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On unclosed mappings with integral constraints

Victoria Desyatka, Oleksandr Dovhopiatyi, Evgeny Sevost’yanov

Abstract. This paper investigates the class of mappings that satisfy the
upper weighted Poletsky inequality. We focus on the setting where the
mapping is not assumed to be boundary-preserving, and the correspon-
ding majorant satisfies the integral-type restrictions. By imposing specific
geometric constraints on the definition domain and respective cluster sets
of mappings, we establish the equicontinuity of the corresponding fami-
lies of mappings in the closure of a domain.

Amnorarnis. TocnimkyeTbes Kaac BiodpakeHb, M0 33, 10BOJIbHIIOTH BEPX-
HI0 BaroBy HepiBHicTh [losenibkoro. Mu mocmiKyeMoO BUIAJIOK, KOJIH
BijjobparkeHHs1 He 30epirae MexkKy 00J1acTi BUBHAUYEHHS, a BiIIOBIIHA Ma-
KOPaHTA 3aJI0BOJIbHSIE OOMEXKEHHSI IHTerpaJbHOTO THUITY. 3& IIEBHUX T'e€0-
METPUIHUX OOMEXKEHb Ha 00JIaCTh BU3HAYEHHS Ta BiIMOBITHI MHOXKWHHI
TOYOK HAKOIIMYEHHS BiT0OparkeHb, HAMU BCTAHOBJIEHA OJHOCTANWHA HeIle-
PEpBHICTH BiAMOBIAHUX ciMeit BioOpakeHb y 3aMUKaHHI 00/1aCTi.

1. INTRODUCTION

The current study falls within the framework of the theory of mappings
with bounded and finite distortion (cf. [2, 10, 12, 13, 17, 23, 26, 34, 35]).
More precisely, our interest centers on classes of mappings whose very de-
finition incorporates upper bounds for the distortion of the modulus of
path families (see, e.g., [1, 3, 13, 30]). Generally, traditional approaches
to analyzing the local behavior of such mappings require imposing either
homeomorphicity or openness, discreteness, and closedness. Works such as
[1, 16, 20, 21, 34| are representative of the former direction, whereas the
latter property is investigated in [3, 33, 35].

Let X and Y be metric spaces. A mapping f: X — Y is called closed
if f(A) is closed in f(X) whenever A is closed in X. Otherwise, we mean
that f is unclosed. Crucially, the combination of openness, discreteness,
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and closedness guarantees that the boundary is preserved under the map-
ping; conversely, any open, discrete, and boundary-preserving mapping is
necessarily closed, as shown in [35, Theorem|. On the other hand, unclosed
(boundary-non-preserving) mappings have not yet been sufficiently stud-
ied. This lack of consideration is primarily caused by a highly intricate
methodology of analysis, given that the properties of the so-called path
liftings under unclosed mappings do not readily align with the behavior of
the mappings themselves.

Nevertheless, examples of unclosed mappings are quite widespread. For
instance, the analytic function f(z) = 2* on the complex plane defines a
closed mapping within the unit disk

D={zeC:|z| <1},
but fails to retain this property when restricted to the disk
B(1,1) ={zeC: |z —1] < 1}.

Furthermore, by virtue of the classical Casorati-Weierstrass or Picard the-
orems, an isolated singularity of an analytic function is essential if and only
if the corresponding mapping is not closed. This stems from the fact that
closed mappings preserve boundaries, whereas the cluster set of an analytic
function at an essential singularity expands to the entire extended complex
plane.

Recently, a new approach was initiated to analyze boundary-non-preser-
ving mappings by localized reductions to subdomains where the mappings
become closed. As demonstrated in [5], this reduction can be achieved by
prescribing specific constraints on the respective cluster set. In the present
paper, we extend this line of research. Following the framework established
in [5], our primary objective is to examine the boundary behavior of these
mappings, alongside the global behavior of their families up to the closure
of the domain.

A foundational result in this direction was established by Nakki and
Palka (see [16]).

Theorem 1.1 (NékkifPaﬁa). Let § be a family of K -quasiconformal map-
pings of a domain D # R™ onto a domain D’ and let either D or D’ be
quasiconformally collared on the boundary. Then § is uniformly equicon-

tinuous if and only if each f € § can be extended to a conlinuous mapping
of D onto D' and irslfh(f(A)) > 0 for some continuum A in D.

Here h(f(A)) denotes the chordal diameter of the set f(A) < R™, see
e.g. [34, Definition 12.1].

We have obtained some analogs of this statement, including for homeo-
morphisms and open discrete and closed mappings, see, e.g. [28] and [32].
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In the most general case, when the mappings are neither homeomorphisms
nor closed mappings, we have obtained the following statement, see below.
We now give some definitions.

A Borel function p: R™ — [0, 0] is called admissible for the family I' of

paths v in R™, if the relation { p(z)|dz| = 1 holds for all (locally rectifiable)

¥
paths v € I'. In this case, we write: p € adml'. Let o > 1, then a-modulus

of I' is defined by the equality
M,(T) = inf | p*(x)dm(z).
peadmI’
R
We set M(T') .= M,(I"). Let zp e R, 0 < r; <19 < 00,
S(zo,r) ={xeR": |x — xo| =1},
B(zg,r) ={zx e R" : |x —xo| <1} (1.1)

and

A= A(xg,r1,m2) = {x e R" : r] < |x — 20| < 12}
Given sets E, F < R" and a domain D = R™ we denote by I'(E, F, D) a
family of all paths v: [a,b] — R™ such that y(a) € E,~(b) € F and v(t) € D
for t € (a,b).

