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®YHKIIOHAJIbHI PIBHSHHSI SIK 3ACIB BBEJIEHHA EJTEMEHTAPHUX ®YHKIIA Y KYPCI
AJITEBPU 1 ITIOYATKIB AHAJII3Y

Y cmammi nagedeno cnocib eeedenns enemenmaprux QYHKYill, o 6U8HarOMvbCs 8 Kypci aneebpu i no4amKie aHaizy
302ATbHOOCBIMHBOI WKOIU, K PO38 'A3KI8 0esAKUX (PYHKYIOHATbHUX PIGHSIHb.

OmHuM i3 BaXUIMBUX 3aBJIaHb Kypcy aireOpH i MOYATKIB aHaJi3y € CHCTeMaTH3alis Ta MOTIUOJICHHS 3HAHb YJHIB
mpo GYHKIII0 — OgHE 13 QyHAAMEHTAIHHUX TOHATh MATEMATUKA. Y IBOMY K aCIeKTi pO3TIAAI0TECS B KypCi IOKa3HU-
KOBa, JorapudmidHa i cTerneHeBa (QyHKINI. AHali3 HaBYAITbHO-METOAMYHOI JITEPAaTypH MOKa3ye, M0 BBEACHHS IOKa3-
HUKOBOI (YHKIIiT TIACHOTO apryMEHTY 3MIHCHIOEThCA KOHKPETHO-iHAYKTHBHEM [1] a60 abCTpakTHO-AeTyKTHBHUM [2]
MeTogaMd. s pO3BHTKY MPOAYKTUBHOTO MHCIEHHS y4HIB (0co0iMBO B Kiacax (i3mKO-MaTeMaTHYHOTO MPOQiio)
JOLIJIBHO ITH OJTHUM i3 JJBOX IUISAXIB.

[Tpu nepmomy BapiaHTi yBara y4HiB 3BEepTa€ThCsl Ha Te, M0 (QYHKIIISI MOXKe OyTH 3a/1aHa IepepaxyBaHHsIM ii Xapak-
TEPUCTUYHUX BiacTuBocTel. Takuil miaXia AJs y4HIB € MPUHIMIIOBO HOBUM, OCKUIBKH JI0 IIOTO 4acy BCi OCHOBHI (y-
HKIIT 33a]]aBajuCh aHAITHYHO 200 ONEPAaTUBHO: BKAa3yBaJIUChH olepalii, ki moTpiOHO OyJ0 BUKOHATH HAJ 3HAYCHHSIM
apryMeHTy, o0 ojep>xaTH BianoBigHe 3HadeHHs GpyHkuii. Tak, moka3sHUKOBOIO (QyHKIIEIO 13 OCHOBOIO d , BU3HAUYEHOIO
Ha MHOXXHHI R , Ha3BeMO (yHKLIIO, JUIsl SIKO:

1) f(l):a,zxe a>01a=#1,

2) nns Oympb-akux x,y€ R f (x + y) =f (x) f (y) (xapakTepucTnyHe (QYHKIIOHAIbHE PIBHSIHHS TSI MOKA3HUKOBOT
dyHKii);

3) dyskuis f - HemepepBHA HA MHOXHHI R .

Jlaii BUMTENb OpraHi3oBy€e KOJEKTHBHE MOCIIHKCHHS 3 JOTIOMOTOIO0 METOIY €BPUCTHYHOI Oecian. YdHI 3HaXOIATh
£0). Vv cmny nmymxry 2: £(0+1)= £(0)- (1) a6o f(1)=£(0)- f(1) 3simkm f(0)=1. [lami 3maxo-

. 2. 2 3
mare f(2), £(3), .., f(n): £2)= fU+1)= f(1)- f()=a-a=a*; f3)=f2+1)=f(2) f)=a® -a=a’.

OueBuzHO, O f (n) =a" (y Gi3uKo-MaTeMaTHYHUX KJIacaxX y4Hi JOBOJATH i€ caMi 3 JOIIOMOIOK0 METOYy MaTeMa-
tHupoi  immykmii). Ilicms  meoro  omepwyiots  f(1/2),  f(/3), f(/n), f(m/n), fl=m/n), ne
mneN:a=f(1)=71/2+12)= £(/2)- £(/2) = £2(/2), ssimxn f(1/2)=a"?;
a=f)=f3+1/3+1/3)= £(/3)- £(1/3)- £(/3)= £3(1/3), seiman  f(1/3)=a"?. Ouesnmmo, mo f(i/n)=a"";
Smfn)=f"(/n)=a""; 1=10)=fl=m/n+m/n)=f(=m/n)- f(m/n), Tomy
f(=m/n)=1/f(m/n)= 1/a"" =q™"

