòîâó¹òüñÿ äëÿ ðîçâ'ÿçóâàííÿ ôiçè-
÷íèõ çàäà÷. Çà éîãî äîïîìîãîþ ìîæíà îá÷èñëþâàòè ðîáîòó çìiííî¨ ñèëè,
ìàñó íåîäíîðiäíîãî òiëà, êîîðäèíàòè öåíòðà ìàñ, ñèëó òèñêó ðiäèíè òà
iíøi ôiçè÷íi âåëè÷èíè.

Îñíîâíà iäåÿ çàñòîñóâàííÿ âèçíà÷åíîãî iíòåãðàëà ïîëÿãà¹ â òîìó,
ùî äîñëiäæóâàíó âåëè÷èíó ñïî÷àòêó îá÷èñëþþòü äëÿ äîñòàòíüî ìàëî-
ãî åëåìåíòà, à ïîòiì îòðèìàíi åëåìåíòàðíi âåëè÷èíè ïiäñóìîâóþòü çà
äîïîìîãîþ iíòåãðóâàííÿ.

Ðîáîòà çìiííî¨ ñèëè

ßêùî ñòàëà ñèëà F ïåðåìiùó¹ ìàòåðiàëüíó òî÷êó â íàïðÿìêó ñâî¹¨
äi¨ íà âiäñòàíü s, òî âèêîíàíà ðîáîòà äîðiâíþ¹

A = Fs.

ßêùî ñèëà çìiíþ¹òüñÿ çàëåæíî âiä ïîëîæåííÿ òî÷êè, òîáòî

F = F (x),

òî ðîáîòà ïðè ïåðåìiùåííi òî÷êè âiä x = a äî x = b îá÷èñëþ¹òüñÿ çà
ôîðìóëîþ

A =

∫ b

a

F (x) dx.

x

F
O

F
=
F
(x
)

a
b

F
(x
)

d
x

x

d
A

=
F
(x
)
d
x

A
=

∫ b a

F
(x
)
d
x

Ð
èñ
.
Ãå
îì

åò
ðè
÷í
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ií
ò
åð
ïð
åò

àö
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ò
è
çì
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íî
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ëè
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Ïðèêëàä 53. Ìàòåðiàëüíà òî÷êà ðóõà¹òüñÿ âçäîâæ îñi Ox ïiä
äi¹þ ñèëè

F (x) = 3x2 + 2.

Îá÷èñëèòè ðîáîòó öi¹¨ ñèëè ïðè ïåðåìiùåííi òî÷êè âiä x = 0 äî x = 2.

Ðîçâ'ÿçàííÿ. Çà ôîðìóëîþ ðîáîòè çìiííî¨ ñèëè ìà¹ìî

A =

∫ 2

0

(3x2 + 2) dx =
(
x3 + 2x

)∣∣2
0
=

= 8 + 4 = 12. 2

Ïðèêëàä 54. Ñèëà, ùî äi¹ íà ìàòåðiàëüíó òî÷êó, çìiíþ¹òüñÿ çà
çàêîíîì

F (x) =
10

(x+ 1)2
.

Îá÷èñëèòè ðîáîòó öi¹¨ ñèëè ïðè ïåðåìiùåííi òî÷êè âiä x = 0 äî x = 4.

Ðîçâ'ÿçàííÿ. Ìà¹ìî

A =

∫ 4

0

10

(x+ 1)2
dx = 10

(
− 1

x+ 1

)∣∣∣∣4
0

=

= 10

(
1− 1

5

)
= 8. 2

Ðîáîòà ïðè äåôîðìàöi¨ ïðóæèíè

Çãiäíî iç çàêîíîì Ãóêà ñèëà, íåîáõiäíà äëÿ ðîçòÿãóâàííÿ àáî ñòè-
ñêàííÿ ïðóæèíè, ïðîïîðöiéíà âåëè÷èíi ¨¨ äåôîðìàöi¨:

F (x) = kx,

äå k > 0 � êîåôiöi¹íò æîðñòêîñòi ïðóæèíè, à x � âåëè÷èíà äåôîðìàöi¨.
Òîìó ðîáîòà, íåîáõiäíà äëÿ äåôîðìàöi¨ ïðóæèíè âiä x = a äî x = b,

äîðiâíþ¹

A =

∫ b

a

kx dx.
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íåäåôîðìîâàíà

ðîçòÿãíóòà

x

F=kx

Ðèñ.Äåôîðìàöiÿïðóæèíèïiääi¹þñèëè

Ïðèêëàä55.Äëÿðîçòÿãóâàííÿïðóæèíèíà0,1ìíåîáõiäíîïðè-
êëàñòèñèëó20Í.ßêóðîáîòóíåîáõiäíîâèêîíàòè,ùîáðîçòÿãíóòè
öþïðóæèíóâiäïðèðîäíî¨äîâæèíèíà0,3ì?

Ðîçâ'ÿçàííÿ.ÇàçàêîíîìÃóêà

F(x)=kx.

Çàóìîâîþïðèx=0,1ìñèëàäîðiâíþ¹20Í.Òîìó

20=k·0,1,

çâiäêè
k=200Í/ì.

Îòæå,

A=∫0,3

0

200xdx=200
x
2

2

∣∣∣∣0,3
0

=

=100·0,09=9.2

Ïðèêëàä56.Äëÿðîçòÿãóâàííÿïðóæèíèâiäïðèðîäíî¨äîâæèíè
íà4ñìíåîáõiäíîâèêîíàòèðîáîòó0,8Äæ.ßêóðîáîòóíåîáõiäíîâè-
êîíàòè,ùîáðîçòÿãíóòèöþïðóæèíóâiä4ñìäî6ñì?

Ðîçâ'ÿçàííÿ.Ñïî÷àòêóçíàéäåìîêîåôiöi¹íòæîðñòêîñòiïðóæèíè.
Çàóìîâîþ

0,8=∫0,04

0

kxdx.

Òîìó

0,8=
k

2
(0,04)

2
,

87



çâiäêè
k = 1000 Í/ì.