Let S; = S(zo,7;), i = 1,2, where spheres S(xg,r;) centered at z( of the
radius r; are defined in (1.1). Let @: R™ — R be a Lebesgue measurable
function satisfying the condition Q(z) = 0 for z € R™\D. Let a > 1. A
mapping f: D — R™ is called a ring Q-mapping at the point xo € D\{o0}
with respect to a-modulus, if the condition

Mo (f(T'(S1,52,D))) < f@(x) -0 (lz — xol) dm(x) (1.2)
AnD

holds for some Ry(zg) > 0, all 0 < r; <73 < Rp and all Lebesgue measur-
able functions n: (ry,r2) — [0, 0] such that

Jn(r) dr > 1. (1.3)
1
The relation (1.2) may be defined at g = oo with the help of the inver-
sion: by the definition, we say that f satisfies (1.2) whenever f = f o
satisfies (1.2) at z¢p = 0, while ¢(z) = ﬁ
A domain D < R™, n > 2, is called a uniform domain with respect to
a-modulus, o = 1, if, Vr > 0, there is 6 > 0 with M, (I'(F, F*,D)) =
whenever F' and F'* are continua of D with h(F') = r and h(F™*) > r. Let
I be some set of indices. Domains D;, i € I, are said to be equi-uniform
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domains with respect to a-modulus, if, for » > 0, the modulus condition
above is satisfied by each D; with the same number 0. It should be noted
that the proposed concept of a uniform domain has, generally speaking, no
relation to the definition introduced for the uniform domain in the Martio—
Sarvas sense [14].

Following [19], a condenser in R™ is a pair E = (A, ('), where A is open
in R® and C # ¢ is a compact subset of A. If 1 < a < o0, the a-capacity
of E is defined by

cap, F = inff [Vu|® dm,
A

where the infimum is taken over all nonnegative functions v in ACL%(A)
with compact support in A and u|c > 1. Let F be a compact set in R".
We say that F' is of a-capacity zero if cap, (A, F') = 0 for some (and hence
for all) bounded open set A > F. An arbitrary set E ¢ R" is of a-capacity
zero if the same is true for every compact subset of E. In this case we write
cap, E =0 (cap E = 0 if & = n), otherwise cap, F > 0.

Let Q: R™ — [0, o0] be a Lebesgue measurable function. We set

Q(z), Qz) =1,
o - [e@. aw
1, Q(x) < 1.
Denote by ¢, the mean value of Q'(x) over the sphere |z — 2| = r, that
is,
1
/ . / -1

|z—z0|="r

where w,,_1 denotes the area of the unit sphere S"~1 = (0, 1).
Given a domain D < R™, a constant M > 0, and an increasing convex
function ®: [0, 00] — [0, 0], let us consider the relation

[ o i < (149
D

where the meaning of Q; will be explained below. Let f: D — R" be a
mapping, F < D be an arbitrary subset, and y € R". The counting function
N(y, [, E) = card{z € E : f(x) = y}

defines the multiplicity function of f in E. Accordingly, the global multi-
plicity of covering over the set E is given by the supremum

N(f,E) = f;ﬁ@ Ny, f,E). (1.5)

The following definitions and designations are used further in the article:
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Notation Role / Description

Q order of the modulus of families of paths

P order of the modulus of families of surfaces

E a closed set in D containing the pre-image of the
cluster set

E, a closed set in R™ containing the cluster set C(f, 0D)
some closed set, omitted by some family of mappings,

F having positive capacity for @« = n, and arbitrary
while a # n

Kro(z, f) inner dilatation of f of the order «
Q: D — [0,00] | Lebesgue measurable function

some nonnegative function controlling functions

o Qf(x) in (1.4) or Kr(x, f) in dependence of con-
text

M >0 the constant from (1.4)

5 a number appearing in the normalized conditions
h(Kf) =6 and h(f~1(Ky),0D) =6 >0

i1 C(f,0D) c Ey,
for each component K of D}\E*, where D} = f(D),

12 there exists a continuum Ky < K satisfying
h(Kf) =6 and h(f~1(Ky),0D) =6 > 0

i3 f~YE,) cE

f)‘iE*EF(D) or R

the family of open discrete mappings f: D — R\ F

satisfying the condition (1.2)—-(1.3) at any zp € D
such that 41—i3 hold

the family of open discrete mappings f: D — R™\F
for which there exists a Lebesgue measurable func-
tion Q@ = Qf: D — [0, oo] satisfying conditions (1.2)—-
(1.3) at each xg € D for some Ry = Ry(xg) > 0, such
that the relation (1.4) and conditions ;i3 hold

N(f,D) maximal multiplicity of the mapping f in D
N some number for which N(f,D) < N
the function from the definition of the Orlicz-Sobolev
Y class Wh¥

loc

Ey,E.F.N,M
96,55 (D)

or 96

the family of bounded open discrete mappings
f: D —RA\F in W,5¥(D) for which there exists a
Lebesgue measurable function Q = Q¢: D — [0, 0]
such that Ky .(z, f) < Q(z), that is, (1.4) holds,
N(f,D) < N, and conditions i;—i3 are satisfied
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To streamline the formulations of our main results, we specify the fol-
lowing geometric conditions on the domain D and the underlying set E:

(C1) The set E is nowhere dense in D, and D is finitely connected on FE.

(Cg) For each boundary point zg € 0D, there exists a finite integer
m = m(xg) = 1 such that every neighborhood U of z( contains
a subneighborhood V' < U for which V n D is connected and
(V' n D)\FE consists of at most m components.

The baseline result for fixed majorants can be formulated as follows
(see [5, Theorem 6.1], cf. |7, Theorem 4.1]).

Theorem 1.2 (B.). Let a > 1, let D be a domain in R™, n = 2, and
let conditions (C1)—(C2) be satisfied. Assume that the set F has positive
capacity for o =n, and is an arbitrary closed set forn —1 < a <n.

Suppose also that, at each xg € 0D, the function QQ satisfies at least one
of the conditions:

(Cgl)) Q has a finite mean oscillation at xg;
(C5) 4z (r) = O([log 1"™) as 7 — 0;
(ng)) the integral condition

(o)
dt
= s S
0 tafl ql‘() a—1 (t)

holds for some 6(xg) > 0.

If the family of components of D}\E* 1s equi-uniform over f € R with re-
spect to a-modulus, then every mapping f € R can be continuously extended
to 0D, and the extended family R is equicontinuous in D.

Our primary objective is to extend Theorem B to the case of varying ma-
jorants subject to integral-type restrictions. Similar functional constraints
have been successfully applied to other problems, such as the compactness
of solution classes for the Dirichlet problem (see, e.g., [21, 22]).