Ha ocHOBI mpoBeIeHOTO AOCTIHKEHHS YIHI POOIISITH BUCHOBOK, IO BIACTUBOCTI 1-3 OAHO3HAYHO BU3HAYAIOTHh (PYyH-
KIi0, 3HAYCHHsI SKOT y BCIX palliOHaJbHUX TOYKAX OOYHMCIIOIOTHCS 32 hopmynon f (x): a* (a>0, a=#1). Iorim
YUYHTEINb TI0Ka3ye, 0 aHaTiTHYHUN BUIIIL GyHKUii Takuid ke i Toxi, Konu x — ippanioHanbHe yucio. s 1mporo pos-

TIIIA€THCS TOCIIIOBHICTD PaIliOHAIBHUX YHCEI {rn} Taka, mo 7, > x (n—>o). Toxi f (rn ) - f (x) (n— ) B cuy

HenepepBHOCTI pyHKIIT f . Ane f (rn ) =a" (r, €Q). Toui lim f (rn ): lim a"™ = a™ . OckinbKU rpaHuus €IUHA, TO
n—»0 n—»00
f(x):ax, ne xeR.

TakuM 4MHOM, Y4HI 3HAHOMJISITHCS 1€ 3 OJHUM CrIocoOOoM 3aiaHHs QyHKLIT K (QYHKIIT, sIKa € PO3B’I3KOM JIESIKOTO
(YHKITIOHATLHOTO PIiBHAHHS (HOTO I HA3WBAIOTh XapaKTEPUCTHYHUM), a TaKOX 13 OJHMM i3 BIJOMHX METOJIIB
pO3B’sI3yBaHHS (YHKITIOHATHHUX PIBHSIHB - aHATITHIHUM (200 MeTogoMm Korri).

[Ipu npyromy BapiaHTi 0O3HaYEHHS MOKa3HUKOBOT QYHKIIIT yBara y4HiB 3BEpTAETHCS Ha TIOHATTS (QYHKINT K MaTeMa-
THYHOI MOJIETI PI3HHUX SIBHUII MPUPOIH. 3a TAKOTO MiAXOAY BUUTENb IMiJBOJUTH YUHIB JO TOTO, MO0 BiINIYKaTH, MOOY-
IyBaTH, “BIAKpUTH” (DYHKIIIFO, BIACTUBOCTI SKO1 BiTOOpaKAIOTh BIACTHBOCTI JESKUX MPHUPOIHUX MPOIIECiB, TOOTO 3HO-
BY K TaKW, BUXOJSYH i3 BIACTUBOCTEH, 3HANUTH MPaBUIIO OOpaxyBaHHI 3HAYCHb (DYHKIIi 32 3HAUCHHSIMH apTyMEHTY.

PosrissHemMo KOHKpeTHuUi npupoanuii npouec. Hexaii € KOoHist KIITHH. Y NMOYaTKOBUH MOMEHT 4Yacy KUIBKICTb Kili-
TUH NPUHMEMO 3a OAMHMIIO. 32 OJMHUIIIO Yacy KUIBKICTh KJIITHH 3MIHIOEThCS B ¢ pa3iB. Hexaii mi€ro oguHULEIO Yacy
€ 100a. SIk 3MIHIOETHCS YHCENBHICTh KITITHH 3aJIS)KHO BiJ 4dacy?

Vaui (3a  gmomomoroio  Bumtems) 3'scosyioth, mo: f(0)=1; f()=a; fQ)=a-f()=a-a=d*;
fB)=a-f(2)=a-a* =d*, ouenmmmo, f(n)=a", ne ne N .3uauenns f(~1), T06TO UnCENBHICTS KIITHH 32 100y
0 To¥aTKy Biamiky wacy smimioethcs B 1/a pasie, To6ro f(—1)= f(0)a=1/a=a""; f(=2)=f(-1)/a=a?;
f(=3)=f(-2)/a=a"*; ouesummo, f(~n)=a™, ne ne N . Hicas uporo suaxonsts f(1/n) (1/n - ue n -ra vactuna
no6u). Hexait f(I/n)=t, toni f(2/n)=t-t=1>, fB3/n)=t-1>=¢>, ouesmmwo, f(n/n)=f(1)=¢". 3sinxnu
t=f(1/n)a"  Toxi f(m/n)=f"(n)=a"" i f(=m/n)= f(O) f(m/n)=Va"" =a "



I3 poBeIEHOTO AOCIIKEHHS YUHi poOJISTH BUCHOBOK, IO LIEH mporec onucye Gyrkiis y =a™, ge x € Q . Ocki-
JIbKH PO3IJISSHYTHH MPUPOAHUI NpoLieC MOXKHA BBKATH HEMEPEPBHHUM, TO JaJli aHAJIOTIYHO, SIK e OyJI0 MOKa3aHO BU-
1€, J0BOJUTHLCS, IO 1 IpH X € R Takoro QyHKIiew Oyae QyHkiis y =a’ .