Òåïåð îá÷èñëèìî íåîáõiäíó ðîáîòó:

A =

∫ 0,06

0,04

1000x dx = 500 x2
∣∣0,06
0,04

=

= 500(0,0036− 0,0016) = 1 . 2

Ìàñà íåîäíîðiäíîãî ñòåðæíÿ

ßêùî ñòåðæåíü ¹ îäíîðiäíèì, òî éîãî ìàñà ïðîïîðöiéíà äîâæèíi.
Äëÿ íåîäíîðiäíîãî ñòåðæíÿ ââîäÿòü ïîíÿòòÿ ëiíiéíî¨ ãóñòèíè.

Ëiíiéíîþ ãóñòèíîþ ñòåðæíÿ íàçèâàþòü ôiçè÷íó âåëè÷èíó, ÿêà õà-
ðàêòåðèçó¹ ìàñó, ùî ïðèïàäà¹ íà îäèíèöþ éîãî äîâæèíè.

Äëÿ îäíîðiäíîãî ñòåðæíÿ ëiíiéíà ãóñòèíà ¹ ñòàëîþ i äîðiâíþ¹

ρ =
m

l
,

äåm � ìàñà ñòåðæíÿ, à l � éîãî äîâæèíà. Îäèíèöåþ âèìiðþâàííÿ ëiíiéíî¨
ãóñòèíè â ñèñòåìi ÑI ¹ êã/ì.

Äëÿ íåîäíîðiäíîãî ñòåðæíÿ ëiíiéíà ãóñòèíà ìîæå çìiíþâàòèñÿ âiä
òî÷êè äî òî÷êè. Íåõàé ñòåðæåíü ðîçòàøîâàíèé âçäîâæ îñi Ox âiä òî÷êè
x = a äî òî÷êè x = b, à éîãî ëiíiéíà ãóñòèíà çàäà¹òüñÿ ôóíêöi¹þ

ρ = ρ(x).

Ìàñà ìàëî¨ äiëÿíêè ñòåðæíÿ äîâæèíè dx íàáëèæåíî äîðiâíþ¹

dm = ρ(x) dx.

Òîìó ìàñà âñüîãî ñòåðæíÿ îá÷èñëþ¹òüñÿ çà ôîðìóëîþ

m =

∫ b

a

ρ(x) dx.

x
O

a
b

x

dx

ρ=ρ(x)

d
m

=
ρ
(x
)
d
x

Ðèñ. Íåîäíîðiäíèé
ñò
åðæ

åíü
çi çìiííîþ

ëiíiéíîþ
ãóñò

èíîþ
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Ïðèêëàä 57. Ñòåðæåíü ðîçòàøîâàíèé íà âiäðiçêó [0; 2], à éîãî
ëiíiéíà ãóñòèíà çìiíþ¹òüñÿ çà çàêîíîì

ρ(x) = x2 + 1.

Îá÷èñëèòè ìàñó ñòåðæíÿ.

Ðîçâ'ÿçàííÿ. Ìàñà ñòåðæíÿ äîðiâíþ¹

m =

∫ 2

0

(x2 + 1) dx =

(
x3

3
+ x

)∣∣∣∣2
0

=

=
8

3
+ 2 =

14

3
. 2

Ïðèêëàä 58. Ñòåðæåíü äîâæèíîþ 3 ì ìà¹ ëiíiéíó ãóñòèíó

ρ(x) = 2 + x.

Îá÷èñëèòè ìàñó ñòåðæíÿ.

Ðîçâ'ÿçàííÿ. Ââàæàòèìåìî, ùî ñòåðæåíü ðîçòàøîâàíèé íà âiäðiçêó
[0; 3]. Òîäi

m =

∫ 3

0

(2 + x) dx =

(
2x+

x2

2

)∣∣∣∣3
0

=

= 6 +
9

2
=

21

2
. 2

Ñòàòè÷íèé ìîìåíò òà öåíòð ìàñ ñòåðæíÿ

Íåõàé íåîäíîðiäíèé ñòåðæåíü ðîçòàøîâàíèé íà âiäðiçêó [a; b], à éîãî
ëiíiéíà ãóñòèíà äîðiâíþ¹ ρ(x).

Ðîçãëÿíåìî ìàëó äiëÿíêó ñòåðæíÿ äîâæèíè dx, ðîçòàøîâàíó íà âiä-
ñòàíi x âiä ïî÷àòêó êîîðäèíàò. �¨ ìàñà äîðiâíþ¹

dm = ρ(x) dx.

Äîáóòîê ìàñè ìàòåðiàëüíî¨ òî÷êè íà ¨¨ êîîðäèíàòó íàçèâàþòü ¨¨ ñòàòè-
÷íèì ìîìåíòîì âiäíîñíî ïî÷àòêó êîîðäèíàò. Òîìó ñòàòè÷íèé ìîìåíò
åëåìåíòàðíî¨ äiëÿíêè ñòåðæíÿ äîðiâíþ¹

dM = x dm = xρ(x) dx.
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Ñòàòè÷íèé ìîìåíò óñüîãî ñòåðæíÿ îòðèìó¹ìî ïiäñóìîâóâàííÿì ñòàòè-
÷íèõ ìîìåíòiâ óñiõ éîãî åëåìåíòàðíèõ äiëÿíîê:

M =

∫ b

a

xρ(x) dx.

x
O

a
b

x

dx

dm = ρ(x) dx

dM
=
xdm

Ðèñ. Äî ïî
íÿòòÿ ñòàòè÷íî

ãî ìîìåíò
ó ñòåðæíÿ

Öåíòðîì ìàñ ñòåðæ
íÿ íàçèâàþ

òü òî÷êó, â
ÿêié óìîâí

î ìîæíà â
âàæà-

òè çîñåðåä
æåíîþ âñþ éîãî ìàñó

òàê, ùîá ñ
òàòè÷íèé

ìîìåíò íå
çìiíèâñÿ.

Ïîçíà÷èì
î êîîðäèí

àòó öåíòð
à ìàñ ÷åðå

ç x. ßêùî
âñþ ìàñó m ñòåð-

æíÿ óìîâí
î çîñåðåäè

òè â òî÷öi
ç êîîðäèí

àòîþ x, òî ¨¨ ñòà
òè÷íèé ìî

ìåíò

äîðiâíþâà
òèìå M = mx.

Çâiäñè x =
M

m
.