Our main result is established in the following assertion.

Theorem 1.3. Letn > 2, n—1 < a < n, and let D be a domain in R"
satisfying conditions (C1)—(Csz). Let the set F' have positive capacity for
a =mn, and be an arbitrary closed set forn —1 < a < n.

Suppose that the function ® satisfies the divergence condition

0
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for some 69 > 19 = ®(0). If the family of components of D}\E* is equi-
uniform over f € B with respect to a-modulus, then each f € B admits a
continuous extension to 0D, and the corresponding extended family B is
equicontinuous in D.

To demonstrate the meaningfulness of the above result, in particular, to
point out the difference between mappings with a fixed majorant and map-
pings for which there is no such majorant, consider the following example.
Let € B(0,e!) and p =n, n > 2. We set

O (i) = m, lz] <e ™, 5 3
m\¥) = log‘%', |z| > e ™, M=%
We now put
e—1
x dt
Jm(z) = mexp _Jl )
n—1
2] tom (2)
where

1
C]O,m(t) = m JQm(x) dHn_l.
S(0,t)
Arguing similarly to [13, Proposition 6.3|, we observe that f,, satisfy (1.2)
and (1.3) with @ = @,,. At the same time, f,,, have no fixed majorant @
in the context of these relations.

The conditions (C1)—(Cz) hold because D = B(0,e~!) is locally con-
nected on the boundary and £ = J. As F we may put any continuum
outside the open unit ball B” = B(0, 1) because, obviously, fn, (D) = B".
Finally,

Ey = C(fm,0B(0,e 1) =81

Note that B” is a uniform domain, because B" is qc-collared (see [34,
Theorem 17.12]) and, consequently, is uniform (see [15, Corollary 6.6]).
Thus, the family fp,(D)\Ex = fm(D) =B" (m = 2,3,...) is equi-uniform.
Observe that for the function ®(t) = e’ by the Fubini theorem we obtain
that

j@(Qm(x)) . % < Jemdm(m) + Jexp log |:171| dm(x)

B(0,e—1) B(0,e—™) B(0,e1)

1

.~
1
= Qe 4Ly ft”l ot

0
<O +wp1e b= M,
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where €2, denotes the volume of the unit ball B" = B(0, 1). Obviously, the
relation (1.6) holds for ®(¢) = e'. Thus, we may apply Theorem 1.3 for the
family f,,. However, we cannot apply Theorem B, in this case.

2. PRELIMINARIES

The following assertion was established in [5, Lemma 2.1].

Lemma 2.1. Let D be a domain in R™, n = 2, and let xg € 0D. Suppose
that E is a closed, nowhere dense subset of D, and assume that D is finitely
connected on E, meaning that for each zg € E and every neighborhood U of
20, there exists a subneighborhood V < U such that (D n V)\E breaks into
a finite number of components.

Furthermore, assume the following geometric condition holds: every
neighborhood U of xg contains a subneighborhood V< U such that:

(a) the intersection V n D is connected,
(b) the set (V n D)\E is composed of at most m components, 1 < m < o0.

Let xy, LN xo and yi LN xo with xi,yx € D\E and k € N. Then
one can extract subsequences xy, and yy,, contained in a certain sequence
of neighborhoods V; of xg such that V; c B(w0,2_l), and, moreover, each
pair Ty, and yi, can be linked by a path v, in Vi n D, where v, intersects E
at no more than m — 1 points.

Consider a discrete open mapping f: D — R™ defined on a domain
D c R", a path 8: [a,b) — R" and a point z € f~1(B(a)). A path
a: la,c¢) — D is called a mazimal f-lifting of 5 starting at x if:

(1) a(a) = z;

(2) foa= 6|[a,c);

(3) given any ¢ < ¢ < b, there is no path o': [a,¢/) — D satisfying
&= O/|[a,c) and foa' = /B|[a,c’)'

Throughout this paper, a path 3: [a,b) — R™ is said to converge to a set
CcRast—bif h(B(t),C) =suph(B(t),C) LNy}

zeC

Proposition 2.2 (|11, Lemma 3.12]). Let f: D — R™, n > 2, be an open
discrete mapping, let xo € D, and let 5: [a,b) — R™ be a path starting at

B(a) = f(xg). Assume also, that either Eﬂgﬂ(t) exists or [B(t) 120, of (D).
Then [ possesses a mazimal f-lifting a: [a,c) — D with a(a) = xg. If

a(t) 225 21 € D, then c = b and f(z1) = 1in% B(t). In the alternative case,

a(t) 25 oD.
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Lemma 2.3 (|29, Lemma 2.1]|). Let 1 < o < n and ®: [0,00] — [0,00] b

a strictly increasing convex function such that the relation (1.6) holds for
some dg > 19 = ®(0). Let Q be a family of functions @Q: R™ — [0, o0] such
that

dm(x)

—— < M, 2.1
A apyr < Moo= 1)

| @)
D

for some 0 < My < 0. Now, for any 0 < Ry < 1 and for every o > 0 there
exists 0 < ry = ry(o, Ry, ®) < Ry such that
Ry

dt
fnll>0—7 56(0,7'*),

te=Tqz, (t)
for any Q € Q.

Q(z), Qz)=>1

1, Qz) < 1.
Notice that Q'(z) satisfies (2.1) up to a constant, see [29, Theorem 1.3].

Remark 2.4. We set Q'(z) = {

3. PROOF OF THEOREM 1.3

The core of our verification is based on the topological and modulus
techniques developed in [5]. First, the equicontinuity of the class 98 inside
the domain D follows directly from [29, Theorems 1.1, 1.2]. Thus, our
primary task is to establish the uniform boundary behavior. Specifically,
we shall prove that for each finite boundary point xo € ¢D and any given
number € > 0, there exists a positive radius § = (e, z¢) > 0 ensuring that
the inequality

h(f(x), f(y)) <e (3.1)

holds for all mappings f € B and all points x,y € B(zg,d) n D.