Jlorapudwmivuna GyHKITisS B Kypci anreOpH 1 MOYaTKiB aHaTI3y PO3TIAAAETHCS K QYHKIIIs, SKa € 00EpHEHOI0 JI0 T0-
Ka3HUKOBOI. Maiike BCi BIAaCTUBOCTI JiorapuMivHoi (hyHKIIT BUIUIMBAIOTh 13 BIACTUBOCTEH MMOKAa3HUKOBOI 1 TEOpEMHU
po obepHeny yHkiiro. [1{o6 po3ymMoBa HisUTbHICTE YUHIB Ha ypolli Oyia MpOAYKTHBHOIO, HEOOX1/IHI 3HAHHS OCHOBHHX
BJIACTMBOCTEH MOKa3HUKOBOI (DYHKLIT, TPpU IIbOMY 100pe 3aCBOEHHS MUTAHHS PO ICHYBaHHS Ta BIACTUBOCTI 00epHEHOT
¢ynkuii no 3amanoi. CTaBiusiuM 3a METy PO3BHTOK HPOJYKTHBHOTO MHCIEHHS (0COONMBO y Kiacax (i3uKo-
MaTeMaTU4HOTo MPOQUII0), TOUUIEHO 3alPONOHYBaTH YYHSIM CHPOOYBaTH MOKa3aTH, IO JOorapupMidyHy (QyHKIIIO MO-
KHa 3a7aTH e i tak. s Toro, mo6 dynkuis y = f (x) Oyna norapu(MiyHOI0, HEOOXIZHO 1 JOCTAaTHBO, 10O BOHA

3aJI0BOJIbHSLIA TaKi BUMOTH:
1) icHye Take a, IO f(a)zl,zle a>0,a#1;

2) nns Oymp-sikux x,y€ R, f (x . y) =f (x) f (y) (xapakrepucTiyHe (yHKI[IOHATbHE PIBHAHHS JorapudMigHOl
¢GyHKIii);

3 f (x) - HerepepBHa Ha MHOXHMHI R, (yHKIs.

JiiicHo, B ymOBi 2 MOKJIageMo X =), TOJi f(xz): 2f(x), f(x3)= f(x2 )+ f(x)=37(x). Ouesnano, mo

7le")=n-#(x), ne N (crporo ue noomamo Merosom Matemarwunoi imnykuii). B octamHiii pisHOCTI MOKTazeMO
x=x"",y pesynprarti onepxumo f(xl/" ): % f(x). Toni f(x’"/” ): f((xl/” )j = %f(x), m,n e N . Hexaii B yMOBi 2
x=y=1, toni  f(-1)=f()+f(1), omxke,  f(1)=0.  BuxopucroBylou:m  1ue,  OIEPKHMO
0= 7(1)=rlem xm)= o) (7). 3pimen )= —ple! "):—% /#(x). Ovxe, s Gyms-soro
reo fl)=r ().

JloBezeMo, 10 1S IOBUIBHOTO ippamioHanbHOrO @ f (xa): a-f (x) Po3risiHeMO MOCIIIOBHICTD palioOHAIBHUX
yrcen {rn} Taky, wo r, > o (n—>o). Toxi x™ — x* (n—>00) y 3B’13Ky 3 HENEPEPBHICTIO MOKA3HUKOBOI (hyHKIIII.
Ane f (xr” )—> f (x“) (n—o0) B cuny HemepepBHOCTI QyHKUIT y = f (x) 3a Bulle J0BeICHUM f (x’ ): ref (x), TOMY

f(xr” )= 7, f(x) [epeiinemo no rpanuni /lim f(xr” ): lim r, (x) =a- lim f(x) =a- f(x) OCKUIbKY TPaHULS €11~
n—»0 n—o n—o

Ha, TO f(x“): - f(x) ms noimeHoOro @ € R. Tomi f(x)= f(al”ga"): log, x- f(a)=1log, x .
Jlerxo noxasatu, 1o i, HaBmaky, QyHKIiA y =/log, x 3anoBoibpHse ymoBu 1-3. Omxe, yMoBH 1-3 0AHO3HAYHO BHU-

3HAYaIOTh JorapupMidHy QyHKIIiFO.