Îñêiëüêè
M =

∫ b

a

xρ(x) dx,
m =

∫ b

a

ρ(x) dx,

òî

x =

∫ b

a

xρ(x) dx∫ b

a

ρ(x) dx

.

x
O a

b

öåíòð
ì
àñ

x

x

m

9
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Ðèñ. Öåíòð ìàñ ñòåðæíÿ

Ïðèêëàä 59. Çíàéòè êîîðäèíàòó öåíòðà ìàñ ñòåðæíÿ, ðîçòà-
øîâàíîãî íà âiäðiçêó [0; 2], ÿêùî éîãî ëiíiéíà ãóñòèíà çìiíþ¹òüñÿ çà
çàêîíîì

ρ(x) = x+ 1.

Ðîçâ'ÿçàííÿ. Ñïî÷àòêó çíàéäåìî ìàñó ñòåðæíÿ:

m =

∫ 2

0

(x+ 1) dx =

(
x2

2
+ x

)∣∣∣∣2
0

= 4.

Ñòàòè÷íèé ìîìåíò âiäíîñíî ïî÷àòêó êîîðäèíàò äîðiâíþ¹

M =

∫ 2

0

x(x+ 1) dx =

∫ 2

0

(x2 + x) dx =

=

(
x3

3
+
x2

2

)∣∣∣∣2
0

=
14

3
.

Îòæå,

x =
M

m
=

14

3
· 1
4
=

7

6
. 2

Çàóâàæåííÿ 1.8. ßêùî ñòåðæåíü îäíîðiäíèé, òîáòî ρ(x) = const,
òî éîãî öåíòð ìàñ çíàõîäèòüñÿ ïîñåðåäèíi ñòåðæíÿ.

Ìàñà òà öåíòð ìàñ ïëîñêî¨ ôiãóðè

Ðîçãëÿíåìî ïëîñêó ôiãóðó, îáìåæåíó ãðàôiêàìè ôóíêöié

y = f(x), y = g(x),

òà ïðÿìèìè x = a, x = b, ïðè÷îìó

f(x) > g(x).

ßêùî ïîâåðõíåâà ãóñòèíà ïëàñòèíêè ¹ ñòàëîþ i äîðiâíþ¹ ρ, òî ¨¨ ìàñà
äîðiâíþ¹

m = ρ

∫ b

a

(f(x)− g(x)) dx.

Ïðè ρ = 1 ìàñà ÷èñåëüíî äîðiâíþ¹ ïëîùi ôiãóðè.
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Êîîðäèíàòè öåíòðà ìàñ îäíîðiäíî¨ ïëàñòèíêè îá÷èñëþþòüñÿ çà ôîð-
ìóëàìè

x =

∫ b

a

x(f(x)− g(x)) dx∫ b

a

(f(x)− g(x)) dx

,

y =

1

2

∫ b

a

(
f 2(x)− g2(x)

)
dx∫ b

a

(f(x)− g(x)) dx

.

x

y
O

y
=
f
(x
)

y
=
g
(x
)

a
b

x
d
x

f
(x
)−

g
(x
)

d
m

=
ρ
[f
(x
)−

g
(x
)]d

x

x

y

C(x,y)
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=
x
2
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îþ

y
=
x
.
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â'
ÿç
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íÿ
.
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íà
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åì
î
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òè
íó
:

x
2
=
x
,
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êè

x
1
=

0,
x
2
=

1.
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x

y
O

y
=
x

y
=
x
2

1

1
x

y

C
(x
,y
)

Ð
èñ
.
Î
áë
àñ
ò
ü,
îá
ì
åæ

åí
à
êð
èâ
èì

è
y
=
x
2
ò
à
y
=
x

Í
à
âi
äð
iç
êó

[0
;1
]
ì
à¹
ì
î
x
>
x
2
.

Ï
ëî
ù
à
îá
ëà
ñò
i
äî
ði
âí
þ
¹

S
=

∫ 1 0

(x
−
x
2
)
d
x
=

( x2 2
−
x
3 3

)∣ ∣ ∣ ∣1 0

=
1 6
.

Ò
îä
i

x
=

1 S

∫ 1 0

x
(x

−
x
2
)
d
x
=

=
6

∫ 1 0

(x
2
−
x
3
)
d
x
=

6

( 1 3
−

1 4

) =
1 2
.

Ä
ëÿ

äð
óã
î¨
êî
îð
äè
íà
òè

ì
à¹
ì
î

y
=

1 2S

∫ 1 0

(x
2
−
x
4
)
d
x
=

=
3

( 1 3
−

1 5

) =
2 5
.

Î
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ð
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ì
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;
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Ñèëà ãiäðîñòàòè÷íîãî òèñêó

Òèñê ðiäèíè çàëåæèòü âiä ãëèáèíè. ßêùî ρ � ãóñòèíà ðiäèíè, g �
ïðèñêîðåííÿ âiëüíîãî ïàäiííÿ, à h � ãëèáèíà, òî ãiäðîñòàòè÷íèé òèñê
âèçíà÷à¹òüñÿ çà ôîðìóëîþ

p = ρgh.

Äëÿ îá÷èñëåííÿ ñèëè òèñêó íà âåðòèêàëüíó ïëàñòèíêó ¨¨ ðîçáèâàþòü íà
âóçüêi ãîðèçîíòàëüíi ñìóæêè.

Íåõàé íà ãëèáèíi y øèðèíà ïëàñòèíêè äîðiâíþ¹ l(y). Òîäi åëåìåí-
òàðíà ñèëà òèñêó íà ñìóæêó òîâùèíè dy äîðiâíþ¹

dF = ρgy l(y) dy.

Îòæå, ïîâíà ñèëà ãiäðîñòàòè÷íîãî òèñêó îá÷èñëþ¹òüñÿ çà ôîðìóëîþ

F = ρg

∫ b

a

y l(y) dy.

ïîâåðõíÿ ðiäèíè

y

l(y)
dy

dF=ρgyl(y)dy

ïëàñòèíêà

Ðèñ. Ãiäðîñòàòè÷íèé òèñê íà âåðòèêàëüíó ïëàñòèíêó

Ïðèêëàä
61. Âåðòèêàëüíà ïðÿìîêóòíà ïëàñòèíêà øèðèíîþ

2 ì

i âèñîòîþ
3 ì

çàíóðåíà ó âîäó òàê, ùî ¨¨ âåðõíié êðàé çíàõîäèòüñÿ íà

ïîâåðõíi âîäè. Îá÷èñëèòè ñèëó òèñêó âîäè íà ïëàñòèíêó. Ãóñòèíó âîäè

ïðèéíÿòè ðiâíîþ

ρ =
1000 êã/ì 3

,

à ïðèñêîðåííÿ âiëüíîãî ïàäiííÿ

g =
9,8 ì/ñ 2

.
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ïîâåðõíÿ âîäè

ïëàñòèíêà

2ì

3ì

ydy

l(y) = 2

dF = ρgy · 2 dy

Ðèñ.Ãiäðîñòàòè÷íèéòèñêíàïðÿìîêóòíóïëàñòèíêó

Ðîçâ'ÿçàííÿ.ÂèáåðåìîâiñüOyâåðòèêàëüíîâíèçâiäïîâåðõíiâîäè.