Supposing the contrary, we assume that condition (3.1) fails. Then one
can find a boundary point xg € 0D, a positive constant pg > 0, a sequence
of mappings fr € B, and pairs of points xx,yr € D converging to xgp as
k — o0, such that

B fulye)) = B2 (3.2)

By virtue of assumption 79, there exists a system of shrinking neighbor-
hoods Vi, = B(z0,27%) (k € N) where each intersection Vi, n D is con-
nected, and the complement (Vi n D)\E consists of at most m compo-
nents, 1 < m < . Applying Cantor’s diagonal argument, we can assume
that the points xj and y; are chosen outside the exceptional set £. Under
these conditions, Lemma 2.1 guarantees the existence of subsequences zy;
and y, located within a dedicated sequence of neighborhoods V; around
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zg with diam V 2%, . Moreover, each pair xy;,yk, may be joined by
a path v, inside V; n D that contains at most m — 1 points of E. Stan-
dard subsequence reduction allows us to retain the original indices k for
these properties, yielding joining paths v : [0, 1] — D with 74(0) = x and
(1) =y, for k e N.

Let us observe that the image path fx(vx) contains no more than m — 1
points of the target set F,. Indeed, the presence of m or more such points,
say b1, ...,bm, would imply that their preimages lie simultaneously on
and inside the set f,~ Y(E,) c E, which directly violates the fact that 7
meets F at most at m — 1 points.

We represent the intersection points fi(yx) N Fx as:

by = fr(w(t1),  b2=felw(t2), . b= felw(t))),
ordered by the parameter values
tor=0<t1 <ta<---<t;<1=1t541,

where 0 < j < m — 1. Applying the triangle inequality to the initial metric
estimate (3.2), we obtain

Ho !

= < h(fr(zn), frlyr) < X (rOm(En), fr((trra))- (3.3)

2 r=0

The sum in (3.3) implies that for each index k, there is a positive integer
r(k) < m — 1 for which

The open curve segment Gy, = ‘ fk(fyk’ )‘ is clearly contained in

(tr(k)otr(k)+1)

the complementary set D}k\E* Utilizing the endpoint limits
ask = fr(m(ps)) > wi, = fr((tem))
bsie = fr(1(gs)) == fr(vi(tr(ry+1))

within the interval ¢,.) < ps < gs < t;(x)41, the triangle inequality com-
bined with (3.4) yields:

h(as , bse) = h(bs k,wk) — h(wk, s k)
= h(fr (v (tr)+1)) wi) = RO (ke (Br()+1))5 bs k) — h(wi, as k)
= 20 _ (fk(’yk(tr(k)-i-l))v bs,k) - h(wka as,k)'

[\

m
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Letting s — oo, the last two terms vanish, which guarantees the existence
of a specialized index s(k) € N such that the chordal distance satisfies

Ho
h(as(i) ks Os(iy k) = .

Thus, the restricted path segment

G, = SO by s

defines a continuum in a certain component K of the open set D}k\E*
Recalling that h(Ky, ) = § by the definition of the class B, we can exploit
the equi-uniformity property of the pair of continua ék and Ky, inside Kj.
For the uniform positive number d, := min{d, =}, there exists a constant
Co > 0 such that

Mo (T(Gy, Ky, , K1) = Co >0,  keN. (3.5)

Our next step is to demonstrate that the uniform lower bound (3.5) con-
tradicts the integral convergence conditions. Consider the path family I'y
of paths By : [a,b) — R such that 8j(a) € Gy, B(t) € K, for all ¢ € [a,b),
and tginoﬂk(t) = By € Kj,. Relation (3.5) implies

Ma(Ty) = Mo(T(G, Ky, , K1) = Co >0,  keN. (3.6)

Let I}, denote the family of maximal fi-liftings oy : [a, ) — D of the family
[y starting at ||, whose existence is guaranteed by Proposition 2.2.

Let us rule out the possibility that these liftings approach the boundary,
ie., ag(t) 12, oD, Assuming the contrary and choosing a sequence
©m € [0, ¢) converging to ¢ — 0, the compactness of 0D yields a sequence of
points w,, € dD such that

h(ak(pm), 0D) = h(ak(pm), win) === 0.
Extracting a cluster point w,, — wg € ¢D, the triangle inequality yields
h(a(om), wo) < Mk (@m), wm) 4+ A(wpm, we) ——=2> 0. (3.7)

Simultaneously, the continuity of the mapping fi implies that

Filak(m)) = Br(om) == B(c), (3-8)

because the paths (Bx(t) are restricted to Ky < DY \E,. Combining (3.7)
and (3.8), we see that the cluster point satisfies fx(c) € C(fx,0D) < Ex.
This directly contradicts the fact that the path i is contained in D"\ E,,
thus ruling out the boundary-bound scenario for the liftings.

Therefore, Proposition 2.2 implies that the liftings ay: [a,b] — D are
complete, terminating at points 1 € D such that fi(ag(b)) = fr(x1), which
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means ag(b) € f YK #.). By the geometric definition of the mapping class,
we have

h(fy ' (Ky,),0D) = 6 > 0. (3.9)
Since x is finite, condition (3.9) ensures the inclusion
fi '(Ky,) € D\B(o, Ro) (3.10)

for a fixed radius Ry > 0. Choosing k large enough so that 2% < i and
ensuring po < Rp, property (3.10) implies the following path minorization
in the sense of Kuratowski (see 9, §46, Theorem 1.1.5]):

I > T(S(x0,27"), S(x0, o), D). (3.11)
Let us analyze the spherical average integral
_ Ho dr
I = (20,27, o) :J T (3.12)
27F pam 1(7]::6;( )

where

~ 1 ~ n—
Tk, (1) = m fok (z)dH !

and éfk () = max{Qy, (x), 1}.