3HaYHW{ BIUIMB Ha PO3BUTOK MPOIYKTHBHOT'O MHCIIEHHS YYHIB CIIpaBJsie HABYAIBHUN Marepiall, mo mnepeadadae
y3araJbHeHHSI Ta CUCTEMATH3AIlil0 3HaHb, SKUX Y4HI HaOynu panime. [le HacaMmrepen CTOCYETHCS TEMH PO y3arailb-
HEHHS TIOHSATTS CTETEHs 1 cTeneHeBy (DYHKIII0. YUHI 3HAHOMIIATHCS 3 TIOHSATTSAM CTETICHS 3 PalliOHATEHUM Ta ippallio-

HaJIbHUM TOKa3HUKaMH, TIEPEKOHYIOTHCS, O ISl OyIb-IKOrO0 p € R 1 moBinbHOro x € R, BH3HaueHO uucino x”, a
OTXKe, ISl TAKUX X 1 p BU3HAueHA (YHKIIS, SKY HA3WBaIOTh CTCIICHEBOK. BaXkIMBO, 1100 YYHTENbh HAMOJIOCHB HA TO-

My, 110 00JIaCTh BU3HAYCHHS 1 3MIHM cTerneHeBol (yHKIII, a TaKoX ii BIACTUBOCTI 3aJIe’KaTh BiJl TOTO, SIKUM YUCIIOM €
MOKa3HUK p , 1 pO3TJSIHYB MOXJIMBI BUIIAJKK: p - HATypasbHe, 1€ B’ €eMHe, 1po0oBe (palioHaIbHe), ippalioHaIbHE.

VY knacax i3 OrIHOJICHHM BUBYCHHSM MaTEMATHKU Ta (i3MKO-MaTEMAaTHIHOTO MPODIII0 cTENeHEeBY (PYHKIIIIO MOXK-
Ha O3HAYHTH TaK:

1) dyHKIis, KA TOTOXKHO HE piBHA HYIIIO 1 OJUHUILL;

2) GyHKLLIs, sIKa € HEEPEPBHOIO HA MHOXUHI R, ;

3) mns poBinbHUX X,y € R, f (x . y) =f (x) f (y) (xapakTepucTinaHe (yHKIIOHATbHE PIBHSHHS CTEIICHEBOI (PYHK-
1ii).

IMokaxkemo, mwo ne gificao Tak. Ilokmamemo x =a', y=a’, ne t,seR, a>0, a=#1, tom 3rigo 3 ymoBo 3
f(a’ .as): f(a’”): f (at)- f (as). Beezemo jomomikay bykuio g(z)= f (az), sIKa, OYEBUIHO, Oy/e HEEPEPBHOIO
Ha BCili MHOXKUHI R . [3 0CTAHHBOTO CIIBBIHOIICHHS OJIEPKYEMO g(t + s)= g(t)- g(s), 0 € XapaKTePUCTHIHUM (PYH-
KIIIOHAJIBHUM PiBHSHHAM MOKa3HUKOBOI QyHKIIi1. OTxe, g(z) =b*,ne b>0ib=1 (upu b=1 f (x) =1, mo cymnepe-
YHUTH YMOBI 1).

TakuM 4uHOM, f(az): b . Hexail a® = x, 3Bimku z =log, x .

; log ;b %84 ¥ s x Y08a 0 ; .
AGo f(x)=b"%" = (a 087 y = (aloé’”x)l = x"%"  Taxum anmom, cripasai f(x)=x?, ne p =log, b - cra-

Ja.



Bimomo, o B MKiTPHOMY KypCi MaTeMAaTHKH TPUTOHOMETPUYHI (DYHKIIIT 3a1al0ThCS TEOMETPUYHO, aje MKUTLHUN
KypC reoMeTpii He 3aBKAM 320BOJIbHIE BUMOTH CTPOTOCTI, & TOMY 1 Psiji JOBEJCHb, 110 BUKOPUCTOBYIOTHCSI B TPUIO-
HOMETPIi, TeX € HeIOCTATHRO CTPOTUMHU. Tomy Oyi0 6 GaskaHo (0COOTMBO /Il BUKOPUCTAHHS B aHAIII31) 3aaTH TPUTO-
HOMETPUYHI QYHKIIT Oe3 BUKOPUCTAHHS TeoMeTpii. B 0CHOBY 3aaHHs TPUTOHOMETPUIHUX (PYHKINH MOKIAAEMO JesKi
XapaKTepHi 1 He3aJIeXHi O7Ha BiJ OJHOI BIACTUBOCTI TPUTOHOMETPUYHUX (DYHKIIIH 1 IpUHMEMO iX K aKCiIOMHU TPHUTO-
HOMETpii. 3po3yMisio, IO TaKOTO POAY 3aJaHHS TPUTOHOMETPUIHHMX (PYHKIIH MOke OyTH BHUKOPHUCTAHO B Kiacax i3
MOTHOJICHUM BUBYCHHSAM MaTeMaTHKH a00 B Kilacax (pi3nko-MaTeMaTudHOro npodimo. HaBememo npukia.