Íàãëèáèíiyòèñêäîðiâíþ¹
p(y)=

ρgy.

Øèðèíàïëàñòèíêè¹ñòàëîþ:
l(y)=

2.

Òîìó

F
=
1000·9,8∫3

0

2ydy=

=
19600

y
2

2

∣∣∣∣ 3
0

=
88200Í.2

Ïðèêëàä
62.Âåðòèêàëüíàòðèêóòíàïëàñòèíêàìà¹âèñîòó2ì

òàøèðèíóîñíîâè4ì.�¨âåðøèíàçíàõîäèòüñÿíàïîâåðõíiâîäè,àîñíî-

âàðîçòàøîâàíàãîðèçîíòàëüíîíàãëèáèíi2ì.Îá÷èñëèòèñèëóòèñêó

âîäèíàïëàñòèíêó,ÿêùî

ρ=
1000êã/ì

3,
g=

9,8ì/ñ
2.
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ïîâåðõíÿ âîäè

2 ì

4ì

y

l(y)

dy

l(y)

4
=
y

2

Ðèñ.Ãiäðîñòàòè÷íèéòèñêíàòðèêóòíóïëàñòèíêó

Ðîçâ'ÿçàííÿ.Íåõàéy�ãëèáèíà,âiäðàõîâàíàâiäïîâåðõíiâîäè.Øè-

ðèíàòðèêóòíî¨ïëàñòèíêèçìiíþ¹òüñÿëiíiéíî.Içïîäiáíîñòiòðèêóòíèêiâ

ìà¹ìî

l(y)

4
=
y

2
,

çâiäêè

l(y)=2y.

ÒîìóF=ρg∫2

0

y·2ydy=19600∫2

0

y
2dy=

=19600
y
3

3

∣∣∣∣2
0

=
156800

3

.2

Øëÿõ,ïðîéäåíèéìàòåðiàëüíîþòî÷êîþ

ßêùîøâèäêiñòüìàòåðiàëüíî¨òî÷êè¹âiäîìîþôóíêöi¹þ÷àñó

v=v(t),

òî¨¨ïåðåìiùåííÿçàïðîìiæîê÷àñóâiät=aäît=bäîðiâíþ¹

s=∫b

a

v(t)dt.

ßêùîøâèäêiñòüçìiíþ¹çíàê,òîäëÿçíàõîäæåííÿïðîéäåíîãîøëÿõó

íåîáõiäíîâðàõîâóâàòèìîäóëüøâèäêîñòi:

L=∫b

a

|v(t)|dt.
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t

v
O

a
t 0

b

v
(t
)
>

0

v
(t
)
<

0

v
=
v
(t
)

Ðèñ. Ãåîì
åò
ðè÷íà

iíò
åðïðåò

àöiÿ
ïåðåì

iù
åííÿ

ò
à
ïðîéäåíîãî

ø
ëÿõó

Ç
àóâàæ

åííÿ
1.9. Ï

åðåìiù
åííÿ

òà
ïðîéäåíèé

ø
ëÿõ

¹
ðiçíèìè

âåëè-

÷èíàìè. ß
êù
î
ø
âèäêiñòü

íå
çìiíþ

¹
çíàê, òî

ìîäóëü
ïåðåìiù

åííÿ
äîðiâ-

íþ
¹ ïðîéäåíîìó

ø
ëÿõó. ß

êù
î
ø
âèäêiñòü

çìiíþ
¹ çíàê, òî

äëÿ
îá÷èñëåííÿ

ø
ëÿõó

ïðîìiæ
îê
÷àñó

íåîáõiäíî
ðîçáèòè

â
òî÷êàõ, ó

ÿêèõ
v(t)

=
0.

Ï
ðèêëàä

63.Ì
àò
åðiàëüíà

ò
î÷êà

ðóõà¹ò
üñÿ

ïðÿì
îëiíiéíî

çi ø
âèä-

êiñò
þ

v(t)
=
t 2
−
4t+

3.

Î
á÷èñëèò

è
ïåðåì

iù
åííÿ

ò
à
ïðîéäåíèé

ø
ëÿõ

çà
ïðîì

iæ
îê
÷àñó

0 6
t 6

4.
Ðîçâ'ÿçàííÿ. Ï

åðåìiù
åííÿ

òî÷êè
äîðiâíþ

¹

s
= ∫

4

0 (t 2
−
4t+

3) dt =

= (
t 3

3 −
2t 2

+
3t

)∣∣∣∣ 4

0 = 4
3 .

Ä
ëÿ
çíàõîäæ

åííÿ
ïðîéäåíîãî

ø
ëÿõó

âèçíà÷èìî
ìîìåíòè, â

ÿêèõ
ø
âèä-

êiñòü
äîðiâíþ

¹
íóëþ

:
t 2
−
4t+

3
=
0,

çâiäêè

t
1 =

1,

t
2 =

3.

Í
à
ïðîìiæ

êàõ
[0; 1] òà

[3; 4]
ø
âèäêiñòü

äîäàòíà, à
íà

ïðîìiæ
êó

[1; 3]
�

âiä'¹ìíà. Òîìó
L
= ∫

1

0 v(t) dt− ∫
3

1 v(t) dt+ ∫
4

3 v(t) dt.

9
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Ïîçíà÷èìî

V (t) =
t3

3
− 2t2 + 3t.

Òîäi

L = (V (1)− V (0))− (V (3)− V (1)) + (V (4)− V (3)) =

=
4

3
+

4

3
+

4

3
= 4.