By Lemma 2.3 and Remark 2.4, we have the asymptotic divergence

o
dT k—o0

Li=| —- . (3.13)
T ~a—1
2ok TN, (1)
Since Qi 4, () = 1, the integral I} is positive and finite for all sufficiently
large k.
We put

L -1
oty — L (FREI0) Lt @),
0, t ¢ (2_k7,u0)-

Yr(t)

Defining the normalized weight as ng(t) = T we obtain an admissible

function for relation (1.3) on the interval (27%, ).
By applying condition (1.2), the structural path relation (3.11), the di-
vergence property (3.13) and Fubini’s theorem, we obtain the upper bound

M) < 5 | Qle) v~ wol) dmiz)
K A(z0,27F,u0) (314)

Wn—1 k—o
_ 5200

T ja—1
Ik
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Observe that 'y > fi(I'}) and, therefore, My (T'y) < My (fix(I'})) due
to the minorization of the modulus. Consequently, combining (3.14) with
relations (3.11)—(3.12) yields the asymptotic estimate

Ma(T)) < Ma(fr(T})) < A(k) 225 0. (3.15)

The asymptotic decay in (3.15) directly contradicts the uniform strictly
positive lower bound established in (3.6), which completes the verification
of the boundary property (3.1).

Note that the uniform estimate (3.1) immediately guarantees that ev-
ery mapping f € B can be continuously extended to the finite boundary
point zg. Indeed, if the extension were impossible, one could find sequences
Tk, Yk — o such that h(f(zk), f(yx)) = po, which is a direct violation
of (3.1).

To establish that family B of the extended mappings is equicontinuous
at o with respect to the closure D, we again suppose the contrary. This
implies the existence of a point zy € dD, a constant ug > 0, a sequence
x), € D approaching o, and mappings fi € B such that

h(fr(zk), fe(z0)) = Ho- (3.16)

By the continuity of the boundary extensions, we may assume that x; € D.
Furthermore, relation (3.16) allows us to find an auxiliary sequence x) € D
that converges to x¢ and satisfies

h(fe(zr), fr(2y)) = %

This inequality directly contradicts the uniform boundary estimate (3.1),
which fully settles the case for finite points xg # 0.

Finally, consider the case where zg = o0. We introduce the family
fr =1 o fr, where ¢¥(y) = ﬁ denotes the standard inversion. By the

hypotheses of Theorem 1.3, these transformed mappings satisfy the condi-
tions (1.2) and (1.3) at the origin under the modified majorant

Q) =5 (m).

The conformal change of variables z = ﬁ generates the standard Jacobian

1

transformation J(z,y) = 2, yielding the valid integral transformation:

Tyl
Jo (o)) i = [ s @t <= 00

The integral identity (3.17) guarantees that the variational modulus tech-
nique may be applied to the majorant Q ¢, (#) exactly as done for Q, ().

Replicating the entire analytical procedure starting from equation (3.2) for
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the inverted family ﬁ, we arrive at an identical contradiction, which com-
pletes the proof of Theorem 1.3. O

4. SOBOLEV AND ORLICZ-SOBOLEV CLASSES

Let w be an open set in the extended Euclidean space RF := R U {00}
for some k € {1,...,n — 1}. A continuous mapping S: w — R" defines
a k-dimensional surface S in R", and its image S(w) < R™ is frequently
referred to as the surface S itself. The counting function

N(S,y) = cardS™(y) = card{z € w : S(x) = y}

stands for the multiplicity function of S at a point y € R™, representing the
covering order of y by the surface S. It is a well-established property that
this multiplicity function exhibits lower semi-continuity, meaning that

N(S,y) = lim i%fN(S, Ym)

holds for any sequence y,, € R", m = 1,2,..., converging to y € R" as
m — o (see, e.g., [18, p. 160]). Consequently, N(S,y) belongs to the class
of Borel measurable functions and is therefore measurable with respect to
any Hausdorff measure H* (cf. [24, p. 52]).

For any Borel function p: R™ — [0, 00|, its integral over the k-dimensional
surface S in R™ (n > 2) is introduced via the identity

deA f N(S, ) dH"y.

Let S denote a collection of such k-dimensional surfaces in R”. A Borel
function p: R™ — [0,0] is called admissible for S (written as p € admS)

provided that
f pFdA=1

S

is satisfied for each S € S. Given an exponent p € [k, ®), the p-modulus of
the family S is defined as the quantity

M,(S) = inf fpp ) dm(z).

peadmS
R’IL
We now introduce a class of mappings that generalizes quasiconformal map-
pings in terms of the Gehring ring definition (see [6], cf. [13, Chapter 9]).
Let D and D’ be domains in R", n > 2, and let 29 € D\{c0}. Given a Lebes-
gue measurable function Q: D — (0,00), a mapping f: D — D’ is called a
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lower Q-mapping at xg relative to p-modulus if the modulus inequality
My(f(2e)) = inf

peexty admdie
DnA(zo,e, Ro

(4.1)

holds for every spherical ring

A(l’o,&,Ro) = {l’ eR":e< |l’ — $0| < Ro € (O,do)},

dp = sup |z — x|,
xeD
where Y. is the family of all intersections of the spheres S(xg,r) with the
domain D, r € (e, Ry). If p = n, we say that f is a lower Q-mapping at xg.
We say that f is a lower Q-mapping relative to p-modulus in A < R"™ if
(4.1) is true for all zg € A.

Following the terminology established in [19, Section I1.10], a condenser
in R™ is defined as a pair E = (A, C), where A ¢ R" is an open set and
C c A is a non-empty compact subset. For any exponent o > 1, the
a-capacity of such a condenser F is given by the variational infimum

cap, B = capo(4,0) = _int [ [Vu[*dm(a),

where the class of admissible test functions Wy(E) = Wy(A, C) consists of
all non-negative, absolutely continuous on lines (ACL) functions u: A — R!
with compact support u € Cy(A) such that u(z) > 1 for all x € C. In this
context, Vu denotes the standard gradient vector, while

vul = (3 2a?)

=1

1

2

The functional framework and boundary behavior established below rely
significantly on the following auxiliary result (see [30, Lemma 4.4], cf. [31,
Lemma 4.2]).