Hexait S(x), C(x) — nesiki (QyHKIIT, BA3HAYCHI HA MHOXHHI R , O 33JJ0BOJIbHSIOTh HACTYITHHM BJIaCTUBOCTSIM:

S(x—y)=S(x)-c(y)-S(y)-C(x), ns-6yms sixoro x,y e R,
C(x—y)z C(x)- C(y)+ S(x)- S(y) , Ana-0y1b siKOTO X,y € R,
C(z/2)=0, C(x)>0 ua (0, 7/2).
Moxua nokasatu, mo S(x)=sinx i C(x)=cosx,ne y=sinx i y=cosx o3uaueni 3BuuaitHuM (UIKLTBHIM) CTIO-

cobom.
Po3B’s13K0M (QYHKITIOHATHPHOT'O PIBHSHHS

e+ 2)=(7G)+ )= 1) 1)),

ne f - nudepennifioBHa GyHKILS, 0 33I0BOJIBHSE 1€ PIBHSHHS NPH JOBUIBHUX X, , IJIS AKHX BOHO MA€ 3MICT, 1
Taka, 1o f’(O) =1, € dyukuist y =1g x .

Bapro migkpecnuTy, 1o nporec po3B’s3yBaHHs (YHKIIOHAIEHUX PIBHSIHb, SKUH OyB TTOKa3aHWUH BUIIE, — II€ HEMPO-
CTa, IiKaBa MONIyKOBa Po0oTa, 1e (GakTUIHO Mmpolec “BIAKPUTTS Hesikoi GPYHKIT 3a ii XapaKTepUCTHIHUMH BIaCTUBO-
CTSIMH, 10 UTFOCTPYE MPUKIIAJHY 3HAYAMICTh METOMIB MATCMATHKH, aJXKE, 3HAIOYM JICAKI XapAKTEPUCTUKU MPUPOTHIX
SIBHII, MOYKHA 3HANUTH (YHKIIiO (MaTEeMaTUYHY MOJENb), IO OIMUCYE el MpoIec, a OTKE, | BUBUUTH Ta MOSICHUTH IIIE
HeBizioMe 1 Hemi3HaHe. ToMmy B Kiacax i3 MOriauOJICHUM BHUBYCHHSAM MAaTEMAaTHKHU, (DI3MKO-MAaTEMATHIHOTO MPOQIIIO,
pu poOoTi 31 3MI0HUMU Ta 00JAPOBAHUMH 3 MATEMATHUKH YYHSIMHU y 3BUYAHHUX KJIacaX, CTABJISYHU 3aBJAHHS PO3BUTKY
NPOJYKTUBHOTO MHCJICHHS TIPM BUBYEHHI KypcCy anreOpu i IouyaTkiB aHasli3y, BapToO pO3IiIigaTdH (QyHKIIOHAJIbHI PiB-
HSIHHS ¥ BiToMi crmocoOu iX po3B’s3yBaHHA: aHamiTHIHUN (MeTon Kori), crmocoOu miacTaHOBKH, iTepalliid, audepeH-
LiFOBaHHS Ta iHIII.

JomineHo, 100 TeMa @ yHKITIOHATBLHI PIBHSAHHS Ta CIIOCOOM 1X pO3B’sS3yBaHHS YBIHIIIA 0 000B’SI3KOBOTO KypCy
anreOpu 1 MOYATKIB aHai3y B KiacaxX i3 TOMIMOJICHHM BHBUSHHSM MaTEMaTHKH Ta Kiacax (i3HMKO-MaTeMaTHYHOTO
nipodiro.
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Cemenenp Cepriii [lerpoBuy - KaHAMAAT NEJaroriyHUX HayK, CTaplIMid BHKJIagad Kadelpu MaTeMaTHKU Ta iHPOp-
MaTuku JKUTOMHUPCHKOTO AEP)KaBHOTO TEJarorivHoOro yHiBepcureTy iMeHi IBana dpanka.
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