Îòæå, ïåðåìiùåííÿ òî÷êè äîðiâíþ¹

s =
4

3
,

à ïðîéäåíèé øëÿõ
L = 4. 2

1.20 Çàâäàííÿ äëÿ ñàìîêîíòðîëþ

1. Çàïèøiòü ôîðìóëó äëÿ îá÷èñëåííÿ ðîáîòè çìiííî¨ ñèëè F = F (x) ïðè
ïåðåìiùåííi ìàòåðiàëüíî¨ òî÷êè âiä x = a äî x = b.

2. Ñôîðìóëþéòå çàêîí Ãóêà.

3. ßê çà äîïîìîãîþ âèçíà÷åíîãî iíòåãðàëà îá÷èñëþ¹òüñÿ ðîáîòà ïðè
ðîçòÿãóâàííi àáî ñòèñêàííi ïðóæèíè?

4. Ùî íàçèâàþòü ëiíiéíîþ ãóñòèíîþ ñòåðæíÿ?

5. Çàïèøiòü ôîðìóëó äëÿ îá÷èñëåííÿ ìàñè íåîäíîðiäíîãî ñòåðæíÿ.

6. Çàïèøiòü ôîðìóëó äëÿ îá÷èñëåííÿ ñòàòè÷íîãî ìîìåíòó íåîäíîði-
äíîãî ñòåðæíÿ âiäíîñíî ïî÷àòêó êîîðäèíàò.

7. ßê îá÷èñëþ¹òüñÿ êîîðäèíàòà öåíòðà ìàñ íåîäíîðiäíîãî ñòåðæíÿ?

8. Çàïèøiòü ôîðìóëè äëÿ îá÷èñëåííÿ êîîðäèíàò öåíòðà ìàñ îäíîði-
äíî¨ ïëîñêî¨ ïëàñòèíêè, îáìåæåíî¨ ãðàôiêàìè äâîõ ôóíêöié.

9. Âiä ÷îãî çàëåæèòü ãiäðîñòàòè÷íèé òèñê ðiäèíè?

10. ßê çà äîïîìîãîþ âèçíà÷åíîãî iíòåãðàëà îá÷èñëþ¹òüñÿ ñèëà ãi-
äðîñòàòè÷íîãî òèñêó íà âåðòèêàëüíó ïëàñòèíêó?

11. ßê îá÷èñëþ¹òüñÿ ïåðåìiùåííÿ ìàòåðiàëüíî¨ òî÷êè, ÿêùî âiäîìà
¨¨ øâèäêiñòü v = v(t)?
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12. Ó ÷îìó ïîëÿãà¹ âiäìiííiñòü ìiæ ïåðåìiùåííÿì òà ïðîéäåíèì
øëÿõîì?

13. Ñèëà çìiíþ¹òüñÿ çà çàêîíîì

F (x) = 4x+ 1.

Îá÷èñëiòü ðîáîòó ñèëè ïðè ïåðåìiùåííi ìàòåðiàëüíî¨ òî÷êè âiä x = 1 äî
x = 3.

14. Ëiíiéíà ãóñòèíà ñòåðæíÿ äîâæèíîþ 2 ì çàäà¹òüñÿ ôóíêöi¹þ

ρ(x) = 3 + x2.

Îá÷èñëiòü éîãî ìàñó.

15. Çíàéäiòü êîîðäèíàòó öåíòðà ìàñ ñòåðæíÿ, ðîçòàøîâàíîãî íà âiä-
ðiçêó [0; 1], ÿêùî

ρ(x) = 2x+ 1.

16. Ìàòåðiàëüíà òî÷êà ðóõà¹òüñÿ çi øâèäêiñòþ

v(t) = 2t− 4.

Îá÷èñëiòü ¨¨ ïåðåìiùåííÿ òà ïðîéäåíèé øëÿõ çà ïðîìiæîê ÷àñó 0 6 t 6 4.
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1.21 Çàâäàííÿ äëÿ ñàìîñòiéíî¨ ðîáîòè �7

Çàäà÷à 17. Îá÷èñëèòè ðîáîòó çìiííî¨ ñèëè.

Âàðiàíò Óìîâà Âàðiàíò Óìîâà
1 F (x) = 2x+ 3, 0 ≤ x ≤ 4 16 k = 120, 0 ≤ x ≤ 0,2

2 k = 200, 0 ≤ x ≤ 0,1 17 F (x) = 3x2 + 1, 0 ≤ x ≤ 2

3 F (x) = x2 + 4, 0 ≤ x ≤ 3 18 k = 250, 0,1 ≤ x ≤ 0,3

4 k = 300, 0 ≤ x ≤ 0,2 19 F (x) = 4x+ 1, 1 ≤ x ≤ 5

5 F (x) = 4x2, 0 ≤ x ≤ 2 20 k = 400, 0 ≤ x ≤ 0,15

6 k = 150, 0,1 ≤ x ≤ 0,3 21 F (x) =
12

(x+ 1)2
, 0 ≤ x ≤ 3

7 F (x) = 6x+ 2, 0 ≤ x ≤ 3 22 k = 500, 0,05 ≤ x ≤ 0,2

8 k = 240, 0 ≤ x ≤ 0,25 23 F (x) = 2x3 + x, 0 ≤ x ≤ 2

9 F (x) = 3x2 + x, 0 ≤ x ≤ 2 24 k = 320, 0 ≤ x ≤ 0,25

10 k = 180, 0,1 ≤ x ≤ 0,4 25 F (x) = 5x2 + 3, 0 ≤ x ≤ 2

11 F (x) = 5x+ 4, 1 ≤ x ≤ 3 26 k = 600, 0,1 ≤ x ≤ 0,2

12 k = 350, 0 ≤ x ≤ 0,2 27 F (x) =
12

x+ 1
, 0 ≤ x ≤ 3

13 F (x) = x3 + 2x, 0 ≤ x ≤ 2 28 k = 450, 0 ≤ x ≤ 0,3

14 k = 280, 0,05 ≤ x ≤ 0,25 29 F (x) = 4
√
x+ 2, 0 ≤ x ≤ 4

15 F (x) = 2x2 + 5, 0 ≤ x ≤ 3 30 k = 220, 0,1 ≤ x ≤ 0,3
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Çàäà÷à 18. Äëÿ íåîäíîðiäíîãî ñòåðæíÿ iç çàäàíîþ ëiíiéíîþ ãóñòè-
íîþ ρ = ρ(x) îá÷èñëèòè âêàçàíi õàðàêòåðèñòèêè.