Lemma 4.1. Let xg € D, n>2,p>n—1 and let Q: D — [0,0] be a
locally integrable function of degree s :== If an open discrete mapping

o p— n+1
f: D — R” is a lower Q-mapping at xg with respect to p-modulus, then the
capacity inequality

Wn—1
capy (f(B)) < 7ot
holds at xg, where the exponents are given by
n—1
a=—2L " apd QF=Qr = Q"

p—n+1
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Here, E denotes the condenser (B(xo,r2), B(zo,71)), ¢&,(r) stands for

n—1
the spherical mean of QP=n+1 over the sphere |x — xo| = r, and the integral
I* is defined as

o q
t
I* =TI*(r1,m2) = Jn_ll

| temigf et (t)
for radii satisfying 0 < r1 < ro < dist(zg, D).

To establish our main convergence results, we will utilize the following
variational minimization property (see [13, Lemma 7.4, ch. 7| for the case
a =mn, and [25, Lemma 2| when « # n).

Proposition 4.2. Let 9 € R", and let Q: R™ — [0,00] be a Lebesgue
measurable function such that @ € Ll _(R™). Consider the spherical ring
A= A(zg,r1,7m2) = {z € R" : r1 < |x—x0| < 72} and introduce the extremal

weight function
1
m(r) = ———1
Ire=tqg, " (r)
where the normalization integral is defined by

T2

d
I:I(.%'(),Tl,rg) J 4

n-1 ——
re—lqry ! (T)
and

1
(1) = ey [ Q) ar !

|z—x0|=r
represents the integral average of Q) over the sphere S(xg,r). Then the
following minimization property holds:

JQ 06 (|2 — zo|) dm(x JQ (| — xo]) dm(z) (4.2)

Wnl

for any Lebesgue measurable function n: (7”1,7“2) — [0, 00] satisfying

T
Jn(r) dr =1.
71

Moreover, estimate (4 2) remains valid for any such weight functions n

obeying the inequality S n(r > 1, (cf. [30, Remark 3.1]).

1

Combining Lemma 4.1 with Proposition 4.2, we obtain the following
statement.



On unclosed mappings with integral constraints Paper 13 — page 17

Lemma 4.3. Let zg € D, let n > 2, let p >n—1 and let Q: D — [0, 0]
be a locally integrable function with degree s == "= If f: D — R" is
p—n+1

an open discrete lower Q-mapping at xo with respect to p-modulus, then f
satisfies

capy(f jmel ) - 1 (|z — zo]) dm(z)

A(zo,r1,r2)

for any Lebesque measurable function n: (ri,r2) — [0, 00] with

Jn(r) dr > 1,

1

where o := zﬁﬂ and Q* = szi1 = Q°. Here E = (B(x0,72), B(x0,71)),
O<ri<rg < dist(xo, 6D)

The following definition is from [19, Section 2, Ch. III]. Let F be a
compact set in R™. We say that F' is of a-capacity zero if cap,(A, F) =0
for some bounded open set A > F. An arbitrary set &£ < R" is of a-capacity
zero if the same is true for every compact subset of F. In this case we write
cap, E = 0 (capE = 0 if &« = n), otherwise cap, E > 0. The following
statement was proved in [27, Lemma 4] for oo = n.

Lemma 4.4. Letn—1 < a < n, let D be a domain inR"™, n > 2, let E < R™
be a compact set of positive capacity for a = n, and an arbitrary set for
a #mn, let :[0,00] — [0,00] be an increasing convex function, let M > 0
and let DD%:]\E/[(CCQ) be a family of open discrete mappings f: D — R\ E
for which there exists a Lebesgue measurable function @ = Qf: D — [0, o]
such that

capy(f f@ (| — o)) din(z)
A(zo,r1,r2)

for any Lebesque measurable function n: (ri,rm2) — [0, 0] with

fn(r) dr >1, E = (B(xg,r2), B(xo,71)),
while
[ ac@s e <0
D



Paper 13 — page 18 Victoria Desyatka, Oleksandr Dovhopiatyi, Evgeny Sevost’yanov

If for some 69 > 19 == ®(0),
o0

J dr B
1 - m’
J o)

then the family of mappings DD%’%[(J:O) s equicontinuous at the point xg.

Proof of Lemma 4.4 repeats verbatim the proofs of [29, Theorem 1.1 and
Theorem 1.2], and is therefore omitted.
For any point x € D and fixed exponents p,q = 1, the inner dilatation
K 4(x, f) of order ¢ is introduced by the relation
e I f) %0
Krg(z, f) =141, f(x) =0, (4.3)

0, otherwise.

The next statement establishes the lower Q-mapping property for open
discrete mappings within the Orlicz-Sobolev classes. For the case of home-
omorphisms and boundary points zq € D, this property was originally
verified in [8, Theorem 2.1] (cf. [17, Lemma 2.3]).

Lemma 4.5. Let D be a domain in R™, n > 3, and let ¢: (0,00) — (0,0)
be a non-decreasing function satisfying the integral convergence condition
0

1J<907(ft)) " dt < oo.

Suppose that p > n — 1. Then every open discrete mapping f: D — R"
of finite distortion belonging to the class I/Vli’f(D) with a finite global mul-
tiplicity Ng, D) < w0 is a lower Q-mapping relative to p-modulus at each

point xg € D. The corresponding magjorant is given by the function

p—n+1

Q(x) = N(fv D) ’ Kl,g_l (‘Taf)a
p

where o = = the inner dilatation K o(x, f) is defined according to the
rule (4.3), and N(f, D) is the total multiplicity bound introduced in (1.5).

The following auxiliary assertion will be crucial for further analysis (see,
e.g., [30, Theorem 5.6]).

Lemma 4.6. Let xg € 0D, let f: D — R" be a bounded, open, discrete, and
closed lower Q-mapping with respect to p-modulus in a domain D < R",

n—1
—n . p
QGLIIZ)C +1(Rn), 7/1,—1<p7 o = m
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Then, for every

gg < dp == sup |z — xg|
xzeD

and every compact set Co  D\B(xg,e0) there exists 1, 0 < €1 < gq, such
that, for each e € (0,e1) and each compact Cy < B(zg,e) n D the inequality

Ma(F(D(Cr, Ca, DY) < f Q7 () (e — wol) dm(z)  (4.4)
( )

A(xo,e,61
holds, where
A(zg,e,e1) ={x e R":e < |z — x¢| < &1}
and n: (g,e1) — [0,00] is an arbitrary Lebesque measurable function such
that

€1
Jn(r) dr = 1.
g
To formulate the boundary extension property for this class, we introduce
a slight modification of our geometric assumptions:

(Cy) The set E is nowhere dense in D, and D is finitely connected on
E v oD.