Âàðiàíò Óìîâà Âàðiàíò Óìîâà

1
ρ = x+ 2, 0 ≤ x ≤ 2;

m, M, x̄
16

ρ = 2x+ 3, 0 ≤ x ≤ 3;
m, x̄

2
ρ = 2x+ 1, 0 ≤ x ≤ 3;

m, x̄
17

ρ = x2 + 2, 0 ≤ x ≤ 2;
m, M, x̄

3 ρ = x2 + 4, 0 ≤ x ≤ 2; m, M 18
ρ = 3x+ 1, 1 ≤ x ≤ 3;

m, M

4
ρ = 3x+ 2, 0 ≤ x ≤ 2;

m, M, x̄
19

ρ = x2 + x+ 1, 0 ≤ x ≤ 2;
m, x̄

5
ρ = x2 + 2x+ 1, 0 ≤ x ≤ 2;

m, x̄
20

ρ = 4− x, 0 ≤ x ≤ 3;
m, M, x̄

6
ρ = 4− x, 0 ≤ x ≤ 2;

m, M
21

ρ =
√
x+ 1, 0 ≤ x ≤ 4;
m, M

7
ρ =

√
x+ 2, 0 ≤ x ≤ 4;
m, M, x̄

22
ρ = 2

√
x+ 1, 0 ≤ x ≤ 4;
m, x̄

8
ρ = x2 + 3, 0 ≤ x ≤ 2;

m, x̄
23

ρ = x3 + 1, 0 ≤ x ≤ 2;
m, M, x̄

9
ρ = x3 + 2, 0 ≤ x ≤ 2;

m, M
24

ρ = 5− 2x, 0 ≤ x ≤ 2;
m, M

10
ρ = 5− x, 0 ≤ x ≤ 4;

m, M, x̄
25

ρ = (x+ 1)2, 0 ≤ x ≤ 2;
m, x̄

11
ρ = (x+ 1)2, 0 ≤ x ≤ 3;

m, x̄
26

ρ = 2x2 + 1, 0 ≤ x ≤ 2;
m, M, x̄

12
ρ = 2x2 + 3, 0 ≤ x ≤ 2;

m, M
27

ρ = 3 +
√
x, 0 ≤ x ≤ 4;
m, M

13
ρ = 1 +

x

2
, 0 ≤ x ≤ 4;

m, M, x̄
28

ρ = 2 +
x

3
, 0 ≤ x ≤ 3;

m, x̄

14
ρ = 6− x2, 0 ≤ x ≤ 2;

m, x̄
29

ρ = 5− x2, 0 ≤ x ≤ 2;
m, M, x̄

15
ρ = x2 + x+ 2, 0 ≤ x ≤ 2;

m, M
30

ρ = x3 + x+ 1, 0 ≤ x ≤ 2;
m, M
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Çàäà÷à 19. Çíàéòè êîîðäèíàòè öåíòðà ìàñ îäíîðiäíî¨ ïëîñêî¨ ïëà-
ñòèíêè, îáìåæåíî¨ çàäàíèìè ëiíiÿìè.

Âàðiàíò Ëiíi¨ Âàðiàíò Ëiíi¨
1 y = 4x, y = x2 16 y = x2, y = x+ 6

2 y = 2x− x2, y = 0 17 y = 3x− x2, y = 0

3 y = 4− x2, y = 0, x ≥ 0 18 y = 9− x2, y = 0, x ≥ 0

4 y = x2, y = 2x 19 y = x2, y = 3x

5 y = x2, y = x+ 2 20 y = x2, y = 2x+ 3

6 y = 4− x2, y = x2 21 y = 8− x2, y = x2

7 y =
√
x, y = x 22 y =

√
x, y =

x

2
8 y = 2

√
x, y = x 23 y = 3

√
x, y = x

9 y = x− x2, y = 0 24 y = 4x− x2, y = 0

10 y = x2 − 2x, y = 0 25 y = x2 − 4x, y = 0

11 y = 1− x2, y = 0 26 y = 4− x2, y = 0

12 y = x2, y = 4 27 y = x2, y = 9

13 y = x2 − 1, y = x+ 1 28 y = x2 − 2, y = x+ 2

14 y = x2 − 2x, y = x 29 y = x2 − 3x, y = x

15 y = 2− x, y = x2 30 y = 3− x, y = x2
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Çàäà÷à 20. Îá÷èñëèòè ñèëó ãiäðîñòàòè÷íîãî òèñêó âîäè íà âåð-
òèêàëüíó ïëàñòèíêó çàäàíî¨ ôîðìè. Ââàæàòè ρ = 1000 êã/ì3, g =
9,8 ì/ñ2.

Äëÿ ïðÿìîêóòíî¨ ïëàñòèíêè ðîçìiðè íàâåäåíî ó ôîðìàòi �øèðèíà
× âèñîòà�. Äëÿ òðèêóòíî¨ ïëàñòèíêè b ïîçíà÷à¹ äîâæèíó ãîðèçîíòàëü-
íî¨ îñíîâè, à h � âèñîòó. ßêùî âêàçàíî ãëèáèíó îñíîâè àáî âåðøèíè
òðèêóòíèêà, ââàæàòè, ùî öåé åëåìåíò ðîçòàøîâàíèé âèùå çà iíøi òî÷êè
ïëàñòèíêè.

Âàðiàíò Óìîâà Âàðiàíò Óìîâà

1
ïðÿìîêóòíèê 5× 3 ì,

âåðõíÿ ñòîðîíà íà ïîâåðõíi
16

ïðÿìîêóòíèê 3× 2 ì,
âåðõíÿ ñòîðîíà íà ãëèáèíi 1 ì

2
òðèêóòíèê: b = 5, h = 3 ì,

âåðøèíà íà ïîâåðõíi
17

òðèêóòíèê: b = 6, h = 3 ì,
îñíîâà íà ïîâåðõíi

3
ïðÿìîêóòíèê 4× 2 ì,

âåðõíÿ ñòîðîíà íà ïîâåðõíi
18

ïðÿìîêóòíèê 2× 4 ì,
âåðõíÿ ñòîðîíà íà ãëèáèíi 2 ì

4
òðèêóòíèê: b = 3, h = 3 ì,

îñíîâà íà ïîâåðõíi
19

òðèêóòíèê: b = 4, h = 4 ì,
âåðøèíà íà ïîâåðõíi

5
êâàäðàò çi ñòîðîíîþ 2 ì,

âåðõíÿ ñòîðîíà íà ãëèáèíi 1 ì
20

êâàäðàò çi ñòîðîíîþ 3 ì,
âåðõíÿ ñòîðîíà íà ïîâåðõíi

6
òðèêóòíèê: b = 6, h = 2 ì,

âåðøèíà íà ïîâåðõíi
21

òðèêóòíèê: b = 5, h = 2 ì,
îñíîâà íà ïîâåðõíi

7
ïðÿìîêóòíèê 3× 4 ì,

âåðõíÿ ñòîðîíà íà ãëèáèíi 1 ì
22

ïðÿìîêóòíèê 5× 2 ì,
âåðõíÿ ñòîðîíà íà ïîâåðõíi

8
òðèêóòíèê: b = 4, h = 3 ì,
îñíîâà íà ãëèáèíi 1 ì

23
òðèêóòíèê: b = 6, h = 4 ì,
âåðøèíà íà ãëèáèíi 1 ì

9
êâàäðàò çi ñòîðîíîþ 4 ì,
âåðõíÿ ñòîðîíà íà ïîâåðõíi

24
êâàäðàò çi ñòîðîíîþ 2 ì,

âåðõíÿ ñòîðîíà íà ãëèáèíi 3 ì

10
òðèêóòíèê: b = 8, h = 4 ì,

âåðøèíà íà ïîâåðõíi
25

òðèêóòíèê: b = 4, h = 2 ì,
îñíîâà íà ãëèáèíi 2 ì

11
ïðÿìîêóòíèê 2× 5 ì,

âåðõíÿ ñòîðîíà íà ïîâåðõíi
26

ïðÿìîêóòíèê 4× 3 ì,
âåðõíÿ ñòîðîíà íà ãëèáèíi 2 ì

12
òðèêóòíèê: b = 5, h = 3 ì,

îñíîâà íà ïîâåðõíi
27

òðèêóòíèê: b = 3, h = 2 ì,
âåðøèíà íà ïîâåðõíi

13
ïðÿìîêóòíèê 6× 2 ì,

âåðõíÿ ñòîðîíà íà ãëèáèíi 1 ì
28

ïðÿìîêóòíèê 3× 3 ì,
âåðõíÿ ñòîðîíà íà ïîâåðõíi

14
òðèêóòíèê: b = 6, h = 3 ì,
âåðøèíà íà ãëèáèíi 2 ì

29
òðèêóòíèê: b = 5, h = 4 ì,
îñíîâà íà ãëèáèíi 1 ì

15
êâàäðàò çi ñòîðîíîþ 3 ì,

âåðõíÿ ñòîðîíà íà ãëèáèíi 2 ì
30

êâàäðàò çi ñòîðîíîþ 4 ì,
âåðõíÿ ñòîðîíà íà ãëèáèíi 1 ì
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Îñíîâíi ôîðìóëè

1. Âèçíà÷åíèé iíòåãðàë

Ôîðìóëà Íüþòîíà�Ëåéáíiöà:∫ b

a

f(x) dx = F (b)− F (a), F ′(x) = f(x).

Çàìiíà çìiííî¨:∫ b

a

f(φ(t))φ′(t) dt =

∫ φ(b)

φ(a)

f(x) dx.

Iíòåãðóâàííÿ ÷àñòèíàìè:∫ b

a

u dv = uv|ba −
∫ b

a

v du.

2. Íåâëàñíi iíòåãðàëè

Íåâëàñíèé iíòåãðàë ïåðøîãî ðîäó:∫ +∞

a

f(x) dx = lim
b→+∞

∫ b

a

f(x) dx.

∫ b

−∞
f(x) dx = lim

a→−∞

∫ b

a

f(x) dx.

Íåâëàñíèé iíòåãðàë äðóãîãî ðîäó:∫ b

a

f(x) dx = lim
ε→+0

∫ b

a+ε

f(x) dx

ïðè îñîáëèâié òî÷öi x = a,∫ b

a

f(x) dx = lim
ε→+0

∫ b−ε

a

f(x) dx

ïðè îñîáëèâié òî÷öi x = b.
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3. Ïëîùi ïëîñêèõ ôiãóð

Ïëîùà ïiä ãðàôiêîì:

S =

∫ b

a

|f(x)| dx.

Ïëîùà ìiæ äâîìà êðèâèìè:

S =

∫ b

a

|f(x)− g(x)| dx.

Iíòåãðóâàííÿ âiäíîñíî y:

S =

∫ d

c

|f(y)− g(y)| dy.

Ïàðàìåòðè÷íå çàäàííÿ:

S =

∫ β

α

|y(t)x′(t)| dt

Ïîëÿðíi êîîðäèíàòè:

S =
1

2

∫ β

α

r2(φ) dφ.

4. Äîâæèíà äóãè êðèâî¨

Äëÿ y = f(x):

L =

∫ b

a

√
1 + (f ′(x))2 dx.

Ïàðàìåòðè÷íî çàäàíà êðèâà:

L =

∫ β

α

√
(x′(t))2 + (y′(t))2 dt.

Ïîëÿðíi êîîðäèíàòè:

L =

∫ β

α

√
r2(φ) + (r′(φ))2 dφ.
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5. Îá'¹ìè òië

Çà ïëîùåþ ïîïåðå÷íîãî ïåðåðiçó:

V =

∫ b

a

S(x) dx.

Îáåðòàííÿ íàâêîëî îñi Ox:

V = π

∫ b

a

f 2(x) dx.

Ìåòîä øàéá:

V = π

∫ b

a

(
R2(x)− r2(x)

)
dx.

Îáåðòàííÿ íàâêîëî îñi Oy:

V = π

∫ d

c

φ2(y) dy.

Ìåòîä öèëiíäðè÷íèõ îáîëîíîê:

V = 2π

∫ b

a

xf(x) dx.

Äëÿ îáëàñòi ìiæ äâîìà êðèâèìè:

V = 2π

∫ b

a

x (f(x)− g(x)) dx.

6. Ïëîùi ïîâåðõîíü îáåðòàííÿ

Îáåðòàííÿ y = f(x) íàâêîëî Ox:

S = 2π

∫ b

a

|f(x)|
√

1 + (f ′(x))2 dx.