Theorem 4.7. Let « € (n—1,n], let D be a bounded domain in R™, n > 2,
and let conditions (C3) and (Cgz) be satisfied. Assume that the function ®
satisfies the condition

i dr
- (@5)
J et

for some 69 > 19 := ®(0), and ¢ satisfies the Calderdn condition
ee}

1J<<P€t)) " At < o

Let the set ' have positive capacity for a = n, and be an arbitrary closed
set forn —1 < a < n. If the family of all components of D}\E* 18 equi-
uniform over f € OG with respect to a-modulus, then every f € D& can be
continuously extended to 0D.

Furthermore, the corresponding extended family OGS is equicontinuous in
D with respect to the chordal metric h.

Proof. Conceptually, the proof of Theorem 4.7 is similar to the proof of
Theorem 1.3. However, it is important to understand some differences
between these proofs. First of all, as in the proof of Theorem 1.3, we will
use some modulus estimate similar to (1.2). On the other hand, such an
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estimate does not hold a priori in the class 96, so we must successively
apply Lemmas 4.5 and 4.6. The second important difference is the use of
the multiplicity N(f, D) of the mapping, namely, if the estimate (1.2), used
in the proof of Theorem 1.3, did not involve N(f, D), then we must now
take its participation into account in the context of Lemma 4.5. Finally, the
third important difference is that estimates of the form (4.4) for the Orlicz-
Sobolev classes are established only in those domains where the mapping
is closed, see Lemma 4.6. Since our mappings, generally speaking, are not
such, we should first reduce the study to this case.

Fix an arbitrary point zg € D. According to Lemma 4.5, each mapping
f € D6 belongs to the class of lower Q-mappings relative to p-modulus at
every point of the closure D, where the majorant is given by

p—n+1

Q) =N-K; 5™ (z,f)

. From Lemma 4.3, we conclude that f satisfies the capacity

p

cap, (f(€)) < JN’% - Kra(z, f)n®(lz — wol) dm(z)

A(zo,r1,r2)

< N7 f Q@) (| — ol) dm(x),

A(zo,r1,72)

p= a(an__ll), established for every Lebesgue measurable function

n: (r1,m2) — [0, 0]
T2
that obeys the normalization condition { n(r) dr > 1. The equicontinuity

1
of the family D96 at any xg € D is then directly ensured by Lemma 4.4.

Next, let us establish the boundary equicontinuity. Specifically, we aim
to show that for each finite boundary point zg € ¢D and any given € > 0,
one can find a radius § = d(e,zg) > 0 such that

h(f(x), f(y) <e (4.6)
holds simultaneously for all f € OGS and all points =,y € B(xg,0) n D.

B fulan), filat)) = 2. (4.7)

By virtue of condition is, there exists a system of contracting neighborhoods
Vi © B(xy, 2*’“), k € N, where each intersection V;, n D is connected, and
the set (Vi n D)\ E splits into at most m components for some finite integer
m = m(zg) > 1.
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Excluding the exceptional set E from our considerations in a manner
identical to Lemma 2.3, we assume that xy, 2} ¢ E. Lemma 2.1 then guar-
antees the existence of subsequences z; and x%j located within a specialized

sequence of neighborhoods V; around zg with diam V; 22,0, Crucially,
each pair xkj,xj,cj can be joined by a path v; lying inside V; n D, such
that v; intersects I/ at no more than m — 1 points. Retaining the original
notation for these standard subsequences, we denote these joining paths by
Y+ [0,1] — D, where 7;(0) = zj, and (1) = z}, for k e N.

Consequently, the image path fx(v) contains at most m — 1 points be-
longing to the target set E,.. Let these intersection points be represented
as:

br = fr(w(t1)), b2 = fr(k(t2)), bj = fr((t;)),
t01:0<t1<t2<'”<tj<1:tj+1, 0<js<m-—1.
Applying the triangle inequality to the metric relation (4.7), we obtain
J

B9 < h(filan), fulah)) < 2 h(Fr(mr))s fe e (tern))- (4.8)

2 r=0

The inequality (4.8) implies that for each index k, there is an integer
1 <r=r(k) <m—1 satisfying
Ho Ho
h t t Z = . 4.
(e (tr))s Fr Ok (trey+1))) 5G+1) > 2m (4.9)

The segment Gy = | fi (V)| )| lies entirely within the complemen-

Lr(k)str(k)+1
tary domain D'\E,. By virtue of (4.9), G} contains a subcontinuum Gy,
whose chordal diameter satisfies h(G},) = 1% uniformly for all k € N.
Since ék forms a continuum in a single component Ky, of the open set
D}k \ E, we can exploit the equi-uniformity property for the pair of continua

G} and Ky, within Kj. Recalling that h(Ky ) > ¢ from the definition of
the mapping class, we use the positive number d, := min{J, ﬁ} to conclude
that there exists a uniform constant Cy > 0 such that

Mo(T(Gy, Ky, , K1) = Co >0,  keN. (4.10)

Our next goal is to show that the uniform lower bound (4.10) directly
contradicts the integral constraints (1.4) and (4.5). Let I'y denote the

family of half-open paths B;: [a,b) — R™ that start at ék, belong to K,
and terminate at the continuum Ky, , so that hlI?IlO,Bk(t) =B e Ky. It
t—b—

follows immediately from (4.10) that
My(Tg) = Mo (T(Gy, Ky, Ki)) = Co >0, kel (4.11)
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Adapting the spatial decomposition method from [4, Lemma 3.1], the open
set D\ E can be partitioned into a finite collection of components Dy, ..., D,
1 < s < oo, such that the restriction of f; to each D, behaves as a
closed mapping. We can identify a specific component, say Di, such that
fr(D1) = K. By standard technical reductions, we assume that the re-
stricted subpaths Vj = ’Yk|[ps (] BT€ contained within Dy, where the
parameter intervals satisfy

br(k) < Ps(k) < ds(k) < trik)+1
while the endpoints converge as:

S§—00

ask = [e(W(ps)) — wi = fr.(v(tr()))
—00

bsp = fr(m(as)) = fulu(trmy11)-
Proposition 2.2 guarantees the existence of a family I", consisting of maxi-
mal fi-liftings ay: [a,¢) — D of the family I'y of paths starting at |Vy].