Îáåðòàííÿ y = f(x) íàâêîëî Oy:

S = 2π

∫ b

a

|x|
√
1 + (f ′(x))2 dx.
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Ïàðàìåòðè÷íî çàäàíà êðèâà, íàâêîëî Ox:

S = 2π

∫ β

α

|y(t)|
√

(x′(t))2 + (y′(t))2 dt.

Ïàðàìåòðè÷íî çàäàíà êðèâà, íàâêîëî Oy:

S = 2π

∫ β

α

|x(t)|
√

(x′(t))2 + (y′(t))2 dt.

Ïîëÿðíi êîîðäèíàòè, íàâêîëî Ox:

S = 2π

∫ β

α

|r(φ) sinφ|
√
r2(φ) + (r′(φ))2 dφ.

Ïîëÿðíi êîîðäèíàòè, íàâêîëî Oy:

S = 2π

∫ β

α

|r(φ) cosφ|
√
r2(φ) + (r′(φ))2 dφ.

7. Ôiçè÷íi çàñòîñóâàííÿ

Ðîáîòà çìiííî¨ ñèëè:

A =

∫ b

a

F (x) dx.

Ðîáîòà ñèëè ïðóæíîñòi:

A =

∫ b

a

kx dx =
k

2
(b2 − a2).

Ìàñà íåîäíîðiäíîãî ñòåðæíÿ:

m =

∫ b

a

ρ(x) dx.

Ñòàòè÷íèé ìîìåíò:

M =

∫ b

a

xρ(x) dx.
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Öåíòð ìàñ ñòåðæíÿ:

x̄ =

∫ b

a

xρ(x) dx∫ b

a

ρ(x) dx

.

Äëÿ îäíîðiäíî¨ ïëîñêî¨ ïëàñòèíêè g(x) ≤ y ≤ f(x):

S =

∫ b

a

(f(x)− g(x)) dx,

x̄ =

∫ b

a

x(f(x)− g(x)) dx

S
,

ȳ =

1

2

∫ b

a

(
f 2(x)− g2(x)

)
dx

S
.

Ãiäðîñòàòè÷íèé òèñê:
p = ρgy.

Ñèëà ãiäðîñòàòè÷íîãî òèñêó:

F = ρg

∫ b

a

y l(y) dy.

Ïåðåìiùåííÿ ìàòåðiàëüíî¨ òî÷êè:

∆x =

∫ t2

t1

v(t) dt.

Øëÿõ ìàòåðiàëüíî¨ òî÷êè:

L =

∫ t2

t1

|v(t)| dt.

108



ÐÅÊÎÌÅÍÄÎÂÀÍÀ ËIÒÅÐÀÒÓÐÀ

[1] Áàðàíiâñüêà À.Ô., Ãåðóñ Î.Ô., Îñàä÷èé Ì.Ì., Òàðãîíñüêèé Ë.Ï.
Êóðñ ìàòåìàòè÷íîãî àíàëiçó. Ôóíêöi¨ îäíi¹¨ çìiííî¨. � Æèòîìèð.
� 2002. � 326 ñ.

[2] Áàðàíiâñüêà À.Ô., Îñàä÷èé Ì.Ì., Òàðãîíñüêèé Ë.Ï. Êóðñ ìàòåìà-
òè÷íîãî àíàëiçó. Ôóíêöi¨ áàãàòüîõ çìiííèõ. � Æèòîìèð. � 2000. �
296 ñ.

[3] Äàâèäîâ Ì.Î.Êóðñ ìàòåìàòè÷íîãî àíàëiçó. ×.1. � Ê.: Âèùà øêîëà.
� 1990. � 383 ñ.

[4] Äàâèäîâ Ì.Î.Êóðñ ìàòåìàòè÷íîãî àíàëiçó. ×.2. � Ê.: Âèùà øêîëà.
� 1991. � 368 ñ.

[5] Äàâèäîâ Ì.Î. Êóðñ ìàòåìàòè÷íîãî àíàëiçó. ×. 3. � Ê.: Âèùà øêî-
ëà. � 1992. � 360 ñ.

[6] Øóíäà Í.Ì., Òîìóñÿê À.À. Ïðàêòèêóì ç ìàòåìàòè÷íîãî àíàëi-
çó. Âñòóï äî àíàëiçó. Äèôåðåíöiàëüíå ÷èñëåííÿ. � Ê.: Âèùà øêîëà,
1993.

[7] Äîâãîïÿòèé Î.Ï., Ñåâîñòüÿíîâ �.Î., Òàðãîíñüêèé À.Ë. Ìàòåìàòè-
÷íèé àíàëiç: ×àñòèíà I. Íàâ÷àëüíî-ìåòîäè÷íèé ïîñiáíèê. � Æèòî-
ìèð: Âèäàâíèöòâî ÆÄÓ iìåíi Iâàíà Ôðàíêà, 2022.

[8] Äîâãîïÿòèé Î.Ï., Ñåâîñòüÿíîâ �.Î., Òàðãîíñüêèé À.Ë. Ìàòåìàòè-
÷íèé àíàëiç: ×àñòèíà II. Íàâ÷àëüíî-ìåòîäè÷íèé ïîñiáíèê. � Æèòî-
ìèð: Âèäàâíèöòâî ÆÄÓ iìåíi Iâàíà Ôðàíêà, 2023.

[9] Äîâãîïÿòèé Î.Ï., Ñåâîñòüÿíîâ �.Î., Òàðãîíñüêèé À.Ë. Ìàòåìàòè-
÷íèé àíàëiç: ×àñòèíà III. Íàâ÷àëüíî-ìåòîäè÷íèé ïîñiáíèê. � Æè-
òîìèð: Âèäàâíèöòâî ÆÄÓ iìåíi Iâàíà Ôðàíêà, 2024.

[10] Ñåâîñòüÿíîâ �.Î., Ñêâîðöîâ Ñ.Î., Òàðãîíñüêèé À.Ë. Åëåìåíòè òåî-
ði¨ ôóíêöié äiéñíî¨ çìiííî¨. Íàâ÷àëüíî-ìåòîäè÷íèé ïîñiáíèê. � Æè-
òîìèð: Âèäàâíèöòâî ÆÄÓ iìåíi Iâàíà Ôðàíêà, 2018.

109