Let us rule out the scenario where the liftings approach the boundary of

the component, i.e., ay LR 0D1. Seeking a contradiction, suppose that
ag(t) 12¢ 9D,. Choosing a sequence @, € [0,¢) with ¢, — ¢ — 0, the
compactness of 0D allows us to locate points w,, € 0D such that

m—00

h(aw(pm), 0D1) = h(ew(pm), wm) —— 0.

Extracting a convergent subsequence w,,, — wg € dD1, the triangle inequ-
ality yields

(e (m), wo) < h(o(Pm), wm) + h(wn, we) ——> 0. (4.12)

This leads to two geometric alternatives: either wg € 0D or wg € D.
In the first scenario (wg € ¢D), the mapping construction implies

Fe(aw(om)) = Brlom) === B(c), (4.13)

since the paths 3k (t) belong to K), = D', \E,. Combining (4.12) and (4.13),
we obtain Si(c) € C(fx,0D) c E,, which is impossible since the entire path
Bk lies in D'\ Ey, creating a clear topological contradiction.

In the second scenario (wg € D), the point must belong to the exceptional
set, so wg € E. The limit relationship

fr(an(om)) = Brlem) = Br(c)

then forces fSi(c) € fr(E). Since fk_l(E*) = E, this means [i(c) € Ex,
which again violates the definition of the path family 8. Thus, the condi-
tion ay, — 0D cannot hold.
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Consequently, Proposition 2.2 implies that the liftings are complete,
meaning ay: [a,b] — D, with ay 1270, 21 € Dy and fre(ar(d) = fr(xy).
This implies that the terminal points satisfy ay(b) € f, (K, ).

DgE*vEﬁF’N’M(D), we have the uni-

Invoking the definition of the class 0B5 0

form separation property

h(fy ' (Ky,),0D) =6 > 0. (4.14)
For a finite point xg # o0, condition (4.14) guarantees that

fi '(K5,) € D\B(x, Ro) (4.15)

holds for all indices & and some fixed Ry > 0. Observe that I';, > fi(I"})
and, therefore, M, (I'y) < Mo (fr(I"})) due to the minorization of the mod-
ulus. Choosing k large enough so that 27% < i, and adjusting Ry < po,
we apply Lemmas 4.5 and 4.6 in combination with (4.15). For the exponent
o= Iﬁ, this yields the modulus estimate
Ma(r(ék’ Ky, K)) < Ma(fk(FZ))

n—1
< N [ Q) (o~ mol) dm(e)  (4.10)
A(z0,27%,Ro)
valid for any nonnegative Lebesgue measurable function 7 that satisfies the

boundary condition (1.3) with ¢ = 27% and o = Ry.
Let us analyze the spherical average integral

Ry
I = I(z0,27% Ry) =

where we define

1 ~
CYk,xo (7’) = m fok (,’L’)d?—[ﬂ—l’ (417)
S(zo,r)
Q) = {1, Oz) < 1

According to Lemma 2.3 and Remark 2.4, the integral diverges as the neigh-
borhood shrinks:
Ry

Ik = T Q0. (4.18)
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Given that g 4,(r) > 1 almost everywhere, I}, remains finite and positive
for all sufficiently large k. We put

ﬁv te (275, R),
Y(t) =< o7 1ae ()
07 3 ¢ (27]67 RO)
Normalizing this function by setting ny(t) = ¢’}£t), we obtain a valid com-
—k

petitor for relation (1.3) on the interval (2% Ry). By applying condi-
tion (1.2), the structural inequality (4.16), the divergence property (4.18),
and Fubini’s theorem, we arrive at

Mo (L) < Ma(fr(T'%))

No [ A
<M @) vt = o dm(a)

A(20,27*,Ro) (4.19)
_N ajﬁ“’l”*l LasNy()
h
It follows from (4.19) that
M, (Ty) < A(k) 222 0. (4.20)

However, the asymptotic decay in (4.20) directly contradicts the uniform
strictly positive lower bound established in (4.11). This contradiction com-
pletes the proof of the estimate (4.6).

Note that the uniform estimate (4.6) immediately guarantees that every
mapping f € 96 can be continuously extended to the boundary point xg.
Indeed, if an extension was impossible, one could find sequences xx, yr — o
such that h(f(zk), f(yx)) = 1o, directly violating (4.6).

To show that the extended family O is equicontinuous at g relative to
the closure D, we again suppose the contrary. This implies the existence
of a point xg € 0D, a constant pg > 0, a sequence x € D approaching zg,
and mappings fi, € O6 such that

h(fi(zk), fe(wo)) = po- (4.21)

Since the boundary extensions are continuous, we can assume without loss
of generality that xj € D. Furthermore, relation (4.21) allows us to choose
an auxiliary sequence zj, € D that converges to o and satisfies

h(fi(@n), fr(@h)) = %

This inequality directly contradicts the uniform boundary estimate (4.6),
which fully settles the case for any finite point xy # 0.
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Finally, consider the case where o = 0. We introduce the auxiliary
family of mappings fx = 1 o fi, where Y(y) = ﬁ denotes the standard
inversion. By the hypotheses of Theorem 4.7, these transformed mappings
satisfy the conditions (1.2)—(1.3) at the origin under the modified majorant

T

Qlz) = ka(W)-

The conformal transformation xz = ﬁ generates the standard Jacobian
J(z,y) = M%, meaning that relation (3.17) remains valid. Consequently,

we can apply the exact analytical framework developed above to the func-
tion Q, (ﬁ) instead of @, (x). Replicating the arguments following equa-

tion (4.6) for the inverted family fk, we arrive at an identical contradiction,
which concludes the proof of Theorem 4.7. [l
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